ifferential
quations
& @applications
Volume 5, Number 2 (2013), 297-317 " doi:10.7153/dea-05-18

GLOBAL EXISTENCE AND DECAY ESTIMATES FOR NONLINEAR
KIRCHHOFF-TYPE EQUATION WITH BOUNDARY DISSIPATION

XIULI LIN AND FUSHAN LI

(Communicated by Mervan Pasic¢)

Abstract. In this paper, we consider the initial-boundary value problem for nonlinear Kirchhoff-
type equation

uy — (|| Vae|3) A — auy = blulPu,
where a,b >0 and B > 2 are constants, @ is a C' -function such that @(s) > A9 > 0 for all
s > 0. Under suitable conditions on the initial data, we show the existence and uniqueness of
global solution by means of the Galerkin method and the uniform decay rate of the energy by an
integral inequality.

1. Introduction
In this paper, we consider the problem

wy — (|| Vul|3)Au — aAu, = bluP~2u inQ x (0,

M()C,l) =0 onl’y x (ano)7

MNou | Ou (L.D)
o([Vull3) 5y +agy = g(u) onT x (0,e0),
u(x,0) = ug, u (x,0) = uy inQ,

where Q is a bounded domain of R"(n > 1) with smooth boundary I'" := d€Q such that
I'=TyUT and Ty, T"| have positive measures, V is the unit outward normal on JdQ,
and aa—v is the outward normal derivative on dQ.

The case of n =1, Eq.(1.1) describes the nonlinear vibrations of an elastic string.
The original equation is

Eh (L
phuy — alu, = (PO 4+ — (ux)zdx) Uy + f
2L Jo
for 0 <x <L, t >0, where u = u(x,7) is the lateral displacement at the space coordi-
nate x and the time ¢, E the Young modulus, p the mass density, / the cross-section
area, L the length, po the initial axial tension, a the resistance modulus, and f the
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external force. When a = f = 0, the equation is firstly introduced by Kirchhoff [18],
and is called the Kirchhoff string after his name.

Physically, the first integro-differential equation in (1.1) occurs in the study of vi-
brations of damped flexible space structures in a bounded domain in R". The term aAu;
is the internal material damping of Kelvin-Voigt type of the structure. In fact, the most
common class for the suppression of vibrations of elastic structure is of passive type
which absorbs vibration energy. On the other hand, the internal damping mechanism is
always present, however small it may be, in real materials so long as the system vibrates
(see [11]). The boundary conditions considered here are of mixed Dirichlet and Neu-
mann type. When g(s)s < 0, the term g(u,) exhibit a boundary dissipative effect, and
we may expect certain decay properties of the solutions under suitable assumptions.
Moreover, the difficulty increases in the case that the blow-up term f(u) = b|u[P—2u
appears because semilinear wave equations including blow-up terms may cause certain
blow-up phenomena. Our central aim is to show the uniform decay rate of the energy
under suitable assumptions on g, 8 and initial energy.

The homogeneous Dirichlet boundary value problems for Kirchhoff-type equa-
tions have been considered by many mathematicians (see [1, 14, 27, 28, 30, 33] and
[2, 6,12, 16, 17,26, 29, 32, 35, 36, 37, 38, 39, 40]). K. Nishihara and Y. Yamada [27]
considered the global solvability of the homogeneous Dirichlet boundary value problem
for

Uy —a(/Q |Vu|2dx)Au—|—2yut =01inQ X [0,00)

and showed the global existence, uniqueness and asymptotic decay of solutions pro-
vided that the initial datas uo (1o # 0) and u; are small and u; is much smaller than
up in some sense. M. Aassila and A. Benaissa [1] extended the global existence part
of [11] to the case where ¢(s) > 0 with @(||Vug||?) # 0 and the nonlinear dissipative
term |u;|*2u,. K. Ono [28] and Ye [33] obtained the global existence of the solution
to the homogeneous Dirichlet boundary value problem for

Us — (p(HVuH%)Au—au, = b|u\ﬁ72u inQ x (0,0),

where a,b > 0 and B > 2 are constants, @(s) is a C! -class function on [0, o)
satisfying
N
0(s) > mo, s@(s) > / o(T)dt, Vs € [0,0)
0
with mg > 1. Using Galerkin method, K. Ono and K. Nishihara [30] proved the global

existence and decay structure of solutions of the homogeneous Dirichlet boundary value
problem for

e — (|| Vul|3)Au — aduy = blulP~2u inQ x (0, 00)

without small condition of data. Applying the Banach contraction mapping principle,
Li et al. [14] obtained the local existence of the solution to the homogeneous Dirichlet
boundary value problem for the higher-order nonlinear Kirchhoff-type equation

st + M| D" u(0)[13) (—8)" e+ e |2t = ]2,
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where p>qg>2,m> 1.

The mixed Dirichlet and Neumann homogenous boundary value problems for
Kirchhoff-type equations have also been considered, for example [5, 15, 20, 23, 25].
Ganesh C. Gorain [15] studied the uniform stability of two mixed Dirichlet and Neu-
mann homogenous boundary value problems for

Uy +20u; = (a2 —|—b/ |Vul*dx) Au inQ x (0,00)
Q
and
Uyt = (a2—|—b/ |Vu|2dx)Au—|—27LAu, inQ x (0,e0).
Q

Li [20] and Salim A. Messaoudi et al. [25] investigated global existence and blow-up
properties of the solution for the following higher-order Kirchhoff-type equation with
Dirichlet and Neumann homogenous boundary conditions

Uz + (/Q \Dmu\2dx)q(—Au)m+u,\u,\’ = |ulPu, x € Q, 1> 0.

With m > 1 is a positive integer and g, p,r > 0 are positive constants, Li [20] obtained
that the solution exists globally if p < r, while if p > max{r,2q}, then for any initial
data with negative initial energy, the solution blows up at finite time in L’ norm.
With m > 1 and ¢q,p,r > 0, Salim A. Messaoudi et al. [25] established a blow-up
result for certain solutions with positive initial energy.

Besides, Vitillaro [34] considered the following problem

Uy — Au=0in Q x (0,00),
u=0o0nTyx (0,),

du
ov
u(x,0) = up, u;(x,0) =upin Q

+ \ut\mﬁut = \u|”*2u7 on T’} x (0,e0),

and proved local existence of the solution in the energy space when m > ﬁ
2(n—1)

n=1,2, where r = e and global existence when p < m or the initial data was
chosen suitably. Cavalcanti and Guesmia [8] considered the following system

or

Uy — Au+F(x,t,u,Vu) = 0in Q x (0,00),
u=0onTyx (0,00),

t
u(x,t) = —/0 g(t—s)g—‘u/ on T x (0,),

u(x,0) =up, u(x,0)=u;in Q.
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Cavalcanti et al. [9] studied a problem of the form

s
u,,—Au+/ 2(t — T)Au(t)dT = 0in Q x (0,09,
0
u=0onTyx(0,00),
0% (0,00) (L.2)

du t u
o —/0 it —7) Sed T+ () = 0 on T x (0,9),

u(x,0) = up(x), wu(x,0) =ui(x)in Q

for g, h specific functions and established uniform decay rate results under quite restric-
tive assumptions on both the damping function / and the kernel g. In fact, the function
g had to behave exactly like ¢~ and the function / had a polynomial behavior near
zero. For more general assumptions on g and %, Cavalcanti et al. [10] proved the uni-
form stability of (1.2) provided that g(0) and ||g||.1(g ;) are small enough. They also
established explicit decay rate results for some special cases. Lu et al. [24] considered
the following wave equation with nonlinear viscoelastic term

1
g — Au +/ gt — T)Au(T)dT = 0in Q x (0,00),
0
u=0o0nTyx (0,00),
d ! d
. —/0 e =) S+ "2 = fuluw on Ty  (0,),
u(x,0) = up(x), u(x,0)=u(x)inQ

with m > 2, p > 2. Under some appropriate assumptions on g and with certain ini-
tial data, global existence of solutions and a general decay for the energy have been
established. Li et al. [21] considered the problem

u,,—Au+/(:h(t—T)div(a(x)Vu(T))dT—l— |7 = 0in Q x (0,e0),
u=0onT; x (0,0),

3—5 - /Oth(t —0)(a(x)Vu(1)) - vt + glur) = 0 on Ty x (0,0),
u(x,0) = uo(x), 1y(x,0) = i (x) in Q.

They proved the existence and uniqueness of global solution by means of the Galerkin
method, and showed the uniform decay rate of the energy under suitable conditions on
the initial data and the relaxation function.

Motivated by the above work, we intend to study the global existence of the so-
lution and the decay estimate of the energy for problem (1.1). By using the potential
well method, we prove that under some conditions on ¢, g and 3, the solution exists
globally and the general decay rate is obtained. The main contributions of this paper
are: (a) the problem considered in this paper is nonlinear equation with mixed inhomo-
geneous boundary dispassion and this problem is representative; (b)the estimates are
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precise and the proofs are understood easily; (c)the method to prove the existence of
the global solution in [21] can not be applied directly to the case in the problem (1.1).

The rest of this paper is organized as follows. In Section 2, we give the prelimi-
naries and our main results. In Section 3, we prove the existence of a global solution to
problem (1.1). Section 4 is devoted to prove the decay result.

2. Preliminaries and main results

In this section, we present some notations and the general hypotheses that will be
used throughout the paper, and then we state the main results.
Let H™(Q) denote the Sobolev space with the norm

lellmay = 3, 1%l

la|<m
For simplicity of notations, hereafter we denote by || - ||, the Lebesgue space L” ()
norm, || -|| the Lebesgue space L?(Q) norm. Moreover, C, C;(i = 1,2---) denote

various positive constants and they may be different at each appearance. Throughout
this paper, we define

V:=Hp (Q) = {ulu € H'(Q),u=0onT"},

and the following scalar products

(u,v) = /Qu(x)v(x)dx, (u,v)r, = /rou(x)v(x)dl".

In order to define the energy functional E of the problem (1.1), we give the fol-
lowing computation. Multiplying the first equation in (1.1) by #, and integrating the
result over Q and adding Green’s formula, we get

/ ¢ (st o(||Vu||*)Au — adu; — blu|P~2 u)dx
1d du

=~ )2 —/ut(p(||VuH )21 dF+/ o(||Vee|2) VitV ity — /aut—tdl"
2 dt r o0

+/aVutVutdx || ||ﬁ

B dr
ul®

2b
=l [ (s~ )+ al Tl g, =0 @D

Then (2.1) inspires us to define the energy functional as

[V 2b
Bty =l [ o)ds — Flully =l + 7w, @2)

where

[Vl
s = [ o(s)ds— 5 ullf.
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Clearly,

[|Vuo || 2b
E@0) =P+ [ p(s)ds—F Juoll]
b B

In order to establish our results, we apply the potential well theory. Define

G
W:{uevu(u):/o 9(s)ds —bllull§y > 0.7(u) < d} U{0},

where

d = inf{ /le;%J(lu),u eV \{0}}.

Remark 1. We call that the constant d is saddle point value of functional J. [J
Before stating the general hypotheses, we firstly give the following Lemma.

LEMMA 1. If2<¢g< nzfnz(n >2)or2 < g <eo(n=1,2) holds, then there exists
a positive constant Cy depending on Q and q such that

lullg < Bllully < Cul|Vul|2(q), Vu € V.

Proof. In fact, by the Sobolev embedding theorem, we get V <— L9(Q) and [|u||, <
Bl|u||v . And by Poincaré inequality, we know that ||u||y is equivalentto ||Vu]|;2. Then
the result follows. [J

Now the general hypotheses are as follows. [

(A1) @: ¢ €CY([0,);R") is a function satisfying

o(s) = o >0, 50(s) /qo

for all s > 0. For example, @(s) = Ag+s", r>1
(Az) g isanon-increasing continuous differentiable function with bounded deriva-
tive and satisfies that there exists a positive constant C such that

sg(s) <0, |g(s)] < Cls|

forall s € R.
(A3) B satisfies

2<B< 22(n>2)or2<ﬁ< o (n=1,2).

(A4) E(u;0) satisfies

B2
7 < land E(u;0) < d,

b B
pi= L (L g0
N
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where C, is the constantin Lemma 1. [

Remark 2. Tt is clear that assumption |g(s)| < C|s| implies g(0) = 0; moreover,
as it is supposed in (A;), if g is differentiable with bounded derivative and g(0) =0,
then integrating —M < g'(s) < M over [0,s], we obtain —Ms < g(s) < Ms, that is,
lg(s)| < CJs|. Soitis enoughin (A;) to assume g(0) = 0.

LEMMA 2. Let uc€ V. If (A1), (A3) hold, then d > 0.

Proof. Since

[Vl
)= [ p(o)ds—Zlully > 2alVull =l

we only need to prove R
supJ(Au) > 0,Vu € V\ {0},
A>0

where

~ 2b
Tlu) = 2ol Vad* = =l

—~ s
Let %](Au) =0, then 4 = ()LO [Veul® )ﬁ . A simple calculation and using Lemma 1,

blull}
we get

d2

WJ(M)’A: <0,
and

T, = (1- 2) (22 ) )2/ﬂ ) (1Vully2p/8-2)

B [lullp
2 7L - -
> (1= 2) (B0 9102

where C, is the constant in Lemma 1. [

LEMMA 3. Assume Q is bounded and dQ is C'. Then
leellr(ae) < Cllullwrngy

for each u € WHP(Q), with the constant C depending only on p and Q.

Proof. The proof can be found in [13]. O

We state our results as follows.



304 XTULI LIN AND FUSHAN L1

THEOREM 1. Let (ug,u;) € (WNH?) x V. If the hypotheses (A;)-(As) hold,
then there exists a unique solution u(x,t) of the problem (1.1) satisfying

u€ Ly (0,00VNH?), uy € L (0,003 V), e € L, (0,00, L7(Q)).
Moreover, we have
u€C([0,%);V), u, € C([0,0); L*()).

THEOREM 2. Let (ug,u;) € (WNH?) x V. If the hypotheses (A1)-(A4) hold,
then the global solution of problem (1.1) has the following exponential decay property

E(u;t) <E(u;0)e' ¢,

where C > 0 is a constant.

3. Proof of Theorem 1

In this section, using the Galerkin method(a reference for this method, for instance,
the book by professor J. L. Lions [22]), we show the existence and uniqueness of the
global solution to the problem (1.1). We choose a basis {w;} (k= 1,2,---) in VN
H?(Q) which is orthonormalin L?(Q) and let V,, the subspace of VNH?(Q) generated
by the first m vectors.

Define

un(t) =Y db,(t)wr, 3.1)
k=1
where u,(¢) is the solution of the following Cauchy problem

(U (0);wk) + (@I Vetm (0)|*) Vit (), Vi) + @ (Vaty, (), Vv )
= (g(uin(t))’ Wk)ro + (b|um(t)‘ﬁ_2um(t)a wi), (3.2)

with the initial conditions

um(0) = i(um(O),wk)wk — upinV NH*(Q),

el (3.3)
14y, (0) = Y (1, (0), wx)wg — uy inV.

k=1

Note that we can solve the system (3.2)-(3.3). In fact the problems (3.2)-(3.3) have a
unique continuous solution on some interval [0,7,,). The extension of the solution to

the whole interval [0, <) is a consequence of the estimates which we are going to prove
below. [

Step 1. (The first priori estimate) Multiplying df,‘ql(t) on both sides of equation
(3.2) and summing up the resulting equations from k = 1 to k = m, we have

(1 (1) 13 (2)) + (@ IVt (1)) Vit (1), Vit (1)) + a(Vity, (1), Vg (1))
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= (&0 (1)), 13, (), + Blum ()P (1),103, (1)),
that is
)12

([ Vit (1)
LSy [ plsyas -

b B / 2
g 2 Jm(0)113) + all Vit 1))

B
= (8, (1)), 1), B4

So by the hypothesis (A;) and a > 0, we have %E(um;t) <0, i.e., E(up;t) is non-
increasing respect to 7.
Integrating (3.4) over (0,7) and owing to (A;),

H2

g [ ptsyas - ﬁnum( 18-+a [/ 1V, 5)1Pas
|V ,
= Sl )2 +5 / ds= 5 lun O+ [ (606, (5).1,(6)) s
[[Vu H2 b
2, v B
< Sl 3 [ p(ords ZumO)I] (33)

In order to perform the prior estimation, we give the following lemma.
LEMMA 4. Assume (A1)-(A4), (uo,ur) € (WNH?) X V. Then uy(x,t) € W. That
is,
Ve |12 B
Tm) < d, 1) :/0 9 (s)ds — bllun[§ > 0
foreach t € [0,e0).

Proof. Firstly, we prove J(uy,) < d. In fact, since E(u;0) < d, there exists a suf-
ficient small constant & such that E(u;0) + & < d. For & mentioned above, by (3.3)
and the continuity of E(u,,;0), we have

E(um;0) < E(u;0)+¢gp <d

for sufficient large m. So, owing to the definition of J(u,,) and E(u,;t) is non-
increasing respect to ¢, for each ¢ € [0,00),

HV”mHZ 2b
J(um):/ (p(s)ds—FHumHﬁ <E(umit) <Eun:0)<d.  (3.6)
0
Now we prove I(u,,) > 0. In fact, fix T > 0 arbitrarily. By (3.3) and I(up) >0,
we have I(u;,(0)) > 0 for sufficient large m. Considering again the continuity of u,,
respect to ¢, we have

I(uy (1)) > 0, for some interval near t = 0, (3.7)
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that is, there exists #,, (,, < T) such that (3.7) holds on [0,z,].
Note that

. HV”mHZ 2b B 2 ﬁ -2 HV”mHZ
Hon) = [ @(o)ds = Flunlly = S1lan) + =5= [T p(s)as

— 2 [IVum|?
>BT ©(s)ds, t € [0,n].
0

Hence, we have V7 € [0,1,],

2 [IVunl? B B , B ,
And then
bnumuﬁszbcEHVum<wuﬁ

b B
—5CP (R0 Vun(1)]?) 2

2’2

b B b2 (lIVunl?

< z_g (ﬁ—E(um,O)) /O o(s)ds

HVumH2
/ s)ds, ¥Vt € [0,ty).

Therefore 1(u,;) > 0 on [0,7,]. By repeating this procedure, and using the fact that

B2
)

) B B
lim gc (g3 m))
A’O

<1,

for sufficient large m, t,, is extended to 7. Owing the arbitrarity of T, we get the
conclusion. The proof of Lemma 4 is completed. [

Remark 3. The idea of proof in Lemma 4 can reference Lemma 4.2 in [7]. U

From Lemma 4, we have

[[Vu H2
P43 [ ptoids )1}
Vim0
:Ewmo2+ému<»+9ﬁr p(s)ds
[Vt (1)1
> @+ B2 [T gas. 68)

By (3.3), (3.5) and (3.8), we have

Vet (2
s+ B2 |

P

1
ds+a/ Vi, (5)||>ds
0



NONLINEAR KIRCHHOFF-TYPE EQUATION 307

H2

ey 2, LI iy .
<S03 [ p(ods— Flum )] < ki
that is
1 ! 2 ﬂ 2 2
EHum(I)” T ﬂ 2'()Hvum H +a/ Hvum )” ds < Ky, (3.9

where K| is a constant independent of m. [

Step 2. (The second priori estimate) Multiplying d,’;”(t) on both sides of equation
(3.2) and summing up the resulting equations from k = 1 to k = m, we have

(i (0),15(0)) + (@UIV e (1) [2) Vit (1), V(1)) + (Vi (1), Vil ()
= (80 (1)), (1)), + (Bla (1) P2 (1), 10 1))

that is,

4y I+ (91 V10n (1) ) Vetn(0), Ty 1)) + 5 19, (0]
= (8t (1)) y(0) r, + (b\um<>|ﬁ*2um<r>,u:;<t>). (3.10)

On the other hand,

(@UIVum (1) 1) Vit (1), Vit (1)) = %((P(IIVum(t)||2)Vum(t)»Vu§n(t))
=20/ (Vi (1)]17) | (Vi (2), Vit () [* = @ (| Vit (1) [3) Vet ()]* B.11)

and

(800 (60),105 (1), = < (8000, 6s0)) g, — (& W (), 1)) - B12)

Thus (3.10)-(3.12) imply

4O+ (V100 ) Vitn0), Vi 1)) + 5519, 1)
= 20/ (|7 (1)])| (Vitm(0), T (1) P+ ([T 1))Vt 1)

(80 0)), 1)), — (& D 01,16, 0) - (Bl )P 2tn(0), 15 0).
(3.13)

From (3.9) and the hypothesis (4;),

20" (|[Vaum () |*) | Vet (2), Vit (1)) [ < Cu |Vt (8) 1%
@ (IVum(@)*) [ Veuy, ()15 < Cal| Vit (1) (3.14)
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The hypothesis (A;) and Lemma 3 imply
(6! () (1), 160(1)) ., | < G| (00,26 0) |

< Callat () g 145 () I
< Cs oty () ]2, (0)
< 0(e0) [ ()17 + el (1) 1. (3.15)

Since H'(Q) — L*>B-1)(Q), from the Holder inequality, Sobolev-Poincaré inequality,
Cauchy inequality and (3.9),

(Blutm ()P 2t (1) upp (¢ ))<bHum()Hﬁ 5 Dyl () 1208 -1y e (1)
< Co|| Vit (1) |||t (0)
< 0(&2)||Veum (1) |1* + &2 ey (1)]|. (3.16)

Thus (3.13)-(3.16) imply

" d / ad ,
)12 + = (@IVetm () 1) Vet (), Vit (6)) + 5 Vet ()]

/ d / /
< (Cl +C2)Hvum(t)H2 + E(g(um(t))aum(t))ro
+0(en) [l (1) 1% + & [t (1)1 + 6 (&2) | Vet (1)1 + &2 ()|, (3.17)

Integrating (3.17) over (0,7) and using (3.9), (A2),
[ 15+ (@1 Vi (O] Vit 1),V 1) + 5 |V )
<(UIVin(O)]) Vi (0). Vi (0)) + 5 Vit O]
€1+ [ IV (5) s+ (6006, (1).16,(0), — (£ () iy ),
+Cr+ (&1 +€2) / i (s)%ds
<PV (0) ) Vi (0), V16, 0)) + 5 IVt (O)[P + (Co+Ca) [ 19 (5
+Cr = (80 (0)) 1 (0)) , + (o1 +82) [ (9],
that is,
[ llPas+ 519,01

~(@UIVum(0)1*) Vit (1), Vity (1))
+ (9 (Vi (0)||*) Vit (0), Vity, (0)) + gIIVuin(O)Ilz
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(G +G) /0 Vil (5)|2ds+Cr

— (gl 01 (O)), + (o1 +82) [ (9]

forall 7 € [0,T] with arbitrary fixed T'.
On the other hand, by Cauchy inequality and (A;), we have

| (@It (1) [2) Vit (1), Ve, (1)) | < 6(E5) Vit ()| + 5] Vi, (1) |

309

(3.18)

(3.19)

Therefore, from (3.9), (3.18) and (3.19), for sufficient small €1, &, €3, we have that

Loty 2 a / 2
3 [ a(s) Pds + 5 Vi, )]
2 Jo 3
a
<1+ (p(IV10n(0)][2) Vit (0), Vit (0)) + [V, (0)
1
(€4 o) [ 1) Pds = (g(u,(0)), (),
By (3.3) and (3.9),
[(@(1V10n(O)][2) Vit (0), Vit (0))| < Ci.
a 1
SV, O < Co. [ Vit (5) s < Cuo.
Noting (A;) and using Holder inequality, Lemma 3,
[(6006(0)),1,(0)) | < Curll (O, < Cauy (0).
Therefore, from (3.20)-(3.22), we have
Lot 2 a / 2
3 [ o) Pds + 51V, (1) < Ko,
2 Jo 3

where K> is a positive constant independent of m.
Step 3. (Limiting process) By (3.9) and (3.23), we have

1 —2 '
S+ B2 20V 01 4. [ 192, (5
2 2p 0
1 t
b5 [ Ial)IPds + 519 1) P < Ko + Ko
2 Jo 3
Thus,

{un} is bounded in L=(0,T;V NH?),
{ul,} is boundedin L=(0,T;V),
{u),} is boundedin L*(0,T;L*(Q)).

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)
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Therefore, we can extract a subsequences in {u,} (denote still by the same symbol )
such that

Uy — u weak-starin L(0,T;V NH?),
ul, =’ weak-starin L™(0,T;V), (3.26)
ul, —u” weakly in L*(0,T;L*(Q)),

which combining with Aubin-Lions compactness lemma (see [21]) imply

{um —u strongly in C([0,T];V NH?), (3.27)

ul, —u’ strongly in C([0,T];L*(Q)).

These results are sufficient to pass to the limit in the linear terms of problem (3.2). Next
we are going to consider the nonlinear ones. By (3.25) and H'(Q) — L*B-1(Q) (see
[4]), we obtain

{blum|P?u,} is boundedin L7(0,T:L*(Q)).
Using trace theorem (see [3]) and (A;), we deduce
{g(u},)} is bounded in L™ (0,7;L*(Tp)).

Therefore, we can extract a subsequences in {u,} (denote still by the same symbol )
such that

B=2, A |,B-2 in L= 12
u Uy — |u u weak-starin L™ (0,T;L"(Q)),
{| P o).

g(u),) = g(u') weak-starin L™ (0,7;L*(Ty)).
By (3.26), (3.28) and letting m — = in (3.2), we see that u satisfies the equation. Now
we discuss the initial conditions. Using (3.3), (3.27) and the simple inequality

[lu—uolly < llu—wmllv + lltm — um(0)[|v + || (0) — uollv,

we get the first initial condition immediately. In the similar way, we can show the
second initial condition.

Step 4. (Uniqueness of the solution) Let u,u; be two weak solutions of problem (1.1)
such that

u € L(0,T;VNH?),ul € L°(0,T;V),u} € L*(0,T;L*(Q)),i = 1,2. (3.29)
Then u = u; — uy satisfies
(" (1), we) + (@(IVur (1) [1*) Vuer (1) — @ (|| Vuea (1) |1*) Vaia (¢), Vi) + a(Ved' (2), V)

(
((g(u(t) — g(us(0)), i) +b(|u1(f)\ﬁ72u1(f)— |u2(f)\ﬁ72142(1),wk),
u(0) =u'(0) =0,
€L”(0,T;VNH?),u' € L*(0,T;V),u" € L*(0,T;L*(Q)).

(3.30)
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Multiplying df,‘ql(t) on both sides of the first equation in (3.30) and summing up the
resulting equations respect to k, we have

(u"(0),u' (1)) + (@(|[Vaer (1) |*) Vi (1)
— @(IVur (1)) Vaea 1), Vil (1)) +a(Vad (1), Vil (1))
= (81 (1) — g (uts(0)), ' (£)) + b (s (£)1P 2y (1) — \uz(t)lﬁ 2ur (1), (1)),

that is

mnu’mnzmuw 0|2
—(@(IVur (1) [[*) Vs (1), Vil (1)) + (@(|| Ve (2)|*) Vaua (2), Vid' (2))
+(<g<u1(t> g(u’z(t>>,u’(t>)+ (Jar ()P~ 2ua (1) = o (1) [P 22 (1), (1)) . (3.31)
On the other hand,

%(<P(HVu1(t)llz)IIVu(t)llz)

=2¢(||Var (1) |*) (Vur (1), Vidy (0) [ Vaa(0) > + 29 (| Vur (1)]]7) (Vue(t), Vil (2))
=20 (||Vur (1) [17) (Vur (£), Vit (2)) [V (2) ||
+20([|Vur (0)|1*) (Vur () — Vuo (1), Vad (1)) (3.32)

Thus (3.31) and (3.32) imply

d
(I OIF + oIV @) [Vu(®)||) +2al| Vel ()|

=2(o(|Vua (1) [|*) — @(||Vur (1) ||*)) (Vua2), Vid (1))
+ 20" ([Vur (0)[*) (Vur (¢), Vaal (1)) [|Vae(0) |17 + 2 ((g (0 (1) — g (uh (1)) 2 (2))
+2b (Juy ()P 2u (6) — w2 (1) [P 2ua (1), (1) ). (3.33)

The hypotheses (A1) and (3.29) yield

[V (2
P(IVwP) ~oIVm@I [ <| [ 10

<C13\HVM1( )||2— [Vaa (8)|°]
< Ci3([Var (0)]| + [[Vaa (o) [[) [ Vue(1) |
< Cral[Vu(2) |- (3.34)
From (3.29) and (3.34), we have
2(@(IVu2 () [1P) =@ ([[Veer (1)[17)) (Vua (2), Vi (2))
< 2C14||Vu(0) || Vua (0)[[[|Vd ()]
< O(n)||Vault)[|* + 1| Vad' (1) (3.35)
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Again from (3.29), we have
20" (IVur (0)112) (Vur (1), Vay (1)) [ Vu(0) |12 < Cis [ V(1) | (3.36)
Using the hypothesis (4;), we know
(8(u1(1) —g(ua(1)),u' (1)) = (&'(&) (u(e) —us(r)),u (1)) <O, (3.37)

where & € {min{u} (1), u5(1)}, max {udy (1), 1 (1)} }.
From Lemma 1 and Holder inequality, we get

20| (| (0)1P 201 (1) — |ua (1) [P~ 2un (1), (1)) |
<2b|((Jur ()P 2+ o ()P~ (), (1)) |
<26 ([l (1) 15571, + 21557 1) () gy 1 )|
< Cio|[Vu() ||V (1) | < 0(m) [Vu(®) [P+ ma| VA O, (3.38)

Considering (3.33)-(3.38), for sufficient small 71y, 1>, we have

%(Hu’(t)ller e(IViur()|?) [Vu(®)|?) +al| Vil (@) < Cua || Vuele) |,

which implies

L@ + 0 (1 (0) ) [90) )
< Cis (W @ + @ (| Ver (1)) || Vue(r) 7). (3.39)
Let
Z(t) = |l ()1 + @ (| Vaur (0) ) || Vue(2) ||
From (3.29) and (3.39), we have

%Z(t) < CrZ(t) with Z(0) =0,

which with Gronwall’s inequality and Poincaré inequality imply Z(z) =0 i.e. u; = u.
The proof of Theorem 1 is completed.

4. Proof of Theorem 2

In this section, we prove the exponential energy decay property for Eq.(1.1). Firstly
we give some Lemmas as follows.

LEMMA 5. Let u(t,x) be the solution of problem (1.1). Then E(u;t) is a non-
increasing functional for t > 0 and

d
B () = ~2al| Vi[> + 2(,8(u))r, <0.
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Proof. By (2.1) and the hypothesis (A;), it is easy to see that
d 2
EE(M;I) = —2a||Vu;||* 4+ 2(us, g(ur))r, <O.

Therefore, E(u;t) is a non-increasing functional. [J

LEMMA 6. Let E(u;t) be a nonnegative decreasing function defined on [0,0). If
o0
E(u;t)dt < CE(u;s), Vs > so,

N

for some constants so,C > 0. Then
E(u;t) < E(u; 0) S0 Y > 0.

Proof. The proof can be found in [9, 10]. [

Now we show the proof of Theorem 2.
Under the conditions in Theorem 2, we have u(x,7) € W similar to Lemma 4.
Thus,

(Va2 2b — 2 lIVul? -2
s = [ o= = B2 [T pias > EZaapwale.
Therefore, we have from (4.1) that
2
P+ ﬁ B2Vl < P +90) = E@er) < E@0) <d. (42)

Multiplying the first equation in (1.1) by u and integrating the result over Q x [0,T),
we obtain

0= // (it — (|| Vutl|2) At — at, — bJulP~2u) v, 4.3)

where 0 < s < T < . Since

T
/ / uugdxdt = [puudx|T — [T [ |ur|>dxdt
s JQ
= [quudx|T — [T ||u;||2dxd. 4.4

So substituting (4.4) into (4.3), we get
T
o= <||utH2+<p<uw||%>uw||2 Zltf)a— [ [ @la? ~a¥uFa)sa

+ /Q wdx|T + (2 — 1)b / Jul Bt — / (10, (1) )y . 4.5)
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We derive from (A;) that

[Vul?
L es)ds < o(Ivul?)vul? +6)
Combining (4.5), (4.6) and noting (2.2), we have
T T
/ E(u;t)dt g/ / (2|ut|2 —aVu,Vu)dxdt
s s Q
;2 T T
— [ msl? = (5= 1p [ el + [ g 47

Now, we estimate respectively the terms on the right side of (4.7).
We get from Lemma 1, Lemma 5 and (A;) that

2/ /|ut|2dxdt 2/ e |2t < 2c2/ Vs |2dt

2
= Ceter) - P + 25 [ st
C2
< ;fE(ms) (4.8)
It follows from (4.2) that
mm2<@£%%mmm<¢%%%mmm. (4.9)

Applying Young inequality, (4.8) and (4.9), we deduce that

T T 1
!—a/ / Vi, Vudxdt| Sa/ (SlHVu||2—|— —||Vu,||2)dt
s JQ

aﬂel

< %/ E(wi)d + o —E (). 4.10)

From Lemma 1 and (4.2), we have that

'/Quutdx|ST = ‘(/Quutdx>T—( uusdx ' '/ uutdx}T+|/ uutdx
1 2 1 2
< (gl + g lal?), -+ (5l -+ Sl

BC:  (B—2)k 1
BC:  (B-2)k 1
2BC?
(B-=2)%’

2BC?
(B-2)’

gmax( l)E(u;T)+max( l)E(u;s)
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< 2max (%,1)5@3). @.11)
Applying Lemma 1 and (4.9), we arrive at
B2
Jullfy <21V =cf?w||ﬂ2Vu||2<c£(ﬁm;o>) "l
which with (4.2) imply
B b B o TB=2 o
b(1 ﬁ)n ullp <bCt (g E@0) T S5 vul
p(__ B T B-2 B .
< (a0 T et
B B2
:&(ﬁE(u;O)) T E(wr). (4.12)

Using Lemma 3 (for p = 2) and Poincaré inequality, we have ||u|r, < C||Vu||,
Yu € V, which with Holder inequality, Cauchy inequality, (A;), (4.2), (4.8) and Lemma
1 imply

T T
| nglunryde < [ el () Iy
< ! 2 1 2 Vd
S (32\\14“1"04‘@”8(%)”1"0) 1
r 2 1 2
gc/ (62|l + - Vi)

Cﬁ&‘Q C

N Eutdt—l—gE(u s). (4.13)
Substituting the estimate (4.8), (4.10)-(4.13) into (4.7), we conclude
P B B2 aBe Cﬂeg )
———E(u;0)) > — — E(
(% Gt ™ [ Ewna
2 2

< gE(u;s) + %E(u;s) + 2 max (ﬁi%zo,

a €1
By the hypothesis (A4), for sufficient small € and &,

p
s

c
1>E(u;s)+%E(u;s). (4.14)

. ¥ aﬂel CﬂSQ
o)+ ok <

Then, we have from (4.14) that

T
/ E(u;1)di < CE (u35). (4.15)
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Let T — 4o in (4.15),

/ " B(ust)dr < CE(uss). (4.16)

t

Thus, by (4.16) and Lemma 6, E (u;t) < E(0)e' ~¢, t € [0, 4-0). The proof of Theorem
2 is completed.
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