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1. Introduction

Definition 1. The function f:[a,b)]c R >R, is said
to be convex if the following inequality holds
f(Ax+(1-2)y)<af(x)+(1-2) f(»)
for all x,ye[a,b] and Ae [0,1]. We say that f is concave if
(-f) is convex.

The following inequality is well known in the literature
as the Hermite- Hadamard integral inequality (see, [4,10]):

f[a+bj if ) /()

where f:I cR— R is a convex function on the interval

(1.1

I of real numbers and a, b € I with a <b.
In [3], Dragomir and Agarwal proved the following
results connected with the right part of (1.1).

Lemma 1. Let f:I°cR—>R be a differentiable

mapping on I°, a,bel® with a <b. If f* € L[a,b], then the
following equality holds:

f@)+f(b) 1 ¢

5 b_ajf(x)dx
) ¢ (1.2)
_ b;“j(i—zt)f'(m+(1—z)b)dt
0

Theorem 1. Let f:I°cR—>R be a differentiable

mapping on I°, a,bel® with a <b. If |f’| is convex on [a,b],
then the following inequality hOldS'

£ (a)+ £ (b
2 b ajf

b;“)<|f'(a>|+|f'<b>|>

(1.3)

|

Theorem 2. Let f:I°c R —>R be a differentiable

mapping on I°, abel® witha<b; f € L(a,b)and p > 1. If
the mapping [£P'®" is convex on [a,b], then the following

inequality holds:
b
|f(a);f(b)_bia o
b—a [|f'(a)|p/(p—1) +|f|(b)|p/(p_]) ](p-i)/p (1.4)
C2(p+)” >

The most well-known inequalities related to the integral
mean of a convex function are the Hermite Hadamard
inequalities or its weighted versions, the so-called
Hermite-  Hadamard-  Fejér  inequalities  (see,
[8,13,14,15,16,19,20]). In [7], Fejer gave a weighted
generalizatinon of the inequalities (1.1) as the following:

Theorem 3. f:[a,b] > R, be a convex function, then

the inequality

f(a;bjj'w(x)dxé bia If(x)w(x)dx
¢ ¢ (1.5)

< Miw(x)dx

a

holds, where w:[a,b] >R is nonnegative, integrable,

and symmetric about x = a_erb.

In [13], some inequalities of Hermite-Hadamard-Fejer
type for differentiable convex mappings were proved
using the following lemma.

Lemma 2. Let f:I°cR—>R be a differentiable
mapping on [°, a,bel® with a <b, and w: [a,b]—[0,0) be a
differentiable mapping. If f* €L[a,b], then the following
equality holds:
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w]{w(x)dx—if(x)w(x)dx=
e “ (1.6)
(b—2a) .([p(t)f'(ta+(l—l‘)b)dt

for each t 2 [0,1]; where
1 ‘
p(t) = Iw(as+(1—s)b)ds—‘[w(as+(1—s)b)ds
t 0
The main result in [13] is as follows:
Theorem 4. Let f/:I°cR —>R be a differentiable
mapping on I°, a,bel® with a <b, and w: [a,b]—[0,0) be a

differentiable mapping and symmetric to atb

CIf P s

convex on [a,b] ; then the following inequality holds:

wgw(x)dx—:[f(x)w(x)dx
(A i (1.7
et | 2
where g(1)= I:;((:::;;w(x)dx for te [0,1].

Definition 2. Let fel[a,b]. The Riemann-Liouville

integrals JZ, f and J;_f of order o > 0 with a> 0 are
defined by

Jgﬂrf(x):ﬁ.l‘:(x—t)a_lf(t)dt,x >a

And

Jgf(x)zﬁj:(t_x)“lf(z)dt,pb

respectively. Here, I'(«) is the Gamma function and

Jaof (x)=Jpf (x)= 1 (x).

Meanwhile, Sarikaya et al. [12] presented the following
important integral identity including the first-order
derivative of f to establish many interesting Hermite-
Hadamard type inequalities for convexity functions via
Riemann-Liouville fractional integrals of the order o > 0.

Lemma 3. Let f:[a,b)] >R be a differentiable

mapping on (a,b) with a < b. If felL[ab], then the
following equality for fractional integrals holds:

f(a)+f(b) T(a+l) I f(b)+JIE [ (a
2 2(b—a)a[ e ()] (1)
_b-a

S L= = ] (- p)a

It is remarkable that Sarikaya et al. [12] first give the
following interesting integral inequalities of Hermite-
Hadamard type involving Riemann-Liouville fractional
integrals.

Theorem 5. Let f:[a,b] >R be a positive function

with 0 <a <b and feLi[a,b]. If f is a convex function on
[a,b], then the following inequalities for fractional
integrals hold:

a+b < F(a+1) a +J% £(a
f( 5 J_z(b—a)“[JMf(b) Jp-f( )}

_J(a)+7()
2

(1.9

with o > 0:

For some recent results connected with fractional
integral inequalities see [1,2,8,17,18].

In this article, using functions whose derivatives
absolute values are convex, we obtained new inequalities
of Hermite-Hadamard-Fejer type and Hermite-Hadamard
type involving fractional integrals. The results presented
here would provide extensions of those given in earlier
works.

2. Main Results

We will establish some new results connected with the
right-hand side of (1.5) and (1.1) involving fractional
integrals used the following Lemma. Now, we give the
following new Lemma for our results:

Lemma 4. Let f:I°cR—>R be a differentiable
mapping on I°, a,bel® with a <b and let w:[a,b] > R .If

f’, weL[a,b], then, for all xe [a,b], the following equality
holds:

I(iw(s)dsj f'(l)dl—j(jw(s)dsj f'(t)dt

a\t

2.1

a

where o > 1:
Proof. By integration by parts, we have the following
equalities:

'b[(j.w(s)dsj f'(t)dt

a\a
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t) +aj‘[jiw(s)dsJa_ w(t) f(¢)at (2.3)

a)+aj[jw(s)ds} w(t)f(z)dl

a\t

Subtracting (2.3) from (2.2), we obtain (2.1). This
completes the proof.

Remark 1. If we take w(s) = 1 in 2.1; the identity (2.1)
reduces to the identity (1.8).

Corollary 1. Under the same assumptions of Lemma 4

with o = 1; then the following identity holds:

o] oo

:[iw<s>dsJ_f<a>+f<b>f

(2.4)
5 J.w(t)f(t)dt

a a

Remark 2. If we take w(s) = 1 in (2.4), the identity (2.4)
reduces to the identity (1.2).

Now, by using the above lemma, we prove our main
theorems:

Theorem 6. Let /:I° c R —>R be a differentiable
mapping on I°, a,bel® with a <b and let w: [a,b] —> R be

continuous on [a,b]. If |f’| is convex on [a,b], then the
following inequality holds:

[Tw@)ds] [F(a) £ (5)]

_(b=a)

(a+1)

[/ (@) +|7 ()]

where o> 0 and ||| = sup |w(t)|
te[a,b]
Proof. We take absolute value of (2.1), we find that

[J w(s)ds] [/ (a)+ £ (b)]

a

—aj(jw(s)ds] w(t)f(t)dz

—a'b[[j.w(s)ds] w(t)f(t)dt

Jor § tera ] g

a\t

<f{frra] 1
b

<l . J(e=a) L1 (1) a
b

L [(B=0) |1 (¢)]ae

f(i‘ta+’_“b]

—a b—a
’(£:£a+t_ab)m
b-a b—a

Since |f’| is convex on [a,b], it follows that

dt

b
. {J(r—af‘

a

+J'(b—t)“

o] Crtans 0]

a

—a_‘-[jlw(s)dsJ w(t)f(t)dt

a

—af‘i(i W(S)dSJ w([)f(t)dt

<o {fie-or (2=t

m@m}
b

L o)

b
b—t t—a
b—t)* | —|f"
+:'1.( ) [b—a|f (a)+b—
(b—a
= (s
Hence, the proof of theorem is completed.

Corollary 2. Under the same assumptions of Theorem
6 with w(s) = 1, then the following inequality holds:

%f(a);f(b)_zr(ioi;z (7%, £ (8)+ 5 1(a)]

) (b—a)[lf'<a)+|f'<b>llJ
“(a+1) 2

Proof. This proofis given by Sarikaya et. al in [11].

Remark 3. If we take o = 1 in (2.5); the inequality (2.5)
reduces to (1.3).

Corollary 3. Under the same assumptions of Theorem
6 with a = 1, then the following inequality holds:

ﬁw(s)dsjw_fw(t) 7(0)dr

(2.5)

2

a

M[If (a) +](8)]
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Theorem 7. Let f/:I°cR —>R be a differentiable
mapping on I°, a,bel° with a <b and let w:[a,b] > R be

continuous on [a,b]. If |’|? is convex on [a,b], q > I, then
the following inequality holds:

et L)

a

—aj[j.w(s)dsJ w(t)f(t)dt
(2.6)

—aJ‘[J.w(s)ds} w(t)f(t)dt

S |-

2 (- {|f'(a)|‘f +|f'<b>|qJ
- 1 2
(a p+ 1) P
where o > 0, l+l =1, and ||w||00 =sup |w(t)|
P 9q tefa,b]
Proof. We take absolute value of (2.1). Using Holder’s
inequality, we find that

et L)

a

IA
—

N —~
=
—_

o2}
~
=
S
S
&
= -

N\
—_—
~
—~
~
S
)
&

N——

< |

(Jb‘|t—a|‘”’dtjp , 1
: 1 [IIf'(r)lthJq

, 1
+[f|b —" dt]p
L a .

Since | f '(t)|q is convex on [a,b]

b-t t-a \*
! a+ b
‘f (b—a b-a j

t—a

b—a

= Z__;V'(a)lq L ) @.7)

From (2.7), it follows that

ot [rtar s

a

—affﬁw(s)ds} w(t)f(t)dt

—ai[?w(s)ds} w(t)f(t)dt

Q=

2 (b—a)““L|f'<a>|q+|f~<b>|‘f}
1 2
(ap + l)p

which this completes the proof.
Corollary 4. Under the same assumptions of Theorem
6 with w(s) = 1, then the following inequality holds:

|/ (a)+ /(b)) T(a+1)
‘ 2 Z(b—a)a

61 (B)+ 5 f (%)]

(2.8

2

(b-a) {|f.(a)|q+|f.(b)|q]q
(ap+1)p

Corollary 5. Let the conditions of Theorem 7 hold. If
we take o = 1 in (2.6), then the following inequality holds:

U.w(s)ds]w—?w(t) F(0)r

a

a

Q=

i

2

l, (b-a)’ {|f'<a>|f’ RO ]
1
(p+1)p
Remark 4. If we take w(s) =1 in (2.9), we have

f(@)+r(6) 1%
2 b—aa

2

 (=a) {lf'(a)lﬂlf'(b)ﬁ J
(p+1)p

which is proved by Dragomir and Agarwal in [3].
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