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Direct Variational Solutions to the
Grad-Schliter-Shafranov Equation

G O Ludwig*
Princeton Plasma Physics Laboratory
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Abstract

A direct variational method based on a energy principle is applied
to obtain approximate magnetohydrodynamic equilibria for tokamak
plasmas. The geometry of the nested magnetic flux surfaces is speci-
fied by a model that includes displacement, elongation and triangular-
ity effects. The radial dependence in flux coordinates is described by
a set of consistent trial functions which allows analytical calculation
of the flux-surface averaged internal energy density of the plasma.
Approximate solutions of the variational problem are obtained for
arbitrary aspect-ratio tokamaks using a one-parameter optimization
procedure.
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1 Introduction

The magnetohydrodynamic (MHD) equilibrium of an axisymmetric toroidal
plasma can be described by variational principles, either in the energy form
(1] or in the Lagrangian form [2]. Usually these variational problems are not
solved directly, but by reducing the problem to one involving a quasilinear
elliptic partial differential equation, the Grad-Schliiter-Shafranov equation
(3]{4]{5], or a system of coupled, nonlinear, ordinary differential equations
as in the function parametrization method [6] or in the variational moment
method [7]. These differential equations can be solved analytically only in a
small neighborhood of the magnetic axis, i.e., using the small toroidicity ex-
pansion, or for some special geometries, or. in general, by numerical methods.
However, to find an approximate solution over the plasma cross-section, with
prescribed boundary conditions on the plasma edge, it can be advantageous
to use direct variational methods.

The direct method reported here uses simple analytical expressions for the
description of the flux surface geometry which are valid for arbitrary aspect-
ratio. The approximate solutions generated by the method allow straight-
forward calculation of all the relevant equilibrium parameters and profiles.
These solutions should be suitable for transport, current drive and stability
studies. The accuracy of the solutions can be improved by a sequence of
trial functions of increasing complexity and with increasing number of free
parameters. An attractive characteristic of the method is the possibility of
obtaining fast approximate equilibrium solutions with modest computational
resources.

In section 2 the variational problem is formulated in a manner suitable for
direct methods of solution. A consistent set of trial functions is constructed in
section 3 starting from a Taylor series expansion near the magnetic axis. The
expressions derived there correspond to a truncated Fourier series expansion
for the inverse mapping which includes displacement, elongation and triangu-
larity effects (the triangularity approximation). In section 4 the flux-surface
averaged coefficients in the equilibrium equation are evaluated in terms of
the trial functions. Finally, using a one-parameter optimization procedure
approximate solutions for the equilibrium of two different tokamak config-
urations are presented in section 5, with a brief discussion about possible
extensions of the method.



2 Variational Principle

Consider the functional

Q(a)=// &CrL(®p, VEp, h)

V{a)

where a denotes the plasma boundary, ®p is the poloidal flux in an ax-
isymmetric toroidal plasma equilibrium, ¢ is the toroidal symmetry angle
and he = |6 T [O¢ | is the distance to the symmetry axis. The Lagrangian
density is defined by

_Bp B}
2p0  2p0

where p(®p) is the plasma pressure and

— D

Bp
Br

|V@p|/ (27he),
#ol(2p)/ (2mh¢)

are, respectively, the poloidal and the toroidal components of the induction.
Here I(®p) is the total poloidal current between the symmetry axis and a
given magnetic surface. For a fixed boundary condition §®p(a) = 0, the
extremum of Q(a) is reached for that function ®p which is a solution of the
Grad-Schliiter-Shafranov equation [6]

o

A’®p = 2w pohcjr,

where
d®p 2wh;d®p
is the toroidal component of the current density.

In flux coordinates (p, 8, () the functional becomes

jT = —27!' h(

Qa)= [ dp (£) (27, d2p/dp,p),

where

K(p) (d®p\’> I? ;



is the flux-surface averaged Lagrangian density and the coefficients

Vip) = 25 [ hedr(0),

. 1 \vj
K = 5 lh—cpldfe,

give, respectively, the volume enclosed by a magnetic surface, the inductance
of the toroidal solenoid which coincides with a given flux surface, and the
inverse kernel to calculate the self-inductance of the plasma loop [§].

Let ®p denote a generalized coordinate so that the toroidal plasma cur-
rent through the poloidal cross-section S7(p) of a magnetic flux surface,

Iz(p) = K(p)d®p/dp,

represents the generalized momentum. Then, the total energy

B? B2 a
_ 3 P T _
W(a) = V/(/) &r (2#0 tok +p) | do () (@5 I,p)

is given in terms of the flux-surface averaged Hamiltonian density

I2(p)  I*(®p)dL dv

H) = L — 4+ p(®p)—.

(H) 2K (p) 2 dp + 2 P)dp

Now, using the canonical system of Euler equations for the functional @ (p,
®p, IT and (H) are the canonical variables), it is easy to show that W(a) is

stationary under the transformation of the topological radius

pr=p+E,
where the virtual displacement ¢ obeys the boundary conditions
£(0) = £(a) = 0.

Integrating the second term in the expression for () by parts, one can
separate the contribution of the magnetostatic energy due to the external
induction Brp,

B}, 1
Wro(a) = [[[ &0 5 = 3Ll (a).
V(a)
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This contribution of the vacuum field does not involve the plasma itself and
can be omitted in the course of the variation for a fixed boundary problem.
Hence one can define the internal energy of the plasma

U(a) = We(a) + Wr(a) + Win(a),

where

We(a) = // V(a) ‘2 0 B/o I%.'(p))
Wr(e) ///V(a)d3 240 ~ = _/ dp Lp _’
Wae) = [ff, o= dpp(p)—

are, respectively, the internal magnetostatic energy stored in the plasma
loop, the internal magnetostatic energy stored in the plasma solenoid and the
thermal energy of the plasma. Using the equilibrium equation (flux-surface
averaged Grad-Schliter-Shafranov equation)

dop d (K( )d@P) _ dr, dl dVdp

dp p \" % V5 T B

the total poloidal current I(p) is eliminated in terms of the toroidal plasma
current I7(p):

_ [t Lp) (Ir(p)dlr , dVdp
Wr(a)= || d dL/dp( K(p) dZ*%%)'

The variational problem consists in finding stationary values of the in-
ternal energy U(a), under virtual displacements, for given profiles I7(p),
p(p) and fixed values of the total toroidal plasma current I7(a) and plasma
pressure at the magnetic axis p(0). It remains to evaluate the flux-surface av-
eraged coeflicients V(p), L(p) and K(p) in the equilibrium equation in terms
of the plasma geometry. For completeness, the following integral relations for
the toroidal magnetic lux ®7(p). the safety factor ¢(p), the poloidal plasma

T IIT NI ST AT BTy Sy A T | . C N amin Y Tawe - - — v e



current /p(a) and the total poloidal current /(p) are presented:

or(p) = [ 17
() = d@r/dp _ 1( )
nel= d2c/dp JT(p)

1(0) = I(p)

T ;2 (I dIr | dV dp
i) = [I +/d dL/dp( (v 27 +dpdp)]

I(a) =27 Ro(a)Bo/ o

and By is the external magnetic flux density at the geometric center Eo(a)
of the plasma cross-section. On the magnetic axis one has
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U
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where

I(0) = 20 Ry B [ o

where R, is the distance to the axis of symmetry and B,, gives the induction
on the magnetic axis.

Finally, using a normalization appropriate for the low toroidicity limit
p — 0, one defines the internal inductance ;. the current diamagnetism gy
and the current beta fr in terms of the energy content of the plasma:

£ = 4Wp(a)/ (poRmi}(a)),
pr = 4Wr(a)/ (poBRnlf(a)),
Br = 4Wuwl(a)/ (poBmlF(a)),

where the total toroidal plasma current is given by

Ir(a) = ;10- (){ Bp dfg)a.

The internal self-inductance of the plasma loop is

LoRm

LT(a) 2

=L;.



3 Trial Functions

A set of consistent trial functions which describes the plasma geometry can be
obtained from a Taylor series expansion of the poloidal flux near the magnetic
axis. For an axisymmetric and up-down symmetric MHD equilibrium, a third
order expansion in cylindrical coordinates gives

2
w(r2) = EZEn)yeo g, o)+ Zyoaa,,o)

3 “a
— 72(R —
+(R—6R’"2_¢(3,0)(Rm, 0) + i’%ﬁl@b(m)wﬂ“ 0),
where ¢ = ®p/®p(a) is the normalized poloidal flux function and (R,0)
corresponds to the position of the magnetic axis. Consistently with this ap-
proximation one represents the transformation to flux coordinates (R, Z) —
(p,8) by the truncated Fourier series expansions [9]

R(p.0) = Ro(p)— %@ + pcos 8 + B-I—:l(i)cos 26,

Z(p,0) = pE(p) (sin& — %p)sin%) ,

where Rp(p) represents the geometric centers of the flux surfaces, T'(p) is
the triangularity coefficient and E(p) is the elongation coefficient. On the
magnetic axis one has Ry(0) = R, and E(0) = E,,. The small toroidicity
expansion gives:

Ro(p) = R+ pRy(0) + p*R5(0)/2 + O[],
E(p) 2 Enm+pE'(0)+0[p],
T(p) = T(0)+pT'(0)+ O [p)*.
The corresponding truncated Fourier series expansions become:

R(p,0) = Ry+p R6(0)—%0—)+0050+T—g—)~)-c0520)

2 ’ !

+% R§(0) — zé—ol + I@cos 2(9) +O[p],

T(0)
4

sin 20

Z(p,0) = pE,|{sind—

+p? (E’(O) sin @ — Em-z%o) sin 20 — E’(O)T—flo—) sin 20) +Op°.
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Furthermore, the small toroidicity expansion of ¥(p) to third order is
p’ p 4
o) = Sro"(0) + 5" (0) + O oI
Substituting the Fourier series expansions for R(p, §) and Z(p,0) in the Tay-
lor series expansion for (R, Z) one obtains the consistency relations:

Ry(0) = 0,
E12n¢'(0'2) — 1,1'(2'0),
T(0) = 0,
Ry(0) = —ypB9/(3p(9).
E'(0) = 0.

T'(O) — (3E72n".-/)(1’2) — 1'[)(3,0)) / (6’(,/')(2‘0)) .

A complete power series solution can be found by substituting the expan-
sions for R, Z and ¥ in the Grad-Schliter-Shafranov equation. One finds,
firstly, that p(p) and I{p) must be functions of p?, i.e., must have zero odd
derivatives on the magnetic axis for the assumed symmetry. Secondly, that
the coefficient (2% can be eliminated in order to cancel the leading order
term of the equation. The expression for 1(p) immediately yields

En [—pI(0)I"(0) — 4o B2, p"(0)]'/2
2(E2 +1)/?

1

¥(p) P+ 0l

Next, the coefficient (3% is calculated in order to cancel the remaining
term of the Grad-Schliiter-Shafranov equation and the coefficient ¥(12) is
evaluated in terms of the triangularity 7'(a) at the plasma edge. Finally,
R, is evaluated in terms of Rg(a), the geometric center of the plasma cross-
section, and E., in terms of the elongation E£'(a) at the plasma edge (assuming
always the validity of the small toroidicity approximation).

A different approach, that will be pursued in this paper, is to consider
the expansions ef the Fourier amplitudes as trial functions in a variational
calculation valid for arbitrary aspect-ratio. Extending the expansions of the
Fourier amplitudes up to the plasma edge one obtains the following trial
functions in the triangularity approximation:

Ro(p) = Rp—[Rm — Ro(a)l(p/a)?,
E(p) = En= E(a),
T(p) = T(a)(p/a).

8



In this context the truncated Fourier expansions R(p,8), Z(p,0) for the in-
verse mapping are taken as parametric equations for the self-similar flux
surfaces. One can immediately write the expressions for the partial deriva-
tives:

OR[0p = R, -+ cosf — Tsin%9,
0Z/0p = En(1—Tcosf)sinb,
OR/00 = —p(1+ T cosh)sinb,
0Z/90 = pE, (cos@+T/2—Tcos?8).

Note that the coefficients of triangularity T'(a) and of elongation E(a) at
the plasma edge are related to the geometric triangularity §(a) and to the
geometric elongation «(a) by

T(a) = g-a(a)—zzﬁ,/u-gaz(a)

( V3[135 — 1662(a)] 6(a) )]
27\/96 —116%(a) + 3264(a) /|
4 2T (a)

a)
3+ \/1 +2T%(a) \/2\ /14 T2(a) — 2+ 2T?(a)

The inverse relations for arbitrary radius p are:

3(y1+2T2(p)—1) + T*e)

. 1
X sin [— arctan

3
E(a) =

6 =
(p) )

3+«/1+9T2 \/,/1+2T2 —2+2T%p
k(p) = ()

For small T'(p), clearly, §(p) = T'(p) and «(p) = E(p).

4 Flux-surface Averaged Coefficients

The coefficients V(p), L(p) and K(p) can be evaluated in a straightforward
manner using the trial functions derived in the previous section. It is useful,
in the first place, to evaluate the area of the poloidal cross-section (the in-
tegrations carried out here are exact; the approximation corresponds to the
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use of trial functions)

= [ 07 T

The volume enclosed by a magnetic surface is

. x (07 T
V(p) = W/O (RZW> 6= 2r <Ro _ %) Sr.

Introducing the local aspect-ratio

A(p) = Ro(p)/p

the relevant metric coefficients in the transformation (R, Z) — (p, 8) to curvi-
linear coordinates are given by

he = REp(A—g-i-cosO-i-%:coszB),
aR\> [(87\° C prTe
2 hfabd o= ~ 2 m 2
+(E2—1)(1—=T?)cos?8 —2(E2 +1)T cos®8 + (£2 —1)T?cos* 6].
The Jacobian /g can be obtained from

Vi _ R0z om0z
he ~ Op 09 90 9p
/ 2
~ pE, [1+—R%Z:—Z‘)—+(Ré~§>(cos()——Tcosz())].

Since /g/h¢ is real and positive one verifies that the coefficient of tri-

angularity is restricted to the range —2 < T'(p) < 2 and that the rate of
increase of the Shafranov shift Rj(p) must satisfy the conditions:

(1 —4T)T , 1

—1<RO<_m for —2<T<—§.
i

-1< Ry<1 for —%<T<—9—,
(T—4TT 1 )
—W<RO<1 for §<T<2

10



Hence one may write conditions for maximum positive Shafranov shift and
plasma cross-sections of positive triangularity as follows:

———————Rm _aRO(a) < % for 0<T(a)< %
Rp — Ro(a) [T —4T%a)] T(a) 1 NG
a <7 1 +2T2%(a)] for 3 < T(e) < <3

Furthermore, since k¢ is also a real positive quantity and A > 1. the triangu-
larity coefficient must satisfy the constraint (the plasma edge is tangent to
the symmetry axis at the upper limit of this inequality)

T<A+VA2-1.
Thus one may write in general

—-2<T<rnin[2,A+\/A2—1].

If A> 5/4 and T = 2 the plasma cross-section described by the parametric
equations in the triangularity approximation presents three cusps. However,
if 0 < T < 1 the cross-section is always D-shaped, which is the configuration
of interest.

Now, using partial fractions decomposition, the flux-surface integral for
the inductance coefficient L(p) becomes

_ _ ke ZOR ~ PopEm 7T( 2 4
L{p) = 2“/ (R@B)da - /(; T cos 0—3cos€+T 24

6+2ARA-T —-4/T)+2(5A—-T —4/T)cosb &0
24 —T +2cosf + T cos? 8

which results in the final form

Lip) T % _ 4 (5A-3VA-T)T 4T
popbn 2 T ri-T(a-vA=T)

In the limit T' — 0, that is, for a plasma of elliptical cross-section, one obtains

L(p) 7T
popEm T—-O ! Pjo 2Rm

11



Similarly, the inverse kernel K(p) of the internal self-inductance is given
by the integral

x B2
K(p) = K(A, Em,TR’) ! / h; 9

‘)7"#0 V9
~ ) Cl+(A+COSG)CQ
- 7r,u0E 2R0+T D(@2A—-T+2cosb + T cos?8)
+ 4— T2 Cs+[2—RyT + (2R — T') cos 9] Cy
—2Ry+T D2+ RyT — T2+ (2Ry) — T) (cos 6 — T cos? 8)]
where
Ci = —48[1+4(F2 —1) A% R]

+8[3(3E2 +1) — (5E2 +3) A2+ 3(E2 +4) AR, — 4(E2 + 3) ARy T
4[4 (E2 +3) A3 — (E% +12) A+ 6(E2 —2) Ry + 12A2R)| T?
+2[4(2E2 —3) A2 —2(TE2 — 6) + 3E2 AR} T® — E2 (54 + Ry) T*,
C, = —16(9E2 —1)(1 — AR})
+8[3(E2 —1) A— (18E2 + 1) R, + 4 (3E2 + 1) A%R)| T
+4[21E% +4 —4(3E% + 1) A2 —12E2 AR T?
+2[4A+ (BEZ —4) RY) T3 + 3E2TH,
Cs = —24(E2 -1+ R2)R,
—4[3E2 +34+4(E2 +3)AR, —3(1 +4AR,) R?|T
+2[4(E2 +3) A+ (11E% +12) R, — 12(A + R,) RZ] T?
+(5E2 — 12+ 4E2 AR, + 12R?) T3 — 2E2 (A + 2R, T*,
C: = —32(1-AR,)) R, +4(3E%+5—5R2)T —8(A— Ry)T* —3ELT?,
D = —24(1—-AR))Ry+8[2— ARy — (3~24°)RZ|T
—2[A — (13— 8A2) R, + 4AR2?]| T? — (9 — 4A2 — 4AR), — R?) T3.

Integration over the poloidal angle 4 gives
2(E2 —1) N Cr+ CoVAZ -1
—Ro+T/2 2Dm\/1 ~T(A- VA1)
(1—T%/4) [Cs +2C4\/(1 — RR) (1 — T2/4)
(—Rj + T/2) D\/(1 — RE) (1 — T2/4)
~Ry+T/2
~Ry(1—T?)—3T/2+2T\/(1 — R) (1 — T?/4)

poEmK(p) =

12

4
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One verifies that L(p) and K (p) are real if the previous conditions involv-
ing A, T and Rj are satisfied. Taking the limit T — 0 yields for an elliptical
plasma cross-section

1 [1 +(ER -1 A R+ (B~ 1)/(—36)]

E.K —
Ko (p) T-0 1— AR VAZ =1 /1_}%2

B3 -1 . E: +1\ »p
(—Rp) =0\ 2 R’

Using the limiting values of L(p) and K (p) the value of the safety factor on

the magnetic axis becomes

(E2 +1)B,, .. (WEmp"Z) (E2 +1) B,
0) = 1 = = - .
100 == R, o Ir(p) ) poEmBmiz(0)

The derivatives dV/dp and dL/dp can be calculated directly. Alterna-
tively, one may resort to integrations according to the definitions

av 27 OR0Z OROZ

kA gRvse _ZRCL Y\
FPRE A R(apae 205,
L _ ﬁ‘l/kl OR0Z 0ROZ) ,
dpo ~ 2xmJo R\Opdf 090 dp )

Finally, one may point out that the coefficients in the flux-surface aver-
aged equilibrium equation can be calculated analytically for trial functions of
arbitrary dependence on the topological radius and for an arbitrary number
of terms in the Fourier series expansions R(p, ) and Z(p, 9), as will be shown
in a future paper. This effectively reduces the solution of the variational prob-
lem, either by the direct method described here or by the moment method
[7], to a one-dimensional problem. The discussion in the present paper is
restricted to a particularly simple model that leads to explicit expressions
for the equilibrium coefficients in terms of algebraic functions.

5 Examples and Discussion

For the geometry under consideration the two-dimensional fixed boundary
equilibrium problem has been reduced, in accordance to the Ritz procedure,

13



to the optimization of a single parameter which is the position R, of the mag-
netic axis. The radial integration in the functional U(a) has to be performed
numerically. It depends on the profiles specified for the plasma pressure p(p)
and the toroidal current I7(p) which are here assumed of the form

plp) = p(0) 1= (p/0)*|”",
2 27971
e = o) () (1 5) - ()]
a (044 ar \a
The model described in this paper was implemented using the Mathemat-
ica package [10]. The search for stationary points of the internal energy U(a)
as a function of R, can be easily carried out using the numerical minimiza-
tion functions provided by Mathematica. In order to illustrate the method,
the results of two different tokamak configurations are presented: (1) an
equilibrium solution for the small-aspect-ratio NSTX tokamak and (2) an
equilibrium solution for the advanced TPX tokamak. The parameters for
these two configurations are listed in table 1. In both cases approximately
parabolic profiles are assumed with o, = 2 and oy = 1/2. The peak pressure
p(0) listed in table 1 corresponds to a value go = 1 of the safety factor on
the magnetic axis for the small-aspect-ratio configuration. The standard-
aspect-ratio equilibrium represented by TPX corresponds to a beta value of

approximately 6%. The plasma beta is the ratio between the thermal energy
and the magnetostatic energy of the vacuum field in the plasma region

_ I/Vth(a)
I’VT,O(G)

B

The toroidal beta and the average plasma pressure are defined by:

Bro= M
ST BE/ (2m0)°
. 2Wa()

pla) =3 OR

Figure 1 shows the flux-surface contours for the NSTX equilibrium and
figure 2 shows the flux-surface averaged toroidal plasma current density
Jr(p) and safety factor ¢(p) profiles. The poloidal and toroidal components

14



[NSTX | TPX |

Major radius Rp(a) [m] 0.80 2.25
Minor radius a [m)] 0.55 0.50
Elongation x(a) 1.6 1.7
Triangularity §(a) 0.4 0.4
External toroidal induction By [T] 0.5 4.0
Toroidal plasma current I7(a) [MA] 0.9 2.0
Pressure on the magnetic axis p(0) [MPa] | 0.010 1.2
Internal inductance ¢; 0.54 0.65
Current diamagnetism p; 0.51 | -1.58
Current beta 0.11 2.52
Plasma beta 3 0.028 | 0.062
Toroidal beta fBr, 0.038 | 0.065
Safety factor on the magnetic axis ¢(0) 1.00 1.06
Safety factor at the plasma edge g(a) 5.5 2.7

Table 1: Equilibrium parameters of the NSTX and TPX equilibria

jp(R,0), j7(R,0) of the plasma current density, respectively, and Bp(R,0),
Br(R,0) of the induction on the horizontal midplane (Z = 0), are shown in
figure 3. The same sequence of contours and profiles are shown in figures
4, 5 and 6 for the TPX equilibrium. One verifies the slightly paramagnetic
nature of the small-aspect-ratio equilibrium near the pressure limit.

The calculations where carried out using a PC type computer. The ra-
dial integrations were performed using Gaussian quadrature with as few as
three points to obtain two to three digits precision in the results. One ex-
pects that the simple model presented is sufficiently accurate to represent the
equilibrium of D-shaped tokamak plasmas. The set of trial functions can be
improved by allowing radial variation of the elongation coefficient. However,
this implies introducing quadrangularity effects in order to get a consistent
expansion of the trial functions to fourth order near the magnetic axis, ac-
cording to the procedure outlined in section 3. In this way, the list of free
parameters to be optimized increases with the inclusion of the elongation £,
on the magnetic axis. Finally, one may point out that the direct method can
be easily applied to find equilibrium solutions consistent, for example, with
experimentally measured profiles of the plasma pressure.

15



[m]
(e
o

2

R [m]

Figure 1: Magnetic flux surfaces contours for the NSTX small-aspect-ratio
tokamak equilibrium.
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Figure 2: Flux-surface averaged toroidal plasma current density and safety
factor profiles for the NSTX equilibrium.
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Figure 5: Flux-surface averaged toroidal plasma current density and safety
factor profiles for the TPX equilibrium.
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