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よく使われる確率モデルの多くは特異

線形回帰
・
・
・

行列分解
ニューラルネット
混合分布

隠れマルコフモデル
・
・
・

正則モデル 特異モデル
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代表的学習法

最尤（MAP）法

ベイズ法

正則モデル 特異モデル
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学習理論

最尤（MAP）法

ベイズ法

正則モデル 特異モデル
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過学習

最尤（MAP）法

ベイズ法

正則モデル 特異モデル

 ～ 余分なパラメータ数

大

小
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モデル選択規準

最尤（MAP）法

ベイズ法

正則モデル 特異モデル

AIC
BIC
・
・
・

△

周辺尤度
（ベイズ自由エネルギー）WAIC

WBIC
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パラメータ推定方法

最尤（MAP）法

ベイズ法

正則モデル 特異モデル

最小化問題
（解析解）

（共役事前分布を使えば）
解析解 サンプリング

最小化問題
（解析解）
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変分ベイズ法はベイズ法の近似

最尤（MAP）法

ベイズ法

正則モデル 特異モデル

最小化問題
（解析解）

（共役事前分布を使えば）
解析解 サンプリング

最小化問題
（解析解）

変分ベイズ法 ー 最小化問題
[Attias99]
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モデル選択規準もOK!

最尤（MAP）法

ベイズ法

正則モデル 特異モデル

AIC
BIC
・
・
・

△

変分ベイズ法 変分ベイズ自由エネルギー

周辺尤度
（ベイズ自由エネルギー）WAIC

WBIC

[Attias99]
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変分ベイズ学習

✤効率的に計算可能。
✤パラメータの推定精度に関する情報が得られる。
✤モデル自由度の自動選択が可能（Automatic 

relevance determination）。

ベイズ事後分布を（広がりのある分布で）近似する一手法

点推定ではない。（↔最尤法、MAP法）
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変分ベイズ学習

✤効率的に計算可能。
✤パラメータの推定精度に関する情報が得られる。
✤モデル自由度の自動選択が可能（Automatic 

relevance determination）。

ベイズ事後分布を（広がりのある分布で）近似する一手法

点推定ではない。（↔最尤法、MAP法）

THEORETICAL ANALYSIS OF BAYESIAN MATRIX FACTORIZATION
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Figure 4: Bayes posteriors with ca = cb = 100 (i.e., almost flat priors). The asterisks are the MAP
solutions, and the dashed lines indicate the ML solutions (the modes of the contour when
ca = cb = c → ∞).
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Figure 5: Bayes posteriors with ca = cb = 2. The dashed lines indicating the ML solutions are
identical to those in Figure 4.

When L = M = H = 1, Eq.(19) yields that the Bayes posterior p(A,B|V ) is given as

p(A,B|V ) ∝ exp
(
− 1

2σ2
(V − BA)2 − A2

2c2
a
− B2

2c2
b

)
. (59)

Figure 4 shows the contour of the above Bayes posterior when V = 0, 1, 2 are observed, where
the noise variance is σ2 = 1 and the hyperparameters are ca = cb = 100 (i.e., almost flat priors).
When V = 0, the surface of the Bayes posterior has a cross-shape profile and its maximum is at
the origin. When V > 0, the surface is divided into the positive orthant (i.e., A,B > 0) and the
negative orthant (i.e., A,B < 0), and the two ‘modes’ get farther as V increases.
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Figure 6: VB posteriors and VB solutions when L = M = 1 (i.e., the matrices V , U , A, and B
are scalars). When V = 2, VB gives either one of the two solutions shown in the bottom
row.

Figure 6 shows the contour of the VB posterior r(A,B|V ) = rA(A|V )rB(B|V ) when V =
0, 1, 2 are observed, where the noise variance is σ2 = 1 and the hyperparameters are ca = cb = 100
(i.e., almost flat priors). When V = 0, the cross-shaped contour of the Bayes posterior (see Figure 4)
is approximated by a spherical Gaussian function located at the origin. Thus, the VB estimator is
ÛVB = 0, which is equivalent to the MAP solution. When V = 1, two hyperbolic ‘modes’ of
the Bayes posterior are approximated again by a spherical Gaussian function located at the origin.
Thus, the VB estimator is still ÛVB = 0, which is different from the MAP solution.

V = γ̃VB
h ≈

√
Mσ2 = 1 (γ̃VB

h →
√

Mσ2 as ca, cb → ∞) is actually a transition point of the
behavior of the VB estimator. When V is not larger than the threshold

√
Mσ2, the VB method tries

to approximate the two ‘modes’ of the Bayes posterior by the origin-centered Gaussian function.
When V goes beyond the threshold

√
Mσ2, the ‘distance’ between two hyperbolic modes of the

Bayes posterior becomes so large that the VB method chooses to approximate one of the two modes
in the positive and negative orthants. As such, the symmetry is broken spontaneously and the VB
solution is detached from the origin. Note that, as discussed in Section 3, Mσ2 amounts to the
expected contribution of noise E to the squared singular value γ2 (= V 2 in the current setup).
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ベイズ事後分布

変分ベイズ事後分布

とはいえ、分布の形は結構違います。。。
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変分ベイズ学習の理論を！

最尤（MAP）法

ベイズ法

正則モデル 特異モデル

変分ベイズ法 ？？？ー
[Attias99]
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凸形式 vs ベイズ！

凸形式：

確率モデル：

でMAPをやれば凸形式と等価！

凸問題
理論保証有
[Candes&Tao, Donoho]

ある条件下で、λを適切に選べばうまくいく。

13



NIKON CORPORATION
Core Technology Center

November 13, 2013

凸形式 vs ベイズ！

凸形式：

確率モデル：

でMAPをやれば凸形式と等価！

スパースベイズ法：

ある条件下で、λを適切に選べばうまくいく。

ある条件下でうまくいく（ことが実験で確認されている）。

凸問題
理論保証有
[Candes&Tao, Donoho]

非凸問題
理論保証無

x とc と　　を推定。
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凸形式 vs ベイズ！（低ランク行列推定）

凸形式：

確率モデル：

でMAPをやれば凸形式と等価！

凸問題（解析解）
理論保証有
[Candes&Recht2008]

ある条件下で、λを適切に選べばうまくいく。

非凸問題
理論保証無

ある条件下でうまくいく！！！
解析解
理論保証有

スパースベイズ法：
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本日お話しすること

✤ベイズモデル選択
✤変分ベイズ学習
✤行列分解モデル

✤大域解析解
✤ランク推定性能の理論保証

✤より一般のモデルへ
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本日お話しすること

✤ベイズモデル選択
✤変分ベイズ学習
✤行列分解モデル

✤大域解析解
✤ランク推定性能の理論保証

✤より一般のモデルへ
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周辺尤度：
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周辺尤度によるモデル選択

HD
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周辺尤度：

：データ ：仮説

：自由度の小さい仮説
：自由度の大きい仮説

柔軟な仮説は薄く広くカバー

観測データが自由度の小さい仮説で表現できるなら、小さい仮説の尤度が高い。
オッカムのカミソリ効果を持つ（過学習抑制）。

[Mackay92]

：単純なモデルから発生するデータ
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例：経験ベイズ法（type II 最尤推定法）
モデル分布：

事前分布：

正の実数上の各点が仮説！超事前分布：

[Efron&Moris73]
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例：経験ベイズ法（type II 最尤推定法）

大 表現力大

モデル分布：

事前分布：

周辺尤度：

超事前分布： 正の実数上の各点が仮説！

[Efron&Moris73]

21



−4 −2 0 2 4
0

0.1

0.2

0.3

0.4

y

p
(y

|c
u
)

NIKON CORPORATION
Core Technology Center

November 13, 2013

例：経験ベイズ法（type II 最尤推定法）
モデル分布：

事前分布：

positive-part James-Stein推定量

周辺尤度：

超事前分布：

[Efron&Moris73]

 [James&Stein61] 

のとき一番

のとき一番
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多次元線形モデル
モデル分布：

事前分布：

多くの m について、 となる。

超事前分布：

多次元でやるとスパース解が得られる（スパースベイズ推定）。
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モデル分布：

事前分布：

超事前分布：

周辺尤度：

同時分布： 同時分布を
について最大化

MAP推定でもできるか？
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で発散！

（広がりのある）事後分布を推定したい
特異モデルでは
変分ベイズ学習！

モデル分布：

事前分布：

超事前分布：

周辺尤度：

同時分布：

MAP推定でもできるか？
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本日お話しすること

✤ベイズモデル選択
✤変分ベイズ学習
✤行列分解モデル

✤大域解析解
✤ランク推定性能の理論保証

✤より一般のモデルへ
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ベイズ学習
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-0.4 0 0.4 0.8 1.2 1.6 2 2.4 2.8 3.2 3.6 4

-1.2

-0.8

-0.4

0.4

0.8

1.2

1.6

観測データ：

事前分布：
モデル分布：
パラメータ：

{xi}n
i=1i.i.d. sample:

予測分布：

ベイズ推定量：

事後分布：

周辺尤度：

 （尤度） ×（事前分布）の積分が必要
27



ベイズ学習が解析的にできるモデル
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多項分布（２項分布）：

ガウス：
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多項分布（２項分布）：

  逆ウィシャート（逆ガンマ）：

ディリクレ分布（ベータ分布）：

尤度関数（分布をパラメータの関数として見たもの）が、
名前の付いている（モーメントが知られている）分布と同じ関数形

ガウス：

ベイズ学習の計算は、
　1. 尤度と共役事前分布をかける。　　　　　（事後分布の形を計算）
　2. 共役事前分布と同じ形に書きなおす。　（モーメント計算可能！）
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ベイズ学習が解析的にできないモデル
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行列分解モデル： 

混合ガウス分布: 

指数の上に4次関数

足し算の掛け算
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ベイズ学習が解析的にできないモデル
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行列分解モデル： 

混合ガウス分布: 

Gaussian on A, Gaussian on B.

Dirichlet on      , Gaussian on      , Polynomial on  

相関を無視したら（独立性制約）
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自由エネルギー最小化
任意の分布（変数）：
自由エネルギー：

事後分布へのカルバック擬距離 対数周辺尤度（r に依存しない）

変分ベイズ法：
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変分ベイズアルゴリズム

行列分解モデル： 

混合ガウス分布: 

一般に、Iterated conditional modes （局所探索）によって解かれる。
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経験（empirical）変分ベイズ法
任意の分布（変数）：
自由エネルギー：

事後分布へのカルバック擬距離 対数周辺尤度

経験変分ベイズ法：

自由エネルギーをハイパーパラメータについても
最小化すれば、自動モデル選択が実現
（automatic relevance determination）[Neal96]
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本日お話しすること

✤ベイズモデル選択
✤変分ベイズ学習
✤行列分解モデル

✤大域解析解
✤ランク推定性能の理論保証

✤より一般のモデルへ
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行列分解モデル

観測値：

パラメータ:

超パラメータ:

尤度：

事前分布：

とする。 のときは に対して実行する。
※ V は欠損値を持たないとする。
※

主成分分析
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変分ベイズ事後分布

where

標準的な手続きにより、以下がわかる。

※ノイズ分散　　は当面、given とする。

停留条件：

VB事後分布：

自由エネルギー：
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最尤解はSVDで求まる

対数周辺尤度：

V の特異値分解を とすると、ML解は

（の符号反転）
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MAP解 （given            ）も既知

対数事後確率：

V の特異値分解を とすると、MAP解は

where

MAP解はreweighted SVD。

（の符号反転）

＊ 　　　　　　　　　　　 と等価 [Srebro&Jaakkola03]
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VB解も reweighted SVD?

自由エネルギー：

対数事後確率：
（の符号反転）
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VB解も reweighted SVD?

自由エネルギー：

を対角に制限すれば reweighted SVD [Nakajima&Sugiyama:JMLR2011]。
対角に制限する解としない解の挙動が殆ど同じ[Nakajima+:ICML2011]。
分布の広がりが解の方向を変える気が（あまり）しない。

対数事後確率：
（の符号反転）
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　　　が対角であることを証明する

任意の直交変換

に対して殆どの項が不変。

自由エネルギー：
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　　　が対角であることを証明する

任意の直交変換

に対して殆どの項が不変。

自由エネルギー：
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　　　が対角であることを証明する

任意の直交行列　　対して

1項を除いて不変。

自由エネルギー：
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　　　が対角であることを証明する

任意の直交行列　　対して

1項を除いて不変。

自由エネルギー：

を解と仮定する。

自由エネルギーは　　　　のとき最小。
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　　　が対角であることを証明する
以下は　　　　のとき最小。

.

を解と仮定する。
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　　　が対角であることを証明する
以下は　　　　のとき最小。

.対角 ？

 2つの行列をアライメントして、トレースを最小化する問題。

を解と仮定する。
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　　　が対角であることを証明する
以下は　　　　のとき最小。

.対角

 2つの行列をアライメントして、トレースを最小化する問題。

対角！

を解と仮定する。
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　　　が対角であることを証明する
以下は　　　　のとき最小。

.対角！

停留条件：

は対角。
の対角性も同様に示せる。

を解と仮定する。
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自由エネルギーを分解

, where

未知数の数：

しかも、停留条件は多項式系（がんばれば解ける！）
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経験変分ベイズ解 (given     )

EVB solution is given by , where

Threshold:

Amplitude:

定理:

Here,    is the zero-cross point of

where
0 5 10 15
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0
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κ

Φ

Figure 6: Φ(x) = log(x+1)
x − 1

2 .
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0
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Figure 7: Values of κ(α).

Here, the solution for the hyperparameter ĉah ĉbh is explicitly obtained. Note that the ratio cah/cbh
is arbitrary, and does not affect neither the free energy nor the estimator γ̂EVB

h . Substituting Eq.(55)
into Eq.(10), we obtain Eq.(15).

In the following, focusing on the case when γEVB
h

> (
√
L +

√
M)σ, we investigate the sign of

Eq.(56), which is one of the thresholding condition in Eq.(54).

Substituting Eq.(10) and then Eq.(55) into Eq.(56), we have

∆h = M log

(
γhγ̆h
Mσ2

+ 1

)
+ L log

(
γhγ̆h
Lσ2

+ 1

)
− γhγ̆h

σ2
. (57)

Let

ρh =
1

2
√
LM

(
γ2h
σ2

−
(√

L+
√
M
)2)

, (58)

κh =
γhγ̆h√
LMσ2

, (59)

Ξh =
∆h√
LMκh

. (60)

Note that ρh > 0. By using Eqs.(58) and (15), Eq.(59) can be rewritten as a function of ρh:

κh = κ (ρh) = ρh + 1 +
√
ρh (ρh + 2). (61)

Since Eq.(61) implies that κ (ρ) > 1 for ρ > 0, the sign of Eq.(60) reflects the sign of ∆h. By using
Eqs.(57) and (59), Eq.(60) can be written as a function, given by Eq.(12), of ρ and α. Note that
0 < α ≤ 1.

The following holds for Φ(x) defined in Eq.(12) (the proof is given in Appendix G.1):

Lemma 1 Φ(x) is decreasing for x > 0.

Figure 6 shows Φ(x). Lemma 1 implies that Ξ(κ;α) is also decreasing with respect to κ. Since

lim
κ→0

Ξ(κ;α) = 1,

lim
κ→∞

Ξ(κ;α) = −1,

Ξ(κ;α) has one zero-cross point κ, such that

Ξ(κ;α) ≤ 0 if and only if κ ≥ κ. (62)

From Eq.(61), we can calculate the corresponding value of ρ, given κ:

ρ(κ) =
1

2

(
κ+

1

κ

)
− 1. (63)

Substituting Eq.(63) into Eq.(58), we obtain Eq.(14).

13

は1次元サーチを行う。  
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局所探索との比較実験
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Ĥ

 

 

Analytic
Iterative

(c) Estimated rank

Figure 1: Experimental results for Artificial1 dataset, where the data dimension is L = 100, the
number of samples is M = 300, and the true rank is H∗ = 20.
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Figure 2: Experimental results for Artificial2 dataset (L = 70, M = 300, and H∗ = 40).

estimated from observation. We use the full-rank model (i.e., H = min(L,M)), and expect the
ADS effect to automatically find the true rank H∗.

Figure 1 shows the free energy, the computation time, and the estimated rank over iterations for an
artificial (Artificial1) dataset with L = 100, M = 300, and H∗ = 20. We randomly created true
matrices A∗ ∈ RM×H∗

and B∗ ∈ RL×H∗
so that each entry of A∗ and B∗ follows N1(0, 1). An

observed matrix Y was created by adding a noise subject to N1(0, 1) to each entry of B∗A∗#.

The iterative algorithm consists of the update rules (6)–(9). Initial values were set in the following
way: Â and B̂ are randomly created so that each entry follows N1(0, 1). Other variables are set to
ΣA = ΣB = CA = CB = IH and σ2 = 1. Note that we rescale Y so that ‖Y ‖2

Fro/(LM) = 1,
before starting iteration. We ran the iterative algorithm 10 times, starting from different initial
points, and each trial is plotted by a solid line in Figure 1. The analytic solution consists of applying
Corollary 2 combined with a naive 1-dimensional search for noise variance σ2 estimation [17]. The
analytic solution is plotted by the dashed line. We see that the analytic solution estimates the true
rank Ĥ = H∗ = 20 immediately (∼ 0.1 sec on average over 10 trials), while the iterative algorithm
does not converge in 60 sec.

Figure 2 shows experimental results on another artificial dataset (Artificial2) where L = 70, M =
300, and H∗ = 40. In this case, all the 10 trials of the iterative algorithm are trapped at local
minima. We empirically observed a tendency that the iterative algorithm suffers from the local
minima problem when H∗/H ≤ 1 is large.

4.3 Experiment on Benchmark Data

Figures 3 and 4 show experimental results on the Satellite and the Spectf datasets available from
the UCI repository [1], showing tendencies to Figures 1 and 2. We also conducted experiments on
various benchmark datasets, and found that the iterative algorithm typically converges slowly, and
sometimes suffers from the local minima problem, while our analytic-form gives the global solution
immediately (further experimental results on various datasets with different initialization schemes
are shown in Appendix B in the supplementary).
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Figure 2: Experimental results for Artificial2 dataset (L = 70, M = 300, and H∗ = 40).

estimated from observation. We use the full-rank model (i.e., H = min(L,M)), and expect the
ADS effect to automatically find the true rank H∗.

Figure 1 shows the free energy, the computation time, and the estimated rank over iterations for an
artificial (Artificial1) dataset with L = 100, M = 300, and H∗ = 20. We randomly created true
matrices A∗ ∈ RM×H∗

and B∗ ∈ RL×H∗
so that each entry of A∗ and B∗ follows N1(0, 1). An

observed matrix Y was created by adding a noise subject to N1(0, 1) to each entry of B∗A∗#.

The iterative algorithm consists of the update rules (6)–(9). Initial values were set in the following
way: Â and B̂ are randomly created so that each entry follows N1(0, 1). Other variables are set to
ΣA = ΣB = CA = CB = IH and σ2 = 1. Note that we rescale Y so that ‖Y ‖2

Fro/(LM) = 1,
before starting iteration. We ran the iterative algorithm 10 times, starting from different initial
points, and each trial is plotted by a solid line in Figure 1. The analytic solution consists of applying
Corollary 2 combined with a naive 1-dimensional search for noise variance σ2 estimation [17]. The
analytic solution is plotted by the dashed line. We see that the analytic solution estimates the true
rank Ĥ = H∗ = 20 immediately (∼ 0.1 sec on average over 10 trials), while the iterative algorithm
does not converge in 60 sec.

Figure 2 shows experimental results on another artificial dataset (Artificial2) where L = 70, M =
300, and H∗ = 40. In this case, all the 10 trials of the iterative algorithm are trapped at local
minima. We empirically observed a tendency that the iterative algorithm suffers from the local
minima problem when H∗/H ≤ 1 is large.

4.3 Experiment on Benchmark Data

Figures 3 and 4 show experimental results on the Satellite and the Spectf datasets available from
the UCI repository [1], showing tendencies to Figures 1 and 2. We also conducted experiments on
various benchmark datasets, and found that the iterative algorithm typically converges slowly, and
sometimes suffers from the local minima problem, while our analytic-form gives the global solution
immediately (further experimental results on various datasets with different initialization schemes
are shown in Appendix B in the supplementary).
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高速に大域解が求まる。
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本日お話しすること

✤ベイズモデル選択
✤変分ベイズ学習
✤行列分解モデル

✤大域解析解
✤ランク推定性能の理論保証

✤より一般のモデルへ
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性能保証を与えたい
尤度：

事前分布：

凸形式： より便利！

推定を含めた完全自動学習のときの性能を保証すれば、

V を与えるだけで、
- （解析解によって）手軽に計算できる、
- 理論によって性能が保証された
モデル（ランク、主成分次元）選択付き主成分分析が実現できる。
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自由エネルギー：

に givenの経験変分ベイズ解を代入すると、
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自由エネルギーはきれいに分解される！

The noise estimator             is global minimizer of  
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Figure 8: ψ(γ2h/(Mσ2)) and Ω(σ−2) for two example cases. (Left) The case when γh = 2, 3, 4 for
h = 1, 2, 3. (Right) The case when γ1 = 30, γh = 3.0, 2.9, 2.8, . . . , 2.0 for h = 2, . . . , 12. σ−2

h for
h = 2, . . . , 12 are out of the range.

We see Eq.(18) as a function of σ−2, i.e., Ω = Ω(σ−2). Theorem 3 and Lemma 2 state thatΩ(σ−2)
is a sum of quasi-convex functions. Therefore, its minimizer can be bounded by the smallest and the
largest ones of the minimizers of each quasi-convex function (the proof is given in Appendix G.3):

Lemma 3 At least one global minimizer exists, and any local minimizer is bounded as

γ2
L

M ≤ σ̂2 ≤ γ2
1

M . (71)

Ω(σ−2) has at most H non-differentiable points, which come from the non-differentiable point x of
ψ(x). {σ2

h}, defined by Eq.(24), for h = 1, . . . , H actually correspond to these points. Lemma 2
states that, at x = x, ψ(x) has a discontinuously decreasing derivative and neither ψ0(x) nor ψ(x)
has discontinuously increasing derivative at any point. Therefore, none of those non-differentiable
points can be local minimum. Consequently, we have the following lemma:

Lemma 4 σ̂2 "= σ2
h for h = 1, . . . , H , and any local minimizer of Ω(σ−2) is a stationary point.

Theorem 2 leads to the following lemma:

Lemma 5 The estimated rank is Ĥ = h, if and only if the noise variance estimator lies in the range

σ2
h+1 < σ̂2 < σ2

h. (72)

Figure 8 shows quasi-concave functions ψ(γ2h/(Mσ2)) and their sumΩ(σ−2) in two example cases.
In the left case, the inverse noise variance estimator σ̂−2 is smaller than the inverse threshold σ−2

1

for the largest singular value, and therefore, no EVB estimator γ̂h is positive, i.e., Ĥ = 0. In the
right case, it holds that σ−2

1 < σ̂−2 < σ−2
2 , and therefore, γ̂1 is positive and the others are negative,

i.e., Ĥ = 1.

Let us call the range (72) the h-th range, and denoted by

σ2 ∈ Rh.

We have the following lemma (the proof is given in Appendix G.4):

Lemma 6 The derivative of Ω(σ−2) is given by

Θ ≡ 1
L

∂Ω
∂σ−2 = −σ2 +

∑Ĥ
h=1 γh(γh−γ̆EVB

h )+
∑L

h=Ĥ+1
γ2
h

LM , (73)

where Ĥ is a function of σ2 defined by

Ĥ = Ĥ(σ2) = h if σ2 ∈ Rh. (74)
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自由エネルギーはきれいに分解される！
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Figure 8: ψ(γ2h/(Mσ2)) and Ω(σ−2) for two example cases. (Left) The case when γh = 2, 3, 4 for
h = 1, 2, 3. (Right) The case when γ1 = 30, γh = 3.0, 2.9, 2.8, . . . , 2.0 for h = 2, . . . , 12. σ−2

h for
h = 2, . . . , 12 are out of the range.

We see Eq.(18) as a function of σ−2, i.e., Ω = Ω(σ−2). Theorem 3 and Lemma 2 state thatΩ(σ−2)
is a sum of quasi-convex functions. Therefore, its minimizer can be bounded by the smallest and the
largest ones of the minimizers of each quasi-convex function (the proof is given in Appendix G.3):

Lemma 3 At least one global minimizer exists, and any local minimizer is bounded as

γ2
L

M ≤ σ̂2 ≤ γ2
1

M . (71)

Ω(σ−2) has at most H non-differentiable points, which come from the non-differentiable point x of
ψ(x). {σ2

h}, defined by Eq.(24), for h = 1, . . . , H actually correspond to these points. Lemma 2
states that, at x = x, ψ(x) has a discontinuously decreasing derivative and neither ψ0(x) nor ψ(x)
has discontinuously increasing derivative at any point. Therefore, none of those non-differentiable
points can be local minimum. Consequently, we have the following lemma:

Lemma 4 σ̂2 "= σ2
h for h = 1, . . . , H , and any local minimizer of Ω(σ−2) is a stationary point.

Theorem 2 leads to the following lemma:

Lemma 5 The estimated rank is Ĥ = h, if and only if the noise variance estimator lies in the range

σ2
h+1 < σ̂2 < σ2

h. (72)

Figure 8 shows quasi-concave functions ψ(γ2h/(Mσ2)) and their sumΩ(σ−2) in two example cases.
In the left case, the inverse noise variance estimator σ̂−2 is smaller than the inverse threshold σ−2

1

for the largest singular value, and therefore, no EVB estimator γ̂h is positive, i.e., Ĥ = 0. In the
right case, it holds that σ−2

1 < σ̂−2 < σ−2
2 , and therefore, γ̂1 is positive and the others are negative,

i.e., Ĥ = 1.

Let us call the range (72) the h-th range, and denoted by

σ2 ∈ Rh.

We have the following lemma (the proof is given in Appendix G.4):

Lemma 6 The derivative of Ω(σ−2) is given by

Θ ≡ 1
L

∂Ω
∂σ−2 = −σ2 +

∑Ĥ
h=1 γh(γh−γ̆EVB

h )+
∑L

h=Ĥ+1
γ2
h

LM , (73)

where Ĥ is a function of σ2 defined by

Ĥ = Ĥ(σ2) = h if σ2 ∈ Rh. (74)
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自由エネルギーはきれいに分解される！
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Figure 8: ψ(γ2h/(Mσ2)) and Ω(σ−2) for two example cases. (Left) The case when γh = 2, 3, 4 for
h = 1, 2, 3. (Right) The case when γ1 = 30, γh = 3.0, 2.9, 2.8, . . . , 2.0 for h = 2, . . . , 12. σ−2

h for
h = 2, . . . , 12 are out of the range.

We see Eq.(18) as a function of σ−2, i.e., Ω = Ω(σ−2). Theorem 3 and Lemma 2 state thatΩ(σ−2)
is a sum of quasi-convex functions. Therefore, its minimizer can be bounded by the smallest and the
largest ones of the minimizers of each quasi-convex function (the proof is given in Appendix G.3):

Lemma 3 At least one global minimizer exists, and any local minimizer is bounded as

γ2
L

M ≤ σ̂2 ≤ γ2
1

M . (71)

Ω(σ−2) has at most H non-differentiable points, which come from the non-differentiable point x of
ψ(x). {σ2

h}, defined by Eq.(24), for h = 1, . . . , H actually correspond to these points. Lemma 2
states that, at x = x, ψ(x) has a discontinuously decreasing derivative and neither ψ0(x) nor ψ(x)
has discontinuously increasing derivative at any point. Therefore, none of those non-differentiable
points can be local minimum. Consequently, we have the following lemma:

Lemma 4 σ̂2 "= σ2
h for h = 1, . . . , H , and any local minimizer of Ω(σ−2) is a stationary point.

Theorem 2 leads to the following lemma:

Lemma 5 The estimated rank is Ĥ = h, if and only if the noise variance estimator lies in the range

σ2
h+1 < σ̂2 < σ2

h. (72)

Figure 8 shows quasi-concave functions ψ(γ2h/(Mσ2)) and their sumΩ(σ−2) in two example cases.
In the left case, the inverse noise variance estimator σ̂−2 is smaller than the inverse threshold σ−2

1

for the largest singular value, and therefore, no EVB estimator γ̂h is positive, i.e., Ĥ = 0. In the
right case, it holds that σ−2

1 < σ̂−2 < σ−2
2 , and therefore, γ̂1 is positive and the others are negative,

i.e., Ĥ = 1.

Let us call the range (72) the h-th range, and denoted by

σ2 ∈ Rh.

We have the following lemma (the proof is given in Appendix G.4):

Lemma 6 The derivative of Ω(σ−2) is given by

Θ ≡ 1
L

∂Ω
∂σ−2 = −σ2 +

∑Ĥ
h=1 γh(γh−γ̆EVB

h )+
∑L

h=Ĥ+1
γ2
h
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where Ĥ is a function of σ2 defined by

Ĥ = Ĥ(σ2) = h if σ2 ∈ Rh. (74)
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h = 1, 2, 3. (Right) The case when γ1 = 30, γh = 3.0, 2.9, 2.8, . . . , 2.0 for h = 2, . . . , 12. σ−2

h for
h = 2, . . . , 12 are out of the range.

We see Eq.(18) as a function of σ−2, i.e., Ω = Ω(σ−2). Theorem 3 and Lemma 2 state thatΩ(σ−2)
is a sum of quasi-convex functions. Therefore, its minimizer can be bounded by the smallest and the
largest ones of the minimizers of each quasi-convex function (the proof is given in Appendix G.3):
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states that, at x = x, ψ(x) has a discontinuously decreasing derivative and neither ψ0(x) nor ψ(x)
has discontinuously increasing derivative at any point. Therefore, none of those non-differentiable
points can be local minimum. Consequently, we have the following lemma:
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for the largest singular value, and therefore, no EVB estimator γ̂h is positive, i.e., Ĥ = 0. In the
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2 , and therefore, γ̂1 is positive and the others are negative,
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自由エネルギーはきれいに分解される！
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Ĥ = Ĥ(σ2) = h if σ2 ∈ Rh. (74)

15

0 1 2 3 4
0

2

4

6

σ
− 2

 

 

Ω
ψ

σ
− 2

1
σ
− 2

2
σ
− 2

3

σ̂
− 2

0 0.5 1
0

2

4

6

σ
− 2

 

 

Ω
ψ

σ
− 2

1

σ̂
− 2

Figure 8: ψ(γ2h/(Mσ2)) and Ω(σ−2) for two example cases. (Left) The case when γh = 2, 3, 4 for
h = 1, 2, 3. (Right) The case when γ1 = 30, γh = 3.0, 2.9, 2.8, . . . , 2.0 for h = 2, . . . , 12. σ−2

h for
h = 2, . . . , 12 are out of the range.

We see Eq.(18) as a function of σ−2, i.e., Ω = Ω(σ−2). Theorem 3 and Lemma 2 state thatΩ(σ−2)
is a sum of quasi-convex functions. Therefore, its minimizer can be bounded by the smallest and the
largest ones of the minimizers of each quasi-convex function (the proof is given in Appendix G.3):

Lemma 3 At least one global minimizer exists, and any local minimizer is bounded as

γ2
L

M ≤ σ̂2 ≤ γ2
1

M . (71)

Ω(σ−2) has at most H non-differentiable points, which come from the non-differentiable point x of
ψ(x). {σ2

h}, defined by Eq.(24), for h = 1, . . . , H actually correspond to these points. Lemma 2
states that, at x = x, ψ(x) has a discontinuously decreasing derivative and neither ψ0(x) nor ψ(x)
has discontinuously increasing derivative at any point. Therefore, none of those non-differentiable
points can be local minimum. Consequently, we have the following lemma:

Lemma 4 σ̂2 "= σ2
h for h = 1, . . . , H , and any local minimizer of Ω(σ−2) is a stationary point.

Theorem 2 leads to the following lemma:
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3.3 Large-Scale Limiting Behavior of EVB When Noise Variance Is Known

Here, we first introduce a result from random matrix theory [12, 21], and then discuss the behavior
of EVB when the noise variance is known.

Assume that E ∈ RL×M is a random matrix such that each element is independently drawn from a
distribution with mean zero and variance σ2∗ (not necessarily Gaussian). Let u1, u2, . . . , uL be the
eigenvalues of 1

Mσ2∗ EE#, and define the empirical distribution of the eigenvalues by

p(u) = 1
L (δ(u1) + δ(u2) + · · ·+ δ(uL)) ,

where δ(u) denotes the Dirac measure at u. Then the following proposition holds:

Proposition 1 (Marčenko-Pastur law) [12, 21] In the large-scale limit when L and M go to in-
finity with its ratio α = L/M fixed, the probability measure of the empirical distribution of the
eigenvalue u of 1

σ2∗M EE# converges almost surely to

p(u)du =
√

(u−u)(u−u)

2παu θ(u < u < u)du, (16)

where u = (1 −
√
α)2, u = (1 +

√
α)2, and θ(·) denotes an indicator function such that

θ(condition) = 1 if the condition is true and θ(condition) = 0 otherwise.

Fig. 3 shows the Marčenko-Pastur (MP) distributions for α = 0.1, 1. The mean 〈u〉p(u) = 1 (which
is constant for any 0 < α ≤ 1) and the upper-limit u = u(α) for α = 0.1, 1 are indicated by
arrows. Note that the MP distribution appears for a single sample matrix; different from standard
“large-sample” theories, we do not need many sample matrices (this property is sometimes called
self-averaging). This single-sample property of the MP distribution is highly useful in our analysis
because we are working with a single observation matrix in the MF scenario.

Proposition 1 states that all singular values of random matrix E are almost surely upper-bounded by

γMPUL =
√
Mσ2∗u = (

√
L+

√
M)σ∗, (17)

which we call the Marčenko-Pastur upper-limit (MPUL). This property can be used for designing
estimators robust against noise [10, 9]. Although EVB-PCA was proposed independently from the
random matrix theory [3], its good performance can be proven with a related property to Proposi-
tion 1, as shown in Section 4.

When the noise variance is known, we can set the parameter to σ = σ∗ in Eq.(1). We depicted
MPUL (17) for this case in Fig. 2. We can see that MPUL lower-bounds the EVB threshold (14)
(actually this is true regardless of the value of κ > 0). This implies a nice behavior of EVB, i.e.,
EVB eliminates all noise components in the large-scale limit. However, a simple optimal strategy—
discarding the components with singular values smaller than γMPUL—outperforms EVB, because
signals lying between the gap [γMPUL, γEVB) are discarded by EVB. Therefore, EVB is not practi-
cally useful when σ2∗ is known. In Section 4, we investigate the behavior of EVB in a more practical
and challenging situation where σ2∗ is unknown and is also estimated from observation.

In Fig. 2, we also depicted the VB threshold (9) with almost flat prior cah , cbh → ∞ (labeled
as ‘VBFL’) for comparison. Actually, this coincides with the mean of the MP distribution, i.e.,
limcah

,cah
→∞(γVB

h
)2/(Mσ2) = 〈u〉p(u) = 1. This implies that VBFL retains a lot of noise com-

ponents, and does not perform well even when σ2∗ is known.

5

[Johnstone:AS2001,
Baik&Silverstein:JMA2006]

 Spiked covariance model

.
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正しいランク推定のための十分条件

変分ベイズ主成分分析のランク推定性能の理論保証！

and

変分ベイズ主成分分析は、以下の条件を満たすとき
高確率で正しいランクを当てる。
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Figure 5: Success rate of dimensionality recovery in numerical simulation for M = 200. The
threshold for the guaranteed recovery (the second inequality in Eq.(28)) is depicted with a vertical
bar with the same color and line style.

4.2 Perfect Recovery Condition

Here, we derive a sufficient condition for perfect recovery of the true PCA dimensionality in the
large-scale limit.

Assume that the observation matrix V is generated as
V = U∗ + E , (27)

where U∗ is a true signal matrix with rank H∗ and the singular values {γ∗h}, and each element
of the noise matrix E is subject to a distribution with mean zero and variance σ2∗ (not necessarily
Gaussian). We rely on a result [2, 5] on the eigenvalue distribution of the spiked covariance model
[8]. The following theorem guarantees the accuracy of VB-PCA:

Theorem 5 Assume H ≥ H∗ (i.e., we set the rank of the MF model sufficiently large), and denote
the relevant rank (dimensionality) ratio by

ξ = H∗

L .

In the large-scale limit with finite α and H∗, EVB implemented with a local search algorithm for
the noise variance σ2 estimation almost surely recovers the true rank, i.e., ĤEVB = H∗, if ξ = 0 or

ξ < 1
x and γ∗2H∗ >

(
x−1
1−xξ − α

)
·Mσ2∗, (28)

where x is defined in Eq.(19).

(Sketch of proof) We first show that, in the large-scale limit and when ξ = 0, Eq.(25) is equal to
zero if and only if σ2 = σ2∗. This means the perfect recovery in the no-signal case. σ2

h defined in
Eq.(24) is actually the thresholding point of estimated σ̂2 for the h-th component to be discarded.
Therefore, ĤEVB = H∗ if and only if σ2

H∗+1 < σ̂2 < σ2
H∗ . Using Eq.(26), we can obtain a

sufficient condition that local minimum exists only in this range, which proves the theorem. !

Note that ξ → 0 in the large scale limit. However, we treated ξ as a positive value in Theorem 5,
hoping that the obtained result can approximately hold in a practical situation when L and M are
large but finite. The obtained result well explains the dependency on ξ in the numerical simulation
below.

Theorem 5 guarantees that if the true rank H∗ is small enough compared with L and the smallest
signal γ∗H∗ is large enough compared with σ2∗, VB-PCA works perfectly. It is important to note
that, although the objective function (18) is non-convex and possibly multimodal in general, perfect
recovery does not require global search of the objective function, but only a local search algorithm
for noise variance estimation is sufficient.

Fig. 5 shows numerical results for M = 200 and α = 1, 0.5, 0.1. E was drawn from the Gaussian
distribution with variance σ2∗ = 1, and signal singular values were drawn from the uniform distri-
bution on [yMσ2∗, 10M ] for different y (the horizontal axis of the graphs indicates y). The vertical
axis indicates the success rate of dimensionality recovery, i.e., ĤEVB = H∗, over 100 trials. If the
condition for ξ (the first inequality in Eq.(28)) is violated, the corresponding line is depicted with
markers. Otherwise, the threshold of y for the guaranteed recovery (the second inequality in Eq.(28))
is indicated by a vertical bar with the same color and line style. We can see that the guarantee by
Theorem 5 approximately holds even in this small matrix size, although it is slightly conservative.

7

[Nakajima+:NIPS2012]

定理：
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凸形式 vs ベイズ！（低ランク行列推定）

凸形式：

確率モデル：

でMAPをやれば凸形式と等価！

凸問題
理論保証有
[Candes&Recht2008]

ある条件下で、λを適切に選べばうまくいく。

非凸問題
理論保証無

ある条件下でうまくいく！！！
解析解
理論保証有

スパースベイズ法：
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変分ベイズの方が便利！
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変分ベイズの方が便利！
主成分分析では
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本日お話しすること

✤ベイズモデル選択
✤変分ベイズ学習
✤行列分解モデル

✤大域解析解
✤ランク推定性能の理論保証

✤より一般のモデルへ
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行列分解で大域解が求まった理由

✤多くの不要な自由度
✤非自明な独立性の発見。

✤問題が分解可能
✤解がreweighted SVDであることの発見。

✤停留条件が多項式系
✤がんばれば手で解ける。
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行列分解で大域解が求まった理由

✤多くの不要な自由度
✤非自明な独立性の発見。

✤問題が分解可能
✤解がreweighted SVDであることの発見。

✤停留条件が多項式系
✤がんばれば手で解ける。
✤Homotopy法で解ける。
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Low-rank subspace clustering

Homotopy法を用いた大域ソルバとその高速近似法を提案

[Nakajima+:NIPS2013]

2. 制約を追加してO(1)個の方程式を解く

T-02:変分ベイズ低ランク部分空間
　　 クラスタリングの大域解法
中島伸一（ニコン）、武田朗子（東大）、デリン ババカン（グーグル）

杉山将（東工大）、竹内一郎（名工大）

低ランク部分空間クラスタリング：

[Babacan2012] 変分ベイズ法による自動次元選択
[本研究] 変分ベイズ大域解とその高速近似法を導出

低ランク部分空間クラスタリング：
3.5. Reference

Data from real sequences contain not only noise and out-
liers, but also some degree of perspective effects, which are
not accounted for by the affine model. Therefore, obtaining
a perfect segmentation is not always possible.

In order to verify the validity of the affine model on real
data, we will also compare the performance of affine algo-
rithms with an “oracle” algorithm (here called Reference).
This algorithm cannot be used in practice, because it re-
quires the ground truth segmentation as an input. The algo-
rithm uses least-squares to fit a subspace to the data points in
each group using the SVD. Then, the data are re-segmented
by assigning each point to its nearest subspace.

This Reference algorithm shows, with a perfect estima-
tion of the subspaces, if the data can be segmented using
the approximation of affine cameras and constitutes a good
term of comparison for all the other (practical) algorithms.

4. Benchmark
We collected a database of 50 video sequences of indoor

and outdoors scenes containing two or three motions. Each
video sequence X with three motions was split into three
motion sequences X g12, X g13 and X g23 containing the
points from groups one and two, one and three, and two
and three, respectively. This gave a total of 155 motion se-
quences: 120 with two motions and 35 with three motions.

Figure 1 shows a few sample images from the videos in
the database with feature points superimposed. The entire
database is available at http://www.vision.jhu.edu.
These sequences contain degenerate and non-degenerate
motions, independent and partially dependent motions, ar-
ticulated motions, nonrigid motions, etc. To summarize the
amount of motion present in all the sequences, we estimated
the rotation and translation between all pairs of consecutive
frames for each motion in each sequence. This information
was used to produce the histograms shown in Figure 2.

Based on the content of the video and the type of motion,
the sequences can be categorized into three main groups:
Checkerboard sequences: this group consists of 104 se-
quences of indoor scenes taken with a handheld camera un-
der controlled conditions. The checkerboard pattern on the
objects is used to assure a large number of tracked points.
Sequences 1R2RC–2T3RTCR contain three motions: two
objects (identified by the numbers 1 and 2, or 2 and 3) and
the camera itself (identified by the letter C). The type of mo-
tion of each object is indicated by a letter: R for rotation,
T for translation and RT for both rotation and translation.
If there is no letter after the C, this signifies that the cam-
era is fixed. For example, if a sequence is called 1R2TC
it means that the first object rotates, the second translates
and the camera is fixed. Sequence three-cars is taken from
[18] and contains three motions of two toy cars and a box
moving on a plane (the table) taken by a fixed camera.

(a) 1R2RCT B (b) 2T3RCRT

(c) cars3 (d) cars10

(e) people2 (f) kanatani3

Figure 1: Sample images from some sequences in the
database with tracked points superimposed.
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Figure 2: Histograms with the amount of rotation and trans-
lation between two consecutive frames for each motion.

Traffic sequences: this group consists of 38 sequences of
outdoor traffic scenes taken by a moving handheld camera.
Sequences carsX–truckX have vehicles moving on a street.
Sequences kanatani1 and kanatani2 are taken from [14] and
display a car moving in a parking lot. Most scenes contain
degenerate motions, particularly linear and planar motions.

13年11月5日火曜日

1. O(J)個の多項式方程式をHomotopy法で解く

凸形式：

確率モデル：

[Liu+:ICML2010,Favaro+:CVPR2011,Babacan+:NIPS2012]

[Babacan+:NIPS2012]
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変分ベイズ大域解法の拡張

✤多くの不要な自由度
✤非自明な独立性の発見。

✤問題が分解可能
✤解がreweighted SVDであることの発見。

✤停留条件が多項式系
✤がんばれば手で解ける。
✤Homotopy法で解ける。

事前分布に相関がある場合、欠損値がある
場合、テンソル分解などで条件式

Higher order SVDなどが使えないか？

（マルチ）リニアモデルなら多項式系
Homotopy法の積極的な利用
多項式系でなくてもO(1)なら無理やり解け
る？
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もっと一般のモデル

✤混合分布モデル
✤隠れマルコフモデル
✤ベイジアンネット
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もっと一般のモデル

✤混合分布モデル
✤隠れマルコフモデル
✤ベイジアンネット

[Hosino+:IEICE2006]

[Watanabe&Watanabe:JMLR2006]

[Watanabe+:ML2009]

自由エネルギーの漸近挙動が解明されている。相転移現象の発見により、
ハイパーパラメータ設定に指針を与えた！

ベイズ法とのKL距離が小さいことがわかった
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もっと一般のモデル

✤混合分布モデル
✤隠れマルコフモデル
✤ベイジアンネット

[Hosino+:IEICE2006]

[Watanabe&Watanabe:JMLR2006]

[Watanabe+:ML2009]

自由エネルギーの漸近挙動が解明されている。相転移現象の発見により、
ハイパーパラメータ設定に指針を与えた！

ベイズ法とのKL距離が小さいことがわかったが、
汎化性能がベイズ法と同等という証明にはならない。

0

0.5

1

1.5

2

0 5 10 15 20 25 30 35 40

2 
la

m
bd

a 
/ K

VB
Bayes

Regular

0

0.5

1

1.5

2

0 5 10 15 20 25 30 35 40H

2 
la

m
bd

a 
/ K

VB
ML

Bayes
Regular

 [Nakajima&Watanabe:NECO2007]

自由エネルギー 汎化誤差

・縮小ランク回帰の自由エネルギーと汎化誤差：
THEORETICAL ANALYSIS OF BAYESIAN MATRIX FACTORIZATION
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Figure 4: Bayes posteriors with ca = cb = 100 (i.e., almost flat priors). The asterisks are the MAP
solutions, and the dashed lines indicate the ML solutions (the modes of the contour when
ca = cb = c → ∞).
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Figure 5: Bayes posteriors with ca = cb = 2. The dashed lines indicating the ML solutions are
identical to those in Figure 4.

When L = M = H = 1, Eq.(19) yields that the Bayes posterior p(A,B|V ) is given as

p(A,B|V ) ∝ exp
(
− 1

2σ2
(V − BA)2 − A2

2c2
a
− B2

2c2
b

)
. (59)

Figure 4 shows the contour of the above Bayes posterior when V = 0, 1, 2 are observed, where
the noise variance is σ2 = 1 and the hyperparameters are ca = cb = 100 (i.e., almost flat priors).
When V = 0, the surface of the Bayes posterior has a cross-shape profile and its maximum is at
the origin. When V > 0, the surface is divided into the positive orthant (i.e., A,B > 0) and the
negative orthant (i.e., A,B < 0), and the two ‘modes’ get farther as V increases.
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Bayes
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Figure 6: VB posteriors and VB solutions when L = M = 1 (i.e., the matrices V , U , A, and B
are scalars). When V = 2, VB gives either one of the two solutions shown in the bottom
row.

Figure 6 shows the contour of the VB posterior r(A,B|V ) = rA(A|V )rB(B|V ) when V =
0, 1, 2 are observed, where the noise variance is σ2 = 1 and the hyperparameters are ca = cb = 100
(i.e., almost flat priors). When V = 0, the cross-shaped contour of the Bayes posterior (see Figure 4)
is approximated by a spherical Gaussian function located at the origin. Thus, the VB estimator is
ÛVB = 0, which is equivalent to the MAP solution. When V = 1, two hyperbolic ‘modes’ of
the Bayes posterior are approximated again by a spherical Gaussian function located at the origin.
Thus, the VB estimator is still ÛVB = 0, which is different from the MAP solution.

V = γ̃VB
h ≈

√
Mσ2 = 1 (γ̃VB

h →
√

Mσ2 as ca, cb → ∞) is actually a transition point of the
behavior of the VB estimator. When V is not larger than the threshold

√
Mσ2, the VB method tries

to approximate the two ‘modes’ of the Bayes posterior by the origin-centered Gaussian function.
When V goes beyond the threshold

√
Mσ2, the ‘distance’ between two hyperbolic modes of the

Bayes posterior becomes so large that the VB method chooses to approximate one of the two modes
in the positive and negative orthants. As such, the symmetry is broken spontaneously and the VB
solution is detached from the origin. Note that, as discussed in Section 3, Mσ2 amounts to the
expected contribution of noise E to the squared singular value γ2 (= V 2 in the current setup).
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✤（全観測）行列分解モデルの変分ベイズ学習理論を紹介しました。
✤似たモデル（Subspace clustering, linear inverse problem, tensorな
ど）への拡張はいろいろとできそう。

✤より一般のモデル（混合分布、隠れマルコフなど）への拡張はまだ
見えず。

✤その他、汎化誤差保証などもこれから。

中島 伸一, 杉山 将, "変分ベイズ学習理論の最新動向,"
日本応用数理学会論文誌, vol. 23, no. 3, pp.453-483, 2013,
http://sites.google.com/site/shinnkj23/home/manuscript_tjsiam2013.pdf.

ご清聴、ありがとうございました！
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