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ABSTRACT: Some characteristics of the families of odd-
periodic perfect complementary sequence pairs (OPCSPF)
are discussed. The methods for constructing an OPCSPF
are given and proved. The families of periodic perfect
complementary sequence pairs can be constructed
correspondingly by using the equivalent relationships,
which further expanded the existence space of the
complementary sequence.
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1. Introduction

Signals with good correlation properties have been widely
used in modern communications, radar, sonar, navigation,
location, guidance, space monitoring and control, signal
processing, source coding and other fields™™. Periodic
binary complementary sequence sets are signals of this
kind, which have such properties: the sum of aperiodic
autocorrelation of sequences is zero everywhere except
“0”shift @, in practice odd-periodic correlation function is
of same importance as periodic correlation function, on
certain conditions, periodic binary complementary
sequences sets and odd-periodic binary sequences sets
can transform into each other B4, Ever since 1999 when
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the theory of sequences pairs was raised !, many scholars
have researched on it, and it has developed from sequences
pairs to almost sequences pairs, families of sequences
pairs and other fields, and it has achieved certain fruits &
Tin characteristics of the spectrum, the necessary
condition for existence, methods for construction and so
on.

In this paper, we advance a new kind of binary sequences
pairs sets-families of odd-periodic perfect complementary
sequences pairs (OPCSPF), two kinds of methods for
constructing OPCSPF are given, which can be used to
construct OPCSPF from low level to high level.

2.Basic Concept

In order to facilitate the discussion of the issue, let
sequences aand a be 2 sequences of length N, be labeled
asa=(a(0),a(d),..,a(N-1)),a’=(a’(0),a’(1),..,a’(N-1))

Definition 1® : For sequence a(n), each element of which
is +1 or —1. We use the symbol of periodic cyclic alternate
reverse sequence to write out the odd-periodic sequence
a(n) of odd sequence a(n): 4(n) = (-1)""Na([n] W [ is the
biggest integer that is smaller than x, Foundation item:
[n],=(n) mod N.

Definition 2: Binary sequences pairs (a (n), a’(n))® of
length N is called odd-periodic perfect binary sequences
pairs, if its odd-periodic autocorrelation function, OPCF,

Va2 () satisfies

N-1 , =
w(a,a,)m:jgoa<j>a<j+r>={E 0

Definition 3: Let{(a (n),a’(n))} [0<i<P-1} be afamily
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of binary sequences pairs of period N, it is called a family
of odd-periodic perfect complementary sequences pairs,

labeled as OPCSPFF,N (a, &), ifand only if it satisfies the
expression

P-1 E 7=0

.ZO Yiaa)(7) :{E T#0

1=
Definition 4: For the set of families of binary sequence
pairs of length N{(a, (1), &' ("), (b, (), b/(M) , ..., (f, ("),
f.(n)), 0<i< p—1}. Their family of alternate sequences
pairs {s, (n), s’ (n), 0<i<p-1}is defined as:

{s (), s"(M} =(a (), a’ (M) @ (b, (), b;(M) ® ... ® (f, (),

£'(n),0< i<P-1=(a(0),a'(0) (b(0), b(0)) ... (f(0), f (0))...
@), a(1)b(), b'(D)...(fQ),f Q). (@N-1),a(N-1) (b
(N=1),b'(N=1))... (F(N=2), f'(N-1))

3. Transfomation Properties Of Families Of Odd-Pe-
riodic Perfect Complementary Sequeces Pairs

Let{(a (n),a’(n))| 0<i< P-1} be afamily of odd-periodic
perfect complementary sequences pairs of period N, and
{(b, (n), bi'(n))| 0<i<P-1}be it's the family of its
transformation sequences pairs, then the families of
sequences pairs we get by 3 transformations bellow are
still odd-periodic perfect sequences pairs.

Property 1 (Negative element transform) b. (n) =—a, (n),
b. (n) =-a’(n).

Property 2 (Linear Phase Transformation)
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b, (M) = (-1)" & (), b (n) = (-1)" & (n)
Property 3 (Reverse transform) if
b (n)=a (N-1-n)",b’(n) =a/(N-1-n)
Where 0sn<N-1,0<i<P-1

According to definition 2, 3, it's easy to prove those
properties, so we omit it.

4. The Construction Of Odd-Periodic Perfect
Complementary Sequences Pairs

We can get more and longer new families of odd-periodic
perfect complementary sequences pairs by applying the
follow theory to the families of odd-periodic perfect
complementary sequences pairs we have already known.

Theorem 1: Leta =(a(0),a (1), ..,a (N-1)), a’=(a’(0),
a’(2),..,a’(N-1)) are sequences of period N, 0<i<P-1.
The number of the two sequences is “+1” or “-1". If

2N-1 -1 [/N] ) j
a(x= E a(j)x), a(x= E D xUMaljl ) X, then,
j=0
the famllles of complementary sequence pairs{a, , al'} is

OPCSPF."where a =a ... ifand onlyif,

P-1
PN-2Y d,

0<j<N-1
j=0

P-1

T a0080h=y s

= 2 3d-PN N<j<2N-1
]:

Proof.

When0<j< N-1,

P-1
> a(0a (Y
i=0

ST Y ama g«

i=0j=0k=0

_S N ama+ z S a()a it

g j.k=0,j%k

= PN- ZZd +ZX“ Z za(k+u)a(k)

= i=0j=0
P-1 N-1 P-

u
= PN- 2120d+2X IZW(a a)(N — 1)

Zw(a a)(N—p) =0, ifand only if
- . P-1
Z aMa’(x? = PN—Z.EOdi-
j:O j=

For N<j< 2N-1, we can easy proof
P-1
Va4 (N-)=0
When

P-1 ~ P-1
$a(M&0cH =2 Td, PN
j=o0 j=

So,{(a,a)} isa OPCSPF 2", if and only if
P-1
PN-2 3 d
i=

P o .
§ a()a’ () ;Z;di_PN N<j<2N-1

0<j< N-1

Theorem 2: if there exists a set of OPCSPFNl

OPCSPF, N2 ..... OPCSPF and a x b columns orthogonal

binary matr|x then there exists OPCSPF N = N, + N+
*N, P=LCM (P, Pyrees P

Proof.
Let [h(x,¥y)] is a ax b columns orthogonal binary matrix,
a

and Zlh(w, Nhw,q=01<r=q<h.
w=

Let{(a", a")}, 0<i< P-1} isa OPCSPE}, al (x) and
a ™ (x) denote respect|vely the related polynomlals of
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aManda®, d - the Hamming distance between the
former sequence and the odd-periodic sequence of the
latter sequence in every sequences pair when sequence
a doesn't shift, wherei=0,1, ..., P- 1.

From Theorem 1, we can get

P- ld 0
- PN-22d7 o<j<N-1
Z2a%0930%c=9 r1 )
=0 224" _p N N <j<2N -1

ForizP  leta®=a() . c, and€ denote respectively

the binary sequence of N=N_ +N,+..+N,,
¢, =hw,DaP@ehw,2a®e..®h(w,b)a®
e, ~hwnaPehw,2a@®..@h(w,ba®

where 1<w<a,0<i<P-1.

Let
b
C,i (0= X h(w,1) a0 x"0
b
= — 57(r) N(r)
E,00= Zhw.naeox".
Where

N(1)=0,N(2) =2N,,..N(r) = 2N+ 2N+.. 2N, r>2.

When0<j<N -1,

% pil (C,(E, (x))+2d(C,, &)
w=1j=0

a p-1b b
=% Z(Zhwaxx ) ghwr).
w=1i=0 w= r=1

b
a;(r)(xfl) XfN(r)) +2 Zdi(r)
r=1

-1 b
S S a0ma®x ) xNO-N®)
- [ [

i=0 r,p= 1

a b
2h(w,r)h(w,qg)+2a¥d®
w=1 r=1"'

For [h(x,y)] is a columns orthogonal binary matrix, so the
equality can transform as

b P-1 N b
ay (_Zoal(r)(x) al(xh+2d=ay PN, =aPN
r=11= r=1

I
WhenN, < j<2N -1,

p-1

(C,®E, (x)-2d(C,, 6,

ﬁbﬁm

=0

1

1

QD

w

é ( Zb‘,lh (w, r)a(x) xN(r))(Zb;h(w, r).
= r=1

or

b
a;(r)(xfl) x N0y - 2zdi(r)
r=1

1

- b
% (3 2000801 xNO-NE),
- [ [

i=0 rp=1

a b
2h(w,r)h(w,qg-2a3d®
w=1 r=1"

b P-1 . b
ay (X3 a0 +2d"= -DaXpN,
r=11= r=1
=(~1)aPN.

So{(c,,

Wi

e,) 1}, 1<w<a,0<i< P-1lisa OPCSPFJ.

Wi
5. Conclusion

This paper is based on odd-periodic perfect sequences,
by bringing the concept of “families of pairs’, and
constructing families of odd-periodic perfect
complementary sequences pairs (OPCSPF), these are
new binary sequences pairs sets. OPCSPF can get much
more and complicated sequencebased on several old
methods for studying perfect signals.
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