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ABSTRACT

A general reaction theory of the heavy-ion fusion
cross 2:tion that exhibits clearly the possible effects of
dire¢ . .\ coupled channels is developed. Our expres.ion for the
fus.ic , cross section shows how the presence of coupled channels
enfa 28 its value in general. The result may be used to
ste xardize the discussion of, e.g., sub-barrier heavy-ion

fu. on in general.

fWork supported in part by the CNPq.
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Heavy-ion fusion reactions have been customarily
treated within simple one-degree-of-freedom dynamical models.
In recent years several experiments and their subseguent
analysis have clearly shown that in rany instances these simple
models do not suffice for a satisfactory description. In
particular, systems such as 160 4 Asm . Rini o Peyg , exhibit
sub=-barrier fusion cross sections several orders of magnitude
larger than predicted by simple one-dimensional barrier penetration

models 1-3)

. These experimental findings clearly called for a more
appropriate description involving explicit reference to several
nuclear structure aspects of nuclei such as deformation, single-
particle motion, etc..

A natural framework for incorporating these structure
features is the coupled-channels theory as was done recently
in Refs. 4-6 . The general conclusion reached by these authors,

is that the heavy-ion fusion cross section considered as an

inclusive guantity, is given by

C}:%E> O-F()) ’ (1)

with Z RX =41
N

and GF(M refers to the fusion cross sections attached to the
appropriate eigenchannels labeled by A , which are defined
through the diagonalization of the channel-coupling matrix
performed with a matrix |J , with f.’. = l an ,z .

It would be of value, though, to exhibit the effects
of these coupled charnels on the fusion cross section explicitly,
as exemplifying a genuine multistep process. This can be

accuanplished formally within Feshbach's reaction theory.
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The purpose of tne present Letter is to develop a
general theory of the fusion cross section that shows clearly
the effect arising from directly coupled channels. This is
done by first calculating the total reaction cross section,oR R
and then perform its natural decomposition into the different
contributing physical processes. Within a model involving
several coupled inelastic channels, the fusion cross section,
Op » {or total compound nucleus cross section) is defined to be
Op £ Gp=0p where % refers to the total inelastic cross
section (a sum over all inelastic channels).

It is worth mentioning that such a decomposition of

g has been used rather extensively in other branches of

R
nuclear physics such as pion-nucleus reactions, where the analog
to op is referred to as the absorption cross section7).

Following Feshbacha), we introduce two projection
operators, P and Q , defjned to project Qut of the total
wave function of the nuclear system, ¥ , the direct component,
PY and the compound nucleus component (fusion component) QY.
We allow several orthogonal channels to be present in P , and
insist that P+Q=1.

The effective equation of PY is given, as usual,

by

(E-PHP-PVaGeaVE)P¢ =0 (2)

with the conventional notation of Ho denoting the diagonal
piece of the total Hamiltonian (PH_Q=0), and 4 the part of
.H that couples P to Q. It is to be understood at this
point that Eq. (2) describes the optical model piece of PY

in the sunse of Ref. 9) . The compound nucleus propagator QGQ



-4.

is assumed to represent the energy-~averaged propagation »f the
fused system. We ignore altogether the fluctuating piece of
the P¥-wave function.

Since our starting point for a one-channel fusion
{no coupled channels effects) is one-dimensional barrier
penetration (namely we consider the effect arising from the
coupling between a one-channel PY¥ and QY , through to be
representable by total absorption for the contributing partial
waves), we suppress any explicit reference ot the Q-space and
write P(H + QGO )P = P(H'+V')P. The effect of V',
assumed to represent direct couplings among channels contained
in P , is mainly centered in the surface region, and therefore
we take it to be real. Of course H' 1is not Hermitian due to
the implicit Q-space (fusion) coupling.

Denoting the entrance channel projection operator

by ‘F‘- and @Lz-P—h , we have (with EJ‘ = nIPL =0 )
(E-tHR)e = EVEY (3)

(E-BHNE)BY =EVERY - @

With boundary conditions of only outgoing waves in E‘lﬂi , the

above two coupled equations can be reduced to an effective

equations for 'fi b 4

’ / H-) /
(E-?,‘Hﬁ-ﬁijiétI;ce)JEL\/ B ) =0 (5)
i

‘*l / -1
where ’g.x“) = (E"‘,‘ El H E‘_) denotes the matrix
L8 -

propagator of the Ei channels.
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The total reaction cross section extracted from ‘Pi!}_’

is given by

0 = - Z<ne"1m (?H?+PV£¥(E)RV ALTDE

_,' , 4 being the reduced mass of the system.

InEq. (6), | Y# 45 the exact solution of Eq. (5) with the
appropriate outgoing wave boundary condition. With our
assumption that V' is Hermitian, the imaginary part of the

second part inside the round brackets in Eq. (6) becomes
o)

proportional to Twm (E) , which is given by
4
¥ T
Im S e) .Q. Iué'“ ey 2
1 4 ?

+§f"(e) Tl ﬁ'“?e) @

=)

where "QR is the Méller operator defined in the ﬂ:". sub-

woace 156y =R+ SpRUp » Tp=B+ 4 R U
@) f 23 -2
G“ is the "free® f -propagator (free except for long-range

£ 8

Coulomb repulsion effects, C lf) = (E (E HE u ))
and uf is the optical potential contained in E H _n>

Eg. (7) 13 the usual unitarity identity, generalized to non-
Hermitian interactions7).

Inserting Eq. (7) into (6), and using I,,,r”lr‘ =InlUl
4 3
we find

0p = [---<r,gy % _rzj;mr...ch)Qte) erw )]

[3<ny ity r‘v'ﬁ%” . u%ggwxy i)

)

)

’

h

H
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We call the first term in Eq. (8), the total summed inelastic
Cross section, oy - as that what it precisely is, since
&) -3 T
0 r..q .Q" = ilf (E) (f &) S(E
E, P, D } (z,)a

which when used, gives for (. 'ZFL |<q’ ‘E Vv 1; l,*_ >l a

§CE- E QJ):?‘&)' Therefore we identify the total fusion

cross section to be °F =0

t )
P 2 & / W g
=- £ @ In U + VYL TWU 4T B VEILY).
) 1P ECp 204
1 1
Equation (9) above clearly exhibits the multi-step nature of
Op when strongly coupled direct channels are involved, as
exemplified by the second term. This can be made more clear by

W)
first writing for”‘iy > , which of course, by definition,

contains the effect of channel-coupling to all orders,

#)

, L&
'n¢»> = & Y, kg > (10)

T YR AL S AL T

my > is the entrance channel wavefunction in the limit

’IFLV n = o , and using

)

-+
& TVh =& BV (a1
L+

o’
In Eq. (11) ga (€) 1is the full {exact) If -matrix propagator
which contains the offect of the coupling _‘m VvV r , to all

orders.



Thus

(+)

dr - ——-<:"Qf l:rhtqi‘i, Lu;>

)

;Tzf.<1;i‘”!av’l?1%}€ﬂm ﬁ(s;f\ﬂ”?!:) (12)
1

Let us introduce now the fusion cross section in the absence of

channel coupling, % a _--—-(P‘Q ’Im ur lfi 6“.)>

Then the first term in Eg. (12), would in general be smaller
than Op due to the fact that "Jﬂk‘“}, <l|f1¢31>! » owing
to loss of flux form Yi toRL due to channel coupling in
“’1 g_)‘ﬂ> . However, if there are several strongly coupled
channels present inJE1 , the second term in Eg. {12) could
more than compensate for this reduction in the value of the
first term, giving an over-all enhancement in Op -
To show this explicitly, we assume that In.uE
(+)

is diagonal, Y. uplImuE ]fj, i = =848 - ;)(!fc-pﬂm |':l££’i">

and consider only the on-energy-shell parts of éﬂ and g(g)
We obtain

O =-2LRY | In Uy 9"

~J ’, o \® 2
a,,.<l’,'t’,lhu,ll’\f”(!-f-0,) K , V{“,":V M (13)
ir)
where we have implicitly diagonalized () . Calling

a'cus-(rﬂr..upmy > anaa'tp--(n |1.u3!123s3

we may recast Eq. (13) into the following more attractive form

Op = 0 (1) +Z P 0p (4) (14)
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where
Plj 09 E-Ef‘t“—" §CE- g} )I(P‘i’(vliv |,.u. >, AT
k = A‘%’

The factor g appearing in the integrand comes about as a
result of our definition of op and Op + Egs. (6) and (9}.

The 1 1 are not the usual inelastic probabilities since they

are constructed from the matr:.x element (F‘fml_ﬁ Vﬂ“' S@H-)
and not <F§; ’? V'ri ,ﬁ . The dlfference between

th- two matrlx elements resides in the fact that l<f 9_)“)'%&7 >l
is different from unity because of absorption in the 3 »th
eigenchannel. Actually ‘(R’:i’;ﬂlf i}.)> is just the inverse
of the elastic S~matrix element of the Jlﬂ' eigenchannel, (S )’J.,
and thus it could be quite larger than 1 under conditions of
strong absorptionw) .
Though obtained using the on-energy-shell approximation

Ezchannels Green function, Eq. (14) could very well be
more general. In fact numerical studies done by the U. of Texas
group on related approximations in incomplete neavy ion fusion
reactions"), have shown that the off-shell part of the channel
Green function, in cases where Coulomb repulsion is strong, is
practically identical to the on-shell part. Thus, to take into
account the off-shell propagation effects, it suffices to
multiply the second term of Eg. (13) by a factor of 4., 'There-

fore, with P1j given approximately by

o)

r‘i;, =i€f-‘ |<]?1Y‘+i,!|3 " 1’1 AZ m)lzli (15)

Eq. (14) supplies a reasonable expression for the heavy=ion
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fusion cross section which contains explicitly the effects of
coupled channels. The enhancement .n op over the one~channel
barrier penetration value, Op is quite apparent in Eq. (14).

For all practical purposes, Eq. (14) is identical
to Eq. (1), discussed in Ref. §). We consider our theory,
however, more advantageous, as it supplies a rather well-defined
and simple expression for the P1j . which can be calculated
from, e.g. a DWBA code, after paying due attention to the
differences in the matrix elements by multiplying the final
result by 55;.

We emphasize that features such as the presence of
different "eigen-barriers” discussed in Refs. (5) and (6), are
certainly present in our aF(j). This is the case, since by
definition, these fusion cross sections are calculated from the
exact eigenchannel wave-function ,Ei!§9> which contains the
effect of the-.direct channel aoupling to all orders and thus

must be dominated by the physics of the penetration of an

effective eigen-barrier.

It is worth mentioning at this point that our theory
is not restricted to sub-barrier fusion. We endevour to suggest
that the directly coupled channels are always present in op -
They seem to have noticeable effect at sub-barrier energies,
where small changes in the eigen-barriers seem to lead to large
effects (enhancement) in Op and at higher energies, where
many inelastic channels (and particle transfer) start campeting
with fusion. This is the region in energy, usually referred to
as region II when one finds ;i becoming smaller than unity as
the energy is increased. At these ﬁelatively higher energies
quantum barrier penetration effects:become unimportant and
purely geometrical features dominaté Ip -
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Using such a geometrical picture of G'F(j) , in

the sense
0. (j) = R, [_E__fg_-!___:.\-/.-!_] (16)
F d E- Gij
where Rj . Qj and Vj are the radius, Q-value and effective

barrier of the jth. eigenchannel, we envisage a simple expression
for Op » from our Eq. (14), after treating the P1j statistically,
in the sense of, e.g., Ref. (3),

O'r'_,_-"fn"ﬁz[i_- A4 ] (17)

E - AE
where, the average quantities R? , V and AE are in general
functions of the center of mass energy, E.

It is our opinion that a consistent parametrization
of °F must involve a minimum of three parameters; an average
radius parameter, (fi"')l/z , an average fusion barrier, V and
an average energy loss, AE .

In conclusion, we have formally analysed the reactive
content of the heavy-ion fusion cross section and derived a
simple expression that shows clearly the effect of directly
coupled channels. Our unified reaction theory of heavy-ion
fusion, may help devise approximation procedures to be used in
the analysis of e.g. sub~barrier data that exhibit marked
deviation from the prediction of one-dimensional barrier
penetration model calculation., It is hoped that the discussion
presented in this Létter would help unify the different

theoretical approaches to the above, as well as to other, fusion

problems.
4 ,
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