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INTRODUCTION 
A great amount of papers is dedicated to the orbit theory in AVF 

cyclotrons (see e.g. /1,2/). In these papers more attention is paid to 
the study of particle motion about a fixed radius, assuming that the 
radius gain per turn during acceleration is negligibly small. 

/3/ Acceleration is either not studied at all, or is treated separately . 
Recently several papers on the general theory of accelerated 

orbits have appeared. We shall especially mention the paper by 
/4/ Hagedoorn and Corsten In what follows an attempt will be made to 

develop a similar formalism for direct application to AVF cyclotrons. 
The motion of charged particles in AVF cyclotrons appears to be 

one of the most complicated in comparison with the other cyclic 
accelerators. Its complete description can be achieved by numerical 
integration of Hamilton's equations of motion in the canonical 
variables. Fortunately for the accelerator theorists, the role of 
different factors influencing the particle trajectory can be usually 
put by order of magnitude to some hierarchy. Consequently, taking into 
account more and more factors one can get more and more detailed 
description of the trajectory order by order. The study of particle 
motion "step by step" is usually well suited with experinental data 
and is preferable for its convenient physical meaning. 

1. HAMILTONIAN FORMULATION OF THE ORBIT THEORY IN CYCLIC ACCELE­
RATORS 

It is well known that the Lagrangian of a particle with rest 
mass m and charge q, moving in electromagnetic field, defined by a 
scalar potential if and vector potential A is 

L = - m o c 2 ( l - v 2 / c 2 ) 1 / 2 + qv.T - q«>, (1.1) 

where v=dr/dt is the particle's velocity and с is the velocity of 
light in vacuum. The first step is to define the design orbit of the 
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particle r (s), where s is the curve length along the design orbit. If 
the external field has a symmetry plane (median plane), the design 
orbit is a plane curve lying on it. The design orbit is completely 
determined by the curvature К and the centre of curvature in every 
point. 

Define now the natural coordinate system in which the position 
vector F(s) is 

r(x,z,sj = r (s) + xn(s) + zb(s). (1.2) 
о 

where x is the deviation from the design orbit in the direction of the 
unit normal vector n(s), z - the deviation in the direction of the 
unit binomial vector b(s). The triple (п,Ь,т) (т being the unit 
tangent vector) defines a local coordinate system along the design 
orbit, and satisfies the equations 

~(s)=d7 /ds ; dT/ds=-Kn ; dn/ds=Kr + Kb ; db/ds=-Kn о 

called the Fresnet formulae, where K ( S ) is the torsion (к=0 for plane 
curves). Using the expressions 

v = d r / d t = v n + v b + v (1+Кх)т x z s 

.. 2, 2.1/2 ., . 2^ 2 2,, „ ,2. . 2.1/2 (1-v /c ) ={l-[v +v +v (1+Kx) ]/C > x z s 

v.A=v A + v A + (1+Kx)v A x x z z s s 

and the relation 
H = v p + v p + v p - L , х*х z z s s 

where 
p = аидм = m v ( l - v 2 / c 2 r 1 / 2 + qA ; u=(x,z) 
r u u о u ^ u 

p = 8L/dv = m v ( l + K x ) 2 ( l - v 2 / c 2 ) " 1 / ? * q(l+Kx)A s s о s s 
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F.quations (1.8) enable us to apply Euler's theorem for homogeneous 
terms, supposing that F and G are series of homogeneous polinomials in 
x and z, so that 

F = 1/2B ( 0 ) + 1/3B ( " + 1/4B f 2 ) + ... s s s 

G =(1+Kx/2)B ( 0 )+(l/2+Kx/3)B ( 1 )+(l/3+Kx/4)B ( 2 , + . . . 
X X X X 

(1.8a) 
G =(!+Kx/2)B ( 0 ) + (l/2+Kx/3)B ( ' ' + (l/3+Kx/4)B ( 2 ) + . . . z z z z 

G = (zG, - xG Hl+КхГ 1 , 
(0) (1) (2) x Z 

where В ,B ,B etc. denote homogeneous polinomials in x and z of 
orders 0,1,2 etc. Neglecting the beam current, Maxwell's equations for 
В are 

rot В = 0 ; div В = 0 . (1.9) 
The first equation (1.9) gives the opportunity to express the field by 
a scalar potential ф as 

В = grad ф (1.10) 
and the second equation is simply the Laplace equation for ф 

Д ф = 0. (1.11) 
If we use the midplane symmetry the scalar potential is odd in z and 
ф={а +a,x+a_,x /2! +. . . )z-(b +b,x+b_x2/2! +. . . )z /3! +(c +c,x+. . . )z /5! + о 1 2 о 1 2 о 1 

+ ... (1.12) 
where the coefficients are functions of s and b's, c's etc. are 
related to a's by equation (1.11) as 

b = a "+ Ka + a., о о 1 2 

Ь =-2Ка "-K'a ' +a, "-K2a +Ka +a_, (1.12а) 1 о о 1 1 2 3 

Ь,=6К2а "+6КК'а ' -4Ка , "-2К' а, ' +2К3а +э,"-2К2а *Ка,,+а . 2 о о ] 1 1 2 2 3 4 

с = Ь "+ Kb, + Ь , 
о о 1 2 

The prime denotes differentiation with respect to s. The coefficients 
a's have the following simple meaning 
a =(B ) ; а =(ЭВ /Эх) ; a,=(d2B /Эх 2) ... (1.12b) о z x=z=o 1 z x=z=o 2 z x=z=o 
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It is easy to see from eqs. (1.10) and (1.12) that the magnetic field 
can be computed if В evaluated in the median plane is known, so we 
can find the functions F and G by (l.Sa) and therefore complete the 
calculation of A using (1.7). 

The accelerating structure in AVF cyclotrons is usually a dee 
system where A =0, and ip*0. Taking the midplane symmetry into account 
we cast the potential if in the form 
?(x,z,s)=A +A,x+A„x2/2!+. . . -(B +B,x+B„x 2 /2!+. . . )z 2 /2!+(C +C.X+. . . ) z 4 / 4 . 

o l < i 0 1 2 o l 

(1.13) 
If the series (1.13) is substituted in the Laplace equation (1.11) for 
<f, the relations between B's С s etc. and A's obtained, are exactly of 
the form (1.12a). 

Let us introduce a canonical transformation by the generating 
function 

S_ = xp + zp. + Etr + q J"(o(x, z, s.crjdff , 
where <r=-t is a canonical variable conjugated to H. Then 

X = as /dp = x ; z = SS /dp = z ; <r = 8S /SE = <r 

p = dS,/3u = p-q JE (x,z,s,<r)d<r = p -qE ; u=(x,z) (1.14) r u 2 *u u u u 

2 
H = dSy/да = E + q(p(x,z, s,<r) = m •gc +qqp(x, z, s,(p), 

where E =-д<р/ди ; u=(x,z). The new Hamiltonian is 

H=-(H-Kx){E 2/c 2-m„ 2c 24P -qE -qA )2-(p -qf -qA ) 2} 1 / 2-q(l+Kx)A -
О X X OX _/Z Z OZ OS 

-q(l+Kx)E (1.15) 
s 

with the notation 
E s (x , z,s >ff)=TE s(x,z,s.<r)d(r=-(l+Kx)" 1J'ap(x,z,s >(r)/asd<r (1.16) 

In the new var iables 

Г > „ = Р , / Р л

= Р , / ( г а ~ с ) : u=(x,z) ; т=с<г ; y=E/E =E/(m c 2 ) (1.17) 
li U О U О О О 

the scaled Hamiltonian reads as H=H/p =-(l+Kx){y -l-(p -qE -qA ) -(p -qE -qA ГУ -q(l+Kx)A -о *x ч x ч ox J,z z ч oz M os -q(l+Kx)E (1.18) ~ ~* Z* s 

where q=q/p The terms E and E are small compared with A and A 
о x z r _ ox oz 

and may be omitted. The part of bf in (1.18) depending on A denoted by 
R_ is H.=0y(H-KxM-ll-(p -eA )2-(p -cA ) 2] 1 / 2-cA >, (1.19) о x ox *z oz os ' 5 



with 

where 
e=q/p=q/(poU3r) ; pu=pVp=Pu/(P0l3r> ; u=(x,z). (1.20) 

The relative momenta p and "p and the deviations x and z are usually 
small, so that the square root in (1.19) may be expanded In power 

- - /1/ 
series in x,p ,z,p . After quite tedious calculations one finds 

H =0у(еа -Юх 

H 2 =/3r (p x

2 +p z

2 ) /2 + e0»l(Ka +a )x 2 -a z 2 ] / 2 

HLj=PyKx(px

2+p z

2)/2 + c p y a o ' 2 ( z p x - x p z ) / 3 + 

+ еЭз-[(Ка,+а./2)х 3- (Ka,+a„+b / 2 ) x z 2 ] / 3 (1.22) 
1 2 1 2 о 

H=/3y(p 2+p 2)2/8+e3*(Ka '+3a /)xz(zp -xp )/12+e2/3ra , 2z 2(x 2+z 2)/18+ 

+c(3y [ (Ka_/2+a,/6)x4- (Ka„+a0/3+Kb /2+b, /2)x 2z 2+b, z4/6)/4 2 J 2 J о 1 1 

Let us now briefly review some basic relations from the theory of 
/8/ AVF cyclotrons. The isochronous field is given by 

B. (R) = B(0H1-R 2/R 2 ) ~ 1 / 2 , (1.23) 
is ю 

where 
B(0)=(m и )/q=(A/Z)(m u> )/e ; R=1/K ; R =c/u> (1.24) 

О О р о а) О 
and ы is the angular frequency of motion on the design orbit, A - the 
mass number, Z - the charge state, m - the proton mass, e - the ele-

P 
mentary charge. The curvature К of the design orbit is found from the 
relation 

K=[qB. (R))/p ,or K=(P R ) _ 1 (1.25) 
is e e oo 

the p and Э being the design momentum and the design relative 
e e /1/ 

velocity of the particle respectively. Furthermore 

where 
(B ) =B (R,0)=B(R)[1+F(R,0)] , (1.26) 
z z=o z 

B(R) = <B (R,*)> = (2л) lX В (R,0)d0 (1.27) 
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F(R,«)=[B (R,e)-<B (R,fl)>]/<B (R,9)>^[Bz(R,a) B(R)]/B(R) (1.2S) 
and 9 is the azimuthal angle depending on the curve length, so that 

de = Kds . (1.29) 

The function F(R,tf) is periodic in & and may be Fourier analized to 
give 

F(R,tf) = Г [A (R)cosntf -t В (R)sinntfl . (1.30) 
n П П 

Define now the relative change in guiding field for a deviation 
from a fixed radius R 
u(x,i>)=B (R+x, 0)/B(R) ,ог В (R+x, IS)=B(R)M(X,IS) (1.31) 

whose expansion in Taylor series in x/R reads 
u(x,fl)=l+u'x/R+M"(x/R)2/2!+. . .+£ [(A +A 'x/R+A "(x/R)2/2!+. .. )cosntf+ 

+ (B +B 'x/R+B "(x/R)2/2!+... Isinnfl] , (1.32) n n n ' 
r e 
u '=(R/B)dB/dR ; M" ' = ( R 2 / B ) d 2 B / d R 2 e t c . ( 1 . 33) 

G '=RdG /dR ; G 2 2 2 "=R d G /dR e t c . ( 1 . 3 4 ) 

and G =(A ,B ). Note that n n _n 
G '=(R/B)d(BG )/dR=M'G +RdG /dR etc. (1.34a) 
n n n n Usually u'G is much smaller than RdG /dR and therefore eq. (1.34a) is n n 

transformed to eq. (1.34). In the case of N - fold symmetry the 
flutter profile F(R,9) consists of two parts: the structural part 
including harmonics of the form n=kN and a nonstructural part (the 
remainder of the sum (1.30)) which we shall treat as a perturbation. 

The mean field B(R) can be expressed as 
i(R) = B. (R)[1+AB(R)/B. (R)), (1.35) 

is is • 
where AB(R) is a small perturbation to the isochronous field due to 
imperfections of the cyclotron magnet. Let us for convenience write 
down some coefficients a's from (1.12b) 

a =B(R)|i(O,0)=B. (1+ДВ/В. Hl+F) 
О r IS lb 

a =B(R)(3u/3x) =KB. (1+ДВ/В. Hfj'+F') (1.36) 
1 r x=o is is 

a =B(R)0 2n/ax 2) x = o=K 2B i s(l+AB/B i s)(u"+F") , 

, уЛп) _n„n n where F =R 8 F/3R . 
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The entire Hamiltonian is obtained if the term -q[(l+Kx)E 1 
^ s x=z=o is added to H, in (1.21) and (1.22). We are not interested here in the b 

focusing effect of the accelerating gap so we have dropped terms of 
higher order in x,z that arise from the last, term in (1.18). Involving 
thin lense approximation for the accelerating gap we get 

-qR[(l+Kx)E ) =-(Z/A)[eUy(m c)](kN и ) _ 1f (e)cos(kN CJ т/с-у ) s x=z=o d p о о о о о > 
(1.37) 

where U J is the dee voltage, к is the harmonic acceleration mode, N d e . о 
is the number of dees, if is the initial phase of RF-field, and f(ei 
is a function determining the location of accelerating gaps, so that 

f(e)= У [6(«-i> -2np)-S(«-tf -й -2irp)+6(fl-tf -2n/N -2np)]. (1.38) , о ^ о u ^ о о ' 
In equation (1.38) 6(x) is the Dirac б-function, S is the angle 
between the reference point of flutter profile and the nearest accele­
rating gap and i9 is the dee angle. 

Making profit of eqs. (1.12a), (1.17). (1.20), (1.25) and (1.36) 
from (1.22) we obtain 

H =-R(3j-(Z/A)(eU,/(m c)](kN u ) - 1f (tf)cos(kN u т/с-4, ) о d^ p 0 0 0 0 0 
"ft,=|3 t x(l+h )-/3jrx 1 е е х 

H2=R(px
2
+?z

2)/(2py)+/3e3-e(g..x2-gzz2)/(2R) 

'ri3=x(px
2+pz

2)/(2py) + [|3eye/((3y)Jzhz(zpx-x'p2)/(3R)+ (1.39) 

+ V e
( S 3 x x 3 - S 3 z X 2 2 / 2 ) / ( 3 R 2 ) 

where 

~ ~ 2 л- 7 2 3 1 V (Px
 + P Z ' / ( 8 K" * ] 

h = F + ДВ/В. x is 
g = 1 + u'+ F <- F' + ДВ/В. e x K is 

g z = u'+ F' 
h = 3F/3tf (1.40) 
z 

g 3 x = м'+ F'+ (M"+F")/2 
g 3. = a2F/ae2+ K _ 1(aK/3e)OF/ae) + 3(;I'+M"+F'+F") . 

The Hamiltcnian expansion (1.39) describes the motion now in 
terms of a new independent variable -9 instead of s. 
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2. CALCULATION OF THE DESIGN ORBIT 
Let us now perform a canonical transformation with a generating 

function 
F_ = xp + zp" + (T-T Н7+Э- ) (2.1) 
2 "x z е е 

so that 
"u=3F_/a^ =u ; p =3F-/3u=p ; u=(x,z) (2.1a) 2 "и *u 2 и 

T = 3F,/a7 = T-T ; у = 3F,/aT = y+fr . 2 e 2 e 
Assuming that the quantities T, ? are small compared with т and у 

respectively we obtain 
dr /d#=-R/|3 ; dy /dfl=-(Z/A) [eLi /(m c 2 ) ] f (S)s in(kN и т /с-») ) (2.2) e e e d p o o e o 
and the transformed Hamiltonian reads as 

К =Ry2/(2/3 3y 3 ) + (2/A)[eU,/(m c 2)]kN (2R ) - 1 f (0)~ 2 cos(kN ш т /с-») ) o e e d p o o o o o e o 

T l 2 = R ( p ' x

2

+ P 2

2 ) / ( 2 P e y e ) + / 3 e a - e ( g x x 2 - g E 2 2 ) / ( 2 R ) - R r ( p x

2

+ P z

2 ) / ( 2 P e

3 3 r e

2 ) 

Нз=х (P x
2 +P z

2)/12Р еУ е) +hzz'(2px-xpz) / (3R) +РеУе (g 3 xX 3-g 3 zx5 2/2)/ (3R2) 

\ = ( ? x
2
+ p z

2 ) 2 / ( 8 K P e \ e
3 ) • ... (2.3) 

The solution of the first equation (2.2) is trivial and we imme­
diately write it down 

т = т -с(-в-д )/и . (2.4) 
e eo о о 

Substitute now (2.4) in the second equation (2.2) and note that the 
expression f (d)sin(kN ш т /c-ip ) is periodic in в with a period 2re/N . о о е *о о 
Therefore 

f(0)sin[kN (в-# )+? ] = (N /пИа +nsinj'cospN (tf-0 )-о о о о о 'f 'о о о 
-sin(? +kN в )cospN (в-в -в ) 1 > (2.5) 

о о и о о и _. 
а =-sin(kN в /2)cos(£" +kN 0 /2) ; уГ =р -kN т R (2.5a) 
о о и т о о и т о о о е ю • 

It is evident from the above equations that the maximal energy gain is 
achieved if kN в = (2s+l)ir for s=0,1,2 that is 

° u -1 к = (2s+l)n(N 0 ) (2.6) о u 
In t h i s case equation (2.5) becomes 
f(fl)sin[kN («-« )+ш ]=N 7i~ 1sin3' <1+2У costpN fl /2)cospN (*-в -в /2 )} о o o o о £ о и о o u 

(2.7) 

and the second equation (2.2) is written in the form 
Ay /d«=A [1+2Г costpN 0 /2)cospN (0-0 -в /2)] . (2.8) e о ~ 'о и о o u * 
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where 
Л = (N / n ) ( Z / A ) [ e U . / ( m c 2 ) ] s i n 7 . I?.. 9) 

о о d p о 
Integration of equation (2.8) gives the design energy 
у =y +A (0 -0 1+2* £cos(pN 0 / 2 ) / ( p N ) [s inpN U • • -O / 2 ) + s i n ( p N » / 2 ) I . e eo о о о1- о и о о o u o u 

г (2.10) 
In the case of 0 =n/N eqs. (2.8) and (2.10) are further ainplified to u о ^ 
give 

dy /d(? = А 11+2Г cos2pN (0-v )1 12.8л) 
e о 'f * o , о 

у =1 +\ i-a-d )+A T (pN ) sin2pN <«-b ). 12.10a) 
e eo о о °f о к о о 
3. INTRODUCTION OF "QUASIEQUILIBRIUM ORBIT" AND DISPERSION 
Firstly we must note that the term "quasiequilibrium orbit" may 

not be the most suited and one can argue about it. 
Let us now perform э second canonical transformation with a gene­

rating function 
E, = C X - X O H F ? X + P O ) + Z P Z + T " (3.1) 

aiming to cancel the term 8 » h x in H,. The quantity x we call the 
е е x 1 о 

" q u a s i e q u i l i b r i u m o r b i t " and "p t h e " q u a s i e q u i l i b r i u m momentum". Using 

t h e r e l a t i o n s 
~-* 4S — ~w As 
x = x + x ; p = p + p (3.2a) 

_ о *x x о __ 
z = z ; P = P ; т = т ; 7 = 7 ( 3 . 2 b ) 

i t i s e a sy t o g e t 
d 2 x / d 0 2 + y _ 1 ( d r / d 0 ) ( d > T / d 0 ) + g x" =-Rh ; "p = (0 у / R l t J j T / d e ) ( 3 . 3 ) о е е о ° х о х о е е о 
and 

H =lT - x J/ll o_ о о е 
H , — y x / 0 ( 3 . 4 ) 

1 e 

H = R ( p 2 + ~ 2 ) / ( 2 | 3 } )+/3 у ( g ' x 2 - g * 2 ) / ( 2 R ) + . . . 2 *x *z е е е е х z 

The l a s t c a n o n i c a l t r a n s f o r m a t i o n i s g i v e n by the g e n e r a t i n g 

f u n c t i o n 

G =p (?-yD) + (3 j /R)(dD/d*)xy-f3 у ( 2 R ) _ 1 D ( d D / d 0 ) y 2 + z p +T? . ( 3 . 5 ) 
Ct X 6 6 6 6 Z 

Noting that 
e ** л - ^ A . . -* * • л » л , ^ ,- * 
x-x+jrD ; p =p +(Э у / R X d D / d e l y ; z=z ; p =p ( 3 . 5 a ) 

— Л \ X X e e Л Ж 

T=T+'p x D-0 у / R ) ( d D / d e ) x ; > = ? ( 3 . 5 b ) 
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we have 
d2D/dtf2+3- _ 1(dj- /dtf)(dD/dtf)+g D=R(/3 2y ) _ 1 (3.6) 

е е x e e 
H =H -D(2/3 J" 1? 2 (3.7) 

л л 2 л 2 ° ° e ~2 *2 
V R < P x + pz ''^Ve'^eVV gz Z ) / ( 2 R ) + - ' • 

The quantity D is called the dispersion function of the cyclotron. 

4.CALCULATION OF THE "QUASIEQUILIBRIUM ORBIT" AND DISPERSION 
The quantity A in (2.9) is quite small so that (dy /di9)/» « 1 

for a wide range of energies and we can explore the quasistatic appro­
ximation. This means that instead of R in eqs. (3.3) and (3.6) we take 
the mean value of R: 

<R>=R 11+irA (0 2H V 1 ] (4.1) 
о о ео ео 

/3/ The condition for the gap-crossing resonance is 
2pN - mN = ± 1 , (4.2) 

where p and m are some arbitrary integers. It is clear that if the 
number of sectors N is even the eq, (4.2) is no longer valid. In such 
a way we exclude the gap-crossing resonance and do not consider its 
effects here. 

Introduce a new independent variable ф and a new coordinate у , 
defined by: 

"x («)=u (fl)y (0) ; ф = ф (e)/i> , (4.3) 
О О О О О 

where 
d'w /dfl2+g w =w ~ 3 ; M /dfl=w ~ 2 ; v =(2п)~'}к ~2(tf)de. (4.4) 

О X О О О О О О 
With these relations in hand eq. (3.3) is transformed as 

( 4 . 5 ) 

d у / d 0 +v у =-<R>v h w -о о о o x o 

- ( d y /d t fHu 2 w 3 ( d w / d * ) y *v w 3 ( d y / d 0 ) ] / j - . e о о о о о о о е 
First of all we must find the solution of the first of eqs. (4.4). It 
is easy to obtain: 

w (<?)=l+w ,(tf)+w - ( 0 ) + . . . ( 4 . 6 ) 

« о 1 ( в ) - 1 ( к 2 Ы 2 - 4 ) - 1 ( А ^ с о в 1 с 1 » 4 н в 1 п , * * ) ; G k N = G k N + G k N ' ( 4 6 a ) 

W o 2 = - { ^ ' + A B / B . s - 3 E ( ! , 2 N 2 - 4 ) " 2 ( A ^ N

2

+ B k N

2 ) + ( l / 2 ) I ( k 2 N 2 - 4 ) " 1 ( A k N

2

+ B k N

2 ) } / 4 

( 4 . 6 b ) 
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i/ =1+(и'+ДВ/В. )/2+(1/4)Г(к2ГГ-4) ' (А, . Л В. .,''). (4.6с) о ^ is £ kN И 
( Л - и т Э ; ог ф - О (4.t>dJ 
о о 

Inserting the formulae (4.6) into equation (4.5) one ran find thai 
у /<R>=u 1 / 2y(k 2N 2-i/ 2 ) _ 1 [A, ,,cn-,kN0+B. ..sinkNO]-'o ° i ° ^N ^N 

— Л/7 У ? -1 — — 
"'"о 3 / 2ДВ/В. 5 +(3/ 2)Е(Л 2-4) (A k NA k N.B k NB k N)l^ 

Turning back to the equation (4.3) we have 
1 /? 7 "? ? -1 -« x /<R>=v 7 ( k T - » ) [A, K,coskNe+B, „.sinkNtfl - x _/<R> (4.7) о о £ о kN kN o2 ' 

where 
-TV? у ? -] — — 

X o 2 / < R > = " o J /^B/B. s +(3/2)E(kV-4) ( A k N A k N + B k N B k N ) -
* (4.8) 

-(«/^ipV-^V'ikV-^-'iy^B^). 
The dispersion D is calculated exactly in the same manner, 

repeating the above considerations and therefore 
D/<R>=v ~ 3 / 2[</3 >2<y >r ](l+w ,+...). (4.9) о е е ol 

5. CALCULATION OF THE BETATRON FREQUENCES 
The Hamiltonian describing the betatron oscillations may be 

obtained in the following way. The terms quadratic in x, p , z, p 
encountered in H_ from (2.3), after the substitution 'x=x+x: , p =p +p 
are added to H from (3.7). The result is: 

H = Y. <(23 7 ) _ 1 № p 2+R up +(2R)~10 у G u 2} ; u=(x,z) (5.1) b j1 " е е u ru u u е е u 
where 

F =l+x /R+3(dx / d « ) 2 ( 2 R 2 ) _ 1 ; R =(dx ЛШ/R ; G =g +2R _ 1g„ 7 x o о x о х х З х о 

F =l+x /R+(dx" /d«) 2(2R 2) _ 1 ; R =h x (3R)" 1 (5.2) z o o z z о 

G =2(3R) _ 1h (dx /dfl)-g -(3R)"'g,^ . z z о z °3z о 
In order to cast the Hamiltonian (5.1) in a canonical form we 

introduce a canonical transformation whose generating function is: 
F =E {F " 1 / 2 u p + ((3 у /R)[(4F 2) _ 1(dF /dtf)-(2F ) - 1R Ju 2} ; u=(x,z) 2 £• u r u е е u u u u л л 

The above canonical transformation cancels the cross term R up and 
the result is: 

u=F " 1 / 2 a ; p =F " 1 / 2 p +(/3 у / R ) i ( 2 F 2 ) _ 1 ( d F /dtf)-R / F ] F ~ 1 / 2 u u *u u u е е u u u u u 
(5 .3) 
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H =£ [(2(3 > ) M R p Z+(2R)'lH r e ( О ) " 2 ] + UH. ; u = ( x , z ) ( 5 . 4 ) 
* J „ fc? с LI S G U D 

where 

g (0)=(2F ) _ 1 ( d 2 F / d a 2 ) - 3 ( 4 F 2 ) - 1 ( d F d 0 ) 2 - R 2 + F G + u u u u u u u u 
+[R (dF /d t f ) -F (dR / d 0 ) ] / F ( э . 5 ) 

u u u u u 

ЛН, =Ц ( 2 R ) " V (d* / d 0 ) [ ( 2 F ) _ 1 ( d F / d 0 ) - R ] u 2 . ( 5 . 6 ) 
b *- е е u u u 
Introduce now the action-angle variables (J , a ) by 

° u u 
S =1 ( 2 R ) _ 1 p y ' 2 { w (dw / d e ) - w " 2 t g ( a f̂  -u (»)> ( 5 . 7 ) 

1 ^ е е u u u " u r u u 
u 

u=(2RJ ) 1 / 2 ( Э у ) _ , / 2 w c o s ( a *ф -v 0 ) u е е u u u u 
( 5 . 7 a ) 

% =(2J 3 у / R ) 1 / 2 [ ( d w /d«)cos(cc +0 ~" *)-w - 1 s i n ( a +0 -v «)] u u e e u u u u u u u u 
where [ s e e e q s . ( 4 . 4 ) ] 

d 2 w /df l 2 +g w =w ~ 3 ; d0 /d«=w " 2 ; v =l2n)~lS w ~ 2 ( e ) d « . ( 5 . 8 ) u ° u u u u u u u 
The new Hara i l ton ian H. i s w r i t t e n a s b 

H = H. + ДН, ( 5 . 9 ) 
b bo b 
H,_ = £ v J ( 5 . 9 a ) 

bo £• u u 

ДН =jr _ 1 ( d » /dtf)£ J <[w (dw /dtf)+w 2 ( ( 2 F ) _ 1 ( d F / d # ) - R ) ] • b e e £ u u u u u u u 
«cos (а +ф -v 0 ) - ( l / 2 ) s i n 2 ( a +ф -v «)> . ( 5 . 9 b ) 

u u u u u u 

The solution of the first of eqs. (5.8) with regard of 
g x=l +I (AkNcoskN1»+BJcNsinkNe)+gx2 (5.10) 

к 
2„2„ 2„2 , , - 2 , , 2 . n 2 g x 2 = ( i ' + (5/8)Ek'-N''(k''N - 1 ) " ( A ^ ' 

к 
+ B k N ) + 

• ( l / 2 ) I ( k 2 N 2 - l ) " 1 ( A k N ^ c N + B k N ' B k N ) - E k 2 N 2 [ ( k 2 N 2 - l ) ( k 2 N 2 - 4 ) ] ' 1 . 

( A k N A k H + I W W ( 5 1 0 a ) 

_ 4 N / 2 : \ N = \ N + \ N ' ( 5 1 0 b > 
\ N = 2 А к ы ' + W ( 5 1 0 c ) 

\ ы = \ ы

+ ( А 2 + 2 ) ( к 2 ы 2 - 1 Г Ч М

/ 2 : \ N = \ N + \ N ' ( 5 1 0 b > 

i s found t o be 

w = 1 + w ,+ w _+ . . . ( 5 . 1 1 ) 
x x l x2 

where 

v =£ ( k 2 N 2 - 4 ) " 1 ( A W ) c o s k N e + B ' k M s i n k N e ) ( 5 . 1 2 ) 
к 
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7 2 ~> 2 -> ~ ."> ~ 
kN 'kN u = - U ' 8 I E ( k - " i r - 1 0 H k " N - 4 ) "(A, ••*B, .,""-?, . . 4 . !5 .1 . i ) 

>:2 r kN kN ' 42 

:'W 'k'J 

, • > • • • • • • - I k ' 

. ( ! ' . • ' • > 

I or 

e. :.4F. :-MASE MCTICN 

The p h a s e n io t . : on ! i . ' . j f h ^ i i ' :* . i - r . in ~ . • — i

 t< ; , ,ч/ v< • w 

bv H i f: c-m e q u a t i o n s 13.71 *;oi.JP.£ f r i . i : 

' . . J r К ' 
where a i s t h e rcom^ntum compact ion !'..'•.! ? r , .r..l 

°м = l P , / b , : ' 4 ' ' * , i = У. ' «v '.b.Z) 
M С < О С ^ i" 

which i s equai t c z e r o ITJ =u; f o r i s o c h r o n o u s .~yci'"t r c n s , v;e obt-.iln 
H =-/3 ~*х ?-*(Z/A)[eU_/(m c 2 ) l ( 2 R '<~'кМ T~f ,'<3)c OKlkN u; r / c ^ ) о е о d p и о о г. е о 

if,. J ) 

With equations (2.5) and (2.6) in hand the Hami! tertian н given by i he 
last equation is transformed to give 

н =-$ _ 1 x y+A ctgm (2R ) _ 1 k N -11+27 cos(pN fl /2)cospN (0 -« - а / 2 П т " . о е о о о со о ~ ^ о и о о и 
( 6 . 4 ) 

The Hamilton equations following from (6.4) are 
dr/d« = -0 "'х- (6.5a) 

e о 
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dj/diJ=-A ctgj" (kN /R ) < 1+2Г coslpN 0 /2kospN ltf-в -в /2)>т (6.5Ы 
О О О со £ r 0 U О O U 

The phase motion is given by the solution of equation (6.5a) in the 
form 

т=т + (R x ,/<R>)«»-» )-R v 1 / 2 £ IkNlkV-u Z)] _ 1« о со o2 о со о £ о 
•<A [sinkNe-sinkNtf ]+B [coskNO -coskNel У . (6.6) 

CONCLUDING REMARKS 
An attempt is made to apply a fully six-dimensional Hamiltonian 

formalism to the analysis of accelerated orbits in AVF cyclotrons. It 
should be mentioned (although it is quite obvious) that slight 
modifications are needed for the present theory to be applicable to 
spiral ridged cyclotrons. In the central region, however, the quantity 
Kx is not small, so that equations (1.21) and (1.22) are not valid. 
This disadvantage is overcome by a reasonable compromise of 
simplicity. 

We do not discuss here the effects of adiabatic damping and 
adiabatic change of betatron frequences I see eq. (5.9)1. All the 
nonlinear effects are not studied too. We intend to treat them in a 
future publication. 

The author wishes to thank J.B.Vinogradov and G.G.Gulbekjan for 
many stimulating discussions and permanent support. 
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Ненов С И . Е9-90-92 
Теория ускоренных орбит ь изохронных 
циклотронах 

В работе построена теория ускоренных орбит в изохрон­
ных циклотронах при помощи шестимерного гамильтононского 
формализма. Найдена реперная траектория частицы,рассмот­
рено бетатронное и фазовое движение в линейном приближе­
нии. "Квачиравновеен-я орбита" и дисперсия вычислены в 
рамках гамильтоновского формализма. 

Работа выполнена в Лаборатории ядерных проблем 011ЯИ. 

Сообщение Объединенного института ядерных исследований. Дубна. 1990 

Tzenov S.I. Е9-90-91: 
Theory of Accelerated Orbits 
in AVF Cyclotrons 

The theory of accelerated orbits in AVF cyclotrons 
through a fully six-dimensional Hamiltonian formalism 
is developed. The design orbit of a particle, the betat­
ron motion and the phase motion are calculated in linear 
approximation. The "quasi-equilibrium orbit" and disper­
sion are studied in the framework of the Hamiltonian for­
malism. 

The investigation has been performed at the Laboratory 
of Nuclear Reactions, JINR. 
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