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Abstract

In this paper, we construct a new method based on the Homotopy
analysis method (HAM) linked to Wiener Hermite expansion
perturbation (WHEP) technique and it is called HAM WHEP and then
apply it to solve the generalized stochastic nonlinear diffusion
equation with square or cubic nonlinear losses by obtaining the
average and variance of the solution process. The aim of applying this
new technique is to overcome the difficulties arising from the
Homotopy perturbation method (HPM). Accordingly, applying HPM
linked to WHEP in [6] may lead to divergence. This disadvantage is
overcome by using the HAM which guarantees the convergence of the
series solution. In this direction, this paper revisits and solves the sto-
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chastic nonlinear diffusion equation in [6] by applying the HAM
WHEP technique. All test problems reveal the accuracy and the
convergence of the suggested method.
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1 Introduction

The mathematical modeling of many real-life phenomena by reason of
random perturbation are not possible by ordinary differential equations, and hence
are often modeled by using stochastic differential equations in order for the model
to become more realistic [16, 22]. Because such differential equations cannot
usually be solved analytically, the study of numerical methods is required and
these must be designed to perform with a certain order of accuracy. Many authors
investigated the stochastic diffusion equation under different views [5, 21].
Recently, M.A. El-Tawil used the Wiener Hermite expansion together with
Perturbation theory (WHEP) technique to solve a perturbed nonlinear stochastic
diffusion equation [4]. The technique has been then developed to be applied on
non-perturbed differential equations using the Homotopy perturbation Method
linked to Wiener Hermite expansion perturbation technique and it is called
Homotopy WHEP [3]. However, as mentioned S.J. Liao [19], Homotopy
perturbation method (HPM) is only a special case of the Homotopy analysis
method (HAM). The difference is that, the HPM had to use a good enough initial
guess, but this is not absolutely necessary for the HAM. This is mainly because
the HAM uses a so-called convergence control parameter & to guarantee the
convergence of approximation series over a given interval of physical parameters.
So, the Homotopy analysis method (HAM) is more general.

In 2010, M.A. El-Tawil and N.A. Al-Mulla [6] used the HPM linked to WHEP
technique to solve the stochastic nonlinear diffusion equation with square or cubic
nonlinear losses, as follows,

aU(té:;a)) _ azug);;“a’)_gu”(t,x;co)+a.n(t;a)); (t:x) e (0,) (0, L), (1)

u(t,0)=u(t,L)=0,u(0,x)=¢(x),

where the viscosity ¢ is a deterministic scale for the nonlinear term. The non
homogeneity term o.n(t) is a time white noise process scaled by o .
However, solving the stochastic nonlinear diffusion equation (1) mentioned
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above did not consider the influence of using the HPM on the convergence of the
series solution. In fact, there is absolutely no guarantee that perturbation methods
result in a convergent solution. Accordingly, using the HPM linked to WHEP in
[6] may lead to divergence. This disadvantage is overcome by using the
Homotopy analysis method (HAM) linked to WHEP (HAM WHEP) technique.

In this direction, this paper revisits and solves the stochastic nonlinear
diffusion equation in [6] by applying the HAM WHEP technique. All test
problems reveal the accuracy and convergence of the suggested new method.

The main aim of this paper is to construct and develop a new approach based
on the Homotopy analysis method introduced in WHEP (HAM WHEP) technique
and then apply it for solving the diffusion equation under square and cubic
nonlinearities and stochastic non-homogenous on a class of differential equations.
Some statistical moments are obtained, mainly the ensemble average and variance
of the solution process with corresponding figures.

In this study, for our aim we consider the generalized stochastic nonlinear

diffusion equation with square or cubic losses eu’oreu’of interest is of the
following form,

8U(té;(;0)) _ azug[);;(;a)) _ wn(t, X a))+ O—(t)_n(t; a)); (t; x) € (O,oo)x (0, L), (2)

u(t,0)=u(t,L)=0,u(0,x)=¢(x),

where = is a deterministic scale for the nonlinear term and n=2,3. w €(Q,0,P)
is a triple probability space with & as the sample space, o is a o -algebra on
events in Q and P is a probability measure. The physical meaning of the
nonlinear term is that there exists a loss proportional to u® or to u®. The non
homogeneity term o(t)n(t,w) is a time white noise process scaled by of(t):

o(t;w) is a continuous time part of the random forcing.

2 The Wiener Hermite Expansion and Perturbation Technique

The application of the Wiener Hermite expansion and perturbation (WHEP)
technique [7, 8, 9, 10, 11, 14, 23] aims at finding a truncated series solution to the
stochastic solution process of stochastic differential equations. The truncated
series is composed of two major parts; the first is the Gaussian part which consists
of the first two terms, while the rest of the series constitute the non-Gaussian part.
In nonlinear cases, there exist always difficulties of solving the resultant set of
deterministic integro-differential equations got from the applications of a set of
comprehensive averages on the stochastic integro-differential equation obtained
after the direct application of WHE.

Due to the completeness of the wiener Hermite set, any random function G(t; )
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can be expanded as follows,

G(t)=G(t)+ [ (t:t, HY(t, )dt, + [ [P (1, t, H P (t, t, )t dt, +.. (3)
R RN
Where the first two terms are the Gaussian part of G(t; ). The rest of the terms in
the expansion represent the non-Gaussian part ofG(t;a)).

The average of G(t;w) is
1 = EG(t;0) =G (t) with EHY(t,)=0,EHY () HY(t,)=6(t, -t,). (4)

where the time white noise process is n(t,)=H®¥(t,).
The covariance of G(t; @) is

Cov(G(t; @), G(r: @) = E(G(t: @) - 1 MG (s ) - 45 (7))

=GPt )6 (mt )t +2[ [GP (6,1, )6 P (wt, 1, it dt, +... (5)

R RR

The variance of G(t;w) is

oé =E(G(t; )~ (1))
= (6Pt ) dt, +2[ [[6@ (. t, ) dtt, + .. (6)

RR

The WHEP technique can be applied on linear or nonlinear perturbed systems
described by ordinary or partial differential equations. The solution can be
modified in the sense that additional parts of the Wiener Hermite expansion can
be taken into considerations and the required order of approximations can always
be made depending on the computing tool.
The first order solution can be obtained when considering only the Gaussian part
of the solution process u(t;@) can be expanded as,

u(t; ) =u(t)+ [u® (et )H Ot )dt, @)

The WHEP technique uses the following expansion for its deterministic
kernels,

U(i)(t):u(()i) +6‘Ul(i) +52u§i) +oi=0L.. (®)
3 Basic idea of Homotopy Analysis Method

The Homotopy analysis method (HAM) initially proposed by S.J. Liao in his
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Ph.D. thesis [17]. A systematic and clear is exposition on the HAM is given in
[18]. In recent years, this method has been successfully employed to solve many
types of nonlinear problems in science and engineering [1, 2, 13, 15, 20]. HAM
contains a certain auxiliary parameter7, which provides with a simple way to
adjust and control the convergence region and rate of convergence of the series
solution. Moreover, by means of the so-called 7 -curve, a valid region of 7 can be
studied to gain a convergent series solution. It is important to note that, one has
great freedom to choose auxiliary objects such as 7z and L in HAM. Thus, through
HAM, explicit analytic solutions of nonlinear problems are possible.

To describe the basic idea of the HAM, we consider the following differential
equation,

Nlu(x,t)]=0, 9)

where N is a nonlinear operator, x and t denotes the independent variables,
u(x,t) iIs an unknown function, respectively. By means of generalizing the

traditional Homotopy method, S.J. Liao [17] construct the so-called zero order
deformation equation,

(- q)Ely (x.t;a)—u, (xt)] = azH (X, N[y (x.t; )] (10)

where g e [0,1] is an embedding parameter, 7 is the nonzero auxiliary parameter
and H(x,t) is the nonzero auxiliary function, £ is an auxiliary linear operator,
U, (x,t) is an initial guess of u(x,t) and w(x,t;q) is an unknown function.
Obviously, when g=0 and g=1 both,

w(x,t;,0)=uy(x,t) and w(x,t;1)=u(x,t), (11)

respectively hold. Thusas q increases from 0 to 1, the solution z//(x,t; q) varies
from the initial guess u,(x,t) to the solutionu(x,t).
Expanding z//(x,t;q) in Taylor series with respect to q, one has,

w(xta)=uy(xt)+>" u (xt)g", (12)
where,
Um(X,t)= iw . (13)
m aq"” 0o

If the auxiliary linear operator, the initial guess, the auxiliary parameter 7 and
the auxiliary function are so properly chosen, then the series (12) converges at
g=1 and,
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u(x,t)=u(x,t)+>"" u,(xt) (14)

which is the solution of the original equation, as proved by S.J. Liao [30]. As
H(x,t)=1 and #=-1, Equation (10) becomes,

(- qEy(xt:9)-u,(x )]+ aN[w(x t;q)] = 0, (15)

which is used mostly in the Homotopy perturbation method (HPM) proving that
the HPM is a special case of the Homotopy analysis method (HAM). Comparison
between the HAM and HPM can be found in [12, 19].

According to equation (13), the governing equation can be deduced from the zero
order deformation equation (10). Define the vector,

u, = {u, (%, t)u, (x,t)....u (x,t)k (16)

Differentiating (10) m times with respect to the embedding parameter q and
then setting g =0 and finally dividing them by m!, we have the so-called mth
order deformation equations,

£fu, (x,t)— z,u,,(x,t)]=7H (X,t)Rm(am—l), (17)
where
o,m<1
Zm:{l,m>l (18)
and
- )1 ™N[p(xtq)]
Rm (U m_l)_ (m _1)| 8q m-1 ‘qzo : (19)

For any given nonlinear operator N and the termR,, (ﬁ m—l) can be easily expressed

by equation (19). So we can obtain u,(x,t),u,(x,t)...by means of solving the
linear high order deformation equation (17). The mth order approximation of
u(x,t) is given by,

u(x,t)= Z:zoum(x,t), (20)

The foregoing approximate solution consist of 7, which is a cornerstone of
the HAM in determining convergence of series solution rapidly. We may adjust
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and control the convergence region and rate of the solution series (20) by means
of the auxiliary parameter /. To obtain valid region of 7, we first plot the so

called h-curves of u(x,t), u,(xt] where a<[a,b] and so on. According to

these 7 -curves, it is easy to discover the valid region of 7, which corresponds to
the line segments nearly parallel to the horizontal axis.

Theorem 3.1 According to S.J. Liao [18], as long as the series (20) converges
tou(x,t), where u_(x,t) is governed by the high-order deformation equation (17)

under the definitions (18) and (19), it is must be the exact solution of equation (9).

4 Solving the Langevin equation using some techniques: HAM,
WHEP and HAM WHEP technique

This section deals with the Langevin equation by using three techniques, in
particular: WHEP, HAM and HAM WHEP technique.
We consider the Langevin equation forn =2,3,

=—au"(t; )+ o(t)n(t; ), t € (0,0),

(21)

where n(t;®) is the time white noise process, o(t) is a continuous function and
& Is aconstant.

4.1 Using WHEP technique for solving the Langevin equation

At n=2,Eq.(21) recasts as,

=—au’(t; @)+ o(thn(t; @) t € (0,0), (22)

where of(t) nft;ew) is the time white noise process scled by «{f): «{t) is a
continuous function and = is a constant.

Applying the WHEP technique on Eq. (22) and taking the necessary averages, we
get the following equations,

augt) W o o[ ot e, (23)
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@) (4-
.@Lg}£):_zaﬁwamﬂxuq)+aayﬂ¢_g) (24
Where,
u(t;0) =u® )+ [ u (GOH ()t (25)

Applying the perturbation technique, the deterministic kernels can be
represented in first order approximation as,

u@t)=ul®(t)+u®(t), (26)
u(l)(t;tl): uél)(t;t1)+éu£1)(t;t1)- (27)

The solution is to evaluate u'® and ul and then computing the other two

kernels independently. The final results of the first order first correction mean and
variance respectively are,

,(t)=u(t), (28)

o2(t)=[[u® (L, )[dt, (29)

4.2 Using HAM for solving the Langevin equation

In order to solve Eg. (22) by the HAM, we choose the initial approximation,

Uo(t) =1, (30)
and the auxiliary linear operator,
owl(t;
Ely(ta)l= f;qX (31)
with the property,
£e]=0, (32)

where ¢, is an integral constant. Furthermore, Eq. (22) suggests that we define
the nonlinear,
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0
N[y (a)l=""+ey* ~oltn(t). (33)
Using the above definition, we construct the zero order deformation equation
(- q)ely (t;q) -, (V)] = aH (N[ (5 q)]. (34)

As H(t)=1, Eq. (34) becomes,

(- q)Ely(t;a)—-uy(t)] = aaN[w(t: q)], (35)
and the so-called mth order deformation equation,
Elu, ()~ 70t 1 (0)] = AR, i), (36)
with the initial condition,
u,(0)=0, (37)
where
Ro (i 1) = (U ), + () = @ 2, o). (38)

Now, the solution of the so-called mth order deformation equation Eq. (36) for
m=>1 becomes,

um(t)z;(mum_l(t)Jrh_[ot Rm(am—l)jf-f-cl, (39)

where the integration constant c, is determined by the initial condition (37).
Taking the necessary averages with a(t)=t, we get the following results when

getting both the fourth order approximation for the mean and the variance
respectively,

rtanen?] s (nen?f o wnt@en)

y =1+ht+(2+n)\n+ )+
12 10 4

3 2 6 6 6
Bent) e B0 B B
9 14 32 81
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2 \2 4 6 6
oi(t)= g +: ) = (§+1)t5 LAY +%t8. (41)

The proper value of 7% which ensures that the approximation solution is
convergent is found from the 7 -curves obtained both from the fourth order HAM
approximation of the mean and the variance shown in Figures 1 and 2
respectively. The valid region of 7# corresponds to the line segments nearly
parallel to the horizontal axis.
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Figure 1: The 7 -curve of the mean based on the fourth order HAM

approximation
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Figure 2: The f-curve of the variance based on the fourth order HAM
approximation
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4.3 Using HAM WHEP technique for solving the Langevin
equation

Applying the WHEP technique on the proposed example of the Eq. (22),
and taking the necessary averages, we get the following equations,

é’u(

:—g[u ] —g.[ [u tt ]dt (42)
W) a0+ ottt -t,). 43)

In order to solve the Egs. (42) and (43) by the HAM, we choose the initial
approximations

u2(t)=1,u(t;t,) =t. (44)

Applying the same approach as in subsection (4.2) with a(t) =t. The proper value
of 7 is found from the 7% -curves obtained from the sixth order HAM WHEP
approximation of the mean and the fifth order HAM WHEP approximation of the
variance shown in Figures 3 and 4 respectively. The valid region of #
corresponds to the line segments nearly parallel to the horizontal axis.

w0.1)
1.0+

09
08 |

07 F

Figure 3: The 7 -curve of the mean obtained from the sixth order HAM WHEP
approximation
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e=1

rrz,(l'],]l

0.0015
0.0010

S~ 0.0005 -

Figure 4: The 7% -curve of the variance obtained from the fifth order HAM
WHEP approximation

Now, considering the case n=3, and proceeding in a similar manner as in
subsection 4.3, the results are obtained from the 7 -curves both of the fourth order
HAM WHEP approximation of the mean and the variance shown in Figures 5 and
6 respectively. The valid region of 7# corresponds to the line segments nearly
parallel to the horizontal axis.

Hy0.1)
1O+
2k

B 09

08

............... I U R S h
245 5

Figure 5: The 7 -curve of the mean obtained from the fourth order HAM WHEP
approximation
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Figure 6: The 7 -curve of the variance obtained from the fourth order HAM
WHEP approximation

Concerning only a first order approximation, it can be noticed both the HAM
and HAM WHEP techniques give near results. The HAM WHEP technique seems
an efficient one because of its correction possibilities.

5. Solving the Boundary value problem using Homotopy Analysis
Wiener Hermite Expansion and Perturbation technique

In the present paper, for our aim, the HAM WHEP technique is applied to
solve the generalized stochastic nonlinear diffusion equation with square or cubic
losses, su’or su® and it is shown that how one can control the convergence of
approximate solution and make the convergence fast.

At n =2, the equation (2) of interest in this paper becomes,

au(té:;a)) _ 82ug);;(;w)—gu2(t, x;a))+0(t).n(t;0)); (t;x)e (o,oo)x(o, L), (45)

u(t,0)=u(t,L)=0,u(0,x)= ¢(x),

where o(t). n(t;) is the time white noise process scaled by o(t):o(t) is the
continuous time part of the random forcing.

Applying the WHEP technique on the proposed equation in (45), and taking the
necessary averages, we get the following equations,
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au®(t,x) 8t X) [ o B ET O v \P
at = aXZ —E[U (t’X)] —(C,‘J.O [ul(t’x’tl)] dtl’ (46)

u@(t,0)=u(t,L)=0,u(0,x) = p(x)

@) . 2,1 .
it)  PUTNL) gt (et ) ottt
X

u?(t,0,t,)=u(t, L;t,)=0,u?(0,x;t,) =t.

(47)

In order to solve the Equations (46) and (47) by the HAM, we choose the initial
approximations,

u@2(t, x) = p(x),u(t, x;t,) =t, (48)

and the auxiliary linear operators,

] au9(t,x;q)
ot

£,uO(txa) |- 2P xbia) g

£2[u(1)(t,x;tl;q) = p

with the properties,

£1[C1]:£2[C2]:0’ (50)
where ¢, and c, are the integral constants.
Equations (46) and (47) suggests that we define the nonlinear operators,

au© t x: 02y t, X t
N[u(o)(t,x;q)]z ((3'[ Q)_ axg )+8[U(°)(t,x)]2 +‘9,[o [u(l)(t,x;tl)]zdtl, (51)

@ 4 2,.(1) .
M [u(l)(t,x;tlifJ)]: o (t(’;’tl’q)— ou a(tz’x’tl)+Zgu(o)(t,x)u(l)(t,x;tl)
X

— (- 20 )o(t)s(t -t,). (52)

Using the above definition we construct the zero order deformation equation with
H (t,x) =1, we have,

(- q)e,[u (6, x:0) - (t, )] = 4N [u© &, 0)], (53)
(- q)£[ J(t,xt,;q)- ()'O(t,x;t)] th[ (txtl,q)], (54)

and the so-called mth order deformation equations for m >1are,
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—(0),m-
£1 [u (0),m _zmu(O),m—l]= hR(O),m(u( ) lj' (55)

£, Ju®m - 5 u®m]= RO™ (G(l)'m_l) , (56)

with the initial conditions,
u®m(0,x)=1,u®"(0,x;t,)=0, (57)

where,

RO (G(O),m—lj _ (u (0)m-1 )t _ (U (0),m-1 )XX " S(U (0),m-1 )2 + gJ: [U (1)m-1 ]2 i, (58)

R@m (l—j(l),m—l) _ (u (1).m-1 )t _ (U (1)m-1 )xx 4 2y @mt Om-1 (l— P )J(t)5(t _ tl)' (59)

The solutions of the so-called mth order deformation equation (55) and (56) are,

WO (t,x) = g,u "+ RO (G(O)’ml jd T+Cy, (60)
(1),m (¥),m-1 tn@m ;@m-t
O (x) = 2o n[ R0 e, 0
We obtain the results for o(t)=t and ¢(x)=x,
4
u(o)’l(t,x)=h[tz+txz) Ut (t, x) = At (62)

and so on.

The proper value of # which ensures that the approximation solution is converge
is found from the 7%-curves obtained both from the fifth order HAM WHEP
technique approximation of the mean and the variance shown in Figures 7 and 8
respectively. As mentioned S.J. Liao [18], the valid region of 7 corresponds to
the line segments nearly parallel to the horizontal axis.
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Mix=x=0.5,e=1
pr(0.1)

0.50 +

048

0.46

044 -

h

Figure 7: The # -curve of the mean obtained from the fifth order HAM WHEP
approximation.
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Figure 8: The # -curve of the variance obtained from the fifth order HAM WHEP
approximation.

Now, considering the case n=3, the equation (2) of interest in this paper
becomes,

6U(tétx;a)) _ 82“5;);;(;”)_5“3@,x;a))+a(t).n(t;a)); (t;x)  (0,00)x (0, L),

u(t,0)=u(t,L)=0,u(0,x) = ¢(x), (63)

where o(t)n(t;) is the time white noise process scaled by o(t): oft) is the
continuous time part of the random forcing.
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Proceeding in the same manner as previously. The proper value of # which
ensures that the approximation solution is convergent is found from the 7 -curves
obtained both from the fourth order HAM WHEP approximation of the mean and
the variance shown in Figures 9 and 10 respectively. The valid region of 7
corresponds to the line segments nearly parallel to the horizontal axis.

d(x)=0.5e=1
1y (0.1)

0.60

h

Figure 9: The 7 -curve of the mean obtained from the fourth order HAM WHEP
approximation

¢(x)=0.5,e=1
o1
0.00055 -

T

0.00050

0.00045

T

0.00040

.|.."\‘...l.“‘l‘..‘-‘.‘.'wa’/‘l..“\.“.}r]

Figure 10: The 7 -curve of the variance obtained from the fourth order HAM
WHEP approximation.
6 Conclusion

In this paper, the HAM linked to WHEP (HAM WHEP) technique has been
applied to solve the generalized stochastic nonlinear diffusion equation with
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square or cubic nonlinear losses by obtaining the average and variance of the
solution process. It has the advantage to overcome the difficulties arising from the
Homotopy perturbation method (HPM). In fact, The HPM may lead to divergence
because the rate of convergence of the HPM method depends greatly on the initial
approximation which is considered as the main disadvantage of the HPM. The
HAM WHEP contains the auxiliary parameter 7, which provides us with a
convenient way to adjust and control the convergence region of the series
solution. All test problems reveal the accuracy and convergence of the suggested
method.

Acknowledgements. We dedicate this work to Professor Magdy El-Tawil, who
passed away this year.
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