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Optimal Investment under Inflation Protection
and Optimal Portfolios with Stochastic Cash
Flows Strategy

Charles I. Nkeki* and Chukwuma R. Nwozo

Abstract—In this paper, we considers the optimal
portfolio strategies and expected wealth with stochas-
tic cash flows under inflation protection for an invest-
ment company (IC). The IC trade on a complete dif-
fusion model, receives a stochastic cash inflows and
pays a stochastic outflows to its holder. The cash
inflows are invested into a market that is character-
ized by a cash account, an inflation-linked bond and a
stock. The inflation risks associated with the invest-
ment could be hedged by investing in inflation-linked
bond. The utility function is assumed to be a quasi-
concave function of the value of wealth of the IC. It
was found that as the market evolve, parts of the
inflation-linked bond and stock portfolio values should
be transferred to cash account. It was also found that
the portfolio processes involved inter-temporal hedg-
ing terms that offset any shock to both the stochastic
cash inflows and cash outflows.

Index Terms—optimal portfolios, stochastic cash
flows, cash inflows, cash outflows, inflation protection,
quasi-concave.

AMS Subject Classifications. 91B28, 91B30, 91B70,
93E20.

I. INTRODUCTION

This paper consider optimal portfolios and investment
strategies for IC who received continuous-time stochastic
cash inflows and pays continuously a stochastic cash out-
flows to its holder. The cash inflows are invested into
a cash account, an inflation-linked bond and a stock.
Inflation-linked bonds are bonds with interest rates that
varies according to inflation. An inflation-linked bond,
for example, may pay a fixed coupon plus an additional
coupon with the amount adjusted periodically according
to some inflation indicator, such as the Consumer Price
Index. If these bonds are held to maturity, then the in-
vestor guarantees that the return will exceed the rate of
inflation. Inflation-linked bonds exist to provide a low-
risk investment vehicle in which the return is guaranteed
not to fall below the rate of inflation. They are also called
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indexed bonds. Inflation-linked bonds are generally less
risky than stocks, as they attract interest at a predeter-
mined rate and have guaranteed returns. Inflation-linked
bonds can be used to hedge inflation risk.

A non-linear partial differential equation (Hamilton-
Jacobi-Equation (HJB)) was derived from the expected
utility of wealth and then, the optimal portfolio values
for the IC were determined using power utility function.
It was assumed that the underlying assets, cash inflows
and cash outflows are driven by a standard geometric
Brownian motion with constant drifts and volatilities.
Today, inflation risk is of increase. As a result of tremen-
dous increase in inflation risk in nations economy, invest-
ment companies have started investing optimally, the in-
flows paid by the holders into inflation-linked bonds. Al-
though, according to [11], the demand in inflation-linked
bonds among private investors is rather low. It is there-
fore, strongly recommended for firms whose profits are
indeed negatively correlated with inflation. Example of
such firms are insurance companies, pension funds com-
panies, e.t.c.

In related literature, [4] examined the rationale, nature
and financial consequences of two alternative approaches
to portfolio regulations for the long-term institutional in-
vestor sectors of life insurance and pension funds. [3] con-
sidered the deterministic life styling (the gradual switch
from equities to bonds according to preset rules) which
is a popular asset allocation strategy during the accu-
mulation phase of a defined contribution pension plans
which is designed to protect the pension funds from a
catastrophic fall in the stock market just prior to retire-
ment. They shown that this strategy, although easy to
understand and implement can be highly suboptimal. [1]
modeled and analyzed the ex ante liquidity premium de-
manded by the holder of an "illiquid annuity”. The an-
nuity is an insurance product that is similar to a pension
savings account with both an accumulation and ”decu-
mulation” phase. They computed the yield needed to
compensate for the utility welfare loss, which is induced
by the inability to re-balance and maintain an optimal
portfolio when holding an annuity. [5],[6],[7] considered
the optimal design of the minimum guarantee in a de-
fined contribution pension fund scheme. They studied
the investment in the financial market by assuring that
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the pension fund optimizes its retribution which is a part
of the surplus, that is the difference between the pension
fund value and the guarantee. [17] considered the optimal
management and inflation protection strategy for defined
contribution pension plans using Martingale approach.
They derived an analytical expression for the optimal
strategy and expresses it in terms of observable market
variables. Our aim is to determine the portfolio values
and expected terminal wealth for the IC. Also, to deter-
mine to which extent cash inflows and outflows should
be hedged. [13],[14],[15] studied the variational form of
classical portfolio strategy and expected wealth for a pen-
sion plan member. They assumed that the growth rate of
salary was linear function of time and that the the cash
inflow was stochastic.

The remainder of this paper is organized as follows. In
section 2, we present the problem formulation and finan-
cial market models. Section 3 presents the wealth dy-
namics of the IC. In section 4, we present the discounted
cash inflows and cash outflows processes, the definition of
present value of the expected flows of future cash inflows
process as well as the expected cash outflows process.
Section 5 present the dynamics of the values of the wealth
process for the IC. In section 6, we present the optimal
portfolio strategies for the IC. In section 7, we present
the optimal expected value of wealth at time ¢ and at
the terminal period for the IC. Section 8 presents some
special cases arising from the problem. Finally, section 9
concludes the paper.

II. PROBLEM FORMULATION

Let (Q,F,P) be a probability space. Let F(F) = {F; :
t € [0,T)}, where F; = o(WI(t),W9(t) : s < t),
the Brownian motions W (t) = (W(t), W5(t)) is a 2-
dimensional process, defined on a given filtered probabil-
ity space (Q,F,F(F),P), t € [0,T], where P is the real
world probability measure, ¢ the time period, T the ter-
minal time period. WZ(t) is the Brownian motion with
respect to source of uncertainty arising from inflation and
W#(t) is the Brownian motion with respect to source of
uncertainty arising from the stock market. 0% = (o{, 05)
and of = (07,0) are the volatility vector of stock and
volatility vector of the inflation-linked bond with respect
to changes in W¥5(¢) and W(t). u is the appreciation
rate for stock. Moreover, o and o/ referred to as the co-
efficients of the market and are progressively measurable
with respect to the filtration F.

We assume that the IC faces a market that is charac-
terized by a risk-free asset (cash account) and two risky
assets, all of whom are tradeable. In this paper, we allow
the stock price to be correlated to inflation. Also, we cor-
related the cash inflows and outflows to stock market in
other to determine the extent to which cash inflows and
outflows should be hedged. The dynamics of the under-
lying assets are given by (1) to (3)

dC(t) = rO(t)dt,
C(0) =1 S

dS(t) = uS(t)dt + o7 S(t)dW(t) + o5 S(t)dW = (t),
S(O) =59>0
(2)

dB(t,Q(t)) = (r + o107)B(t,Q(t))dt + orB(t, Q(t))dW(t),

B(0)=b>0

3)
where,
r is the nominal interest rate,
67 is the price of inflation risk,
C'(t) is the price process of the cash account at time ¢,
S(t) is stock price process at time ¢,
Q(t) is the inflation index at time ¢ and has the dynam-
ics:
dQ(t) = E(q)Q(t)dt + o1Q(t)dW(t),
where E(q) is the expected rate of inflation, which is the
difference between nominal interest rate, r and real in-
terest rate R (i.e. E(q) =r — R).
B(t,Q(t)) is the inflation-indexed bond price process at
time ¢.
Then, the volatility matrix

() ©

corresponding to the two risky assets and satisfies
det(X) = oro5 # 0. Therefore, the market is complete
and there exists a unique market price 0 satisfying

9[
)= | nor—pos (5)
S

03

where 6 is the market price of stock risks and 6 is the
market price of inflation risks (MPIR). We now define
the following exponential process which we assumed to
be Martingale in P:

2(t) = exp(~6'W (1) - 61P%). ()

where, W (t) = (WZ(t),W9(t))’. We assume in this pa-
per that the cash inflows process ¢(t) at time ¢ and cash
outflows process L(t) at time ¢ follow the dynamics, re-
spectively presented in (7) and (8).

dp(t) = o(t)(wdt + ofdW () + o5 dW (1)), 1)
¢(0) = o >0

dL(t) = L(t)(0dt + ocEdW(t) + oL dW 5 (1)), ()
L(0)=Lo >0

where, w > 0 is the expected growth rate of the cash in-
flows and of is the volatility caused by the source of infla-
tion, WI(t) and 0¥ is the volatility caused by the source
of uncertainty arises from the stock market, W9 (t), and
0 > 0 is the expected growth rate of the cash outflows
and oF is the volatility caused by the source of inflation,
WZ(t) and of is the volatility caused by the source of
uncertainty arises from the stock market, W*(t).

We now define the cross correlation matrices
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o5 0
Applying It6 Lemma on (7) and (8), we have the follow-
ing

A

olt) = poexp((w — g0 + 6 W (), (9)
where, 0% = (0],0%)".
L(t) = Loexp((5 — 5o )t +0W (1), (10)

where, 0¥ = (of, o).
1502

III. THE WEALTH PROCESS

Let X2%L(t) be the wealth process at time ¢, where
A(t) = (Al(t), A%(t)) is the portfolio process at time
t and Af(t) is the proportion of wealth invested in the
inflation-linked bond at time ¢t and A®(t) is the pro-
portion of wealth invested in stock at time ¢. Then,
Ao(t) = 1 — AT(t) — AS(t) is the proportion of wealth
invested in cash account at time .

Definition 1. The portfolio process A is said to be self-
financing if the corresponding wealth process X% L(t),
t €10,T], satisfies

:A%QXA%%ﬂi%?
dB(t, Q(t))

B(t,Q(t))

11— A%(0) - AT X0 G

dX A2k (1)

+AT () X A2 L (t)
(11)

~
~

IV. DISCOUNTED CASH FLOW PROCESSES

Definition 2. The expected value of discounted future
cash inflows process is deﬁned as

U

i) Pl E ()

(12)

where, A(t) = gg; = exp(—

count factor which adjusts for nominal interest rate and
market price of risks, and E(.|F(t)) is a real world condi-
tional expectation with respect to the Brownian filtration
(F(t))t>0. For detail on real world measure P, see [12],

[15], [16].

Proposition 1. Let ¥(t) be the expected value of the
discounted future cash inflows (EVDFCI) process, then

rt)Z(t) is the stochastic dis-

w(r) = %@xpw o)1),

where g =w —1r — 6% - 0.

(13)

Proof: By definition,

/ 20
- U/~ At iﬁ t)

But, the processes A(.) and ¢(.) are geometric Brownian

Au)p(u)
A)p(t)

the Brownian filtration F(¢), v > t. Hence,

T—t
OB AW S5

T—t
- @(t)E[/O exp(—7$)Z(s) exp((w
W (s))ds]

() = u)dulF(t)]

du|F(t)]-

motions and it follows that is independent of

() =

1
— SlotIP)s + o
T—t 1
— GOEL[  ex(ors— S6]s - #W(s)
0

£ @ glloIP)s + 0P W (s))d]

= OBl el = rsexp(—5 (0]
£ 0% I)s + (0% — 0Y W (s)ds]

T—t
= OB([  explw—r—o® Osexp(—5(lo*

— 0?s + (0¥ — 0)'W (s)ds]
= el em(os)a

where, p =w —r — g% - 0.
Therefore,

w(t) = “fexpo(r — ) - 1.
Proposition 1 tells us that the value of expected future
cash inflows process ¥(t) is proportional to the instan-
taneous total cash inflows process ¢(t). Observe that at
time T, the value of the inflow of cash is zero. This is
because the value ¥y has been invested while setting up
the investment.
Taking the differential of both sides of (14), we obtain

(14)

AU (t) =
oS dWS (b)) —

U()[(r+of0! + 050%)dt + oL dW (1)

p(t)dt. (15)

Definition 3. The expected discounted cash outflows pro-
cess at time t is defined as

/T+t A(u)
. AQ
The contingent claim L(t) that matures at the stopping
time ¢t € [0, T] is an F(t)-measurable non-negative payoff

o(t)=F L(u)du|F(t)| ,T > t. (16)
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that possesses a finite expectation. As outlined in [14], Lemma 1. Let ®(t) be the expected discounted cash out-
the value ® () (the cash outflows process) can be obtained  flows process, then

at time ¢t by the real-world pricing formula given in (16).
dd(t) = ®(t)[audt + o1 LAW L (t) + oo LdW S (2)] — L(t)dt,

(1 — exp(—BT)) +

Proposition 2. Let ®(t) be the expected discounted cash
outflows (EDCO) process, then

where o =
L, 1 —exp(—fT)
() = B (1~ exp[=AT1). a7 Proof: Taking the differential of both sides of (20), we
where B=6—1r— ol - 6. obtain
Proof: By definition, do(t) = (1 —ex%(—BT)) dL(t)
T+ A ()
o(t) = E Ut A(t)L(U)dUIf(t)} _ (W) L)((5 + 1_@(&_@)(&
B T+ A (u) L(u) y + o LdWI(t) + oo LdWw S (t)) — L(t)dt
- LE /t AL aF)] ! (1 ! eXp(_ﬂ)) .
= \— 5 Q

But, the processes A(.) and L(.) are geometric Brownian
A(u)L(u) . . + o MAW (1) + or"dW (1)) — L(t)dt
W is independent of

the Brownian filtration F(¢), u > ¢. Adopting change of Therefore,

variables, we have d®(t) = (1) (adt + o1 AW (1) + 0oL dWS (1)) — L(t)dt,

motions and it follows that

T L7 (21)
o(t) = LHE AMT) T oy97 §(1 — exp(—BT)) + 3
0 (0) where, o = T (—AT) .
— exp(—
T L(7) Obviously, the dynamics of the cash outflows and cash
= LE /0 exp(—r7)Z(7) L(0) dr inflows processes in this paper have similar features. The

difference is that the formal is seen as a form of cash

Using (10), we have outflow to be received by the holder at the maturity date
T while the later is seen as a form of cash inflow that is
O(t) = L(t)E[/ exp(—r7)Z(7) exp((d as) invested optimally by the IC.
0 18
_1“O'L||2)T + O'L/W(T))d’r] V. WEALTH VALUATION OF THE IC
2

Definition 4. The value of wealth process of the IC at

Applyi llel 1 18 h
pplying parallelogram law on (18), we have time t is define as

T
o(t) = L(t)E[/ exp(§ — )7 eXP((—%HUL (19) V(t) = X29L(t) + U(t) — (t). (22)

0
_pAll2 _ ~L . 0 L _ py

017 = o% - O)r + (o7 = 6)W(r))dr] The value of wealth, V(¢) equals the wealth, XL (t)
Simplifying, (19), we have plus the discounted expected value of future cash inflows,

U(t) less the discounted expected value of cash outflows,

T
1
o(t) = L(t)E[/ exp(d —r — ok - 9)7exp((—§||aL (t).
0
— YP)7 + (oF — 0YW(1))dr] Proposition ‘3. The change in wealth of the IC is given
- by the dynamics
p— — —_— L .
= L(t)/0 exp(d —r — o - O)rdr AV (1) = (AS(H)XDL() (o — 1)
T +AT () XAP L0 op + r X AL (1)
= L(t) / exp(B7)dr +U(t)(r+0¥-6)—ad(t))dt
0 +HAS () XA L () o? + A1) X2 L (t)or (23)
where 3 =6 —r — ol - 6. +U(t)of — ol ®(t))dWL(t) + (A%(t)x
Therefore, X20L()of +U(t)o¥ — ok ®(t)dW S (t),
L(t) V(0) =v=a+ T(0) — ®(0).
®(t) = 7[1 — exp(—pT)]. (20)
Proof: Taking the differential of both sides of (22) and

Proposition 2 tells us that the expected discounted cash substituting in (11) and (15), the result follows. In the
outflows process ®(t) is proportional to the instantaneous next section, we present the optimal portfolio strategies
total cash outflows process L(t). for the IC.

(Advance online publication: 21 May 2013)
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VI. OPTIMAL PORTFOLIO STRATEGIES FOR THE
I1C

In this section, we consider the optimal portfolio process
for the IC. We define the general value function

J(t,Va, A) = Elu(Va(T))|X2#E(1) = X,
() = U, B(t) = O]

where Va (t) is the path of V() given the portfolio strat-
egy A(t) = (A%(t), AL(t)). Define A(V) to be the set of
all admissible portfolio strategy that are Fy -progressively
measurable, and let U(V(t)) be a quasi-concave function
in V(¢) such that

U(V () = supacaqvy EUV(T))| X9 E(t) = X,
U(t) =W, ®(t) = @] = supacaqvy J (£ Va, B)
(24)
Then U(t, V) satisfies the HIB equation

Ut + SupAeA(V) H(t, V, A) = 0,

1
subject to:U(T,v) = —v". (25)
Y

where,
H(t,V,A) = (ASH)X (u—r) + Al () Xor0)Ux
L ((05)PXPAS (1)? + 02 X2AL (1)
+(O9?2X2AS (1)) Uxx + AS()AI () X207 0 Ux x
+AS (U X 70 Uxy — A (1)@ X o7 ol Uxs
+Al(t)\I/XO']0<fUX\1/ - Al(t)CI)XUIO'{‘U)Qp
+AS (VX oS oS Uxy — AS(4)®X oS ok Uxe +rXUx

1
+\Ij(r + 0% - G)U\y — Palg + 5(0';/))2\112(]\1;\1;

1

—=(0])*®*Upe — VP0{0{Uye — ¥P0§05 Uya
1
+§\I/2(O'<2F)2U\p\p — 5@2(05)2(]@@.
(26)

For the explicit solution of (25), see Appendix.
Since U is a quasi-concave function in V(¢) and U(t, V) €
C12(Rx[0,T]), then (25) is well defined. The HJB equa-
tion (25) was solve explicitly (See the Appendix). Finding
the partial derivative of H(t, V, A) with respect to A (t)
and A(t) and set to zero, we obtain the following

_ —(p—r)Ux — AN (t)* XoToUxx

AS(t)* =
&) (oF) + 52 XUxx
V(ofof +0505)Uxy + B(07af +0505)Uxa
((07)? + (03)*) X Uxx
(27)
Ay =
—QIUX — As(t) XO'fUXX — \I/JfUX\I; + (I)JlLUX<I>
XU]UXX '
(28)
Substituting (28) into (27), we obtain the following
(A%(t)* =
(076" — (n—71)) Ux — Vo505 Uxy + Po505Uxa
(05)?XUx x '
(29)

Substituting (29) into (28), we obtain the following

((=r)of = 07((05)" + (o)) Ux

XO'[(OA;g)zUXX
+\1/a§\2%5|UXq, + ®o5 |2 |Ux e

XUI(Uf)ZUXX

(AN =

(30)

v
Proposition 4. Suppose that U(V) = —, v <1,y #0,
g

then the optimal portfolio values of the IC in stock market
and inflation-linked bond are respectively given as

—r—ov9!
(AS(1))* = Hy () (AT
48 ((7(% - 'Y)(O'QS) ) (31)
—Ha(t) 5 — H(h) 5.

0.8 LS
TN AT L A
05071 05071
(32)
P ©,S
@ofe) =1+ a0 (7% - B
o5  o5or
FH;(t) <§:;| + Zé) -
07((05)" + (03)") = (p—=r)of  p—r—0ob
() (1 —7)or(o3) (1 —’7)(05)2>
(33)
_ X))+ ¥(t) - 2(t) _ Y@
where, H;(z) = X , Hs(t) X’
3(t) = X((t))
Proof: Given U(X,¥,d) = (X—HII—_W Then, find-

ing the following partial derivatives: Ux, Uy, Us, Uxx,
Uxw, Uxe and substitute into (29) and (30), the result
follows.

Numerical Example 1. The figures below, represent
the portfolio values of the investment in stock, inflation-
linked bond and cash, respectively. They are obtained by
taking Lo = 120 Naira, § = 0.09, ot = 0.31, ok = 0.41,
p =01 r =004, 0f = 0.35, 05 = 045, 6/ = 0.13,
v = 0.5, o = 100 Naira, w = 0.08, of = 0.32, 0 = 0.4,
or = 0.418 and T = 10 and Mathematica 6.0 was used
for the simulations.

We observed that: If we divide the right hand side of

H(t) 0% Hj(t) o
4 H h —= —=
(34) by H;(t) and then add (1) oS an ) oS

to the result, we obtain the classical portfolio strat-

p—r—opf!

gy, N/ S\
(1=7)(05)?
vain, if we divide the right hand side of (35) by

in the stock market. In the same

(Advance online publication: 21 May 2013)
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Portfolio Value

Figure 1: Portfolio value in stock. This figure is obtained
by setting Ly = 120 Naira, § = 0.09, of = 0.31, o0& =
0.41, = 0.1, r = 0.04, 07 = 0.35, o5 = 0.45, # = 0.13,
v = 0.5, o = 100 Naira, w = 0.08, of = 0.32, 6§ = 0.4,
oy =0.418 and T =10

Portfolio Value

Figure 2: Portfolio value in inflation-linked bond. This
figure is obtained by setting Ly = 120 Naira, § = 0.09,
oF =031, ok =041, p = 0.1, r = 0.04, 07 = 0.35,
05 =045, 0" =0.13, vy = 0.5, g = 100 Naira, w = 0.08,
oy =0.32, 0§ =0.4, 0y =0.418 and T = 10

Portfolio Value

i

Time (in Year)

g

Figure 3: Portfolio value in cash account. This figure is
obtained by setting Ly = 120 Naira, § = 0.09, of = 0.31,
ok =041, p = 0.1, 7 = 0.04, of = 0.35, 05 = 0.45,
07 =0.13, v = 0.5, po = 100 Naira, w = 0.08, of = 0.32,
0y =0.4, 0y =0.418 and T = 10

Hy(t) [297] H;(t) [257]
Hl(t) 0’§0‘I Hl(t> O’?U[
to the result, we obtain the classical portfolio strategy,
2 2
0'((05)" + (o)) — (p—r)o?
2
(1 =7)ai(oF)
Therefore, the first part of the portfolios in inflation-
linked bond and stock market are the variational form
of the classical optimal portfolio rule. The second parts
o]
of the portfolios containing the function Hg(t)a—zs
93
|25 . .
5 hedges the shock associated with the cash
05071

2
inflows whose present value ¥y has been invested while

at the beginning of the planning horizon. The third parts

=29 ok
s— and H3(t)—5 hedges the
o501 o

Hy(t) and then add —

in inflation-linked bond.

and

Hy(t)

with the function Hs(t)

shock associated with the cash outflows. 'I%herefore, the
second and the third terms in the portfolio values are
the inter-temporal hedging terms that offset any shock
to both stochastic inflows and outflows, respectively.

The above formulas depend on the optimal wealth value,
which consists of the optimal wealth level X*(¢), the ex-
pected future cash inflows, W(t) and the expected cash
outflows, ®(¢). The first ones are observable, the second
parts reflect the expectation of the IC on the future cash
inflows, the third parts reflect the expectation of the IC
on the cash outflows, the fourth and fifth terms reflect
the inter-temporal hedging terms that simply offset any
shock to both the stochastic cash inflows and cash out-
flows. These inter-temporal hedging terms will in a way
protect the IC from a catastrophic fall in the risky as-
sets. Hence, protect the IC from the risk of not meeting

(Advance online publication: 21 May 2013)
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its claims obligations to the holder.
Now, at t = 0, we have

(AS(0))* = o . .
1(0)[/(111__7‘,}/;(229)2 ] 2(0)% H; (0)% (34
(AT(0)* = . . )
0'((05)" + (0)°) = (u— 7)o
H;(0
()(|Z¢s(1”*7§?2| ) (35)
FH(0) Zs o~ Ha(0) e
where, Hy(0) = %;II(O), Hy(0) = \le((?), H3(0)
*(0)
o '

VII. EXPECTED VALUE OF WEALTH (EVW) FOR
THE IC

In this section, we consider the optimal value of wealth
for the investment company at time ¢ and at the terminal
period. From (23), we have that

dE[V(t)] = E[AS(t)" X &9 E(t) (u — )
JrA’(t)*XA DL op + rXA0L(t) (36)
+U(t)(r + of0T +050%) — ad(t)]dt,
[ (0)} = UOv

where, vg = x9 + Y9 — D9, ¥y =

Lo(1 = exp(—T))

Py =

5
Substituting (14),(20),(29),(30) into (36) and for simplic-
ity, we set r = ¢, to obtain

dE[V(t)] = 1 E(V (1)) + y2 exp(wt) (exp((T" — 1)) — 1)
+ys exp(rt)]dt
(37)
E[V(0)] = vo,
where,

_ 0% (u—)

0107 + 07 0°
= ( i )+
1—7v

11—+~ "
o (WIES’“”I oy(p—r) >

Y2 = — - +o%-0 )
¢\ o3 o3

Lo(exp(—=pT) — 1) y
ﬁel‘zL,S| O.L .0
R 1eXP(6T)>

03 03
By solving the ODE (37), we find that the expected value
of the wealth for the IC under optimal control at time ¢

Y2 + Y3 Ysyi )
w=y1 -1 (w-y)w—-9¢—y)(y1—7)
y2 exp(¢T) (exp(wt) — exp((¢ + y1)t))

(’Uo +

x exp(y1t) +

—¢—y
Cpep(@+ @)  ysexp(r)
W =Y y-r
(38)
At terminal time T', we have:
E(V(T)) =
(vo P Ys Yayi )
W=y Y- TT (w— yf)(w —¢— yl)(%qj r)
% exp(uT) + &2 exp(¢T) (exp(wT') — exp((¢ + y1)T))
w—¢—1
_ypexp((w+)T)  ysexp(rT)
W=y po—r
(39)

Therefore, the expected optimal value of final wealth for
the IC is given in (39).

Therefore, the optimal value of final wealth for
the IC is the sum of the fund, (vg + 2 4
W=y
2
Y3 Y3Yi
+ exp(y1T) that
n—r e =) "

the IC would get investing the whole portfolio al-

ways in the risk-less asset and the risky assets,

y2 exp(¢T) (exp(wT) — exp((¢ + y1)T))
w—¢—1y

that depend both on the goodness of

plus the term,

y2 exp((w + ¢)T)

W —
the risky 3izlssets with respect to the risk-less asset and
the stochastic cash inflows, plus the term, &p(?;T)
that depend on the risk-less asset, the risky assclets and
the cash outflows. Thus, we observe by the definition of
0 and yi, that the higher the Sharpe ratio of the risky
asset, 6 the higher the expected optimal value of final
wealth, everything else being equal. We take r = 0.04,
p =201 v =09 w =008 of = 0.35 o5 = 0.45,
or = 0.418, ¢y = 10,000 Naira, Ly = 12,000Naira, and
o = 1, 0 = 0.32, 0 = 0.40, of = 0.31, ol = 0.41,
T=20 to obtain figure 4. Figure 4 shows the expected
value of wealth for the IC at different value of MPIR
(67) at time t. At the terminal time, observe that when
67 equals 0.10, the EVW is obtained to be 34,799,000
Naira; when 07 is 0.13, the EVW is 43,562,000 Naira and
when 67 equals 0.15, we have that the EVW is 55,107,000
Naira. We conclude therefore that for all other parame-
ters remain fixed, the higher the market price of inflation
risks, the higher the expected value of returns for the in-
vestment and vice versa. This is only true for ¢ > 15. At
t < 15, observe the the reverse was the case.

VIII. THE SPECIAL CASE ¢y =0, Ly =0, w = 0 and
0=0

By set o9 =0, Ly =0, w = 0 and 6 = 0, we obtained
the usual portfolio selection problem. It is obvious from
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Figure 4: Expected value of wealth for the investment.

the previous analysis, that equalities still hold for (11),
if o9 =0, Lg =0, w =0 and § = 0 provided that the
initial wealth is greater than zero. We now summarize the
expected terminal wealth of the investor, taking ¢y = 0,
Ly=0,w=0and 6 =0in (9) and (10).

Corollary 1. Assume that an investor wants to invest
a wealth of xo > 0 for the time horizon T > 0 in a
financial market as in section (2.1) and wealth equation
(6). Assume that the investor mazimizes the erpected
utility of final wealth at time T. Then,

(1)E(V(T)) = voexp(y1T);

(i) E(X(T)) = wo exp(y1T);

(iir) E(V(T)) = E(X(T)).

Observe that if yo = 0 and y3 = 0, the expected value
of final wealth becomes xgexp(y1T). We now have the
following corollary.

Corollary 2. Suppose that y2 =0, y3 =0 and zo > 0 in
(39), then
E(V(T)) = zgexp(yiT).

Corollary 3. Suppose that y, = 0, y3 = 0, 87 = 0 and
xo >0 in (39), then

E(V(T)) = zo exp(inT),

05 (n—r)

1—~ +r.

where, 1 =

Corollary 4. Suppose thaty, =0, y3=0,01 =0, u=1r
and xg > 0 in (39), then

E(V(T)) = xzoexp(rT).

Corollary 5. Suppose that yo =0, y3 =0, 0% = 0 and
xo >0 in (39), then

E(V(T)) = o exp(zT),

(07)°
I—v

where, Z = +r.

Corollary 3 presents the expected wealth from the usual
portfolio selection problem that involve investment into
a riskless asset (cash account) and a stock. Corollary 4
presents the expected wealth from the usual portfolio se-
lection problem that involves investment into a riskless
asset alone. Corollary 5 presents the expected wealth
from the usual portfolio selection problem that involve
investment into a riskless asset and an inflation-linked
bond.

Consider another special case were y; = 0, y2 # 0 and
ys # 0. In that case, the expected value of wealth for the
IC becomes

B(V(T)) = v — £(1 = exp(dT) + y2 %
(eXp(¢T)(exp(wT) —exp(¢T))  exp((w—)T) 1) _

w—0¢ w * w
It means that the cash inflows were either not invested
into any of the underlying assets, or there is no contri-
bution to the portfolio of the IC for investing into the
underlying assets. In that case, the expected value of
wealth for the IC can only be affected by the face value
of the cash inflows and cash outflows.

IX. CONCLUSION

The paper examined the optimal portfolios with stochas-
tic cash inflows and outflows and expected terminal
wealth for IC. The portfolio values and expected terminal
wealth that accrued to the IC were obtained. It was found
that the optimal share of portfolios in stock and inflation-
linked bond ultimately depend on cash inflows, cash out-
flows and the optimal wealth level of the investment at
time ¢. It was also found that as the markets evolve, parts
of the portfolio values in stock and inflation-linked bond
should be transferred to the cash account. The portfolio
processes were found to involved inter-temporal hedging
terms that offset any shock to the cash inflows and cash
outflows.
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APPENDIX

Therefore, substituting (29) and (30) into (25), we obtain
following the HJB equation

U+ rXUx +¥(r+o0%-0)Uy — a®Usp

1
+5((07)? + (o)1) WU
7\I/<I)(O'1 0'1 + 0'2 o5 )Uq;cp
1
SO0 + (08))Una
+(u —7) (aU% = VaoUxUxy + PbaUxUxo)
O'2SUXX
+91 (blU)2< + WasUxUxw + ‘I>Cl4UxUX<1>)
(05 )4UXX
\110'1 (blUXUX\I} + \I/(ZQ,UX\I, + (IJG4UX@UX\1;)
(05)2Uxx
_‘I)O'{‘ (blUxUXq> + VYasUxeUxo + CI)CL4U)2(<I>)
(o §)2UXX
Jr(af)?(a%U)?( + 02a3U%,, + ®203U% 4 — 2Va1a2UxUxy)

2(0‘2 )4UXX
( ) (Qq)aleUxeq;. — 2\I/<I)a2b2UX<I>UX\11>
+ S\4
2(05)*Uxx
ZG?LU)%(I) + 2Ubi1a3UxUxw
2(05 )4 Uxx
20b1a4UxUxe + 2@@&3&4(]){@[]){@)
+ S\4
2(0’%) UXX
‘19 (alblU)Q( + Va1a3UxUxy + <I>a1a4Uxeq>)
(05)*Uxx
ig (2\I/b1a2UxUX\p + \I/2a2a3U)2(\I,)
(05)*Uxx
V2a400UxoUxw + b1baPUx Ux o
(05)*Ux x
agbg‘l)\I/UX@qu/ + ‘1>2a4b2UX¢,)
S W(JZ )4UXXW
Yoy oy Yoy
UxU.
((UQS)QUXX U2SUXX (al XUXWU
—VasU% g + PboUxoUxo)

dofok dok
- + UxU
((028)2UXX UQSUXX (0/1 XVUXo

—VayUxeUxo + q)bgUg(q)) =0.

2
BUX\I/

| (KU} + a3

(40)
where a1 = o7 Sgl _ (w—r), by = f(alof + 91(025)2),
ag = 0508, by = 050%, az = 05|59, ay = o3

We assume the solution of the form U(¢,v) = (11g$))’*
such that g(T') = 1. Then,

U = (vg(1)"" g (1) (41)

Ux =7 g(t)" (12)

Uxx = (v— 1) 2g(t)" (43)

Uxy = (v — L) 2g(t)" (44)

Uxe = —(v = 1)v"%g(t) (45)

Uy =v""g(t) (46)

(Advance online publication: 21 May 2013)



TAENG International Journal of Applied Mathematics, 43:2, IJAM 43 2 02

— - 1
Ugy = (v — D" ?g(t)7 (47)  — dayaq)v — P2azas(y — 1)) + Gl —((®%asby — ®Ubyas
Upe = —(v = 1)o7 ?g(t) (48) , v oSo?
_ - U —1) —b1b® —
Up = —07 19(75)7 (49) aaa2)(y ) 1b:2v) + 05 ( 02 + Jl)
Uq:-<1> _ ('7 o 1),07729@)7 (50) X (alv — (\I’az + q)bQ)(’y — 1)),
so that (51) becomes
Substituting the partial derivatives (41)-(50) into (40),
. . . / t
we obtain the following HJB equation g'(t) n £ _o (52)
J'(t) g(t) v
L r0? 4+ (Wo% -0+ ol - 0D )
g(t) Solving (52), we have
-
+M S’ (aw — \I’az — (I)bg) 5
o3
1 =1
2((( 09)? + (0£)2) W2 + 20D (o ok g(t) = g(0)e v . (53)
tofok) - B ((oh) + () - 1) herefore
0 ’ ¢
_ _ v
FlogyE et os = Baaly Uity — 20O -t
o ’
+—(byv + (Pag — Bag)(y — 1) 7
(o) (vg(0)" oy
ot But, U(0,v) = ~———=—. This is the present value of
+ 5y (biv + (Yag + Paq)(y — 1)) Y
5 Xp uture utili w T .
(05)? . expected future utility of wealth for the IC
® (o070
T3 ( -+ UQL) (a1v — (Waz — ®ba)(y — 1))v Hence, ¢
93 A 03 7115
+ (01)4(Q%U+(qja2+®b2)2x U(t,'l/) :U(O,U)e v

(v 12) —2Waras — 2Darhy) This is the expected utility of the value of wealth accrued

1 to the IC at time t.
+——— (b30% + (Wag + Oby)?(y — 1) + 2Wbyaz

2(03)*
1
_2<I>b1a4v) + m(albly2 + (\Il2a1a3 — Ubiag
7(:[)(11(14)1} - lI/2a2a3(’y - 1)) (0’5) (((I) agby — PUbsas
2

W] S ¥
—W2agaz)(y — 1) — biba®v) + — (01 ‘;1 +af)

03 g3
X(CLlU — (\I/CLQ + CDbQ)( 1)) 0.

(51)
We now set & = rv? + (Vo? -0+ oL - 0®)v

+ a ST (alv - \Ila2 — ‘I)bg)
03
+5 ((( D)2+ (09)%) 0 + 208 (0f o
+o “OOI’ 5) = ((o7)* + (o7)*) (v — 1)
+ 5 (b1v + Paz — Payg)v
G
+ S (bl’l) + (\I/ag — (1)04)( — 1))
(UQ)L
liiJ
+ 7L (byv + (Wag + ag)(y — 1))
(‘72) 5 L
o (o070
+—5 ( o+ oé) (a1v = (Waz — Dby)(y — 1))
) )
+ ﬂ(a%v + (Tay + Dby)?
2(05)*
(v —=1) — 2¥aias — 2®Paqbsy)
1
+ W(bgzﬂ + (Wag + ®by)?(y — 1) + 2¥byas
— 2@()1@41}) + (a1b1’02 + (\112(11&3 — WUbias

(03)*
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