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1. Introduction

Since the discovery cf instanton solutiona io GCD 1

(ses also 2 and references therein) and of gauge‘ambigu*
ities > it has bveen remlized that the spectrum and
structure of eigenstates in QCD should be drestically differ-
ent from the customary perturbetion thecry patterm. 1z par-
ticular these peculiarities of the theory shouid result ir
reconetruction of ths vacuum state. At the level of present
understarding the exact vacuum of QCD should coztain large
scale fluctuat%ons not describable in usual? perturvation
theory. In ref, 2 were discussed such vacuur Lluctuations
causad by instanton solutions of moderats scale sizs se¢ that
in & sense weak coupling thserT remeined jusatifisd. However
a congplete inventigation of the problem at ail distances xo-
quires overcoming.the stronz scupling barier and is inacces~
¢sible at pressnt,
On the other hand it is widely believed (8se $.Z.

and % ) that nonperturbative fluctuations of giuveunic
field result in an essential modification of interaction
between a heavy guark and an antiquark. Therefors such flac-
tuations might play an important crole in dynamics of a heavy
quark-antiquark bound system called juarkonium. In fact

the same is true for light quarks (u, 4, s) as well. But
there is an important difference between heavy and light
quarks. The former car be considered as e._ternal sbjecis

flaced into gluonic vacuum, while the fields of the latter

-

also undergo neaperturbative vacuum fluctustions themselves <

and that is why for light quarks the situestiop is TFar more
complicated.

in this paper it will ba shown that for beavy enotg i



guarks the effect of nonperturbative fluctuaticns of gluo-
nic field on certain properties of heavy quarkeniuvis can de
calcaiated to some extent without a detailed kmowledge of
the structure of *the vacuum state znd of exiied onss in
QCD. In the avproach to be developed below nomperturbative
effects in dynamics of heavy quarkonium ars expressed in
terms of vacuum mean values of local operators censtructed
from gluonic field o-erators. In particular tae leading
effacts are proportional to the vacuum matrix e€'ement of

the forn
a a ~
)
<o Fuutor Fu ([0 -

a

where /5;, {¥) is the gluonic field tensor.

In fact the prccedure outlinec belcew is very close
to Wilson operator expansion > but provides a somew-at
more general view on che properties of guarkopium, In par-
ticular below in Sec.? the nonretativistic Gree.'s function
of relative motion in quarkonium will be calculated up to
terms proportional to the value (1). The Green's functien
calculated in Sec.3 generatec expressions for a sev of
two-point vacuum amplitudes generated by currsnts of heavy
quarks including corrections due to the matrix element (1).

Effects of the vocuum mean value (1) in phenomesnclogy
of charmonium and of light mesons were Iirst considered in
Refs. 6 and 7 in terms of Wilson operzfor expansion.
From couparison of sum rules for charm production in he
o*e” annihilation with the experimental data the numeri-

cal estimate was found 6,7

& r~a ~ 4
(o]};'w F/'“, [o> = 0.12 Gev 2



@ith a possible (20-40)% uncertainty’n

Alterratively one can try to estimate the numerical va-
lue of the vacuum matrix element (1) by considering instan~
ton contribution. Such a calculation 8 invcives integra=-
tion over scale size of instantons 'P and_the correspon=
ding integral is badly divergent at larse‘? +» In the other
words the value (1) vecieves dominant comtribution from ins-
tantons of large sc¢ale size which in turn fail to be good
approximations to actual field fluctuations 2 « Thus one is
again led into the strong coupling region and the problem of
theoretical calculation of the numerical value of (1) remains
unsolved.

To avoid possible confusions two points should be noted.
First is that the (ultraviolet divergent) perturbation theo=-
ry part of the vacuum average (1) is implied as usually to
be subtracted by definition sc¢ that a nonzero value of the
matrix element (1) is a purely nonperturbative effect. In
the other words one can understand the operator product in
eq. (1) as A ~product F F: Second point is that
the operator f‘f'(z) 6;3‘1) has zero znomalous di-
mnension « 7 30 that one need not specify the normaliza-
tion point for the gluonic operators. (In this sense the
value (1) 1s a universal constant).

The major starting point of this paper is the simple

#) ‘hroughout this paper a somewhat non~standard but ccnve-
2 -
nient normalisation for é?, is used. It is fixed by
the convention that the Yang~Mills Lagrangian is w.itten
[- 3

in the form a
fxn = - iz 5«/":’

. 2 2
with g°% 4’)‘0(; . IS,,; is related to the conventioc-
(see p.4)



fact that for larze mass M of & quark one can consi-
ler a guark-antiguark pair localized at a relative 2istance
‘t such that on one hand Z 32 ﬂz—t so that the mo-
zenta of gquarks are nonrelativistic, p ~ 2"l cem 5
while on the other hand % is small in the scale of
scrong interactions,so that methods of short distance QCD
are appolicable. Surely, such 3 situation requires large mass
of g quark; ever charmed guarks are not enough heavy in
this sense, wnile for quarks zomposing Iﬁ ~family
{m =~ 4.,5Gev) this situaticn ssems to be conceivable,
The relevance of the approach levelopea below improves with
srowins mass ¢ quark ana i1t camn be heipful for description
of 3till heavier quarkonium systems waich are widely believeus
to be discovered in future.

The expansion parameters in the approach considered are
typicaliy the "old" o(; /XI"v //Z/ and the "new" one (Z/R )
{some power) where A is an intrinsic :cale size of non-~
certurbative vacuum fluctuations. The former parsmeter de-
s2ribes usual perturbation theory effects while %he latter
one refers to nonperturbative corrections we are mainly in-
terested in. Phere is in fact no formal Jefinition of A .

2,8 1t is of orider cI critical size of

8

In terms of refs.
instantons @, . (According to estimates of ref,
j%-f 2 0.17Gev.). In terms of the approach c¢f this pa-
per the scale of the expansion parameter is given by the

ratio of vacuum matrix elements of uifferent dimension,

- . a/
nally normalized field tensor é;, as fcllows

A= f36



Bay

272 o I <ol DEDFIO>
<olFFi0>
with l) being the cuvariant derivative.

For a colourless guark-antiquark pair separated ba a
distance z<< X the interaction with fluctuations of scale
size «»E can be expanded into multipole series with dipole
term being the lrading one. Furthermors, fer nonrelativistic
quarks %he interaction can alsc be expanded in powers of
ﬂ]é - {ﬁit)._fj so that only the electric-like dipole
interaction survives in the leading approximation. Tharefore,
if a quantum mechanical object is comsicered in which heavy
quarks are coptrolled to be ncrnrelativietic and seperaved by
a distance short in comparison with ,@ , & soit of parturba-
tion theory in powers of (594&) and (m::)'l emerges.

In Sec. 2 we shall consiaer contribution of nompertur-
bative vacuum fluctuations to characteristics of lowest le-
vels of a superheavy quarkonium. By superhsavy is meant
a2 quarzoniur for which asymptotic freedom is valid for
lowest bound states which arevdominantly determined by the
Coulomb-like zluonic exchang . Cbviously, this reguires the
following condition %o be satisfied:

o (€= mofy ) «A. )

This inequality sets in for quark mass equal to few tens of
sev. The wave function of n~-th level is proportional to
exp. ( - Az/n ) with ,é = ‘.32.‘;;104,/4/ being the
Bohr momentum. Hence, for (f,/n/)-) small in scale of A
our approach becomes applicable since a comtribution of
distances Z >> (/Zi/éz,)—f is exponentially smnll; Sure-

1y, thie situation does not seem to he of & paramount



physical interest, sincs first there is esnough time to

wait for a discovery of gquarkonium with tens of Gev mass

and second, the effects we czlculate are only small correc=-
tions to essentially Coulomb-like charscteristics of guarko~
nium levels comparable witn correcticns of 3Breit-Fermi

type and even with purely radiative correctiors having re-
lative magnitude o1 order c{E? . Nevertheless, it seems
reasonable to start with a discussion of this somewhal idez~-
lized example since in thie case the basic asswptions and
the method are illustrated most transparently.

In Sec. 3 we consider the Green's function of relative
motion of quarks in juarkonium at nonpuysical energies far
enough below threshold. In this object the quarks are con-
trolled at short distances by the condition that the energy

is negative (i.s. below the threshold) and large: £=- é?ﬂnu

£ A7 and ol (%)< 1. BNC))

The la?ter condition asures validity of usual perturbation
theory.

The physical interest of considering Green's function
is first, that through spectral representation it generates
sum rules for spectral densities of various operatcrs con-
structed from the fields cf heavy quarks in hand and se-
cond, that knowing the Green's function eveﬁﬁs;physical
energies one can judge upon quark-antiquark interaction,
say in terms of potential picturs.

The considerat;on presented below brings also an in-
teresting byproduct. Namely our approach inevitably requi-

res an egigtence of states composed from quark~antiquark

pair in a colour octet stute and an explicitly coloured gluo-



nic exitation, which will be discussed in Sec.4. Such states
should b. located ip narrow énergy ba/nd around the quark-
antiquark threshold. However with our method we can make

no quantitative conclusions about such states since again

this problem requires overcoming the sFrong coupling barier.
The Green's function calculated in Sec. % can be applied al-
ready for discuésion of p:operties of the zf-family,

say, if one take. f ~ 1.5 - 2Ge€. In this case the sum

rules generated by the Green's functior coincide with the
nonrelativistic limit of the sum rules derived in refs.6’7’9’10
for the case ¢f charmonium. Thus the apprrach developed here

can also be copnsidered as a simple nonrslativistic method of

derivation of the sum rules.

2, Nonperturbative Effects in Superheavy Quarkonium

In this section we consider a superheavy quark-anti-
guark pair so that the condiriom (3) is satisfied and in
the lowest bound states the quark and the antiguark are lo-

cated at distances

-1
v [moAde (famets)] (s)

which are small as compared to the scale of strong inter—
action.

At short distsnces a nonrelativistic quark sud an anti-
quark interact with each other by th~ Coulomb-like potenti-

al

V{'};) = —3.4 ‘(fz///t/B -+ 32- iz///Z)Px ’

()

whers _EL and _EB are the projection operatora for co-

lour singlet amd cclour octet states respsctively, The low-



AT the surperuezvy cuarkeninm are determipesa by

“+ Tarral = -
SN oLevels TL wi®

(48}

the colcur sinries attractive pars ¢f the rotential ( ).

Ve are .ntocectel here in corrections due Lo nonpertur~
bative zluonic fitvctnations in the exact vacuum of GCD. To
accournt them Tor cne must cunsider the total Hilbert space
inciuding states of heavy guarks as well as of gluons. The
Hamiltonian acting in this space can be classified into

three terms:
H = Hy+ 7@ + Hint o

whiers ;460 1s Hamlltonlan acting on dymamical variables of
quarks only, 1n¢1udmng the gluonic excuange interaction

between them. In the leading nonrelativistic approximation it

can be written in the form

-2

Ho=-L + Vv - (&)

-—

where V(r) is given by eq.{(6) #nd the 1% operator is
acting on the relative coordinate 52 = Eiz‘ 6;5 (¥We
exclude the overall motion of quarkonium by placing the
esordinate system origin into the centre of mass of the
systen). ;;%; is the namiltonian for gluonic degrees of
freedom, and finally,gaihfis the Hamiltonian describing
interaction of quarkonium with gluonic degrees of freedom.

The most unknown cerm hewe is s and the only
property of it assumed for a whils is éiat it enjoys fuli
rigﬁts_of a Hamiltonian operator in the abscence of heavy
quarks.

In case nt term is neglected, the total Hilbert
epace of the problem splits intc a 4 -ect product of two

independent subspaces, ong for quarkonium states and the

10



other for gluonic states. Thus,in this approximation the

states of the whole systen are factorized ir the form
[ >= [ng> 1792 @

with [MNg? being the eigenstates of the Hamiltonian

(8) and /ﬂ«j) ‘are the same for the ']é? . In fact as it
has been already mentiored in the Introduction 1ittle is
known about the spectrum and properti_.es of H’Lg) and

there is enrough room for assurptions. We make nsre two
assumptions sbout the spectrum of gluonic sistes. The first
one is that, it has the lowest eneryy state [0> called
vacuun and that this state is invariant under Lorem_;z trans-
formations as well as under glcbal colour rotgtious., The
Hamiltonian J% is taken to be normaiized in such a way

that
/:(} j0> = O (10)
The second assumption will be deuscribed later.
Thus, without the e ‘bterm the tctal spectrum of

the problem contains the pure quarkonium states [Mg?> 10>

and states with explicit gluonic exitations /'7g7 Now wa
Yy

“inc

ring it as a perturbation calculate the enerzy shifts of

are going to switch on the intaraction and by conside-
quarkonium gpates, i.e. of ;’f’?—a > DD . 1o dc this we
need an explicit form of ]{:;”t » The leadirz nonrelativig-
tic term is given by interaction witn the time-like compo-
neng of the gluonic 4 -potential /4;' » 43 it ums been
discridbed ir the Introductior we also expand the interac-
tion in multipoles. The first two terms of this expansion

are;

11



the "charge"

7{; = 21‘4/404;‘/0) 1)

and the dipole
A= - 542’51{9)' (12)

a 2
whare fa';.- f., "’t_,_ {@a=1y, 2, ..« 8) ara the colour

@

SU(3) generators for jhe quark-antiquark systeu ( Zlf and

@ . iy

1,{,_ refer to the quark and the antiquark respectively; for &

a Q/,_ ) a fﬂf
guarsz l[f' = /'l </ f are operators orthcggnal s H
a e a
§5= {, - L‘z ., and finally,

a a
££ = 5; (13)

(Wote, that the coupling constant %j is irpecluded inte
normalization of gluonic field).

We will comsider the perturbation expa;nsion ir
][imt up to the second order, starting frcm coleurless
states tflg » . Therefore the "charge™ term (1l) will

be not operative, since
¢ : —
ZZ /Coﬂw’;&&! glate >=10 ,

snd only the dipole (12) survives.

For tie same reasons in the approximation considersi
we will have no problems with gauge invaiiance since (12)
contains only gauge invariant operator £ ¢ « Therefore
w2 heed not specify the gauge used.

Now we have everything to write down the energy snift
due to /L., s0f a quarkonium level, which in the_ zerotk arde-
has the form l//v)= Ing>10> with g > bveing colouriess.
To the first order we have

12



a ra -
St =<K 1 H°D=-<ng|§%, Ing><{olE 1o>=
=p
There are many reasons for this expression to be equal to
zeoo. One is thet (OIE‘:-' jo>=0 because of the

vacuum state invariance under space and colour rgtations.

The second-order expression is

So - 5 IR I (i)

> Ewe ~Em
.S <Hel §4k; Imgdimal t /ne><ol£‘13x.3,g 16>
Ipz;,,)jihc? Eng = Emg - é’,.?
where Eug , Emg are energy eigenv-lues of er
ang £, is the same fur ;{; . Note, %hat the operators
E"L link colour singlets to colour octets only. Therefore

cr

he

Cr

states [Ma)» refer to the continuum spectrum of the

38

amiltonian (8), (6) in the colour octet sector, thus,in {{4)
Emg > O. Therefore, if [M&> is taken to be oze of the
lowest bound colourless states, the energy diffsrence

Z',LQ- €mq  1s negative and large for large enough mass
of the quark.

Now we are in position to make the s~cond assumption
gbout the spesctrum ~f gluonic states ]"?) o Nanely we
assure that in the situation considered the r.h.s. of eq.{14)
can be expanded in powexrs of Em /[5,,_& Ema)

Then the first term of this expans;on has the form

= 2 <olE-q'lmg><mle‘lo> =

Ihig>
x > Kng) $* Ime><mai s z Ing> _
reg> Sng ~Emgq
= <olEFEf 105 T <"nl§"t.lno><mal§€tz’uu>
)mg> ,“ Emg

1s)




Thus one sees that with the latter assumption the sum over
the unknown spectrum of gluonic states I’"'J> is reduced
to the vacuum mean value <o E?'Eg {o> . One can em~
ploy colour and Lorentz imvariance of the vacuum atate to
relate the latter to the manifestly Lorentz invariant
value (1). Indeed, one has

GIEFEE 10> = 13, 5 ol E<E<lo>.

Now it is convenlent to introduce che 4=~vector i,. which
is the total 4-momentum of the quark-antiqua.k system con-
gidered. In the rest frame to which all the previous rela-
tions refer ? has only a time-like component i, s SO

that from eq. (13) one has
=, - 2
EB%= - (7, hau Mg 55 )3
Due to the Lorentz invariance of the vacuum

T ,~a _
<O[ 6401. f‘.‘f/0> - 4;d/d <o//u /wl >
and thus we have p
ColEXEf 10> = L 5, 3% <o 1E°E<fo> -
249 p a6)
- 1 a - -
7 b8 <o /b b 197
Note the negative sign of the last expression. It
shor 3 that with positive value ef the guantity (1) (see eq.

(2)Y tbe fluctuations of the gluonic field correspond to
imeginary “electric" component, or in tbe other words that

1t is more adequate to treat the fluctuations in the Fucli-
daa.g space, which fits very well with the instcanton philoso-~
phy. '

The assumption of the validity of the expansion in

14



powers of & /( Cne ™ Emg ) refers in fact to the
structure of gluonmic fluctuations, Indeed, the aspumption
implies that the sum over the intermediate gluonic states
in eq. (15) is saturated by states [P > with epergies
low as compared to (Eng] .+ In this sense the gluonmic
system is assumed to be "soft" in camparison with the
quark-antiquark system. This conjecture can be snalized
aomehow by considering subsequent taerms of the expesnsion.
The first of them is proportional te

(ol EE Ay £2/0> an

which is zero because of kinematical reasons. Indeed, using

eq. (10) one has

<°l£f’]§ £;¢Io> = <o Ef’p’? E?]IO>=

=2 <ol ES(ZE Moy =y 250
N Raka

and the vacuum mean value in the last expression in this
chain is vanishing since it should have an odd aumber of

Lorentz indices. The next term is proportiomal to

<l E;"‘#} # Ello> = ol@ER) (BES o)
which is reduced to the vacuum mean value of the a’ =&
operator o [DF*DPF%]0) . Thus our assumption ie
valid in cese

| ©IDFDFa10> f<o IF* 0> | « 2 .

In the vein of raf.? the ratio on the 1.h.s. is of order
-2
F. © s where £, is the cutoff parameter for instanton

scale size,

1s



Thus the perturbation thsory inéﬁ:;t and the expansion
in ponver'yc:f & (which is in a sense a pervurbation expan-
3ion in ]{ ) both result in a seriss in vacuum mear valil.
of operators of increasing dimension. This ezuansion csexms
to make sense as long as the vacuum matrix zlements are de-
termined by large discances,‘or in the other words as lonj
as the gluonic system can be considerea as soft.

Certainly, the proposed sxpansion fails also when :th:

quarkonium system becomes soft itself. Tuls taikes place

she near threshold levels when <the energy sar g Crg
is comparable with the characteristic valuzs of fmj o Te

2an arcue shat 1n this gituation a mixinz of gtztes of the
Tpe (fLR7 (@7 Witk (Mg P (737 oontaimn: e
piieif zluonic axitationy becomes essentisl. In faev it
ig quite obvious if one considers the first corrscticrn to
she wave funcvion <M / % f/i/")
WD joN> = N> LT LM
> Eweéy

) Z P e
sioy =0 <Mal} To/re><myit

/ ﬁ{"@. > (';:; Q 7

= [ng

; - 74
Ma,mj é’)& ‘éﬂ‘%ﬁ? Z}rgq 4

R
This expression also shows that as far as the dipole irter.
action (12) is concerned,the mixing occurs with stabtes con-
taining a colour vctet quark-antiquark pair and a2 colour
actet gluonic exited state.

There is ome serious problem concermi .c such states.
The problem emerges if one invokes the idea of confirsm-n..
In this case there are no free states with explicit colour

and one should avoid considering them. This however saeem-

16



eat leval of uniecrstanding as loag as
~ S )
Sluonic operators like € or é;, ere dealt with, These

irpossible at the pres

operazors require coleur octes states since thaey have ne
matrixz elcments between coleur singletas. In faci we de not
know the language in which QCD should be formulated t¢ in-
ziude both tne 2iwa of gauge colour ani the corfinement.

In the apgroach considered there is no sign of confirpement
ani ctherefoir: we are forced to consider explicitly coloured
gluonic states and whe sauns for gquarks. Obviously we can

and actually do restrict ocurselves to consideration of states
witkh no net colour. With the idea of confinement the colour-
less states made from a coloured guazk peair and a coloured
rluonic exitation should be bound thus addinzg a new type of
states to quarkonium spectroscopy.

On phenomenolorical grounds such states were first coo-—
sidered ia ref. L an?A there are also calculations conside-
ring statcs with valence sluons in tlye framework of the MIT
bag model la .

Now we will postpome a further discussion of quarkoaium
states with gluoric exitations till Sec.4.

Returning %o eq. (15) it is worth nnting that 1% can
be applied in particular caleculsations of ene 'gy shifts of

supurhgavy quargcnium levels if this problem becomef sctual

i Irg><mg)
some day. Wit! eq, (16} after noting that 12: 8a !
irt gy 7 ER,Q
is the Green's function tor the repulsive p>tential

-
+ 3’- o (tY/2  denoted hers as @(J)!/fng), [ I1mg>

are Jlour octets) and using the relation

2 .
{colourless state| % fg/ colourless state p = E— SQ{

one can rewrite eq. (15) fin the form

17



S6,=3% JJ’zJ’ V(t)i’ 4{}/“"&12 .z

(18)
where
¢ ¥
2" = oy <ol15 G 10>= (o He)” g
and G(z} Z, gll g). is the abovs mentioned Green's fuxnc-

tion in the coordinate representation obeying the eguation:
VP2, 2 oLele™) 8, ,
(-m*5 M- )68, 86)= dce-xy

In the si3me approximation one can also find the correc—
tions to matrix clements of a colour singlet operator
acting only on quark variables (say, matrix elements for
radiative transitions) betw.en lowest states of a superheavy
quarkonium. For this cne should calculate the corrections
to tl.e wave functions up to the second oruer amd then take

the matrix element., The final snswer is

WO Iw> = <ngtOfre> [ 1 +

+4e (cngly, - "e,, ). 2 1nad> ¢

t<nh it 6Y%g, )2 Ine> )]

- «Yx"[(na % c:“’(z,ta/-.ﬂ(‘”f )2 ne>+
R CA [J 6"(”[5%).2‘. . gﬂ)é"‘e)' z: |rg>+ 120
+ g | 26V e ), - &Yt )- Jra >]’

4



Ie . 3 ¢/
whers: {::..g/,f £/ 15 the derivative of (;' (S) over £ i
~:8) - } . -
> 'X’?E/" = 2 & {2 (£), and & @ (£ iz the Coulombe

-like <¢reen's function Xor whe colour singlet ctatez

A Oﬁetz 7% e Y
\/—’;;; 3 - £ 6' (z z2,5) = S(t»z).
A1)l the products in eq. (20) inside the lirac brackets shouid
be understcod asz operator products.

One can readily verify that the relative magnitude of
the corrections discusseil 1s of order o“e"/n 2/4,6 . Therg~

fore, the formulae (15), (18) agd (20) can be tusted ag

long as this parametsr is small,

3. Quarkonium Green's Function

In 1his saction we proceed to comsideration of & mors
realistic case of a ocuarkonium made from quarks of a mode~
rate though large gnough mass, say, of the Er -~family or
a somewhat heavier, In this case the quarks inside the bound
s.ates are no longer located at sufficiemtly shoré relativs
distances and to asure an gpplicability of our pprouch we
must consider the systom at energies where there are no
bound states. An adequate object in ithis situation is the
Gree1's function. Indeed, if one considersthe propagation
of quarks off a stationary local source producing the
quark-antiquark pairs with an energy far below threshold,
£ = —:éiA&b » then the wave function of the pairs is
fading as exp(~kr) and only distancec. z £ Z{_’ are
~elevant,

For quarks interacting with gluons we must start
with the total Greepn's functiom which is su operator in the

total Hilbert space involving states of heavy quarks as

o



well as of gluons,

G(s)—2/”></‘/’ ) on

with the sum rinning over the complete set of eigenstatss

[N of the total Hamiltorian,
/%*%*%d)///>:£f"/”’>‘ (22)
The Green's funciinn (21) is in fect a resolsent opera~

/

(€) = 4

2
; V %’;_,,%f_(f ‘(3‘)
and we are going to calculate it by considering the term

07 ,ZZZEé as 8 perturbatlon-
g[s):/:_{; Z 5 @ %mf/% PR
/@#7/;&5/;—{;‘; /01?-,«%—%2;};{;:;4-

+ ...

, !
A5
The perturbation expansion in ;%? is justified in
case the relevant sums over intermediate gluonic states are
determined by those wilh energy much less than [E/ . We
suppose ag previously that that is the case if one projects
é;?i) out on the gluonic vacuum state, thus leaving the
Green's function +to be an operator acting only on quark
variables. It is also convenient %o project it ocut on co-

louriess sector of heavy gquark-antiquark states and define

Ge) = P, <o/j’(£} o> E, = (25)

ZP <oI/V></VIO>E
T Ev-&
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Nete, thut g’_/g) ig et1ll an operator acting on ce.cur
singlet stutes of quarkoriam.

Substituting th exparsion (24) in%c eg.{25) obne finds
that in terme writiten out explicitiy in eq. (?4)% is 2ot

cperative due to eq. {10} ard sirce it commutes w.wh J[@ .

Mereover, the vacuum wear value of%mf gl.o vanishes,and
thus the lipear in + %h,t" terz in {24) briangs zero
contributien to 5(5} . Therefore, with the explicit form

of]{j;‘t given by eq. (12) one finds

G(E) = P%‘—?P +
(26)

a

T ¢, —— P,

K&

il
%p‘f
Now chis expression can bs readily adapted for actusl
-7
calculations if ome notes that [:Zg -&) ie the

Green's function for the Coulomb-~like problem with the

potential (6):

/ ) g,
Z %) P, + %) Py

Thus, using eq. (16) and simple properties of 54’ opera=-

tors we find in the coordinate representat:ion
C(7,7 €)= 6% 7. ¢) 2,
272

02 b GO B o) v §ssie) 6 5:7) P,

(Henceforth the projector Po will be omitted, but
implied).
A good piece of physical information can be derived from

2ge (27). Por instance this expression gives in the nonre.
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lativistie limit the correction due to the vacuum mean vaiue

(1) to the whole set of amplitudes of the rorm

(=i [& e o) T{ T®00, T¥3100 (o

z —_
7 E/&'= 4/72,2—?/2 with
2
- ~ 2,
J (4')(1) = L) O“R) being a set of local opsra-
cors constructed from the field of the heavy quarks &J(xJ
Cne can relate the Green's function to e.g. the slect~
romnagnetic vacuum polarizatior function _p / éi’ for ¥ z«)n{

In the case _..P[éz} is defined as Znllows

(pte - 750 IPE) = _ _ (28s)
= /Jx e?* ol T{QCK)# Qw), Qior §, Q@ o)

it is related to (o (£) by the equation

J}’_/z Pry = 2% ét 57 6'(?; f/”‘/ (29)

wnere the factor 3 comes from the summation over colour in
sha electromagnetic current, while the QMZ in the deno-
minator arise because of different normalization of the re~
iativigfic and nonrelativistic amplitudes. Note also, that
eqs (29) contains derivatives over ZZ . On the l.h.s8. the
ditferentiation eliminates the .u.nphysical additive constant
which depends on the renormalization convention, while or
the r.h.s. the kinematical singrlarity at }'77 also
dropps out after differentiation.

The integral in eq. (27) can be realily done in the
energy region [&/>> /;z,a/sa 5 (£ >> ML) where the Coulomb-
-like interaction (6) can be also trsated percurbatively, 80

that neglacting it one can write
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’ (o) m o %%
6 g €NEGO=F T o
(%% -me ), with %= /i'-j/ . Technically it is

more convenient t¢ perform calculations in the momentum

representation in which the operator '2’ is reduced to a

ierivative, Z = z '3/9/_0. , and then transforming back
into the coordinate representation we have
-
. m e Z// x’m*r /3 , 3%
= - ) 2 2=

&{[x’/’ £/ 1725 7 [15 i (31)

2e* 23 /

T e/

Now the calculaticn of the r.h.s. of eg. (29) is tri=-

vial and one finds

- _ //_ /.f‘ 7)22.1" \
a/zz P/ / {.I//?é ( 9 é‘ (32)

This expression precisely coinsides with the nonrelativistic
limit (i.e. at ,é24<)?zz) of the results obtained in refs.
6, 7 by rather tedious calculations of Feymman diagramms.
One can readily find the analogs of relation (29) for
amplitudes of vacuum polarizatior by other currents ‘].(4,)
giving/\the quark-antiquark pair different an,g;ul_ar x‘ngmenta.
Say, for a P -wave current e.3z. &_Q or Q{;é.l? one
finds that the :orresponding amplitude of the type (28) is

proportional to the expression
;gr"" ( S¢: / g)( X 67 /

which is immediately calculable with eg. (31).
The physical interest of considering amplitudes of
the type (28) is that through spectrel representation thej
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provide: QCD sum rules for spectral densities of quarkonium

states with different quanftum numbers 6, 7. 9, 10 For

instance, with the quantity jjlkf} (see eq. (28a)) one
explores the vector states of quarkonium which are directly
observed in the e%e” annihilation. Eq. (32) generates the

following sum rules for {2 ~flavour production in e%e -

annihilation
{ o 2 7 oy (4
j(f—r:f:é‘é;a: %’:7@9- /{+ 2”? o (33)
- g_”f}%{v - (Mﬁe"}{é«,ézgmzl
where KgS) = T (ete” —» (@ —flavour) 3;/4/,79(2

and C?& is the electric charge of thes quarks in bhand, In

aq. (33) the obvious first Coulomb correcticn is also inclu-

aed.

4, Connection with the Potential Model Approach and

the Spectrum of Quarkonium States

We start this section with a remark that eg. (27) can

be taken as the result of first i terartion of the equation

(07{4+U(s)-g).@"(g)=1 (34

where Cf is a nonlocal interaction potential
Ue)¢ = sx4 [y’ (220675 ¢ )PLE) (35)
s

Note also that the expression (18) for the energy shift is
also a diagonal matrix element of Lf. « Therefore the po-

tential I] misht be inferred as a nonperturbative part
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c“weern gQuerks ir quarkorium. It

is interesting .rat ther: is no sign of the local lipear
potential usualiy epicyed iz the nonrelativistic poven-
tial zocei (s2e 2. . 12 ). This impiles that at least

at the distances Lo nand the linear pctential is irrele~
720T.

Hos :ver even wmith the nonlocal interaction (357 it is
imrossidble Lo po furinsr suppressing the glu.ooic desgrses of
freedcm. This i rireaay seen from eg. (20 only a part of
which can be Jerived frcm the first i terartion of ths in-
weraction (35). In fact sq. (20) can be obtained in no appro-
ach deaiin- cnly wilh quark degrees of ireédom. Therefore It
seems entii€ly iradequite to discuss the properties of gquar-
koniun in isolation from gluonic states.

The incorpleteness of the descrivtion Jdealing with on-
1y guark-antiquark dynamical variablec becomes evident if one
tries o write dovm a snectral representation for the Gresn's
function (27) of the form

G(F,j,.g)zf [ACIIACL .
n En - € L35)
with a complste set of orthogumal functiorns %; « 1t is
rather trivial to show ad absu~Gum that such a reproselta-
tion is impossible for the function given bty {27). Indeed,
from (36) and the prthogonality ansatz one finds thut a
function represented by e€q. (36) should okey the necessary

condition
9 s > 3 = o :
Zi—@’/x,;ﬁ) — JEREE)L(Z F.2) 2 =0 (39

On She other hand cslculating the same exprzssion for %the
function (27} or even for that given by eg. {31) cme fipds

hat f .
that for ther the condition (37, is violated by a ters pro-
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portional to G(”[g) - g——z-q' &™) .

Thus, once the relegance of the results (27) aad (31)
to the approximation comsidered is brusted, ome is led in-
evitably to the conclueiom *that the cascription of guerko-
nium in terms of quark variablefis incomplste and the gluc
nic degrees of freedom should be eoxplicitly accounted Zor.
Survly, after inclusion of ths letter variables the freea's
function 6'(5,) hes & perfect spectral represenzatioz as
given by eq. (25). In the other words, once the nonperiursa-
tive fluctuations of the gluonic L2ield are taken intc con-
sideration they can never be 2hscrbed into a sort of inter-
action potential between quarks.

Phe physical interpretation of the situatior describeid
ig that in the vein of the confiremsnt idea therz sbould be
states made of both heavy quzrks and glucms and thess states
as 1t has been argueu ir Sec. 2 skculd be located ia a nar-
row onsrgy band near the Q ~flavour threshold where ths
guarkonium system and gluonic spectrum ars eguaily "sefi™,
Note, that without assuming such states to exift it is iapo-
ssible to reconcile the spectral represerctation (25) for

6 (€) with the abserce of rspresentation (36).

SeConclusions

In this paper an approa h is developed to comsiderz-
tioh of the effacts of nomperturbative glucnic fluctuations
in the exact vacuum state on the nonrelativistic dynamics of

heavy quarkonium. The approach is applicable in case the

quark and the antiguark are controlled to be separatead or
distances small compared to the cheracteristic scale of va-

cuum flustuations,so that the interaction of the quarkenium



vecuun wzoriz elemern

For the case of superheavy guarkoniud in which the
lowest bourd states are determined by the short distaice
Coulomb-1ile excharge potential the energy shifts cue to
nonparturbative fluctuations are calctlated (see eq. (18))
a5 well as corrections tc matrix glements of a colourless
operator acting or guark variables betwecn lowest levels
{eg. (2003

In cuse cf moderavely heavy gquarks the GLeeR™® IuRcHioR
of relative motion in guarkomium is found up to Ltermme pPro-
porsional to <j>(f;% f'% {6) at energies below threshold.

An investigation of spectrel representation for the
Green's function led us to the conclusion that the effeccs
of the npomperturbative fluctuations of the giuwonic field
can not be expressed in terms of an interaction potential
between quarke and that one should consider states which
contain both the quark-antiquark pair and a gluonic xita-
tion including those in which each of them is a colour oc-
tet,.

There is nothing seem to prevent from extending the
approach proposed on the terms of order lfyc'z é‘/ﬁ' ag well
as on contributioas of vacuum meen values of oparators of
higher dimension than ;72 . For this ene needs to con-
sidexr:

i) bigher multipoles in quarkonium interaction with
gluonic field, as well as terms of orders v/c and v</c® im
the interasztion,

ii) perform further i-terastions cf Z +zﬁt.

It can bs believed that a consideration of this sort
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wifl be telpful in studying properties of %he T -tamily
J 2
and of analogous systems made,st1)]l heavier quarks.
I am indebted to Prof. L.B.Okun’ for valuable

discussions and commonts.
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