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Abstract 
In Baader (1990,1990a), we have considered different 
types of semantics for terminologicial cycles in the 
concept language TLQ which allows only conjunction of 
concepts and value-restrictions. It turned out that greatest 
fixed-point semantics (gfp-semantics) seems to be most 
appropriate for cycles in this language. In the present 
paper we shall show that the concept defining facilities of 
FLO with cyclic definitions and gfp-semantics can also be 
obtained in a different way. One may replace cycles by role 
definitions involving union, composition, and transitive 
closure of roles. 
This proposes a way of retaining, in an extended language, 
the pleasant features of gfp-semantics for FLQ with cyclic 
definitions without running into the troubles caused by 
cycles in larger languages. Starting with the language 
ALC of Schmidt-SchauB&Smolka (1988)—which allows 
negation, conjunction and disjunction of concepts as well 
as value-restrictions and exists-in-restrictions—we shall 
disallow cyclic concept definitions, but instead shall add 
the possibility of role definitions involving union, 
composition, and transitive closure of roles. In contrast to 
other terminological KR-systems which incorporate the 
transitive closure operator for roles, we shall be able to 
give a sound and complete algorithm for concept 
subsumption. 

1 Introduction 

In knowledge representation (KR) languages based on KL-
ONE (Brachman&Schmolze (1985)), one starts with atomic 
concepts and roles, and can use the language formalism to 
define new concepts and roles. Concepts can be considered as 
unary predicates which are interpreted as sets of individuals 
whereas roles are binary predicates which are interpreted as 
binary relations between individuals. The languages (e.g., 
FL and FL- of Levesque&Brachman (1987), TF and NTF 
of Nebel (1990)) differ in what kind of constructs are 
allowed for the definition of concepts and roles. Their com­
mon feature—besides the use of concepts and roles—is that 
the meaning of the constructs is defined with the help of a 
model-theoretic semantics. Most of these languages do not 
go beyond the scope of first-order predicate logic, and they 
usually have very restricted formalisms for defining roles. 
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However, for many applications it would be very useful 
to have means for expressing things like transitive closure 
of roles. For example, if we have a role child (resp. is-
direct-part-of) we might want to use its transitive closure 
offspring (resp. is-part-of) in order to define concepts 
like "man who has only male offsprings" (resp, "car which 
has only functioning parts"). Obviously, we cannot just 
introduce a new role offspring without enforcing the 
appropriate relationship between offspring and child. Since 
the transitive closure of binary relations cannot be expressed 
in first-order predicate logic (see Aho&Ullman (1979)), the 
concept languages mentioned above cannot be used for that 
purpose. 

There are two possibilities to overcome this problem. On 
the one hand, one may introduce a new role-forming 
operator trans, and define its semantics such that, for any 
role R, Irans(R) is interpreted as the transitive closure of R. 
This operator is e.g. contained in the terminological 
representation language LOOM (MacGregor&Bates (1987)). 
However, LOOM does not have a complete algorithm to 
determine subsumption relationships between concepts. 

On the other hand, cyclic concept definitions together 
with an appropriate fixed-point semantics can be used to 
express value-restrictions with respect to the transitive 
closure of roles (see Baader (1990,1990a)). However, cyclic 
definitions are prohibited in most terminological knowledge 
representation languages because, from a theoretical point of 
view, their semantics is not clear and, from a practical point 
of view, existing inference algorithms cannot handle cycles. 

The first thorough investigation of cycles in terminologi­
cal knowledge representation languages can be found in 
Nebel (1990,1990a). Nebel has introduced three different 
kinds of semantics—namely, least fixed-point semantics 
(lfp-semantics), greatest fixed-point semantics (gfp-
semantics), and what he called descriptive semantics—for 
cyclic definitions in his language NTF, Baader 
(1990,1990a) considers terminological cycles in a small KL-
ONE-based language which allows only concept 
conjunctions and value-restrictions. For this language, 
which will be called FLO in the following, the effect of the 
three above mentioned types of semantics can be completely 
described with the help of finite automata. As a conse­
quence, subsumption determination for each type of 
semantics can be reduced to a well-known decision problem 
for finite automata. For the language FLo. the gfp-
semantics comes off best. The characterization of this 
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semantics is easy and has an obvious intuitive interpreta­
tion. It also shows that gfp-semantics is the appropriate 
semantics for expressing value-restrictions with respect to 
the transitive closure of roles. 

However, the results described in Baader (1990a) have two 
major drawbacks which we intend to overcome in the 
present paper. First, the language FLO is too small to be 
sufficient for practical purposes. As shown in Baader (1990), 
the results can be extended to the language Fl of 
Levesque&Brachman (1987), and it seems to be relatively 
easy to include number-restrictions. However, as soon as we 
also consider disjunction of concepts and exists-in-
restrictions (see Def. 2.1), the unpleasant features which lfp-
semanucs had for FLO (see Baader (1990,1990a)) also occur 
for gfp-semantics in this larger language. If we should like 
to have general negation of concepts, least or greatest fixed-
points may not even exist, thus rendering fixed-point 
semantics impossible. 

Second, the characterization of gfp-semantics for fLo— 
though relatively easy and intuitive—still involves notions 
from formal language theory such as regular languages and 
finite automata. In the present paper we shall show that the 
concept defining facilities of Flo with cyclic definitions and 
gfp-semantics can also be obtained in a different way. One 
may prohibit cycles and instead allow role definitions using 
union, composition, and transitive closure of roles. The 
regular languages which occur in the characterization of gfp-
semantics for FLO can directly be translated into role defini­
tions in this new language. 

This proposes a way of retaining, in an extended lan-
guage, the pleasant features of gfp-semantics for FLO with 
cyclic definitions without running into the troubles caused 
by cycles in larger languages. Starting with the language 
ALC of Schmidt-SchauB&Smolka (1988)-which allows 
negation, conjunction and disjunction of concepts as well as 
value-restrictions and exists-in-restrictions—we shall disal­
low cyclic concept definitions, but instead shall add the 
possibility of role definitions involving union, composi­
tion, and transitive closure of roles. In contrast to other 
terminological KR-systems which incorporate the transitive 
closure operator for roles, we shall be able to give a sound 
and complete algorithm for concept subsumption. 

Because of the space limitations it is not possible to 
include a complete formal description of this algorithm into 
the present paper. Instead we shall first recall by an example 
how the subsumption algorithm for ALC works. It wil l 
then be explained how the ideas underlying this algorithm 
can be generalized to the extended language. Two more 
examples wil l be used to demonstrate what kind of new 
problems may occur. A complete description of the 
algorithm, together with the proof of its correctness can be 
found in Baader (1990b). 

2 The Languages ALC and FLO 

The language which we shall use as a starting point for the 
extension described in Section 4 is called "attributive 
concept description language with unions and comple­
ments", for short ALC (Schmidt-SchauB&Smolka (1988)). 
The reason for choosing ALC was that it is large enough to 
exhibit most of the problems connected with such an 
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We may now ask what makes the difference between the 
cycle of Example 4.5 and that of Example 4.7. In the second 
example we have postponed satisfying the exists-in-
restriction for ao by introducing the new exists-in-restriction 
for a1. It is easy to see that we should have to postpone 
satisfying the restriction forever because trying to actually 
satisfy it wil l always result in a clash. In the first example 
however, we had already satisfied the exists-in-restriction 
before the cycle occurred 

Building up on these ideas, an algorithm for deciding 
satisfiability of concept terms of ALCreg is presented, and 
proved to be sound, complete, and terminating in Baader 
(1990b). The algorithm uses so-called concept trees (which 
are similar to AND/OR search trees) to impose an 
appropriate control on the search for a finite model. This 
makes it possible to detect cycles at the right moment, and 
to distinguish between good ones and bad ones. The 
termination proof mainly depends on Proposition 4.6, that 
is, on a result from formal language theory. 

5 Conclusion 
Augmenting ALC by a transitive closure operator for roles 
means not just adding yet another construct to this 
languages, and thus getting a language and an algorithm 
which are only slightly different from those previously 
considered. The transitive closure is of a rather different 
quality. 

This claim is substantiated by the following observa-
tions. Firstly, by adding transitive closure, we are leaving 
the realm of first order logic. Secondly, the algorithm de­
pends on new methods, namely on the use of results from 
formal language theory, and on a more sophisticated data 
structure to cope with the nontermination problem. Thirdly, 
adding features (i.e., functional roles) and feature agreements 
would make the subsumption problem undecidable (Baader 
et al. (1991)), whereas this was never a problem for the 
languages considered by Hollunder&Nutt (1990). 

Finally, the expressiveness of ALCreg is also demon­
strated by the fact that concept terms of this language can be 
used to simulate general concept equations, i.e., equations of 
the form C = D where both C and D may be complex 
concept terms of ALC OR ALCreg (see Baader (1990b), 
Section 6, Baader et al. (1991)). For this reason, the 
algorithm for ALCreg can be used to decide satisfiability and 
subsumption of concepts with respect to finite sets of 
concept equations. As a special case, one thus gets 
algorithms for satisfiability and subsumption of concepts 

with respect to cyclic T-boxes of ALC, provided that these 
T-boxes are interpreted with descriptive semantics. 
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