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Abstract

In this paper, we combine finite difference method and finite element
method to solve coupled problem. The incompressible viscous fluid is
governed by Navier-Stokes equations and the elastic beam is modelled
by the Euler-Bernoulli equation. The numerical method is based on
leap-flog scheme.
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1 Introduction

This article is motivated by the numeric simulation of fluid structure inter-
action phenomenon. The coupled system is made of viscous newtonien and
incompressible fluid gouverned by the Navier-Stokes equation completed by
the beam equation modelling the displacement of the structure as well as lim-
its and initial conditions required: it’s a heiglly coupled model for the structure
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mouvement because is influenced by the fluid efforts on the structure and vice
versa. A great number of situations utilize phenomenon of interaction fluid-
structure. Namely, the flow around a boat, blood flow in the arteries, flow
around plane wings, among the stridied flow models. The one we are inter-
ested most in this stydy is the blood flow in the arteries. This work is an
extension of the method developed in [2]. In this present work we’ll focus on
a numeric scheme of coupling between a deformed structure and an imcom-
pressible viscous fluid for the calculation of parameters so as the pressure of
the fluid, its velocity as well as the displacement of the structure.
Amongst the computational methods for fluid structure interaction problem,
we cite the fixed point method, the Newton method, the Quasi-Newton method,
the fictitious domain method. Thus, this paper aims at showing that, we can
combine the finite difference method, the finite element method to solve fluid
structure interaction unsteady problem . On the one hand, we use finite dif-
ference method to approximate the structure model in order to have a linear
dynamic systems, on the other hand, we solve the Navier-Stokes equation
by the finite element method. Moreover, we will be intruduced the leap-flog
scheme to compute the displacement of the structure. Thus, the velocity v
and the pressure p of the fluid are done in the deformed domain.

2 Position of problem

2.1 Domain fluid

We consider Ωu
F ⊂ R2 the domain occupied by the fluid and Γ2 the interface

between the fluid and the elastic structure.

L
Σ2

Γ2

Σ1 Σ3H
Ωu
F

Figure 1: Computational domain
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Where, the border ∂Ωu
F = Σ1 ∪ Σ2 ∪ Σ3 ∪ Γ2.

- Σ1 is the inflow

- Σ2 is a rigid border

- Σ3 is the outflow

- L is the domain length

- H is the domain height

- u is the displacement of the structure

2.2 Fluid properties

The fluid is considered to be newtonian, incompressible, viscous and its state
is described by the velocity v = (v1, v2) and the pressure p . The balance
equations are

ρf (
∂v

∂t
+ (v.∇)v)− µ∆v +∇p = fF , in Ωu

F , t > 0 (1)

∇.v = 0, in Ωu
F , t > 0 (2)

v(t = 0) = v0, in Ωu
F , (3)

−pIdn+ µ
∂v

∂n
= pinIdn, on Σ1, t > 0 (4)

v1 = v2 = 0, on Σ2, t > 0 (5)

−pIdn+ µ
∂v

∂n
= 0, on Σ3, t > 0 (6)

v1 = 0 on Γ2, t > 0 (7)

v2 =
∂u

∂t
on Γ2, t > 0 (8)

- ρf : is the density of the fluid

- µ: the fluid viscosity

- Id: the identity matrix

- v1: the first component of v

- v2: the second component of v

- fF = (fF1 , f
F
2 ): the volume force of the fluid

- n: is a unit normal vector

- v0: the initial velocity
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2.3 Structure properties

The structure is assumed by elastic beam. We note u : [0, L]× R+ −→ R the
displacement of the structure, it is modelled by the Euler-Bernouilli equation

ρs
∂2u

∂t2
(x, t) +D

∂4u

∂x4
(x, t) = p(x,H + u(x, t)), ∀x ∈]0, L[, t > 0 (9)

with the boundary conditions,

u(0, t) = u(L, t) = 0 ∀t > 0 (10)

∂u

∂x
(0, t) =

∂u

∂x
(L, t) = 0 ∀t > 0 (11)

u(x, 0) = u0(x) ∀x ∈]0, L[ (12)

∂u

∂t
(x, 0) = u1(x) ∀x ∈]0, L[ (13)

Where,

- D = E×h3
12(1−ν2)

- E is the Young modulus

- h elastic structure thickness

- ν the Poisson’s coefficient

- ρs is the structure density

Remark: In equation (9) we assume that only the pressure force is acting
on the interface and also u is the transversal displacement [8].
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3 Coupled problem

The coupled problem is to find (u, v, p) such that:

ρs ∂
2u
∂t2

(x, t) +D ∂4u
∂x4

(x, t) = p(x,H + u(x, t)), ∀x ∈]0, L[, t > 0
u(0, t) = u(L, t) = 0 ∀t > 0
∂u
∂x

(0, t) = ∂u
∂x

(L, t) = 0 ∀t > 0
u(x, 0) = u0(x) ∀x ∈]0, L[
∂u
∂t

(x, 0) = u1(x) ∀x ∈]0, L[
ρf (∂v

∂t
+ (v.∇)v)− µ∆v +∇p = fF , in Ωu

F , t > 0
∇.v = 0, in Ωu

F , t > 0
v(t = 0) = v0, in Ωu

F

−pIdn+ µ ∂v
∂n

= pinIdn, on Σ1, t > 0
v1 = v2 = 0, on Σ2, t > 0
−pIdn+ µ ∂v

∂n
= 0, on Σ3, t > 0

v1 = 0 on Γ2, t > 0
v2 = ∂u

∂t
on Γ2, t > 0

In order to solve this coupled problem, we transform its continuous prob-
lem into a discreet problem by using finite difference method and finite element
method.

Assumption: We consider u as a small displacement.
Thus, the Taylor formula gives

p(x,H + u(x, t)) ≈ p(x,H) + u(x, t)
∂p(x,H)

∂y
, (14)

the equation (9) becomes:

ρs
∂2u

∂t2
(x, t) +D

∂4u

∂x4
(x, t)− u(x, t)

∂p(x,H)

∂y
= p(x,H), (15)

we pose α(x) = −∂p(x,H)
∂y

, finally we have,

ρs
∂2u

∂t2
(x, t) +D

∂4u

∂x4
(x, t) + α(x)u(x, t) = p(x,H). (16)

To discretize the domain ]0, L[×R+, we introduce a space step ∆x = L
N+1

and a time step ∆t > 0. We define the nodes of a regular mesh

(xi, tn) = (i∆x, n∆t)for i ∈ {0, 1, . . . , N + 1}, n ≥ 0

We denote by uni the value of the discrete solution at (xi, tn).
To solve the equetion (15), we approximate the second time derivative by

∂2u

∂t2
(tn, xi) ≈

un+1
i − 2uni + un−1

i

∆t2
,



1840 Mamadou Diop and Ibrahima Mbaye

and
∂4u

∂x4
(xitn) by

∂4u

∂x4
(xi, tn) ≈

uni−2 − 4uni−1 + 6uni − 4uni+1 + uni+2

∆x4

The initial data is discretized by

u0
i = u0(xi) for i ∈ {0, 1, . . . , N + 1}

We must also discretize the boundary conditions . For (11), a centred formula
gives

un1 = un−1 et u
n
N+2 = unN (17)

and the boundary conditions u(0, t) = u(L, t) = 0 become

un0 = unN+1 = 0. (18)

Moreover the discretization of (13) give

u1
i ≈ u0

i + ∆tu1(xi)

we rewrite the equation (16) in the discreet form

un+1
i − 2uni + un−1

i

∆t2
+D

uni−2 − 4uni−1 + 6uni − 4uni+1 + uni+2

∆x4
+ αiu

n
i = P (xi, H)

(19)
for n ≥ 0 et i = 1, 2, 3 . . . N.
Then, the continuous problem becomes the following algebraic equation

Un+1 + Un−1 + AUn = P

such as

A = B + C

Where

Un+1 =


un+1

1

un+1
2

un+1
3
...

un+1
N

 Un−1 =


un−1

1

un−1
2

un−1
3
...

un−1
N

 Un =


un1
un2
un3
...
unN

 P =


∆t2p (x1, H)
∆t2p (x2, H)
∆t2p (x3, H)

...
∆t2p (xN , H)


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B =



7D∆t2

∆x4
−4D∆t2

∆x4
D∆t2

∆x4
0 0 . . . 0

−4D∆t2

∆x4
6D∆t2

∆x4
−4D∆t2

∆x4
D∆t2

∆x4
0 . . . 0

D∆t2

∆x4
−4D∆t2

∆x4
6D∆t2

∆x4
−4D∆t2

∆x4
D∆t2

∆x4
. . . 0

...
. . . . . . . . . . . . . . .

...

0 . . . D∆t2

∆x4
−4D∆t2

∆x4
6D∆t2

∆x4
−4D∆t2

∆x4
D∆t2

∆x4

0 . . . 0 D∆t2

∆x4
−4D∆t2

∆x4
6D∆t2

∆x4
−4D∆t2

∆x4

0 . . . 0 0 D∆t2

∆x4
−4D∆t2

∆x4
7D∆t2

∆x4



C =



−2 + ∆t2α1 0 0 0 0
0 −2 + ∆t2α2 0 . . . 0
0 0 0 . . . 0
...

. . . . . . . . .
...

0 . . . 0 0 0
0 . . . 0 −2 + ∆t2αN−1 0
0 . . . 0 0 −2 + ∆t2αN


Remark: The formulation Arbitrary Lagrangian-Eulerian (ALE) was used,
by considering a dynamic grid [4].

4 Numerical results

The boundary conditions imposed to the pressure [7]

pin(x, y, t) =

{
10000(1− cos( πt

0.0025
))∀(x, y) ∈ Σ1, 0 ≤ t ≤ 0.005

0, ∀(x, y) ∈ Σ1, 0.005 ≤ t ≤ T

We take parameters for fluid and structure in [8, 9].

Table 1 Parameters of the strcuture

Paramerters Values
E 0.75× 106g/cm2 · s2

h 0.1 cm
ν 0.3
ρs 1.1 g

cm3
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Table 2 Parameters of the fluid

Paramerters Values
µ 0.035 g

cm.s

L 3 cm
H 0.5 cm
g 9.81 cm

s2

fF = (fF1 , f
F
2 ) (0, 0)

∆t 1ms

Description of the computational method

step 1: We compute the velocity and the pressure of the fluid in the reference
domain Ω0

F .
step 2: From i = 1 to N (N is the number of iteration).

• compute the displacement u of the structure.

• Determine the deformed domain Ωu
F .

• compute the velocity and the pressure in Ωu
F .

Freefem ++ [3] is used for the numerical tests. Figures following display the
structure displacement, the pressure.

IsoValue
-554.212
-378.372
-261.145
-143.918
-26.6914
90.5354
207.762
324.989
442.216
559.443
676.67
793.896
911.123
1028.35
1145.58
1262.8
1380.03
1497.26
1614.48
1907.55

Figure 1: Wave pressure at t = 15ms.

IsoValue
-1011.17
-783.175
-631.181
-479.188
-327.194
-175.201
-23.207
128.787
280.78
432.774
584.767
736.761
888.754
1040.75
1192.74
1344.74
1496.73
1648.72
1800.72
2180.7

Figure 2: Wave pressure at t = 20ms.

IsoValue
-895.093
-772.197
-690.266
-608.335
-526.405
-444.474
-362.543
-280.613
-198.682
-116.751
-34.8206
47.11
129.041
210.971
292.902
374.833
456.763
538.694
620.625
825.451

Figure 3: Wave pressure at t = 25ms.

IsoValue
-561.513
-463.065
-397.433
-331.801
-266.169
-200.538
-134.906
-69.2739
-3.64201
61.9898
127.622
193.254
258.885
324.517
390.149
455.781
521.413
587.045
652.676
816.756

Figure 4: Wave pressure at t = 30ms.
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IsoValue
-44.1121
-34.7863
-28.5691
-22.3519
-16.1347
-9.91748
-3.70027
2.51693
8.73414
14.9513
21.1686
27.3858
33.603
39.8202
46.0374
52.2546
58.4718
64.689
70.9062
86.4492

Figure 5: Wave pressure at t = 90ms.

IsoValue
-29.2579
-22.8666
-18.6058
-14.3449
-10.084
-5.82314
-1.56226
2.69861
6.95948
11.2204
15.4812
19.7421
24.003
28.2638
32.5247
36.7856
41.0465
45.3073
49.5682
60.2204

Figure 6: Wave pressure at t =
100ms.

The above figures display the modification step by step of the wave pressure
and the structure displacement at t = 15, 20, 25, 30, 90, 100ms.

5 Conclusion

In this paper, we have presented a method to solve fluid structure interac-
tion problem an unsteady case. This paper also comes to improve the work
developed in the former paper [2]. On the one hand, we use finite diffence
method and leap-flog scheme to compute for each time the displacement of
the structure and the other hand we compute the velocity and the pressure
of the fluid for each time in the deformed domain. Morever, we assume that
for a small displacement and a small step time our computational method is
stable. The numerical results are suitable compared to [1]. In our future works
we plan to use the same teckniques to solve the problem of benchmark fluid
structure interaction.

References

[1] Alioune Gueye Sow and Ibrahima Mbaye, Method of successive approxi-
mations for an unsteady fluid structure interaction problem, International
Journal of Contemporary Mathematical Sciences, 11 (2016), no. 8, 377 -
384. https://doi.org/10.12988/ijcms.2016.5835

[2] M. Diop and I. Mbaye, Conjugate Gradient Method to Solve Fluid Struc-
ture Interaction Problem, Applied Mathematics, 8 (2017), 444-452.
https://doi.org/10.4236/am.2017.84036

[3] F. Hecht and O. Pironneau, A finite element Software for PDE:
FreeFem++, Frederic.Hecht, 2003. www-rocq.inria.fr



1844 Mamadou Diop and Ibrahima Mbaye

[4] I. Mbaye, Fourier Series Development Resulting from an Unsteady Cou-
pled Problem, Int. J. Comptemp. Math. Sciences, 7 (2012), 1695-1706.

[5] I. Mbaye, Fourier Series Development for solving a steady Fluid Structure
Interaction Problem, Int. J. Comptemp. Math. Sciences, 8 (2013), 75-84.
https://doi.org/10.12988/ijcms.2013.13008

[6] I. Mbaye, Controllability approach for a Fluid Structure Interaction Prob-
lem, Applied Mathematics, 3 (2012),213-216.
https://doi.org/10.4236/am.2012.33034

[7] I. Mbaye, Improving the Study of Multiobjective Optimization of a Stent,
Applied Mathematical Sciences, 8 (2012), 3827-3838.

[8] C. M. Murea, The BFGS algorithm for nonlinear least squares problem
arising from blood flow in arteries, Comput. Math. Appl, 49 (2005), 171-
186. https://doi.org/10.1016/j.camwa.2004.11.002

[9] I. Mbaye and C. Murea, Numerical procedure with analytic derivative for
unsteady fluid-structure interaction, Commun. Numer. Meth. Engng, 24
(2017), 1257-1275. https://doi.org/10.1002/cnm.1031

[10] Stefan Turek and Jaroslav Hron, Proposal for numerical benchmarking of
fluid-structure interaction between an elastic object and laminar incom-
pressible flow, Chapter in Fluid-Structure Interaction, 2006, 371-385.
https://doi.org/10.1007/3-540-34596-5 15

Received: June 7, 2017; Published: July 12, 2017


