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Abstract

The new paradigm of cooperative communications is a promising resolution to carry
out MIMO technique. In this thesis work, we study the performance of cooperative
relay networks in which the transmission from a source to a destination is assisted
by one or several relaying nodes employing amplify-and-forward (AF) and decode-
and-forward (DF) protocols. The performance of two-way (or bi-directional) AF relay
networks, which are proposed to avoid the pre-log factor 1

2
of spectral efficiency, is

latter investigated. Specifically, the exact closed-form expressions for symbol error
rate (SER), outage probability, and average sum-rate of bi-directional AF relay systems
in independent but not identically distributed (i.n.i.d.) Rayleigh fading channels are
derived. Our analyses are verified by comparing with the results from Monte-Carlo
simulations.
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Chapter 1

Introduction

Over the last two decades, the proliferation in the use of internet as well as wireless
services has conducted an unprecedent technological evolution in the communications
industry. Nowadays cell phones, pocket PCs, and laptops become more essential in
modern life. However, such services as wireless broadband internet, mobile multime-
dia, gaming, and many other applications have tremendous demands on higher data
rates, increased battery life, and more efficient transmission links but guaranteed qual-
ity of service (QoS).

Unlike the established wired networks which are easy to generate duplicated sig-
nals by deploying several wired links between any two nodes, the scarce resource of
power and spectrum have been considering as the major challenges in wireless com-
munications. The ground for the limited spectrum is that once it is exploited it cannot
be overlapped. In addition, the portable wireless devices cannot always be adhered to
power outlets as in wired system, which in turn causes the limitation on power utiliza-
tion.

Furthermore, due to the broadcasting characteristic of wireless system and the
physical phenomena such as diffraction, reflection, and attenuation, the signals trans-
mitted between transceivers also experience enormous random fluctuations and thus
make it challenging to design reliable networks. Recently, the excogitation of MIMO
(Multi-Input Multi-Output) technology has contributed the most important resolution
to these confrontations.

The theoretical idea of MIMO systems, i.e., deploying multiple antennas at the
transceivers, offers a higher capacity and increases the quality and coverage with-
out raising requirements on bandwidth and energy [1, 2]. By shaping and combin-
ing multiple paths of transmitted signals, it has been shown the magnificent advan-
tage of MIMO, e.g., as comparing the spectral efficiency of up to 42 bps/Hz using
VBLAST (Vertical Bell Laboratories Layered Space-time) with 3 bps/Hz in contem-
porary WLANs (Wireless Local Area Networks) [3]. Nevertheless, the employment
of MIMO is only remarkable in high scattering environment [4] as well as the mobile
portable devices themselves cannot attach many antennas to form MIMO channels.

In order to overcome such drawbacks of MIMO technology, cooperative commu-
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Chapter 1. Introduction

nications have recently been proposed [5–9]. The key implication of cooperative pro-
totype is the view of wireless nodes as a set of distributed antennas. Accordingly, the
transmission and processing at terminals are executed in a distributed fashion, i.e., the
communications between any source and destination nodes are assisted by several re-
lay nodes. Theoretically, a set of relays is deployed to support the signal transmission
in two separate phases. Firstly, the source broadcasts to the destination and the re-
lays and during the second phase, signals after being processed will be relayed to the
destination. Whereas the relays are far from the source terminal, the relaying and di-
rect links can be considered as fading independently. In other words, the transmission
between the source and destination nodes is through a full-rank MIMO channel. More-
over, by appropriately processing at the terminals, the information after being relayed
can be combined at the destination to achieve a spatial diversity gain. Consequently,
cooperative communication is a promising technique that can offer improved capacity,
reliable transmission with saving power as well as expanded coverage areas.

The idea of using relay to support information transmission has been proposed
early in the 1970’s [5] and the capacity for the general relay network over Gaussian
channel has been investigated later on [6]. Recently, it has drawn a great attention in
research literature on cooperative techniques for fading environment [7–11]. The per-
formance on multi-hop transmission via relays has been extensively considered in [12].
Furthermore, the works in [13,14] have provided not only the performance analysis but
also the comparison on different cooperative protocols for the case of single and mul-
tiple relays.

The deployment of relays on the one hand promises much advance but on the other
hand yields system more complicated as well as more interference between users. One
of the resolutions for generating orthogonal channels is to employ time-division du-
plex or half-duplex protocol [9–11]. However, conventional half-duplex relay systems
suffer a half of spectral efficiency as compared to the full-duplex protocol especially
in high SNR regimes since the relay terminals can not transmit and receive at the same
time.

A new class of wireless relay networks that increases the low capacity is two-
way (or bi-directional) relay networking [15–19]. Dissimilar from the former half-
duplex relaying protocols, in bi-directional relay networks both source and destination
terminals transmit to the relay simultaneously in the first phase then the received signal
will be forwarded to the source and the destination in the second phase. Although this
modified protocol still has the pre-log factor of 1

2
, it considerably provides an improved

total sum-rate since the communications between the two terminals take place in the
same physical channel.

This thesis work is outlined as follows. Chapter 2 proposes the background as well
as the commonly used protocols in cooperative communications. Chapter 3 represents
the performance as well as comparison on cooperative gains between different proto-
cols in three-terminal network. Moreover, Chapter 4 extends the analysis in Chapter 3
to the network including multiple relays. In Chapter 5, the idea of two-way amplify-
and-forward networks and also the analyses on several important performance metrics
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such as average symbol error rate (SER), ergodic capacity and outage probability are
introduced. Part of this chapter is published as [20]. Finally, Chapter 6 concludes the
thesis works.
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Chapter 2

Background on Cooperative
Communications

2.1 A Prelude to Relaying

A typical MIMO communications from a transmitter Tx to a receiver Rx can be mod-
eled as shown in Fig. 2.1 by forming physical arrays of antennas at the transceivers.
Assuming the transmitter and receiver employs MT and MR antennas respectively, the
transmit messages over MT antennas and Ts time slots can be expressed as

X =


x1
1 x1

2 · · · x1
Ts

x2
1 x2

2 · · · x2
Ts

...
... . . . ...

xMT
1 xMT

2 · · · xMT
Ts

 ≡ {xn
t : n = 1, 2, . . . ,MT} (2.1)

where xn
t denotes the transmit message at discrete time t, t = 1, 2, . . . , Ts by antenna

n, n = 1, 2, . . . ,MT .

Tx Rx

1

2

3

.

.

.

MT

1

2

.

.

.
MR

Figure 2.1: Typical MIMO physical arrays system.
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Figure 2.2: Equivalent multi-user virtual arrays system.

At the receiver, antenna m gets the respective message at time slot t

ymt =

MT∑
n=1

hmnx
n
t + zmt , t = 1, 2, . . . , Ts (2.2)

where hmn is the channel coefficient between receive antenna m and transmit antenna
n and zmt the complex additive Gaussian noise at the receive antenna n at time t. It can
be conveniently expressed in a more compact form as

Y = HX+ Z (2.3)

where Y = {ymt : 1 ≤ t ≤ Ts, 1 ≤ m ≤ MR} is the received symbols matrix of size
MR×Ts, H = {hmn : 1 ≤ m ≤ MR, 1 ≤ n ≤ MT} the channel amplitude gain ma-
trix of size MR ×MT , and Z = {zmt : 1 ≤ t ≤ Ts, 1 ≤ m ≤ MR} the additive white
Gaussian noise (AWGN) matrix of size MR × Ts.

However, the terminals do have a limited capability for integrating a large number
of antennas. Hence, by cooperating and efficiently sharing multiple users’ antennas,
an equivalent virtual array can be organized as in Fig. 2.2. In general, the issues in
multi-antenna array system are arisen and handled at the physical layer, meanwhile
there are multifaceted problems in virtual array systems

The molecule of a virtual array system is the three-terminal network as shown in
Fig. 2.3, in which the information messages originated at the source node S travel to
the destination D via the help of the relay R. Basically, the end-to-end transmission
occurs in two disjointed phases: firstly, the broadcast phase, i.e., the source S transmits
while both R and D receive; and secondly, multiple-access phase, i.e., (S,R) transmit
while D receives. Conceptually, there exists four different types of relaying regimes
deduced from the above two phases:

1. (1) S → (R,D) and (2) (S,R)→ D : the most general form;
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2.2. Receiver Diversity

S

R

D

Source Destination

Relay

Figure 2.3: Canonical three-terminal cooperative system.

2. (1) S → R and (2) (S,R)→ D : D ignores the first phase signal;
3. (1) S → (R,D) and (2) R → D : S does not transmit in the second phase;
4. (1) S → R and (2) R → D : multi-hop transmission.

However, only the third and fourth approaches are usually employed since those regimes
are easy to create orthogonal channels. Although multi-hop regime is widely used to-
day, it does not produce diversity gain and it is mainly exploited to deal with the signal
attenuation in long-range transmission.

2.2 Receiver Diversity
After receiving deformed copies of the original message, it is required to implement
combining techniques at the destination so that the fading effects are extenuated. It
can be done by various ways which are different in complexity and performance.

Selection Combining (SC): The receiver selects the path which has the best signal-
to-noise ratio (SNR) among all distorted receipts.

Maximal Ratio Combining (MRC): The received fading paths are linearly weighted
so that the outcome signal attains the maximum SNR.

Equal Gain Combining (EGC): Each branch is combined with the same weighting
factor wm = e−jΦm .

In addition, the performance of a specific receiver diversity technique can be evaluated
by

Array gain: The average combined SNR to average path SNR ratio

Ga =
γ̄comb

γ̄
. (2.4)
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Chapter 2. Background on Cooperative Communications

Diversity gain: The decrease rate of the average error probability slope

Gd = − log P̄

log γ̄
. (2.5)

Moreover, in some diversity scheme, the average error probability can be written
in the form P̄ = Aγ̄−M in which A is a constant depending on the specific
modulation and coding, and M is called the diversity order. An M -antenna
system which has the diversity order of M is defined to obtain full diversity
order.

2.2.1 Diversity through SC
To demonstrate the implementation of SC, let us assume that MR received channels
are independent identically distributed (i.i.d.) Rayleigh fading with unit energy and the
AWGN at each antenna is equal, i.e., each channel has the same signal-to-noise ratio
(SNR) of γ. The algorithm is now simplified to compare the amplitude channel gain
Am for m = 1, 2, . . . ,MR and choose the largest Amax = max {Am}.

The probability distribution function (PDF) of each amplitude channel coefficient
is given by

pAm(am) = 2am e−a2m (2.6)

and the respective cumulative distribution function (CDF) of Am is then

FAm(am) = P {Am < am} = 1− e−a2m (2.7)

The CDF of Amax is defined by the probability that Amax is below a certain threshold
a as

FAmax(a) = P {Amax < a} = P {A1, A2, . . . , AMR
< a} =

[
1− e−a2

]MR

(2.8)

Consequently, resulting in the corresponding PDF of Amax is deduced by employing
derivation of FAmax(a)

pAmax(a) = 2MR a e−a2
[
1− e−a2

]MR−1

(2.9)

For SC, the attained average SNR is thus

γSC =

∞∫
0

γa2pAmax(a)da = γ

MR∑
m=1

1

m
(2.10)

As observed in (2.10), the technique of SC obtains an array gain of
MR∑
m=1

1
m

.
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2.2. Receiver Diversity

2.2.2 Diversity through MRC
For simplicity, it is supposed that each fading channel at the receiver is independent
with unit energy and can be performed as hm = |hm| ejΦm , and also the AWGN at
each antenna nm ∼ CN (0, σ2). The output of a maximal ratio combiner is the linear
combination of the MR received paths

yMRC =

MR∑
m=1

wmym

=

MR∑
m=1

wmhmx+ n′
m (2.11)

in which x is the transmit signal with power P , wm the weighting factors to the receive
channel m, and

n′
m =

MR∑
m=1

wmnm (2.12)

the AWGN with variance σ2
MR∑
m=1

|wm|2. Therefore, the output instantaneous SNR of

the combiner is given by

γMRC =

P

∣∣∣∣MR∑
m=1

wmhm

∣∣∣∣2
σ2

MR∑
m=1

|wm|2
(2.13)

By using the Cauchy-Schwarz inequality, we have∣∣∣∣∣
MR∑
m=1

wmhm

∣∣∣∣∣
2

≤

(
MR∑
m=1

|wm|2
)(

MR∑
m=1

|hm|2
)

(2.14)

The instantaneous SNR γMRC is maximum when setting wm = h∗
m/σ with h∗

m is the
conjugate of hm. Substituting to (2.13) we get

γMRC = γ

MR∑
m=1

|hm|2 (2.15)

The average output SNR is thereby determined by

γ̄MRC = MRγ (2.16)

The result in (2.16) shows that the average output SNR of the maximal ratio combiner
is equivalent to the sum of all separate paths’ average SNR.

9
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2.2.3 Equal Gain Combining
To employ MRC technique, knowledge on the instantaneous SNR is required which
is hard to quantify. In the simpler technique of EGC, the weighting gain is fixed as
wm = e−jΦm so that the average SNR of combining output is given by

γ̄EGC =
γ

MR

E


(

MR∑
m=1

|hm|

)2


=
γ

MR

E

{
MR∑
m=1

|hm|2
}

+

MR∑
m1=1

MR∑
m2=1
m2 ̸=m1

E {|hm1 |}E
{
|hm2|

} (2.17)

Assuming each channel is Rayleigh fading with unit energy, we have

E {|hmi
|} =

1

2

√
π

2
(2.18)

with i = 1, 2. Therefore, γ̄EGC can be determined by

γ̄EGC =
γ

MR

(
MR +MR(MR − 1)

π

4

)
= γ

(
1 + (MR − 1)

π

4

)
(2.19)

2.3 Half-Duplex and Full-Duplex Relaying
Since each transmitter knows its own transmitted messages, it is theoretically able to
operate in full-duplex protocol, i.e., terminals simultaneously transmit and receive in
the same frequency band. However, the difficulty of precise interference removal in
current radio manipulation prevents such operation. Despite the early researches on
theoretic full-duplex relaying [5, 6], most recent practical relaying protocols are based
on half-duplex operation. Such scheme forbids any node to transmit and receive at the
same time in the same frequency channel. In other words, transmissions and receptions
at the terminals occur in orthogonal channels. Fig. 2.4 shows a typical example of a
relay network operating in time-division (TD) manner. The frequency-division (FD)
approach is quite similar.

2.4 Relaying Strategies
Since the capacity region of general interference channel is not known even today, re-
lay channel’s capacity is still an open issue. Consequently, there is no relaying strategy
judged as the best. In general, cooperative protocols are sorted by fixed and adaptive
relaying.

In fixed relaying, the classifying criterion is the processing at the relays. When an
information symbol received at a relay is processed through amplify-and-forward (AF)

10



2.4. Relaying Strategies

S → D D → S

(a)

S → R R → D D → R R → S

(b)

Figure 2.4: Example of TD half-duplex for (a) direct communications, (b) multi-hop commu-
nications.

scheme, it is simply amplified depending on available average transmit power of the
relay before forwarded to the destination node in the next phase. On the other hand,
the employment of fixed decode-and-forward (DF) strategy requires the relay firstly
attempt to decode its received signal, then re-encode it and forward the decoded one to
the destination.

Despite the advantage of easy execution, fixed relaying protocols suffer a loss of
spectral efficiency; especially in the situation of reliable direct source-destination chan-
nel, the usage of relays would be wasted. With the aim of overcoming such drawback,
adaptive DF relaying schemes have been proposed. The key idea behind that proto-
col is that when the relay cannot decode its received signal, it will not forward to the
destination.

In order to form the orthogonal channels as well as diversity gain, the system em-
ploys the third scheme of cooperation in Section 2.1, i.e., the source broadcasts to both
the relay and destination in the first phase and after processing the relay forwards the
message to the destination.

2.4.1 AF Protocol
In the beginning phase, the signal received at both the relay and the destination can be
represented respectively by

yR = hSRx+ nR, (2.20)
ySD = hSDx+ nD, (2.21)

in which x is the transmitted symbol with power constraint E {x} ≤ PS and nR ∼
CN (0, σ2

R), nD ∼ CN (0, σ2
D) the AWGN at the relay and destination, respectively.

Moreover, in (2.20) and (2.21), hSR and hSD are the respective S → R and S → D
channel fading coefficients. To satisfy the constraint on relay power PR, the relay gains
its received message by the scaling factor

β =

√
PR

PS|hSR|2 + σ2
R

(2.22)

11



Chapter 2. Background on Cooperative Communications

Hence the symbol received at the destination in the second phase is determined by

yRD = hRDβyR + nD

=

√
PR

PS|hSR|2 + σ2
D

hSRhRDx+ n′
D (2.23)

where hRD is the channel coefficient between the relay and the destination, and

n′
D =

√
PR

PS|hSR|2 + σ2
D

hRDnR + nD (2.24)

is also an AWGN with variance PR|hRD|2σ2
R

PS|hSR|2+σ2
D
+ σ2

D.
It is observed that the destination receives two copies of the original message hence

the diversity techniques as discussed in Section 2.2 can be exploited . By MRC, the
output of the combiner is given by

yD = wSDySD + wRDyRD (2.25)

With perfect knowledge of hSR and hSD, the weighting factors wSD and wRD are chosen
to maximize the resulting SNR as

wSD =
h∗

SD

σ2
D

and wRD =

√
PR

PS|hSR|2+σ2
D
h∗

SRh
∗
RD

PR|hRD|2σ2
R

PS|hSR|2+σ2
D
+ σ2

D

(2.26)

As in information theoretic view, the AF scheme performs a typical multiple-access
channel, hence the instantaneous mutual information of the system is determined by

IAF =
1

2
log(1 + γSD + γRD) (2.27)

where γSD and γRD are the instantaneous SNR of the S → D and R → D links,
respectively, and are given by

γAF
SD =

PS |hSD|2

σ2
D

(2.28)

γAF
RD =

PS |hRDβhSR|2

|hRDβ|2 σ2
R + σ2

D

= q

(
PS |hSR|2

σ2
R

,
PR |hRD|2

σ2
D

)
(2.29)

with

q(x, y) =
xy

x+ y + 1
. (2.30)

Since the relay operation does not contain decoding and encoding, the AF strategy has
lower demand on processing hardware than the upcoming fixed decode-and-forward
(FDF) and adaptive decode-and-forward (ADF) schemes.
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2.5. Simulation on Average Achievable Rate

2.4.2 FDF Protocol
In this scheme, the messages received at the relay and destination in the first phase is
the same as (2.20) and (2.21). However, the second phase transmit signal is the re-
encoded x̂ of the original x. The received message at the destination in phase two is
now

yRD = hRDx̂+ nD (2.31)

The instantaneous mutual information of such protocol is therefore [6] and [9]

IFDF =
1

2
min

{
log
(
1 + γDF

SR

)
, log

(
1 + γDF

SR + γDF
SR

)}
(2.32)

where γDF
XY = PX|hXY|2

σ2
Y

.
From (2.32) it is observed that if the decoding at the relay is incorrect, the trans-

mission via relay becomes meaningless. Therefore, such protocol is optimal when the
link between the source and the relay is asymptotically perfect.

2.4.3 ADF protocol
In this protocol, the relay decide to forward only if it correctly decodes, hence the
mutual information can be shown as

IADF =

{
1
2
log(1 + γDF

SD) : γDF
SR < γth

1
2
log(1 + γDF

SD + γDF
RD): γDF

SR ≥ γth
(2.33)

in which γth is the threshold of correct decoding.

2.5 Simulation on Average Achievable Rate
Considering the mutual information in (2.27), (2.32) and (2.33) as random variables,
the average rates for AF, FDF and ADF schemes can be determined, respectively, as

RAF =E {IAF} =
1

2
E
{
log(1 + γAF

SD + γAF
RD)
}

(2.34)

RFDF =E {IFDF} =
1

2
E
{
log
(
1 + min

{
γDF

SR , γ
DF
SD + γDF

RD

})}
(2.35)

RADF =E {IADF} =
1

2
E
{
log(1 + γDF

SD)|γDF
SR < γth

}
+

1

2
E
{
log(1 + γDF

SD + γDF
RD)|γDF

SR ≥ γth
}

(2.36)

where E {.} denotes the expectation operator. Assuming the same SNR of P/σ2 at all
the receiving nodes and γth = 3, the plots in Fig. 2.5 represent the average achievable
rates for AF, FDF as well as ADF protocols in symmetric networks with factor 1, i.e.,
ΩSD = ΩSR = ΩRD = 1, and in asymmetric networks ΩSD = 1, ΩSR = 2 and ΩRD = 5.
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Figure 2.5: Simulations on average achievable rates.

2.6 Advantages and Disadvantages

2.6.1 Advantages of Cooperative Communications

Performance gains: As discussed in [12–14], the employment of relaying coopera-
tion can obtain significant performance gains, which in turn require lower trans-
mission power as well as better cell coverage.

Quality of service: Through the help of relays, cooperative communications can as-
sure a balance Quality-of-Service (QoS) to all users either at the cell edge or in
shadowed environment.

Minimal infrastructure: Due to its distributed behavior, the deployment of relays
consumes the least demand on infrastructure to facilitate the communications. It
is therefore quite suitable for disaster communication.

2.6.2 Disadvantages of Cooperative Communications

More complex system functioning: Since the system is needed to schedule not only
the direct but also the relaying traffic, the scheduler for cooperative communi-
cations becomes much more sophisticated. Furthermore, the requirements on
handovers, security and relays selection are higher than the conventional non-
cooperative system.

14



2.6. Advantages and Disadvantages

Interference: The distributed manipulation on the other hand generate extra inter-
ference between neighbor nodes. Therefore, a consideration on optimum cell
coverage in terms of interference is needed.

Delay: The deployment of relays implies the repetition of messages during the data
traffic, hence to convey delay-sensitive services, the selected relay protocol should
be simple and transparent, which in turn has lower performance gains.

15





Chapter 3

Performance Analysis on Single Relay
Networks

In this chapter, we consider the performance analysis on single relay cooperative net-
works. The discussion is concentrated on SER as well as the outage probability of
the proposed AF, FDF and ADF protocols. From that we represent the comparison on
the cooperative gains between these protocols and verify our analysis by Monte-Carlo
simulation.

3.1 Exact Closed Form Expressions of SER

3.1.1 SER of AF Protocol
In AF scheme, the relay amplifies both the information message and noise, thus the
equivalent noise, the output signal after MRC and the weighting factors at the desti-
nation in the second phase are given, respectively, by (2.24), (2.25) and (2.26). The
instantaneous SNR is therefore

γ = γSD + γRD (3.1)

The SER of AF protocol with M -PSK, M -AM and M -QAM modulations can be writ-
ten, respectively, as [21]

P PSK
s =

1

π

π− π
M∫

0

e
gPSKγ

sin2 θdθ (3.2)

P AM
s =

2 (M − 1)

Mπ

π/2∫
0

e
gAMγ

sin2 θdθ (3.3)
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P QAM
s =

4

π

(
1− 1√

M

) π/2∫
0

e
gQAMγ

sin2 θ dθ (3.4)

where gPSK = sin2 (π/M), gAM = 3/(M2 − 1) and gQAM = 3/[2 (M − 1)].
Defining the moment generating function (MGF) of a random variable X as

ΦX (s) =

∞∫
−∞

pX (x) e−sxdx (3.5)

the expressions of SER in (3.2), (3.3) and (3.4), respectively, can be reformulated as

P PSK
s =

1

π

π− π
M∫

0

ΦγSD

( gPSK

sin2 θ

)
ΦγRD

( gPSK

sin2 θ

)
dθ (3.6)

P AM
s =

2 (M − 1)

Mπ

π/2∫
0

ΦγSD

( gAM

sin2 θ

)
ΦγRD

( gAM

sin2 θ

)
dθ (3.7)

P QAM
s =

4

π

(
1− 1√

M

) π/2∫
0

ΦγSD

( gQAM

sin2 θ

)
ΦγRD

( gQAM

sin2 θ

)
dθ (3.8)

Assuming hXY ∼ CN (0,ΩXY) in which XY ∈ {SD,SR,RD} and applying Jacobian
transformation, the random variable PXh

2
XY/σ

2
Y has an exponential distribution with

hazard rates σ2
Y /(PXΩXY). Applying this observation to (3.5), we get the MGF of γSD

as follows:

ΦγSD (s) =
1

1 + sPSΩSD
σ2

D

(3.9)

Nevertheless, it is not straightforward to reach the MGF of γRD in AF protocol. To
begin the calculation, let us first derive the PDF of γRD. Here, we have

γRD =
U1U2

U1 + U2 + 1
≈ U1U2

U1 + U2

(3.10)

γRD ≈
(

1

U1

+
1

U2

)−1

(3.11)

where U1 = PS |hSR|2 /σ2
R and U2 = PR |hRD|2 /σ2

D.
Using the fact that the PDF of the random variable Vi = U−1

i is

pVi
(vi) =

1

v2i
pUi

(
1

vi

)
(3.12)
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the PDF of Z = V1 + V2 is followed by

pZ (z) =

z∫
0

pV1 (z − v) pV2 (v) dv

=

z∫
0

1

v2 (z − v)2
pU1

(
1

z − v

)
pU2

(
1

v

)
dv (3.13)

By noting that γRD ≈ Z−1, the PDF of γRD is thereby

pγRD (γ
∗) =

1

γ∗2

1/γ∗∫
0

1

v2
(

1
γ∗ − v

)2pU1

(
1

1
γ∗ − v

)
pU2

(
1

v

)
dv

=

1∫
0

γ∗

v2 (1− v)2
pU1

(
γ∗

1− v

)
pU2

(
γ∗

v

)
dv (3.14)

On the assumption of Rayleigh fading, U1 and U2 are exponentially distributed with
hazard rates αSR = σ2

R/(PSΩSR) and αRD = σ2
D/(PRΩRD), respectively. The PDF of

γRD is therefore determined as

pγRD (γ
∗) =

1∫
0

γ∗αSRαRD

v2 (1− v)2
e−(

αSR
1−v

+
αRD
v )γ∗

dv (3.15)

Therefore, the MGF of γRD can be deduced as

ΦγRD (s) =

∞∫
0

e−sγ∗

1∫
0

γ∗αSRαRD

v2 (1− v)2
e−(

αSR
1−v

+
αRD
v )γ∗

dvdγ∗

=

1∫
0

αSRαRD

v2 (1− v)2

 ∞∫
0

γ∗e−(
αSR
1−v

+
αRD
v

+s)γ∗
dγ∗

 dv (3.16)

Due to the fact that
∞∫
0

γ∗e−(
αSR
1−v

+
αRD
v

+s)γ∗
dγ∗ =

(
αSR

1− v
+

αRD

v
+ s

)−2

(3.17)

the expression in (3.16) can be rewritten as

ΦγRD (s) =

1∫
0

αSRαRD

(a1 + b1v + c1v2)
2dv (3.18)
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where

a1 = −αRD (3.19)
b1 = −s− αSR + αRD (3.20)
c1 = s (3.21)

With the help of [22, eq. (2.172)], the closed form expression of (3.18) is followed by

ΦγRD (s) = αSRαRD

[
b1
∆a1

+
b1 + 2c1
∆αSR

+
4c1
∆3/2

(
arctanh

b1 + 2c1√
∆

− arctanh
b1√
∆

)]
(3.22)

in which ∆ = b21 − 4a1c1.

3.1.2 SER of FDF Protocol
In FDF scheme, the message pass through two states of decoding in cascade, hence
the total probability of error is determined by [12]

P FDF
s = Ps(γSR) + Ps(γ)− 2Ps(γSR)Ps(γ) (3.23)

It is observed from the previous section that the analyses on SER for M -PSK, M -AM
and M -QAM modulations are similar except the parameter gPSK, gAM and gQAM. Thus
from now on, we focus only on the specific PSK modulation with g = gPSK. The SER
expression in (3.23) is followed by

P FDF
s =

1

π

π− π
M∫

0

ΦγSR

( g

sin2 θ

)
dθ +

1

π

π− π
M∫

0

Φγ

( g

sin2 θ

)
dθ

− 2

(
1

π

)2
π− π

M∫
0

ΦγSR

( g

sin2 θ

)
dθ

π− π
M∫

0

Φγ

( g

sin2 θ

)
dθ

=
1

π

π− π
M∫

0

ΦγSR

( g

sin2 θ

)
dθ +

1

π

π− π
M∫

0

ΦγSD

( g

sin2 θ

)
ΦγRD

( g

sin2 θ

)
dθ

− 2

(
1

π

)2
π− π

M∫
0

ΦγSR

( g

sin2 θ

)
dθ

π− π
M∫

0

ΦγSD

( g

sin2 θ

)
ΦγRD

( g

sin2 θ

)
dθ

(3.24)

Assuming the channel coefficients hSR, hSD and hRD are i.n.i.d. Rayleigh fading, the
MGF of a X → Y channel is

ΦγXY (s) =
1

1 + sPXΩXY
σ2

Y

(3.25)

20



3.1. Exact Closed Form Expressions of SER

Therefore, SER of FDF protocol can now be deduced as

P FDF
s =f

(
1 +

gPSΩSR

sin2 θσ2
D

)
+ f

((
1 +

gPSΩSD

sin2 θσ2
R

)(
1 +

gPSΩRD

sin2 θσ2
R

))
− 2f

(
1 +

gPSΩSR

sin2 θσ2
D

)
f

((
1 +

gPSΩSD

sin2 θσ2
R

)(
1 +

gPSΩRD

sin2 θσ2
R

))
(3.26)

where

f(y(θ)) =
1

π

π− π
M∫

0

1

y(θ)
dθ (3.27)

3.1.3 SER of ADF Protocol
In ADF scheme, it is assumed that in phase two the relay transmits whenever it cor-
rectly decodes its received information, i.e., the relay transmit power is

P̄R =

{
PR: correct decoding
0 : otherwise (3.28)

The instantaneous SNR of the two-phase transmission now can be performed as

γ =

{
γSD : incorrect decoding (P̄R = 0)

γSD + γRD: otherwise (3.29)

With the relay power constraint above, the probability that the relay can not decode is
Ps(γSR) and correct decoding 1 − Ps(γSR) in which γSR = PSh

2
SR/σ

2
R. The total SER

after two transmitting phases is then

P ADF
s =Ps(γ = γSD)Ps(γSR) + Ps(γ = γSD + γRD) [1− Ps(γSR)]

=

(
1

π

)2
π− π

M∫
0

ΦγSD

( g

sin2 θ

)
dθ

π− π
M∫

0

ΦγSR

( g

sin2 θ

)
dθ

+
1

π

π− π
M∫

0

ΦγSD

( g

sin2 θ

)
ΦγRD

( g

sin2 θ

)
dθ

1− 1

π

π− π
M∫

0

ΦγSR

( g

sin2 θ

) dθ

=f

(
1 +

gPSΩSD

sin2 θσ2
D

)
f

(
1 +

gPSΩSR

sin2 θσ2
R

)
+ f

((
1 +

gPSΩSD

sin2 θσ2
D

)(
1 +

gPRΩRD

sin2 θσ2
D

))[
1− f

(
1 +

gPSΩSR

sin2 θσ2
R

)]
(3.30)

in which f(.) is defined in (3.27).
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Figure 3.1: Comparisons on SER between AF relay networks and direct transmission employ-
ing some basic modulation techniques.

3.2 Numerical Results

3.2.1 Simulations on SER with Different Modulation Schemes
Assuming ΩSD = ΩSR = ΩRD = 1 and the same SNR of P/σ2 at all nodes, it can be
seen from Fig. 3.1, Fig. 3.2 and Fig. 3.3 that by using the same modulation technique
the deployment of a single relay performs better SER than direct transmission.

3.2.2 Validation on the Analysis
With the aim of verifying the derivations above we represent the Monte-Carlo simu-
lation as comparing with our analyses with the assumption of the same transmit SNR
of P/σ2. Fig. 3.4 demonstrates the symmetric case (ΩSR = ΩRD = ΩSD = 1) and
Fig. 3.5 the asymmetric case (ΩSD = 1,ΩSR = 2,ΩRD = 5). From these figures it has
been shown that the analyses give fitted results to the simulations.

3.3 Comparison on the Cooperative Gains
Although the exact SER formulations can be numerically calculated, they are exces-
sively complicated and it is difficult to get perception on the performance from these
expressions. For simplification purpose, the approximations of SER for AF and ADF
protocols are introduced in the following.
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Figure 3.2: Comparisons on SER between FDF relay networks and direct transmission em-
ploying some basic modulation techniques.

3.3.1 Asymptotic Approximation of SER for ADF Protocol

The MGF in (3.25) can be rewritten in the form

ΦγXY (s) =

(
1 +

PXΩXY

σ2
Y

s

)−1

(3.31)

At high SNR, i.e., PX

σ2
Y
≫ 1, it can be approximated by

ΦγXY (s) ≈
(
PX

ΩXY

σ2
Y
s

)−1

(3.32)

Consequently, the asymptotic approximation of the closed form in (3.30) is achieved
as follows

P ADF
s ≈ σ2

Rσ
2
D

P 2
S

a2

g2
1

ΩSDΩSR
+

σ4
D

PSPR

b

g2
1

ΩSDΩRD

≈ σ2
D

PSΩSDg2

(
a2σ2

R

PSΩSR
+

bσ2
D

PRΩRD

)
(3.33)
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Figure 3.3: Comparisons on SER between ADF relay networks and direct transmission em-
ploying some basic modulation techniques.

in which

a =
1

π

π− π
M∫

0

sin2 θdθ =
M − 1

2M
+

sin
(
2π
M

)
4π

(3.34)

b =
1

π

π− π
M∫

0

sin4 θdθ =
3(M − 1)

8M
+

sin
(
2π
M

)
4π

−
sin
(
4π
M

)
32π

(3.35)

3.3.2 Asymptotic Approximation of SER for AF Protocol
Through the analysis in [13] at high SNR, the parameters in (3.22) can be approximated
as

b1 ≈ −s (3.36)
∆ ≈ s2 (3.37)
4c1
∆3/2

(
arctanh

b1 + 2c1√
∆

− arctanh
b1√
∆

)
≈ 0 (3.38)

The MGF in (3.22) is therefore tightly approximated at high SNR as

ΦγRD (s) ≈
αSR

s
+

αRD

s
=

σ2
R

sPSΩSR
+

σ2
D

sPRΩRD
(3.39)
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Figure 3.4: SER in symmetric system using QPSK, ΩSR = ΩRD = ΩSD = 1.

Consequently, the approximation of SER for AF scheme is determined by

P AF
s ≈ bσ2

D

g2PSΩSD

(
σ2

R

PSΩSR
+

σ2
D

PRΩRD

)
(3.40)

3.3.3 Cooperative Gains of AF and ADF scheme
To provide the comparison on the two protocols, let us define

∆ =
P AF
s

P ADF
s

=
b
(

σ2
R

PSΩSR
+

σ2
D

PRΩRD

)
a2σ2

R
PSΩSR

+
bσ2

D
PRΩRD

(3.41)

In view of (3.33), (3.40) and (3.41), some statements on the cooperative gains at high
SNR are revealed as follows:

• Both AF and ADF schemes can attain diversity order of two.

• For a fixed M , i.e., inflexible modulation regime, ∆ only depends on the specific
source-to-relay and relay-to-destination links despite of the direct link channel

• As ΩSR ≪ ΩRD, i.e., the quality of the channel between source and relay is much
worse than between relay and destination.

∆ ≈ b

a2
> 1 (3.42)
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Figure 3.5: SER in asymmetric system using QPSK, ΩSD = 1, ΩSR = 2 and ΩRD = 5.

• On the other hand, when ΩSR ≫ ΩRD,

∆ ≈ 1 (3.43)

From the expressions in (3.43) and (3.42) it can be concluded that if the source-
to-relay link is much better, the selection between AF and ADF protocol almost
does not affect the SER. Therefore, it is suggested to employ AF scheme in this
case due to its simplicity.

• The SER performance of ADF protocol is always better than AF since ∆ is
always larger than 1.

3.3.4 Simulations on Cooperative Gains
This section provides the verification on the comparison in the previous section with
the assumptions that all the receiving nodes have the same SNR of P/σ2 and the chan-
nel between the source and destination is characterized by factor 1,i. e. ΩSD = 1.
Simulations as well as approximations on SER of both AF and ADF protocols in the
symmetric case (ΩSR = ΩRD = 1) are presented through the plot in Fig. 3.6. To
illustrate the asymmetric case, Fig. 3.7 and Fig. 3.8 give examples of ΩSR ≫ ΩRD

and ΩSR ≪ ΩRD by the specific channels (ΩSR = 5 and ΩRD = 0.5), and (ΩSR =
0.5 and ΩRD = 5). For the sake of convenience, only the QPSK modulation is inves-
tigated; however, the approaches to other modulation techniques are quite similar. It
can be seen from the figures that the approximations are tightly at high SNR.

26



3.4. Outage Probability
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Figure 3.6: Simulations and approximations on SER of AF and ADF protocols in symmetric
system using QPSK, ΩSD = ΩSR = ΩRD = 1.

3.4 Outage Probability

In the context of the channel experiencing very slow fading, instead of the usage of
averages the concept of outage is introduced. An outage event is defined as the cir-
cumstance when the signal performance is worse than an acceptable level of commu-
nication.

Assuming all the nodes have the same SNR PS
σR

= PS
σD

= PR
σD

= γ0, the approxima-
tions on outage probability in high SNR regimes for AF, FDF and ADF protocols are
determined by [9]

PAF
out (γ0, R) =P{IAF < R} = P

{
γAF <

(
22R − 1

γ0

)}
≈
(

1

2ΩSD

ΩSR + ΩRD

ΩSRΩRD

)(
22R − 1

γ0

)2

(3.44)
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Figure 3.7: Simulations and approximations on SER of AF and ADF protocols in asymmetric
system using QPSK, ΩSD = 1,ΩSR = 5 and ΩRD = 0.5.

P FDF
out (γ0, R) =P{IFDF < R}

=P

{
|hSR|2 <

(
22R − 1

γ0

)}
+ P

{
|hSR|2 ≥

(
22R − 1

γ0

)}
P

{
|hSD|2 + |hRD|2 <

(
22R − 1

γ0

)}
≈ 1

ΩSR

22R − 1

γ0
(3.45)

PADF
out (γ0, R) =P{IADF < R}

=P

{
|hSR|2 <

(
22R − 1

γ0

)}
P

{
|hSD|2 <

(
22R − 1

γ0

)}
+ P

{
|hSR|2 ≥

(
22R − 1

γ0

)}
P

{
|hSD|2 + |hRD|2 <

(
22R − 1

γ0

)}
≈
(

1

2ΩSD

ΩSR + 2ΩRD

ΩSRΩRD

)(
22R − 1

γ0

)2

(3.46)

in which R is the spectral efficiency.
Fig. 3.9 demonstrates the simulations as well as approximations on outage proba-

bility of all the proposed protocols with the assumption that R = 1 and ΩSD = ΩSR =
ΩRD = 1.
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Figure 3.8: Simulations and approximations on SER of AF and ADF protocols in asymmetric
system using QPSK, ΩSD = 1,ΩSR = 0.5 and ΩRD = 5.
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Figure 3.9: Simulations and approximations on outage probability, ΩSD = ΩSR = ΩRD = 1,
R = 1.
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Chapter 4

SER Performance of Cooperative
Multi-Relay Networks

The former chapter has provided the analysis on SER performance of single-relay co-
operative networks for both AF and DF protocols. This chapter performs an extension
to the analysis on the generalized multi-relay scenario.

Consider a typical cooperative N -relay network consisting of one source S, one
destination D and N relay nodes R1, R2, . . . , RN as depicted in Fig. 4.1. In the first
phase, the source broadcasts to all the other nodes. After processing, i.e., decoding
or amplifying, signal from each relay is forwarded to the destination via orthogonal
channel in the next phase. Finally the destination exploit MRC technique to combine
the received signals from the two-phase transmission.

S D

R1

RN−1

RN

R2

.

.

.

.

.

.

Figure 4.1: Typical multiple relays system.
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4.1 Multi-Relay AF Scheme

4.1.1 System Model
During the broadcast phase the received message at the destination and the relay k is,
respectively

yD0 = hSDx+ nD0 (4.1)
yRk

= hSRk
x+ nRk

(4.2)

In the second phase, the destination receives from the k-th relay the signal

yDk
= hRDk

βkyRk
+ nDk

(4.3)

The notation hXY ∼ CN (0,ΩXY) with XY ∈ {SD,SRk,RDk} in (4.1), (4.2) and (4.3)
performs the channel fading coefficients and nZk

∼ CN (0, σ2
Zk
) with Z ∈ {D,R} the

AWGN in which k = 0 represents the channel between the source and the destination.
The amplifying gain βk at the k-th relay is similar to (2.22) given by

βk =

√
PRk

PS |hSRk
|2 + σ2

Rk

(4.4)

By the use of MRC, the instantaneous SNR of multiple relays AF protocol is

γ = γSD +
N∑
k=1

γRDk
(4.5)

in which

γSD =
PS |hSD|2

σ2
D0

(4.6)

γRDk
= q

(
PS |hSRk

|2

σ2
Rk

,
PRk

|hRDk
|2

σ2
Dk

)
(4.7)

and q(x, y) is defined in (2.30).

4.1.2 SER for AF Multiple Relays
With the instantaneous SNR in (4.5), the respective MGF can be given by

Φγ (s) = ΦγSD (s)
N∏
k=1

ΦγRDk
(s) (4.8)
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4.2. Multi-Relay DF Scheme

By employing the calculation in Section 3.3.2, the approximation of each element
ΦγRDk

(s) is determined by

ΦγRDk
(s) ≈

σ2
Rk

sPSΩSRk

+
σ2

Dk

sPRk
ΩRDk

(4.9)

In the interest of simplicity, let us assume that ΩSRk
= ΩSR, ΩRDk

= ΩRD and
σ2

Rk
PS

=
σ2

Dk

PRk
=

σ2
D0

PS
= α0, then ΦγRDk

(s) is simply

ΦγRDk
(s) ≈ α0

s

(
1

ΩSR
+

1

ΩRD

)
(4.10)

Therefore SER for multi-relay AF scheme is deduced as

P AF
s =

η(N + 1)

ΩSD

(
α0

g

)N+1(
1

ΩSR
+

1

ΩRD

)N

(4.11)

in which

g =


sin2 (π/M) : M − PSK
3/(M2 − 1) : M − AM
3/[2 (M − 1)]: M − QAM

(4.12)

η(m) =



1
π

π− π
M∫

0

(sin θ)2m dθ : M − PSK

2(M−1)
Mπ

π/2∫
0

(sin θ)2m dθ : M − AM

4
π

(
1− 1√

M

) π/2∫
0

(sin θ)2m dθ: M − QAM

(4.13)

For the sake of simplicity, let us consider only the M -PSK modulation and the ap-
proaches to SER of the others are precisely similar.

4.2 Multi-Relay DF Scheme

4.2.1 System Model
During the first phase, the destination and relays receive the similar message as in
(4.1) and (4.2). However, on the assumption that each relay k only encodes and for-
wards whenever it can decode its receive message precisely, the receive message at the
destination in the next phase is thereby

yDk
=

{
nDk

: relay k can not decode
hRDk

x+ nDk
: correct decoding (4.14)
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By employing MRC the instantaneous SNR of multi-relay DF protocol is determined
by

γ =


γSD : all of relays are incorrect decoding

γSD +
j∑

k=1

γRDk
: j of N relays decode correctly

(4.15)

4.2.2 SER for DF Multiple Relays
The probability of correct decoding at the k-th relay is

P d
k = 1− 1

π

π− π
M∫

0

ΦγSRk

( g

sin2 θ

)
dθ (4.16)

Through the help of the approximation in (3.32), P d
k can be approximated by

P d
k ≈ 1− η(1)α0

gΩSR
(4.17)

As a consequence, the probability that exactly j in the set N of relays decode properly
is determined by

P d
{j} =

j∏
k=1

P d
k

N∏
l=j+1

(
1− P d

l

)
=

(
1− η(1)α0

gΩSR

)j (
η(1)α0

gΩSR

)N−j

(4.18)

and the probability that no relay can properly decode the broadcast signal from the
source is followed by

P d
{0} =

N∏
k=1

(
1− P d

k

)
=

(
η(1)α0

gΩSR

)N

(4.19)

The average SER of multi-relay DF scheme is then determined as

P DF
s =

N∑
j=1

(
N

j

)
P d
{j}Ps

(
γ = γSD +

j∑
k=1

γRDk

)
+ P d

{0}Ps (γ = γSD)

=
N∑
j=1

(
N

j

)
P d
{j}

1

π

π− π
M∫

0

ΦγSD

( g

sin2 θ

) j∏
k=1

ΦγRDk

( g

sin2 θ

)
dθ

+
P d
{0}

π

π− π
M∫

0

ΦγSD

( g

sin2 θ

)
dθ (4.20)
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Figure 4.2: Simulations and approximations on SER in 3 relays system using 8-PSK,
ΩSD = ΩSR = ΩRD = 1.

Since ΦγXY (s) ≈ α0

ΩXYs

P DF
s ≈

N∑
j=1

(
N

j

)(
1− η(1)α0

gΩSR

)j (
η(1)α0

gΩSR

)N−j
η(j + 1)αj+1

0

ΩSDΩ
j
RDg

j+1

+

(
η(1)α0

gΩSR

)N
η(1)α0

gΩSD

≈ 1

ΩSD

(
α0

g

)N+1
(

N∑
j=1

(
N

j

)(
η(1)

ΩSR

)N−j
η(j + 1)

Ωj
RD

+
1

ΩN
SR
ηN+1(1)

)
(4.21)

4.3 Numerical Results
In this section, to illustrate the SER performance of multi-relay networks, we con-
sider a network consisting of three relays deploying 8-PSK and the direct link channel
is characterized by ΩSD = 1. Fig. 4.2 represents the SER performance of a sym-
metric system with ΩSR = ΩRD = 1. The plots in Fig. 4.3 and Fig. 4.4 demon-
strate specific asymmetric systems with the constraint (ΩSR = 0.5 and ΩRD = 5) and
(ΩSR = 5 and ΩRD = 0.5), respectively.
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Figure 4.3: Simulations and approximations on SER in 3 relays system using 8-PSK,
ΩSD = 1,ΩSR = 5 and ΩRD = 0.5.
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Figure 4.4: Simulations and approximations on SER in 3 relays system using 8-PSK,
ΩSD = 1,ΩSR = 0.5 and ΩRD = 5.
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Chapter 5

Two-Way AF Relay Networks

5.1 Multi-hop Half-Duplex AF Relay Networks
A specific dual-hop cooperative half-duplex relay system is modeled as shown in
Fig. 5.1 where the two terminals, namely T1 and T2, communicate to each other
through the help of the relay R. It is assumed that there is no direct connection be-
tween nodes T1 and T2 and the system operates in half-duplex protocol, i.e., all the
nodes cannot transmit and receive at the same time on the same frequency channel.
The communicating process takes place in two separate phases. Firstly, the source
node transmits only to the relay and after being amplified at the relay, the scaled signal
is forwarded to the destination node. The reverse path from T2 to T1 proceeds in the
similar manner by transiting at the relay.

As considering the transmission from node T1 to T2, the first phase received symbol
at the relay R is given by

yR = hT1xT1 + nR (5.1)

where hT1 is the amplitude channel gain of T1 → R link, xT1 ∼ CN (0, PT1) the
transmitted signal from node T1 and nR ∼ CN (0, σ2

R) the relay’s AWGN. At the
relay, the received signal yR is scaled to

β =

√
PR

PT1 |hT1 |
2 + σ2

R

(5.2)

where PR is the relay’s average transmit power. Hence, the signal received at the
destination in the next phase is followed by

yT2 = hT2βhT1xT1 + hT2βnR + nT2 (5.3)

where hT2 is the R → T2 channel coefficient and nT2 ∼ CN (0, σ2
T2

) the AWGN at
node T2. As a consequence the respective average achievable rate as using dual-hop
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T1

R

T2

Terminal 1 Terminal 2

Relay

Figure 5.1: Conventional half-duplex relay network.

AF scheme is deduced by

RAF =
1

2
E

{
log

(
1 +

PT1 |βhT1hT2 |
2

σ2
R |βhT2 |

2 + σ2
T2

)}

=
1

2
E

{
1 + q

(
PT1 |hT1 |

2

σ2
R

,
PR |hT2 |

2

σ2
D

)}
(5.4)

where E {.} denotes the expectation function and q {.} is defined in (2.30).

5.2 Two-Way AF Relay Networks
In order to overwhelm the loss of spectral efficiency due to the pre-log factor of 1

2
,

the two-way AF relaying scheme has been proposed. A specific bi-directional relay
system is shown in Fig. 5.2. Each of the two nodes T1 and T2 desires to transmit a
signal to the other due to the assumption of no direct link all traffics need to transit at
the relay R. In the suggested two-way AF relay network, during the first phase both
terminals’ messages are sent to the relay which in turn are amplified and broadcasted
to both destinations in the next phase.

In this protocol, the message received in phase one at the relay is now given by

yR = hT1xT1 + hT2xT2 + nR (5.5)

where xT2 ∼ CN (0, PT2) is the symbol transmitted from node T2. Consequently, the
scale factor of the relay is followed by

β =

√
PR

PT1 |hT1 |
2 + PT2 |hT2 |

2 + σ2
R

(5.6)
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5.3. Performance Comparison between Two-Way AF Relay and Dual-hop AF Relay
Networks

S1 R S2

Terminal 1 Terminal 2Relay

Figure 5.2: Two-way relay network.

According to the assumption on channel reciprocity, in the next phase the terminals T1

and T2 receive, respectively, the signal

yT1 = hT1βhT1xT1 + hT1βhT2xT2 + hT1βnR + nT1 (5.7)

yT2 = hT2βhT1xT1 + hT2βhT2xT2 + hT2βnR + nT2 (5.8)

Presuming the terminals T1 and T2 have perfect knowledge on their channel coeffi-
cients, the self-interference in (5.7) and (5.8) can be fully eliminated before decoding.
As a result, the total sum-rate of bi-directional AF protocol is determined by

Rsum
AF =

1

2
E

{
log

(
1 +

PT1 |βhT1hT2 |
2

σ2
R |βhT2 |

2 + σ2
T2

)}
+

1

2
E

{
log

(
1 +

PT2 |βhT1hT2 |
2

σ2
R |βhT1 |

2 + σ2
T1

)}
(5.9)

5.3 Performance Comparison between Two-Way AF Re-
lay and Dual-hop AF Relay Networks

In this section, to evaluate the performance of bidirectional AF relay networks, we
compare SER, average sum-rate and outage probability of such networks with the con-
ventional dual-hop AF relay networks. Assuming hTi

∼ CN (0,Ωi) with i = 1, 2, the
same SNR of P/σ2 at all receiving nodes and γth =3, by using QPSK modulation
the comparisons in Fig. 5.3, Fig. 5.4 and Fig. 5.5 are represented in the i.i.d. case
Ω1 = Ω2 = 1 and the i.n.i.d case Ω1 = 3,Ω2 = 5.

5.4 Statistic Metrics of Two-Way AF Relay Networks
For the sake of simplicity, we assume an equal transmit power P at T1, T2, and R, and
equal variance σ2 for the AWGN at the three nodes. Denoting hTi

∼ CN (0,Ωi) with
i = 1, 2 as the independent channel amplitude gain for the link from Ti to the relay R.
Consequently, the instantaneous SNR γTi

of terminal Ti, deduced from (5.9) is given
by

γTi
=

P
∣∣hTi

hTj
β
∣∣2

σ2
(∣∣hTj

β
∣∣2 + 1

) (5.10)
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Figure 5.3: Comparisons on SER between dual-hop and two-way AF relay networks using
QPSK.

where

β2 =
1

|hTi
|2 +

∣∣hTj

∣∣2 + σ2

P

(5.11)

By denoting γi =
P |hTi|

2

σ2 and γj =
P |hTj |

2

σ2 (j = 1, 2 and i ̸= j) the respective
instantaneous SNR for Ti → R and Tj → R links, γTi

can be rewritten as

γTi
=

γiγj
2γi + γj + 1

≈ γiγj
2γi + γj

(5.12)

and γi and γj are independently exponentially distributed random variables with haz-
ard rates 1/(γ0Ωi) and 1/(γ0Ωj) respectively, where γ0 = P/σ2 is the average transmit
SNR. It is observed that the performance of bi-directional relay networks strictly de-
pends on the statistical behavior of the SNR given in (5.12). Due to the asymmetry of
γTi

, i.e., occurring the factor 2 in the denominator of (5.12)), the statistic metrics of
γTi

, e.g., CDF, PDF, and MGF, cannot be deduced directly by applying the approach
in [12]. From this point of view, we start our derivation by rewriting γTi

in a more
tractable form

γTi
= (Xi +Xj)

−1 (5.13)

in which Xi = 1/γi and Xj = 2/γj . By deploying Jacobian transformation, we can
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Figure 5.4: Comparisons on average sum-rate between dual-hop and two-way AF relay net-
works.

obtain the PDF of Xi

pXi
(xi) =

1

Ωiγ0x2
i

e−1/(Ωiγ0x
2
i ) (5.14)

as well as the PDF of Xj

pXj
(xj) =

2

Ωjγ0x2
j

e−2/(Ωjγ0x
2
j ) (5.15)

Hence, the MGF of Xi and Xj can be respectively given by

ΦXi
(s) = EXi

{
e−sxi

}
=

∞∫
0

1

Ωiγ0x2
i

e−sxi−1/(Ωiγ0x
2
i )dxi (5.16)

and

ΦXj
(s) = EXj

{
e−sxj

}
=

∞∫
0

2

Ωjγ0x2
j

e−sxj−2/(Ωjγ0x
2
j )dxj (5.17)

Through the help of [22, eq. (3.471.9)], (5.16) and (5.17) can be rewritten in closed
form as

ΦXi
(s) = 2

√
s

γ̄i
K1

(
2

√
s

γ̄i

)
, (5.18)
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Figure 5.5: Comparisons on outage probability between dual-hop and two-way AF relay net-
works.

ΦXj
(s) = 2

√
2s

γ̄j
K1

(
2

√
2s

γ̄j

)
(5.19)

where γ̄i = γ0Ωi, γ̄j = γ0Ωj , and Kv (z) is defined as the v-th order modified Bessel
function of the second kind [22, eq. (8.432.6)].

Since Xi and Xj are statistically independent, the MGF of a random variable Yi =
Xi +Xj can be expressed as

ΦYi
(s) = 4

√
2

γ̄iγ̄j
sK1

(
2

√
s

γ̄i

)
K1

(
2

√
2s

γ̄j

)
(5.20)

Noting that γTi
= 1/Yi, the CDF of γTi

is then deduced as

FγTi
(γ) = 1− FYi

(1/γ) (5.21)

By the inverse Laplace transformation L−1{.}, it can be shown that

FγTi
(γ) = 1− L−1{ΦYi

(s) /s}
∣∣
yi=1/γ

= 1− 4

√
2

γ̄iγ̄j

∞∫
0

K1

(
2

√
s

γ̄i

)
K1

(
2

√
2s

γ̄j

)
esyids

∣∣∣∣
yi=1/γ

(5.22)
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Substituting [23, eq. (13.2.20)] to (5.20) and (5.21), the closed-form expression of
FγTi

(γ) is obtained as follows

FγTi
(γ) = 1− aγ exp (−biγ)K1 (aγ) (5.23)

where a = 2
√

2
γ̄1γ̄2

and bi = 1/γ̄i+2/γ̄j . From [22, eq. (8.486.12)], it is observed that

dKv(z)
dz

= −Kv−1 (z)− v
z
Kv (z) (5.24)

The PDF of γTi
, defined by pγTi (γ) is then achieved from differentiating (5.23) with

respect to γ

pγTi (γ) = aγ e−biγ [aK0 (aγ) + biK1 (aγ)] (5.25)

The derivation to the compact form of pγTi (γ) readily allows us to obtain closed-form
expressions for several important performance metrics as follows in the next section.

5.5 Performance Analysis

5.5.1 Average Symbol Error Rate
In order to obtain the closed-form expression of SER at the terminal Ti, it is required
to derive the MGF of γTi

:

ΦγTi
(s) = EγTi

{
e−sγ

}
=

∞∫
0

aγ [aK0 (aγ) + biK1 (aγ)] e
(−bi−s)γdγ (5.26)

With the help of [22, eq. (6.621.3)], ΦγTi
(s) is then given by

ΦγTi
(s) =

4a2

3 (a+ bi + s)2

[
2F1

(
2,

1

2
;
5

2
;
bi − a+ s

bi + a+ s

)

+
4bi

a+ bi + s
2F1

(
3,

3

2
;
5

2
;
bi − a+ s

bi + a+ s

)]
(5.27)

where 2F1 (a, b; c; z) is the Gauss hypergeometric function. Specifically, the SER of Ti

for M -PSK can be expressed as

P PSK
s =

1

π

π− π
M∫

0

ΦγTi

( gPSK

sin2 θ

)
dθ (5.28)
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5.5.2 Average Sum-Rate
The average sum-rate of the bi-directional relay networks as defined in (5.9) can be
shown in the form

Rsum =
2∑

i=1

EγTi

{
1

2
log2 (1 + γTi

)

}
︸ ︷︷ ︸

I

(5.29)

From (5.25), the summand of (5.29) can be rewritten as

I =
a2

2 ln 2

∞∫
0

ln (1 + γ) γe(−biγ)K0 (aγ) dγ

+
abi
2 ln 2

∞∫
0

ln (1 + γ) γe(−biγ)K1 (aγ) dγ (5.30)

With the aim of evaluating I , it is needed to calculate each integral

J =

∫ ∞

0

ln (1 + x) xe(−bix)Kn (ax) dx (5.31)

in which n = 0, 1. Through the helps of [24, eq. (8.4.23.3)], [24, eq. (8.4.6.5)], [24,
eq. (8.3.2.21)], J can be rewritten as

J =
√
π

∞∫
0

xe−(bi−a)xH1,2
2,2

[
x

∣∣∣∣ (1, 1), (1, 1)(1, 1), (0, 1)

]
H2,0

1,2

[
2ax

∣∣∣∣ (1
2
, 1)

(n, 1), (−n, 1)

]
dx

(5.32)

where HA,B
C,D [·] is the Fox’s H-function [24, eq. (8.3.1.1)]. Therefore, the integral J can

be evaluated with the help of [25, eq. (2.6.2)] as

J =
√
π (bi − a)−2 H1,2,0,1,2

1,[2:1],0,[2:2]


1

bi−a

2a
bi−a

∣∣∣∣∣∣∣∣
(2, 1)

(1, 1), (1, 1); (1
2
, 1)

(1, 1), (0, 1); (n, 1), (−n, 1)

 (5.33)

in which HK,N,N ′,M,M ′

E,[A:C],F,[B:D][·] is the generalized Fox’s H-function [25, eq. (2.2.1)]. By
substituting (5.33) in (5.30), we obtain the closed-form expression of the summand I ,
which in turn helps us to obtain the average sum-rate as following

Rsum =
2∑

i=1

√
πa (bi − a)−2 ξi

2 ln 2

×H1,2,0,1,2
1,[2:1],0,[2:2]


1

bi−a

2a
bi−a

∣∣∣∣∣∣∣∣
(2, 1)

(1, 1), (1, 1); (1
2
, 1)

(1, 1), (0, 1); (i− 1, 1), (1− i, 1)

 (5.34)
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Figure 5.6: SER of bi-directional AF relay networks using QPSK.

where ξ1 = a and ξ2 = bi.

5.5.3 Outage Probability
Defining the outage probability Pout at Ti as the probability that the instantaneous SNR
is lower than a given threshold γth, i.e., P{γTi

≤ γth}. From (5.23), Pout is easily
obtained as follows:

Pout = 1− aγth exp (−biγth)K1 (aγth) (5.35)

5.6 Numerical Results and Discussions
In order to verify our analytical expressions, we represent Monte-Carlo simulation re-
sults and compare them with our analysis. We investigate the specific system employ-
ing QPSK modulation with γth = 3 for two specific cases: 1) i.i.d. case: (e.g., Ω1 =
Ω2 = 1) and 2) i.n.i.d. case: (e.g., Ω1 = 3,Ω2 = 5). The performance metrics such as
SER, average sum-rate, and outage probability for the bi-directional AF relay network
are illustrated in Fig. 5.6, Fig. 5.7, and Fig. 5.8, respectively. From the three figures, it
can be seen that the analyses give close results to the simulation.
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Figure 5.7: Average sum-rate of bi-directional AF relay networks.
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Figure 5.8: Outage probability of bi-directional AF relay networks.
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Chapter 6

Conclusions

MIMO has been introduced as one of the most significant contributions in research lit-
erature. However it is impossible to attach many antennas in a mobile headset. There-
fore, cooperative communications have been proposed in wireless relay networks by
forming virtual arrays of antennas. A set of half-duplex relays is deployed to transmit
the signal in two phases. In the first time-slot, the source broadcasts to the destination
and also the relays. During the second phase, signal after being amplified or decoded
will be relayed to the destination. The manner of two time-slots transmission yields
the main disadvantage of conventional relaying networks as half capacity compared to
MIMO system.

From these points of view, two-way (or bi-directional) relay networking has been
introduced. At first, not only the source but the destination transmit to the relay si-
multaneously and in the next phase the received signal will be forwarded to both the
source and the destination. Hence this altered protocol has extensively conducted an
improved total sum-rate.

This thesis has provided the performance analysis on the conventional as well as
two-way relay networks. In Chapter 3, the exact closed form expressions of SER in
single-relay networks have been derived. Moreover, based on the approximations of
SER at high SNR, it has provided the comparison on cooperative gains between the
AF and ADF protocols. The outage probability of such networks is also investigated.
Chapter 4 represents the extension to the SER analysis in the previous chapter on the
generalized multi-relay networks. The bi-directional AF relay networks have been
introduced and analyzed on SER, average sum-rate and outage probability in Chapter
5.
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