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ABSTRACT

A method is given to reconstruct the local state of a heavy lon collision which produced the
detected particles. Only some particle ratios are needed; in the simpiast case 2 of them determines
the local state if it wasycomplete thermodynamic equilibrium, and further ones check this last
assumption. Applying the method on the avallable dala of the EB02 experiment, T =120 MeV,
nine = 0.4 and S/Ng = 14 Is oblained, which Is a reasonable break-up stage.

NnN. JNemau, B. Jlyxau, H. 3SuMmann: 3HTPONMMS, oOnpaaeseHHass Ha OCHOPpe
OTHOMeHUK DeAKUX YacTHML, B axcnepymenTe EBOZ2. KFK|-1989-47/A

AHMOTRLDIS

faeTcs1 MeTod ANS onpeAeneHys JIOKANbHHX TepMOAMHAMMYECKHMX OAAaHHBX
COCTOAHNS CTONKHOBEHI S TaXeJWX MOHOB, HCNYCKAnmerc AeTek TMPOBAHHLe
vyacTiue. TpeSywTcs JMlib HecXOIbXO OTHOMEHMHM, B MNPOCTHX caydyasx 2
M3 HAX ONpPeaAessIuT JIOKANbLHOE COCTOAHMEe, eC/IM OHO GHJIO B NOJNHOM
TePMOAVHAMMYECKOM PaBHOBECUM, & OCTANbHMNE OTHOMGHHS NPUMMIHSIOTCR
ANA noBepxy 27Toro Ap2anonoxeHys. fipynaras 3ToOT MeToa X 3KCnepuMeHTy
E802, nonyyaeTcs, \YTO: T = 120 MaB, n/no = 0,4, S5/Nm % 14, 47O
KAXeTCS PAa3yMHHM KOHEeYHBM COCTOSHMEM.

Léval P, Lukécs B., Zimanyl J.. Az EB802 kisériet entrOplaja ritka részecske ardnyokbd!
meghatérozva. KFK|- 1989 47/A

KIVONAT

Modszerl adunk a defeklait részecskéket kibocsajlé lokalis allapot rekonstrudldséra
nehézioniitkbzésekben. Csak néhany részecskearanyt kell hasznaini, a legegyszerlbb esstben kettd
meghatarozza a lokalis allapoto(, ha az teljes termodinamikal egyensulyban volt, és a tovabbiak
ellendrzik e fellevést. A modszert az EB02 kigériet hozzaférhels adataira alkaimazva adodik:
T = 120 MaV, n/n, = 0,4 és S/Ng = 14, aml ésszer(i feltorési allapotnak tinik.



1. INTRODUCTION

Heavy ion reactions enable us to reach very hot and/or dense states of matter
worthy for study but hopeless to form in any other way. However, the wanted states
are transient, 50 one has to reconstruct their data from the detected fragments cf the
detonation, belonging to a cool dilute and expanding final state. This fact results in
two disjoint limitations when looking for the characteristics. First, the reconstruc-
tion is more or less model dependent. (E.g. one has to make assumptions about
interactions, freeze out, etc.) This problem may be technically serious, however is
very familiar, and, anyways, one performs such experiments just for finding out the
interactions. But, second, generally the reconstruction is not even direct.

Consider e.g. the temperature. One could measure temperature by observing the
slope of the energy distribution of detected particles. However, this gives an apparent
temperature, composed from true local temperature and average kinetic energy of
* expansion [1](2)[3]. The same is true for energy density as well. In addition, above cca.
2 GeV/nucleon beam energy even an estimation based on the initial kinetic energies
becomes ill-founded due to incomplete stopping [4], when the beam energy converts
only partially into heat and compression. Clearly, the only loeal thermodynamic
dats which are identical in the matter (after hadrochemical transmutations have
been completed) and at the detector are the particle ratios

R, = N'/N* =n'/n* , (1.1)

Interestingly enough, in some cases these ratios are sufficient to locate the observed
state in the thermodynamic state space. In this paper we discuss the possibility
of such a reconstruction, show an explicit example for it, and by this way try to
determine some properties of the state produced in the E802 experiment.



3. THE THERMODYNAMIC STATE SPACE

Consider a thermodynamical system with the independent extensives: volume
V, energy E and particle number N¢. Then the local state is characterized by the
densities e and n'. The appropriate potential is [5] the entropy S, but now the density
s=S/V is sufficient,

s = s(e,n’) . (21)
and the entropic intensives come as
1 0Js
p; _ Os
-7 = ﬁ (2.2)
LIV

Therefore any thermodynamic quantity can be calculated if the form of the potential
~ 8(e,n’) and the specific values of parameters ¢,n‘ are known. The form of the po-
tential belongs to the specific model and will not be discussed here. Our question is,
how to deduce the complete set of extensive densities (or any complete set of local
thermodynamic variables) from obsemblel provided the potential function is of a
known form.

By complete Legendre transformation one can substitute g/l extensive densities
by intensives. Then p/T is the potential:

SHE

In our equilibrium situation then the independent quantities are 1/T,—pu, /T and
~4,/T. By partial Legendre transformation we have a set of variables containing
some extensive densities and the intensives conjugate to the other ones.

Now, consider a mixture of particle components ¢ = 1...v, in complete chemical
equilibrium. Then there is a number of algebraic relations amongst the chemical
potentials, consequently the number of independently measurable ratios R} i.e. v -1
may be not less than the number of independent local thermodynamic data ((number
of independent u's) + 1).

As a physical example (which is just the topic of this paper), consider a mixture
of v > 3 hadronic components (nucleons, mesons, hyperons etc.) in complete chemical
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equilibrium. In such a state the number of independent particle degrees of freedom is
2, according to the only conserved charges N? (total baryon charge) and N° (total
strangeness). Moreover, if this state has been produced in 2 heavy ion collision, then,
from the initial state,

NS =0

Therefore then the complete set of independent extensive densities is

{"nn}

i.e. 2 data. So we can determine the local state from 2 measured particle ratios;
further ones can check the assumptions.

In most cases the number of independent measurable particle ratios is > 2.
Thus one could express first two preselected ratios R,, R, as functions of the extensive
densities remaining independent after imposing chemical equilibrium, i.e. of ¢,n® ,n%.
Then n° =0, so )

R, = R,(e.n?); a=1,2

By inverting these equations one arrives at

€= ¢(R,) (2.3a)
n? =n®(R,) _ (2.3b)

and then every local quantiiy can be written as a function of R,.

Nevertheless, this transformation of the thermodynamic parameters is not a
Legendre transform. Consequently, by performing it we leave the framework of the
canonical structure of thermodynamics. (The new variables are neither extensive
densities, nor intensives.) So one has to see if no loss of information happens.

Here one may make use of the fact that there is a Riemannian geometry in the
thermodynamic state space [6](7](8]. In 2 Riemannian space one may use any set of
independent coordinates and may perform arbitrary regular coordinate transforma-
tions. So, we only have to investigate the completeness of thermodynamic information
in connection with this Riemannian structure.

Using extensive densities as coordinates z*, the metric tensor of the state apace,
measuring the fluctuations, can be obtained as

s
— 2.4
Gun dr'dz* (2.4)

Integrating back twice, from this g,, any information, measurable purely by thermo-
dynamic means, can be obtained, including the entropy function, up to zero point
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constants of intensives [9]{10] (which cannot be measured in thermodynamics, but
need Third Law type prescriptions to be fixed). Thus g;, carries all the relevant
thermodynamic information.

Introducing an arbitrary new set of coordinates
7 =1 (2*) (2.5)
the metric tensor transforms as [7), [11]

gib' = G aa_z::'%z;: (2.6)
Now, from the new g/, and from the functions z*' (z*) the metric tensor g,, in the
canonical coordinates z* can be reconstructed, and thence the entropy function.
Therefore any nondegenerate coordinate transformation (2.5) keeps the complete
thermodynamic information. (Of course, generally in the new coordinates not the
entropy function contains the full information.)

Hence one could jump to the conclusion that then R, span the thermodynamic
state space as well as the independent densities ¢,n? do, and therefore by measuring
two particle ratios one could locate the state uniquely in the state space. However,
this is true only locally, not globally.

Consider egs. (2.3a),(2.3b) as coordinate transformations of type (2.5). Such
transformations are regular if the Jacobian does not vanish, which is assumed here
and can be checked for a given model system. However, this regularity does not yet
guarantee that the transformation be invertible; i.e. it is possible that two different
sets of the extensive densities will coincide after the transformation. The condition
that this do not happen is roughly that the new variables must be monotonous
functions of the old ones. This is generally not true, specially for particle ratsos.
In this case a value pair R,, R; will belong to more than one thermodynamic state,
however separated by a nonzero distance in the state space. Then, measuring a
third ratio R, too (necessary anyways for checking the equilibrium assumption), the
actual value of the third ratio will select the appropriate ”"Riemannian sheet” where
~ the actual state is located.



3. ENTROPY IN HEAVY ION COLLISIONS

The entropy production in a collision is maximal if the stopping is complete. The
corresponding S/N specific entropy value can be estimated in a one-fluid dynami-
cal model or by shock-wave approximation; the specific value is of course model-
dependent, but at 14.5 GeV/nucleon beam energy one can get cca. 9.5 unit for
hadronic matter and cca. 11 unit for quark plasma. One fluid calculations show
that the dominant part of entropy is produced unts! maximal compression [12],(13]
(some 90 % of the final value). The reason is simple to understand in phenomeno-
logic language: the velocity field is much smoother in the expansion stage, therefore
viscous effects are weaker. This is partly true even with transparency, therefore we
may assume still that the observed S/N is more or less characteristic for maximal
compression.

The final state just before breakup is a dilute gas. Therefore then S/N can be
measured either from thermal momentum distribution or from particle ratios [14].
Since expansion flow mimics some temperature (1}, detailed analysis is needed to
separate its effects. Here we concentrate on obtaining information from particle
ratios

Ni

R, = N ‘ (3.1)

as promised in the Introduction.
4. THE MODEL

After rehadronization the matter is a relativistic, interacting multicomponent
hadronic mixture. It is difficult to describe this continuum, partly technically, partly
because of lack of information, However, an earlicr paper showed [14] that as far
as specific entropy is concerned, a noninteracting relativistic Boltzmann mixture is
tolerable, with cca. 10% error. Here we choose this approximation. Inclusion of
mean field type interactions would not alter the structure (14}, [15].

Our system is a Boltzmann mixture of particle species

—

# N, N,A,A,AA L 5%, K, K,d

in cdmplete thermal and chemical equilibrium. Therefore there would be 2 indepen-
dent chemical potentials in the system, u, and x4, [16], and the chemical potentials
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of specific particle species are expressed as e.g.

Bn = 3”9
By =2p, +p,
etc. (4.1)

The local state of such a matter can be described by 3 thermodynamic quantities
(e-g. by the entropic intensives X, —ft, =£+ ). However, the initial state had 0
strangeness, therefore the final state will have too. So from practical viewpoint the
number of independent variables is 2. Now we perform the transformation to the

independent ratios.

Let us start with the independent coordinates
=2 (1/T,~p,/T,—n,/T) (4.2)

Any specific density can be written as function of z*; then perform the transformation
to z*

’

7 =1 (n’ =n® —n® +n* —n* + % —n%, RY], R:(‘;) (4.3)
Our system is always at 2!’ = n¥ = 0, and the further two coordinates of the state
are just two particle ratios. The transformation z°" = 7' (z*) is regular if the matrix

dz* |dz*

is regular. For our Boltzmann gas mixture and for the coordinate systems (4.2),(4.3)
the regularity can be checked and holds.

Then we have introduced the observable ratios as coordinates in the thermody-
namic state space; now our task is to express all other characteristics by them.

5. RESULTS

The main results of our calculations are displayed on the Figurs. Fig. 1. displays
the functional dependence among two mesonic ratios R s R,’,‘: and temperature T.
Henceferth we will always use these two mesonic ratios as independent variables for
. avoiding spectator particles in the ratios. Fig. 2. is the same but only for physically
relevant temperatures up to 300 MeV. One can see that in a wide range to the same
pair of particle ratios (RX,,RX,") two temperatures belong. This indicates that

the thermodynamic state space in these variables covers at least two Riemannian
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sheets. Observe that the ratio Rf: has a maximum value slightly dependent on
RE +,cf. Fig. 3. According to our experience only 2 Riemannian sheets seem to
exist, the manifold is displayed on Fig. 4.: the "low temperature” sheet is between
the horizontal axis and the solid curve, the "high temperature” one is between the
solid and dashed ones. The boundary between the two sheets is the state where R:‘:
is maximal. The temperature of these points vs. R,‘:; is shown on Fig. 5.; observe
that at low R"r‘ . ’s the second sheet starts at quite reasonable temperatures, so it
cannot be a priori ignored. (However, the Tables of App. A show that these states
are rather exotic for other parameters.) Fig. 6. shows the specific entropy S/N(B)
as function of the independent mesonic ratios for the low temperature sheet. (On
the other sheet the range of specific entropy is roughly the same.) Finally, Fig. 7. is
the same for the particle ratio RY *. This Figure clearly indicates that using Ry *
instead of R:‘: one would get at least two Riemannian sheets in place of the present
low temper>ture one.

Of course, the Figures are only for bird’s eye visual orientation; the numerical
data, including a further particle ratio R}, energy density ¢, baryon density n and
the two independent chemical potentials, u,,u,, can be found in Appendices A and
B. It seems as if the stable d fragment would yield another experimental information;
however this ratio needs some extra discussion, given in App. C.

Now, let us apply our method to the E802 experiment. There we have a value
R¥, =0.2410.05

[17]. The second ratio can be evaluated from graphs showing the transverse momen-
tum dependence of the ratios K* /x* and K~ /7~ (18], assuming that positive and
negative pions are equally abundant. Hence

RX, =0.25+0.05

[19]. Finally, for the kaon/proton ratio one has a raw experimental date ~ 0.1 [17].
However, by a simple geometric model one expects as many spectator protons as
participants [19], whence for local state one can estimate

K#
Rf* ~02

Now, the case RX, =0.25 can be found in details in App. B. (Cf. also Fig. 1.)
Looking for the average second mesonic ratio, R¥," = 0.24, one finds two possible
states on the two sheets (n, = 0.145 fm™°):

T = 118MeV, S/N® =14, n~0.4n,, R¥’ =0.21
T = 540MeV, S/N® =1.5, n~ 426n,, RE" =014

7



The first state is a quite reasonable breakup state, and the K* /p ratio is consistent
with the other ratios. {Of course, it would be premature to conclude hence that
complete thermodynamic equilibrium holds, but there is no evidence against it.)
The second state is highly imprebable for temperature, and, in the same time, the
K* [p ratio is wrong. Therefore it seems probable that the particles were produced
in the first state.

6. CONCLUSIONS

Here we have demonstrated that a detailed thermodynamic analysis of detected
particle ratios can lead to the reconstruction of the local state from which the particles
emerge. In our case, choosing proper variables, the result is almost unique. To apply
this method we need two independent detected particle ratios for the reconstruction,
and further ratios to check the equilibrium assumptions. Moreover, there is always the
possibility that using ratios as thermodynamic variables the state space occupies more
than one Riemannian sheets, and then the extra ratios can select the actual sheet. By
this method one gets Tables, from which the familiar thermodynamic characteristics
(entropy, temperature, &c.) can be found directly. Our specific Tables have been
manufactured for a relativistic noninieracting Boltzmann mixture; a previous paper
showed that this assumption causes moderate error (< 10%) in the specific entropy.
Futher investigations would be needed to estimate the errors in other parameters.

Applying the method on the available resuits to the E802 experiment, one obtains
that the measured ratios are consistent with a breakup stage T~(115-120) MeV,
n ~ 0.4n,,S/N® ~ 14. Assuming isentropic expansion (quite satisfactory at lower
beam energies), this specific entropy would be characteristic for the stage of maximal
compression as well.

Up to now it is still open whether such an entropy can be producerd in pure
hadronic matter or the assurption of quark plasma is necessary.



APPENDIX A: Results of the Calculations — Tables

Let us consider a relativistic Boltzmann mixture of species a = 1...iy, with degen-
eration numbers d,, particle rest masses m_, chemical potentials u, in complete chem-
ical equilibrium in the sen:ze (4.1) and with a comnon temperature T, with vanishing
strangeness. Then the sufficient number of local independent thermodynamical data is
only 3, and we have chosen them as RY, (upper left corner of Tables) and Rf,' (first
row). The further important quantities then can be calculated and tabulated below.

- p—
R =31-x
K+ %"‘l
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Il
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RE,
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0.073
0.119
0.165
0.205
0.238
0.262
0.280
. 0.293
0.3G2
0.308
0.312
0.314
0.315
0.315
0.314
0.312
0.310
0.307

0.028
0.039
0.050
0.060
0.069
0.076
0.082
0.088
0.092
0.095
0.098
0.101
0.102
0.104
0.105
0.106
0.106
0.107

0.10
RE'

0.042
0.059
0.075
0.090
0.103
0.114
0.125
0.131
0.137
0.142
0.146
0.149
0.151
0.153
0.154
0.155
0.155
0.154

R}
0.105
0.162
0.222
0.280
0.335
0.385
0.430
0.470
0.506
0.537
0.566
0.592
0.616
0.638
0.659
0.679
0.698
0.717

0.050
0.077
0.105
0.133
0.159
0.183
0.204
0.223
0.240
0.255
0.269
0.282
0.294
0.306
0.318
0.329
1.340
0.351

S/JVB

8.5
7.7
7.1
6.6
6.3
5.9
5.7
5.4
5.2
5.0
4.9
4.7
4.6
4.4
4.3
4.2
4.1
4.0

S5/Ny

11.7
104
9.6
9.0
8.6
8.2
7.9
7.6
7.3
7.1
6.9
6.7
6.6
6.4
6.3
6.2
6.0
5.9

e [%'iy;
0.025
0.058
0.120
0.225
0.390
0.637
0.986
1.464
2.097
2.914
3.946
5.227
6.793
8.6:52
10.938
13.606
16.738
20.386

e [£2%
0.013
0.029
0.058
n1ng
)
0.291
0.446
0.658
0.936
1.296
1.749
2.314
3.006
3.846
4.855
6.058
7.482
9.156
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0.021
0.048
0.097
0.177
0.301
0.483
0.735
1.074
1.516
2.076
2.773
3.624
4.648
5.866
7.298
8.969
10.901
13.122

n (5l

0.009
0.021
0.042
0.075
0.125
0.197
0.297
0.429
0.600
0.816
1.084
1.411
1.804
2.273
2.827
3.475
4,230
5.104

T

70.0

80.0

90.0

100.0
110.0
120.0
130.0
140.0
150.0
160.0
170.0
180.0
190.0
200.0
210.0
220.0
230.0
240.0

70.0

80.0

90.0

100.0
110.0
120.0
130.0
140.0
150.0
160.0
170.0
180.0
190.0
200.0
210.0
220.0
230.0
240.0

Ky

229.1
230.5
231.9
233.3
234.9
236.4
238.1
239.8
241.6
243.5
245.5
247.6
249.8
252.1
254.5
257.1
259.8
262.6

Hy

211.6
210.5
209.5
208.4
207.5
206.5
205.7
205.0
204.3
203.8
203.4
203.1
203.0
203.1
203.4
203.8
204.5
205.4

)

124.2
110.6
97.1
83.6
70.1

- 56.7

43.4
30.1
16.9
3.8
-9.2
-22.0
-34.8
-47.5
-60.0
-72.4
-84.7
-96.9

T8

131.0
1184
105.8
93.3
30 R
68.4
56.0
43.8
31.6
19.6
1.7
-4.1
-15.7
-27.2
-38.4
-49.4
-60.3
-70.9



K~
R,., =
x*
R,

0.062
0.104
0.150
0.193
0.232
0.263
0.289
0.309
0.324
0.336
0.344
0.350
0.354
0.356
0.356
0.355
0.353
0.350

K+
Rx
0.055
0.093
0.137
0.181
0.222
0.258
0.288
0.313
0.334
0.350
0.362
0.371
0.377
0.381
0.383
0.383
0.381
0.377

0.15
R¥’

0.054
0.076
0.097
0.116
0.133
0.147
0.159
0.169
0.177
0.183
0.188
0.192
0.194
0.196
0.196
0.196
0.195
0.193

0.20
RE®

0.066
0.093
0.119
0.143
0.163
0.181
0.195
0.207
0.217
0.224
0.230
0.233
0.235
0.236
0.235
0.234
0.231
0.228

0.031
0.048
0.066
0.084
0.100
0.115
0.128
0.140
0.151
0.161
0.170
0.179
0.187
0.196
0.204
0.212
0.220
0.229

Rli

0.022
0.034
0.047
0.059
0.071
0.081
0.091
0.099
0.107
0.114
0.121
0.128
0.134
0.141
0.147
0.154
0.161
0.168

S/Ng

14.7
129
11.8
11.1
10.5
10.0
9.6
9.3
9.0
8.7
8.5
8.3
8.1
8.0
7.8
1.7
7.5
74

S/Np

17.8
15.5
14.1
131
12.4
11.8
11.3
10.9
10.5
10.2
10.0
9.8
9.5
94
9.2
9.0
8.9
8.8

GeV
Im?

e

0.009
0.019
0.039
0.070
0.119
0.191
0.291
0.428
0.608
0.840
1.134
1.502
1.955
2.509
3.179
3.985
4.947
6.088

CeV
Im?

0.007
0.015
0.029
0.053
0.090
0.143
0.218
0.319
0.453
0.626
0.847
1.123
1.466
1.889
2.405
3.030
3.783
4.682
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0.006
0.013
0.025
0.045
0.075
0.118
0.177
0.255
0.355
0.482
0.639
0.831
1.063
1.340
1.669
2.058
2.512
3.041

T

70.0

80.0

90.0

100.0
110.0
120.0
130.0
140.0
150.0
160.0
170.0
180.0
190.0
200.0
210.0
220.0
230.0
240.0

70.0
80.0
90.0
100.0
110.0
120.0

130.0 -

140.0
150.0
160.0
170.0
180.0
190.0
200.0
210.0
220.0

. 230.0

240.0

B,

200.9
198.2
195.6
193.0
190.5

. 188.1

185.7
183.4
181.3
179.3
177.5
175.8
174.4
173.2
172.3
171.7
1714
171.3

Hq

192.7
188.9
185.1
181.4
1777
174.1
170.6
167.2
164.0
160.9
158.1
155.5
153.2
151.2
149.5
148.2
147.3
146.6

K,

134.4
122.3
110.2
98.2
86.2
74.2
62.4
50.6
39.0
27.5
16.2
5.1
-5.8
-16.5
-26.9
-37.0
-46.8
-56.4

i,

136.4
124.5
112.7
100.9
89.2
77.6
66.0
’4.6
43.3
32.2
21.3
10.6
0.3
-0.8
-19.5
-28.8
-37.8
-46.5



RX, =025

RK]  RK

0.049  0.079
0.085 0.111
0.127 0.142
0.170  0.170
0.212  0.195
0.250 0.216
0.284 1233
0.312  0.247
0.336  0.258
0.356  0.266
0371 0.272
0.383  0.275
0.392 0.276
0.397 0.276
0.400  0.273
0.400  0.270
0.399  0.265
0.396  0.260

R, =0.30

R¥]  RK’
0.045 0.093
0.079  0.131
0.119  0.167
0.161  0.200
0.203  0.229
0242  0.253
0.278  0.273
0.309  0.289
0.335  0.301
0.358  0.310
0.376  0.316
0.390 0.318
0.400 0.318
0.407  0.316
0.411 0.311
0.412  0.305
0.411  0.298
0.408  0.290

0.017
0.026
0.035
0.044
0.053
0.061
0.068
0.075
0.081
0.086
0.091
0.097
0.102
0.108
0.113
0.119
0.125
0.132

e

0.013
0.020
0.027
0.034
0.041
0.047
0.053
0.058
0.063
0.067
0.072
0.076
0.081
0.086
0.091
0.096
0.102
0.108

S/Ng

213
18.3
16.5
15.2
14.3
13.6
13.0
12.5
12.1
11.8
11.5
11.2
11.0
10.8
10.6
10.5
10.3
10.2

S/Np

25.1
214
19.1
17.5
16.4
15.5
14.8
14.2
13.8
13.4
13.0
12.7
12.5
12.3
12.1

. 11.9

11.8
11.7

0.012
0.624
0.043
0.072
0.115
0.174
0.256
0.363
0.502
0.680
0.904
1.185
1.533
1.962
2.485
3.121
3.885

;eV 1

jm'l

el

0.005
0.010
0.020
0.036
0.061
0.096
0.146
0.214
0.303
0.420
0.571
0.762
1.002
1.303
1.677
2.137
2.698
3.377

n [ Fmv
0.002
0.005
0.010
0.018
0.030
0.047
0.069
0.100
0.139
0.188
0.250
0.327
0.420
0.534
0.670
0.834
1.028
1.257

70.0

80.0

90.0

100.0
110.0
120.0
130.0
140.0
150.0
160.0
170.0
180.0
190.0
200.0
210.0
220.0
230.0

- 240.0

70.0

80.0

90.0

100.0
110.0
120.0
130.0
140.0
150.0
160.0
170.0
180.0
190.0
200.0
210.0
220.0
230.0
240.0

Hq

186.0
181.2
176.5
171.8
167.2
162.6
158.2
153.9
149.8
145.8
142.2
138.9
136.0
133.4
131.3
129.5
128.2
127.2

1y

180.1
174.5
169.0
163.4
158.0
152.6
147.3
142.3
137.4
132.8
128.5
124.7
121.2
118.3
115.3
113.8
112.3
111.1

137.5
125.8
114.1
102.5
90.9
79.5
68.1
56.8
45.8
349
244
14.1
4.3
-5.2
-14.3
-23.0
-31.2
-39.1

T8

138.0
126.4
114.8
103.2
91.8
80.4
69.1
58.0
47.1
36.5
26.2
16.3
6.9
-2.1
-10.6
-18.6
-26.2
-33.3



RE, =

x L d
RX}
0.042
0.074
1 0.112
0.153
0.195
0.234
0.271
0.304
0.332
0.357
0.377
0.393
0.405
0.413
0.417
0.419
0.418
0.416

0.040
0.070
0.106
0.146
0.187
0.227
0.264
0.298
0.328
0.354
0.376
0.393
0.406
0.416
0.421
0.423
0.423
0.420

0.35
Rx*

0.108
0.152
0.194
0.232
0.266
0.294
0.317
0.335
0.349
0.358
0.363
0.364
0.362
0.356
0.349
0.340
0.329
0.319

= 0.40

Rx’

0.125
0.176
0.225
0.269
0.308
0.340
0.367
0.387
0.402
0.411
0.414
0.413
0.407
0.398
0.387
0.374
0.360
0.346

Rul

0.010
0.016
0.022
0.027
0.033
0.038
0.042
0.046
0.050
0.054
0.058
0.062
0.066
0.070
0.075
0.080
0.085
0.091

]

0.008
0.013
0.017
0.022
0.026
0.031
0.034
0.038
0.041
0.044
0.047
0.051
0.055
0.059
0.063
0.068
0.073
0.078

S/Np

294
248
22.0
20.1
18.7
17.6
16.8
16.1
15.5
15.1
14.7
14.4
14.1
13.9
13.7
15.6
13.4
13.3

S/Ns

34.4
28.7
25.3
229
21.3
20.0
19.0
18.2
17.6
17.0
16.6
16.3
16.0
15.8
15.6
15.4
15.3
15.1

CeV

e[,m,

0.004
6.009
0.018
0.031
0.052
0.083
0.126
0.184
0.261
0.363
0.494
0.662
0.875
1.144
1.480
1.897
2.408
3.029

GeV

c[lm,

0.004
0.008
0.016
0.028
0.046
0.073
0.111
0.162
0.230
0.320
0.437
0.588
0.782
1.028
1.338
1.724
2.200
2.781

13

w7

0.002
0.004
0.008
0.014
0.024
0.037
0.055
0.079
0.110
0.149
0.199
0.260
0.336
0.427
0.539
0.672
0.831
1.019

n [res]

0.002
0.003
0.007
0.012
0.019
0.030
0.044
0.064
0.089
0.121
0.161
0.211
0.273
0.349
0.441
0.552
0.684
0.841

T

70.0

80.0

30.0

100.0
110.0
120.0
130.0
140.0
150.0
160.0
170.0
180.0
190.0
200.0
210.0
220.0
230.0
240.0

70.0
80.0
90.0
100.0
110.0
120.¢
130.0
140.0

150.0

160.0
170.0
180.0
190.0
200.0
2100
220.0
230.0
240.0

Ky

174.8
168.5
162.1
155.8
149.6
143.5
137.5
131.7
126.2
121.0
116.3
112.0
108.2
105.1
102.4
100.3
98.6

97.4

169.8
162.8
155.7
148.7
141.8
135.0
128.3
121.9
115.8
110.2
105.0
100.4
96.5
93.2
90.4
88.3
86.6
85.3

s

138.1
126.5
114.9
103.3
91.9
80.5
69.3
58.2
47.5
37.0
27.0
17.5
8.5
0.1
-7.8
-15.2
-22.1
-28.6

H,

137.8
126.1
114.5
102.9
91.4
80.0
65.8
57.8
47.1
36.9
27.1
18.0
9.4
1.5
-5.8
-12.5
-18.8
-24.6



RY, =050

RYS  RX?
0036 0.168
0063 0.236
0.097  0.302
0.135  0.361
0174 0413
0213  0.455
0251  0.489
0.286 0.514
0318  0.529
0.346  0.535
0370  0.532
0390  0.522
0404  0.506
0415  0.487
0422  0.465
0425 0.443
0426  0.421
0.424  0.400
Ry, =0.60
RX  REK®
-0.033  0.230
0.058  0.323
0.090 0.413
0.125 0.494
0.163  0.564
0.202  0.621
0.239  0.663
0.275  0.690
0308  0.700
0337  0.695
0.362  0.677
0.382  0.650
0.398  0.617
0410  0.582
0.417  0.547
0422  0.512
0.423  0.480
0.422  0.451

R

0.006
C¢.009
0.012
0.015
0.018
0.020
0.023
0.025
0.028
0.030
0.033
0.036
0.039
0.043
0.047
0.051
0.056
0.061

'ﬁa

0.004
0.006
0.008
0.010
0.012
0.014
0.015
0.017
0.019
0.021
0.024
0.026
0.030
0.033
0.037
0.041
0.045
0.049

S/Ny

47.1
38.7
33.6
30.2
27.7
25.9
24.5
234
22.5
219
214
21.0
20.7
20.4
20.2
20.1
199
1.8

S/Np

65.9
53.4
45.8
40.7
371
34.5
32.4
30.9
29.7
28.9
28.2
27.8
275
27.2
27.1
26.9
26.7
26.5

e 182

0.003
0.007
0.013
0.023
0.038
0.059
0.089
0.131
0.187
0.261
0.360
0.489
0.658
0.875
1.151
1.497
1.928
2.458

(g

0.003
0.006
0.011
0.019
0.032
0.050
0.075
0.110
0.158
0.223
0.311
0.428
0.582
0.783
1.039
1.364
1.770
2.269

14

|l

0.001
0.002
0.004
0.008
0.013
0.020
0.030
0.042
0.059
0.081
0.109
0.143
0.186
0.229
0.304
0.383
0.477
0.589

n [7;:‘—.
0.001
0.002
0.003
0.005
n.008
0.013
0.020
0.028
0.040
0.055
0.074
0.098
0.128
0.165
0.211
0.267
0.335
0.415

T

70.0

£0.0

90.0

100.0
110.0
120.0
130.0
140.0
150.0
160.0
170.0
180.0
190.0
200.0
210.0
220.0
230.0
240.0

70.0

80.0

90.0

100.0
110.0
120.0
130.0
140.0
150.0
160.0
170.0
180.0
190.0
200.0
2100
220.0
230.0
240.0

He

160.4
152.0
143.6
135.2
127.0

118.9 .

111.0
103.5
96.5
90.1
84.5
79.7
75.6
72.4
69.7
67.7
66.1
64.9

Hq

150.9
141.2
1314
121.7
112.2
102.8
93.9
85.5
77.9
71.3
65.6
61.0
57.3
54.4
52.1
50.3
49.0
48.0

H.

136.1
124.2
1124
100.6
86.8
773
65.9
55.0
445
34.7
25.6
173
9.8
3.0
-3.1
-8.6
-13.6
-18.2

B

133.0
120.7
108.4
96.2
84.1
72.2
60.7
49.7
39.6
30.4
22.2
15.0
8.8
3.3
-1.5
-5.9
-9.7
-13.3



K~
Ry, =
K*
R7,

0.030
0.054
0.084
0.118
0.154
0.191
0.228
0.264
0.297
0.326
0.352
0.373
0.389
0.402
0.410
0.415
0.417
0.417

.-
RK

RX!

w+

i

0.028
0.051
0.079
0.111
0.146
0.182
0.219
0.254
0.286
0.315
0.341
0.362
0.379
0.392
0.462
0.407
0.410
0.410

0.70
Rx’

0.331
0.465
0.594
0.711
0.809
0.885
0.934
0.953
0.943
0.909
0.859
0.801
0.741
0.684
0.630
0.582
0.538
0.500

0.80
RE¥’

0.528
0.743
0.952
1.135
1.282
1.378
1.411
1.380
1.301
1.196
1.084
0.976
0.878
0.791
0.716
0.651
0.595
0.547

0.002
0.004
0.005
0.006
0.008
0.009
0.010
0.012
0.013
0.015
0.017
0.020
0.023
0.026
0.029
0.033
0.037
0.041

R

0.001
0.002
0.003
0.004
0.004
0.005
0.006
0.007
0.009
0.011
0.013
0.015
0.018
0.021
0.024
0.028
0.031
0.035

S/Np

96.8
776
65.8
58.0
52.4
48.3
45.3
43.1
41.5
40.4
39.6
39.1
38.7
38.5
38.3
38.0
37.8
37.6

S/Ngp

157.3
125.0
105.3
91.8
82.5
75.7
70.8
67.3
64.9
63.3
62.3
61.6
61.1
60.7
60.3
59.9
59.5
59.0

GeV
Im?

e

0.003
0.005
0.010
0.017
0.028
0.043
0.065
G.096
0.139
0.199
0.280
0.390
0.536
0.727
0.973
1.285
1.675
2.157

Geb

e[,m,

0.002
0.005
0.009
0.015
0.024
0.038
0.058
0.086
0.126
0.183
0.261
0.367
0.508
0.694
0.934
1.239
1.620
2.092

| 5]

0.000
0.001
0.002
0.003
0.005
0.009
0.013
0.018
0.026
0.0:»
0.049
0.065
0.086
0.111
0.143
0.181
0.227
0.283

n (7]

0.000
0.001
0.001
0.002
0.003
0.005
0.008
0.011
0.016
0.022
0.029
0.039
0.052
0.068
0.088
0.112
0.141
0.176

T

70.0

80.0

90.0

100.0
110.0
120.0
130.0
140.0
150.0
160.0
170.0
180.0
190.0

+200.0

2100
220.0
230.0
240.0

70.0

80.0

90.0

100.0
110.0
120.0
130.0
140.0
150.0
160.0
170.0
180.0
190.0
200.0
2100
220.0
230.0
240.0

by

140.6

129.4
118.1
107.0
96.1
85.6
75.7
66.8
59.2
52.9
47.8
43.9
40.8
38.5
36.7
35.4
34.4
33.6

128.2
115.1
102.0
89.2
76.8
65.2
54.9
464
39.7
34.6
30.8
28.0
25.9
243
23.1
22.2
216
21.1

K,

128.1
115.1
102.1
89.2
76.5
64.2
52.5
41.8
324
24.3
17.5
11.8
6.9
2.8
-0.7
-39
-6.7
-9.2

K,

1204
106.2
92.0
78.0
64.5
51.8
40.4
30.8
23.0
16.8
11.9
7.9
4.7
2.0
-03
-2.3
-4.1
-5.7



Ry, =090

+*
Rf'

0.027
0.048
0.075
0.106
0.139
0.175
0.210
0.244
0.276
0.305
0.330
0.351
0.369
0.382
0.392
0.399
0.402
0.403

RX,

K+

K*
R,

0.033
0.046
0.071
0.101
0.133
0.167
0.201
0.234
0.265
0.294
0.319
0.340
0.358
0.372
0.382
0.389
0.394
0.395

R'KO

1127
1.568
2.010
2.361
2.563
2.561
 2.382
2.114
1.831
1.575
1.356
1175
1.026
0.904
0.803
0.720
0.651
0.592

1.00
Rx’

62.876
45.385
25.523
14.745
9.305
6.285
4.481
3.337
2.576
2.048
1.671
1.392
1.182
1.019
0.891
0.788
0.705
0.637

s

0.001
0.001
0.001
0.002
0.002
0.003
0.004
0.005
0.006
0.008
0.010
0.012
0.014
0.017
0.020
0.024
0.027
0.030

0.000
0.000
0.000
0.000
0.001
0.001
0.002
0.003
0.004
0.006
0.007
0.010
0.012
0.015
0.017
0.020
0.024
0.027

341.6
265.6
222.5
192.5
171.7
157.1
147.0
140.0
135.4
132.3
130.1
128.5
127.1
125.8
124.4
122.8
121.0
119.1

S/Ng

9999.9
9999.9
9999.9
9999.9
9999.9
9999.9
9999.9
9999.9
9999.9
9999.9
99990.9
6795.5
4748.5
3462.0
2626.4
2051.8
1646.2
1350.8

0.119
0.174
0.251
0.355
0.494
0.678
0.914
1.215
1.593
2.059

1

0.001
0.001
0.002
0.003
0.005
0.007
0.010
0.014
0.018
0.025
0.032
0.042
0.054
0.068
0.086

A~

0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.001
0.001
0.002
0.003
0.005
0.008

70.0

80.0

90.0

100.0
1100
120.0
130.0
140.0
150.0
160.0
170.0
180.0
190.0
200.0
210.0
220.0
230.0
240.0

70.0

80.0

90.0

100.0
110.0
120.0
130.0
140.0
150.0
160.0
170.0
180.0
190.0
200.0
210.0
220.0
230.0
240.0

B,

109.1
93.6
718
62.8
49.2
38.0-
29.7
238
19.7
16.8
14.8
13.4
12.3
11.5
10.9
10.5
10.2
10.0

B

0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
00

By

105.4
89.4
731
57.5
43.4
31.7
228
16.4
11.8
8.4
5.9
39
23
1.0
-0.1
-1.1
-1.9
-2.7

H,

0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
00
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0



APPENDIX B: Table for RS, =0.25

Rf, =025
RK'  RK®
0.023 0.049
0.085 0.111
0.170 0.170
0.250 0.216
0.312  0.247
0.356  0.266
0.383  0.275
0.397 0.276
0.400 0.270
0.396  0.260
0.386  0.247
0.373  0.234
0.359  0.222
0.344  0.210
0.330 0.200
0.317  0.190
0.305 0.181
0.294 0.174
0.284  0.167
0.274  0.161
0.266  0.155
0.258  0.150
0.251 0.146
0.245 0.142
0.239  0.138
0.234 0.135
0.229  0.132
0.224  C.130
0.220 0.127
0.216  0.125
0.213 0.123
0210  0.121
0.207  0.119
0.204 0.118
0.202 0.116
0.199  0.115
0.197  0.113

R

0.009
0.026
0.044
0.061
0.075
0.086
0.097
0.108
0.119
0.132
0.146
0.160
0.175
0.1%0
0.206
0.221
0.236
0.251
0.265
0.279
0.293
0.306
0.319
0.331
0.343
0.354
0.365
0.376
0.386
0.396
0.405
0.414
0.423
0.431
0.439
0.446
0.454

S/Np

26.7
18.3
15.2
13.6
125
118
11.2
10.3
10.5
10.2
9.9
9.7
9.5
9.2
9.0
8.8
8.6
8.5
8.3
8.1
8.0
7.8
7.7
7.5
7.4
7.3}
7.2 "\
71"
7.0
6.9
6.8
6.7
6.7
6.6
6.5
6.4
6.4

GeV
Im?

e

0.002
0.012
0.043
0.115
0.256
0.502
0.904
1.533
2.485
3.885
5.880
8.642
12.366
17.265
23.571
31.535
41.425
53.527
68.140
85.584
106.190
130.307
158.298
190.544
227.436
269.384
316.811
370.155
429.870
496.423
570.297
651.988
742.011
840.889
949.166
999.999
999.999

17

n ;2]
0.001
0.007
0.023
0.060
0.129
0.244
0.422
0.686
1.065
1.595
2.317
3.276
4.522
6.105
8.080
10.501
13.427
16.913
21.018
25.801
31.318
37.629
44.791
52.861
61.806
71.954
83.090
95.359
108.817
123.518
139.515
156.864
175.616
195.825
217.541
240.818
265.707

T

€0.0
£0.0

100.0
120.0
140.0
160.0
180.0
200.0
220.0
240.0
260.0
280.0
300.0
320.0
340.0
360.0
380.0
400.0
420.0
440.0
460.0
180.0
500.0
520.0
540.0

560.0 .

580.0
600.0
620.0
640.0
660.0
680.0
700.0
720.0
740.0
760.0
780.0

Hq

190.7
181.2
171.8
162.6
153.9
145.8
138.9
133.4
129.5
127.2
126.3
126.6
127.9
129.8
132.4
135.4
138.8
142.5
146.5
150.6
154.9
159.4
163.9
168.6
173.4
178.2
183.1
188.0
193.0
198.1
203.2
208.3
213.4
218.6
223.8
229.0
234.3

H,

149.1
125.8
102.5
79.5
56.8
34.9
14.1
-5.2
-23.0
-39.1
-53.9
-67.5
-80.1
-92.0
-103.3
-114.1
-124.6
-134.7
-144.6
-154.4
-163.9
-173.3
-182.6
-191.8
-200.9
-210.0
-218.9
-227.9
-236.7
-245.5
-254.3
-263.1
-271.8
-280.5
-289.1
-297.8
-306.4



Appendix C
THE DEUTERON/PROTON RATIO

The d/p ratio seems convenient to measure specific entropy {12}, since both par-
ticles are stable. However, deuterons are not too appropriate for such measurement
because of their large "volume” (meaning 0)’2, ,). Dimensional analysis consid-
erations suggest that V, may appear in the equation of state even if the deuteron
component is actually dilute and that the error of ideal gas formulae for S/N from
R} is ~ 3 [20]. Correlation volume calculations [21] demonstrate that the deuteron
*volume” should indeed appear in the equation of state, and a comparison of measure-
ments and ide»r. gas calculations in fact shows the d suppression below 2 GeV /nucl

beam energy [22].

However, this suppression seems to vanish at 2.1 GeV/nucl bombarding energy.
The reason behind this would deserve some study ( may be it is the decrease of
break-up cross section with increasing relative velocities i.e. temperature); however
tor our present goal we may be simply encouraged by the observed agreement to list
R,, obtained from a Boltzmann approximation.
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. Figure Captions

Fig.1. : Functional dependence among the thermodynamic variables RX, , RX,” (meso-
nic ratios) and temperature T. Lines denote constant mesonic ratios. Observe
that in a wide range of them there exist two temperatures belonging to the
same ratios, indicating the existence of (at lesst) two Riemannian sheets on the
manifold. A related phenomenon is that R:‘: possesses a maximum inside the
manifold.

Fig.2. : As Fig. 2, but only the physically relevant part up to T==300 MeV.

Fig.3. : Temperature vs. ratio Rf: at several fixed values of the ratio R} + - The specific
values are: Rf, = 0.05 — solid line; RE, = 0.15 — long dash; R¥, =0.25 —
medium dash; RX, = 0.35 — short dash.

Fig.4. : The positions of the two Riemannian sheets in the coordinate space of mesonic
ratios. The "low temperature” sheet is between the horizontal axis and the solid
line, the "high temperature” one is between the solid and dashed lines. The
matching is on the solid line. The right boundary has not been calculated.

Fig.5. : The temperature at the matching of the two sheets vs. R,’{ , . Observe that,
except for very small ratios, on the "high temperature” sheet T is always above
200 MeV, but not necessarily very far from it.

Fig.6. : Specific entropy S/N(B) vs. mesonic ratios on the low temperature sheet. The
range of entropy values is roughly similar on the other sheet too. For details see
App. A.

Fig.1. : Particle ratio R,’,‘ * vs. the mesonic ratios on the low temperature sheet. Details
again in App. A. Observe that exchanging R:‘: to RX" even this sheet would
be doubled. '
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