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I. INTRODUCTION
1.1. Let X be an arbitrary nonempty set, D is an X —semilattice of unions which closed with respect to the
set-theoretic union of elements from D, f be an arbitrary mapping of the set X in the set D. To each

mapping f we put into correspondence a binary relation «, onthe set X that satisfies the condition

a; =J({x}x f(x).

xeX

The set of all such &, (f:X — D) is denoted by B, (D). Itis easy to prove that B, (D) is a semigroup with
respect to the operation of multiplication of binary relations, which is called a complete semigroup of binary
relations defined by an X — semilattice of unions D .

We denote by & an empty binary relation or an empty subset of the set X . The condition (x, y) ea will be
written in the form xery. Further, let x,yeX, Y = X, a€B, (D), D=|JY and T €D. We denote by the

YeD
symbols ya, Yo, V(D,a), X*,V(X*,a) and D, the following sets:
ya ={xe X |yax}, Ya:Uya, V(D,a)={Ya|Y €D},
yeY
X' ={Y|@#Y X}, V(X" a)={Ya|D=Y c X},
D, ={ZeD|T cZ}.

It is well know the following statements:
Theorem 1.2. Let D:{D,zl,zz, Z } be some finite X —semilattice of wunions and

g

C(D)={R,,R,P,,...P,,} bethe family of sets of pairwise nonintersecting subsets of the set X (the set & can

be repeat several time). If o is a mapping of the semilattice D on the family of sets C(D) which satisfies the

(D:(ﬁ . Z, ...zmlj
PPPR..P,

and |5Z =D\D,, then the following equalities are valid:

condition
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D=P,UPUP,U..UP,

z-R0J olT) @)

Tslﬁzi
In the sequel these equalities will be called formal.
It is proved that if the elements of the semilattice D are represented in the form (1.1), then among the

parameters P (0<i<m-1) there exist such parameters that cannot be empty sets for D. Such sets P, are
called basis sources, whereas sets P (0< j<m-1) which can be empty sets too are called completeness

sources.
It is proved that under the mapping ¢ the number of covering elements of the pre-image of a basis source is

always equal to one, while under the mapping ¢ the number of covering elements of the pre-image of a
completeness source either does not exist or is always greater than one (see [1], chapter 11).
Let B,P,P,..,P,, beparameters in the formal equalities, 5 < B, (D) and

p= U[PxUtﬁj U ({t}=xt's). ..(12)

teR t'eX\D
The representation of the binary relation S of the form £ will be called subquasinormal.

If B be the subquasinormal representation of the binary relation S, then for the binary relation B the
following statements are true:

a) BeB,(D);
b) BB
c) the subquasinormal representation of the binary relation S is quasinormal;
R P .
d) if ﬂl (Pﬂ Pﬂ P 1ﬁj then B, is a mapping of the family of sets c( ) in the set Du{@}-
e) if B,:X\D — D is a mapping satisfying the condition S, (t')=t'j forall t'e X \D, then

B= U(PXUWJ U ({t}xA.(t)). . (13)

teR t'eX\D
Remark, that if P, (O <j< m—1) is such completeness sources, that P, = &, then the equality PJ.B = always
is hold. There also exists such a basic sources P, (0<i<m-1) for which Utﬂ =,ie. PB=0.

i
teR

Example  11. Let X={1,234}, D={g,{12}}, ten PR=0, R={12}, If

{(21).(12),(22),(2.2),(41),(4.2)}, then S B, (D) and subquasinormal representation of a binary
gon S hasa form

Fig. 1.1 — R, 3 4
Ae( ) 2- ( {1,2}]
P =(@x2)v({1.2}x{1.2}) ({3} < D)o ( 2})=
= (R @) (Px{12}) NERe ) ({434 }),
where P, are basic sources and P, is completeness sources.

Theorem 1.2. Let «, BB, (D), then aof =B (see [4], Proposition 2).

2.1 Let El(X,Z) be a class of all X —semilattices of unions, whose every element is isomorphic to an

X —semilattice of unions D = {Zl, D} which satisfies the condition Z, D (see, Fig, 2.1).
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I|j Let C(D)={R,,R,}, where B,,R =X, Rb,NR =2 and (/):(FD,O %j is @ mapping of
Z, the semi lattice D onto the set C(D) . Then for the formal equalities of the semilattice D we
Fig. 2.1 have a form:

D=P,UR

Z,-R, ..(2.1)

Here the element P, be basis sources, the element P, are sources of completeness of the semilattice D .
Therefore |X|>1.

Definition 2.1. We say that an element « of the semigroup B, (D) is external if a=dop4 for all
5,8€B, (D)\{a} (see [1], Definition 1.15.1).

It is well know, that if B is all external elements of the semigroup B, (D) and B’ be any generated set for the
B, (D), then B< B’ (see [1], Lemma 1.15.1).

Lemma 2.1. Let D={Z,,D}e%,(X,2), B:{ae By (D)|V(X",)= D}. If B=, then B is a set external
elements of the semigroup B, (D).

Proof. Let D={Z,,D}e%,(X,2), «eB and a=5¢p for some &, 8B, (D)\{a}. Then element & has
quasinormal representation of a form §=(Yf le)u(Y(f x D), ie. YUYy =X and Y nY, =D . (see, [1],

definition 1.11), By Theorem 1.2 follows that ¢ =&0 =350/, where 3 is subquasinormal representation of
a binary relation £ . Itis easy to see, that

a=59f=(Y'xZ,8)(Y; xDp). ..(22)
From the equality =5 follows that D=V (X',a)<V(D,B) (see [1], Theorem 4.1.1). So,
D=V(D,5).
By preposition « B, i.e. there exists quasinormal representations of a binary relation « of the form
az(Yl“ le)u(Yoa xf)), where Y,“|>1 for all i=0,1 since aeB (if Y/ =& forsome j (0< j<1), then

V(X",a)#D), ie. |X|>2.
For the element Z, we consider the following cases.

a) Z, =4 . Inthis case we have P, =nD =& and
_(9 R _[(9 R
73‘(@ @)’72‘[@ Dj

are all mappings of the set {&J, R} in the semilattice D satisfying condition y, (&)=@ (i=12).
If X =D, then from the formal equalities (2.1) follows that @UP, =D. In this case P,=@, P, =D,
X\D=3, B:(ng)u(axﬁ)ugz X xD (see equality 1.2). It easy to see V(D,ﬁ): D and

a=89f=((¥x2,) (Y xD))o(X xD) =

=((¥’ x2,)o(XxD))u((¥s xD)o(X x D))=

=Y’ xD)u(Y, xD)=XxD¢B
since V(X*,a)z{f)} #D.So, X#D.
In the sequel we suppose, that |X \ [3| >1.

For the binary relations y; (i =1 2) we consider the following cases.
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Let y, = (g

set D\ @}:{D} (by preposition |X \ D|>1), then

B=(Rx2)u J ({t}x7n(t)), .(23)

t'eX\D
V (D, B)=D (see equality 1.2) and from the formal equality (2.1) and equalities (2.2), (2.3) follows that
2B=2B=9,
DA=CBUPB=0UD =03,
a=5o=(Y'xZ,B)u(Y; xDf)=
=Y x@)U(Y) xD) =X <D= B

. By formal equality 2.1 follows that B, = D-J.If 7, be a mapping of the set X'\ D on the

;/

since V (X", &) ={@} = D.

If 7, =(g %j and 7, be amapping of the set X \D on the semilattice D\{D} . So, if
B=(RxD)u U ({t}x7 (1), . (24)
t'eX\D
then V (D, 8) = D. From the formal equality (2.1) and equalities (2.2), (2.4) we have:
Zlﬁ = QB = ®i

DA =@pUPB=uUD=D,
a=50f=(Y'xZB)u(Y, xDB)=
= (Yf x@)u(YOJ X 5) =0.
But, the equality o =& contradict the condition, that § € B, (D)\{«} . That is in this case o ¢ B.
So, from the cases a) follows that B is a set external elements of semigroup B, (D) since the mappings 7,
(i=1,2) are all mappings of the set {&J, P} in the semilattice D satisfying condition y, (&)=
b) Z, #@.Then P,=nD = and

R R _(R R _(R R _(R R
o= (z zj"’"Z‘(z1 DJ’GB‘(D z,) ™ %=lpp

are all mappings of the set {F,, P} in the semilattice D .
If X=D and o;(P,)=0;(R) (i=14), then from the formal equalities (2.1) follows that o; (P,)=D and in
this case B =X xo; (R,) (see equality 1.2). So, # =X xZ, or =X xD.Bothcase V (D, 8)=D and
a=8f=((YxZ,) (Y xD))o(X xZ,) =
= (% x2,)o(X xZ,)) (Y xD)o(X xZ,)) =
=(Y5xZ) (Y7 x2,)=XxZ,¢B,

a=5 ((Y‘)XZ) (YﬁxD))( D)=
=E( 2,)e(XxD))u((¥7 xD)o(XxD))=

D)u(Y) xD)=XxDeB
since V(X*,a);éD.So, X=D.

In the sequel we suppose, that |X \ D|>1.

For the binary relations o, (i =1,2,3,4) we consider the following cases.
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Let o, :(;01 ;11] In this case we have P, =@ and P, #@. If &, be a mapping of the set X \D on the set
D\{Z,}= {[3} (by preposition |X \ [3| >1), then
B=((RUPR)xZ)u U;({t'}x@(t')), ...(25)
t'eX\D

V(D, B) =D and from the formal equality (2.1) and equalities (2.2), (2.5) follows that
Z}[_? - POE =2,
Dﬂz%ﬂuaﬂzzluzlzzl’
a :é'oB:(Yl’stlﬁ)u(Yo‘sxDB):
=W xZ,)u(Y x2,)=XxZ,¢B
since V (X", @) ={z,} #D.

If o, =£P° Plj and &, is mapping of the set X \D in the semilattice D . So, if

Z, D
B=(RxZ)u(RxD)u | ({t'}x5,(t).  ...(26)

t'eX\D
then V (D, 8) = D. From the formal equality (2.1) and equalities (2.2), (2.6) we have:
Zvlé = POE =2, o
Dp=RpUPS=2D=D,
a=5of=(Y"xZ,B)u(Y xDp)=
=(¥?xZ,)u(Yy xD) =52 B\{a}.
But, the equality o =& contradict the condition, that 6 € B, (D)\{«} . That is in this case o ¢ B.

If o, :(g’ ;j and &, isa mapping of the set X \D in the semilattice D . So, if

B=(RxD)u(Rxz)u |J ({t}x5 (),  ...(27)

t'eX\D
then V (D, 8) = D. From the formal equality (2.1) and equalities (2.2), (2.7) we have:
Z}é = POE = 5'_ _ _
Dp=RpUPRB=DUZ =D,
a=5.F=(YxZ,B)u(Y xDp)=
=(Y1‘$><|5)U(Y0‘5><|5)=X><|5§£ B
since V (X",a)={D} = D.

Let o, :(%’ glj . If &, be a mapping of the set X \ D on the set D\{Ij} ={2,} , then
B:((%ua)xﬁ)u Ui({t’}x@(t’)), ...(2.8)
t'eX\D
V(D,,E)z D and from the formal equality (2.1) and equalities (2.2), (2.8) follows that
Zlg = POB =D,

DA =RBURB=DUD=D,

a=5.f=(YxZ,B)u(Y, xDp)=

=(Y15><|5)U(Y05><|5)=X><|5e B
since V(X*,a):{lj}:& D.
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So, from the cases b) follows that B is a set external elements of semigroup B, (D) since the mappings
o, —o, are all mappings of the set {P,, P} in the semilattice D .
Lemma 2.1 is proved.
Corollary 21. Let D={@D}e%,(X,2) and B:{ae By (D)|V (X", a)= D}. Then the following
statements are true:

) If |X \ D| >1 and Z, =, then a = X xD do not generating by elements of the set B ;

2) If X =D and Z, =<, then o = X xZ, do not generating by elements of the set B ;

3) If X =D and Z = ,then = and a = X x D do not generating by elements of the set B .
Proof. Let |X \ I5| 21, Z,=¢ and &, B. Then quasinormal representation of a binary relation ¢ has a
form & =(Y,’ x@)U(Y; x D), where Y;°,Y;’ ¢ {@} and

5o =(YxDB)U(Yy xDB)=(Y,"x@) (Y, xDB)# X xD
since Y, =D .
Therefore, if |X \ I5| >1 and Z, =J, then a =X xD do not generating by elements of the set B .
The statement 1) of the Corollary 2.1 is proved.
Let X=D and Z, #@.If & and g are such elements of the set B, that 5o 8= X xZ,, then quasinormal
representation of a binary relation & has a form  5=(Y,"xZ,)U(Yy xD)=(¥,’ xZ, ) (Y x X ), where
Y,,Yy ¢{D} and
5o =(Y"xZ,B) (Y xDB)=(Y xZ,8)U(Yy xX B) = X xZ,,

ie. Z,f=Xp=12, . Of the equality XS =2, follows that tg=2, forall te X since Z, be smallest element
of the semilattice D . So, the equality =X xZ, is true. Last equality contradict the condition S B since

\% (X*,,B) = {Zl} # D . Therefore, binary relation « = X xZ, do not generating by elements of the set B .
The statement 2) of the Corollary 2.1 is proved.

Let X=D, Z, =@ . If a=5-p for some &, B, then quasinormal representations of binary relations &
and g hasaform

§=(Y x@)u(Yy xD) =(¥ x@)U(¥s x X),
B =Y xD)u(YS xD)=(¥/ x@)u (Y xX),
where Y,°,Y;,Y/.Y/ ¢ {@} since V(X",5)=V (X", 8)=D (5,8 <B). So, we have:
a=50p=((V xD)u (bxx)) (¥ @) u(Y xx))=
=((¥x2)o (Y x2))u((¥ x@)o (¥ x X))
U((Yg % X)e Y”x@))u(Y‘sxX (Y=< X))=zuaU
V(Y x@)u (Y xX)=6
since X NY, =Y/ = and X nY/ =Y/ =& . Bat from the equalities =, a=5 or a=XxD, a=45

respectively follows that « ¢B and a B since §<B by preposition, i.e. =@ and a=XxD do not
generating by elements of the set B .

The statement 3) of the Corollary 2.1 is proved.
The Corollary 2.1 is proved.
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Theorem 2.1.Let D={7,,D}ex,(X,2). If B :{a eB, (D)|V(X",a)= D}, then the following statements

are true:
a) if |X \ D| >1and Z, =, then B is irreducible generating set for the semigroup B, (D);

b) if [X\D|>1 and Z, =@, then B {X x D} is irreducible generating set for the semigroup B, (D).

c)if X=D and Z, # @, then BU{X xZ,} is irreducible generating set for the semigroup B, (D);

d) if X=Dand Z, =&, then Bu{@, X x f)} is irreducible generating set for the semigroup B, (D).

Proof. Let |X \ I5| >1, Z, #J and « is any element of the semigroup B, (D)\ B . Then binary relation « has
a quasinormal representation of the form a =(Y,“ xZ, )u(Y,"x D), where Y,“ =@ or Y =@ (V(X",a)# D

since a ¢ B).
Let Y“=@. Then a=XxD and for any 5=(¥’x2,)u(Yy xD)eB and for

B=(Z,xD)u((X\Z,)xZ,) we have BeB since Z, =@ by preposition and X\D > X\Z, #@. So, the
following equalities are hold:

Soff= (Yéxz U(Y )(ZXD X\Z)Zl)):

= (%7 x2,)o(Z,xD))u((¥ %2, )o((X\Z,)xZ,) )

U((Ys % D)o ( Z><I5 ( X\Z 2,))=
(stD)u@u( x D (Yﬁxz) (Y"xD) V(Y xD)=XxD=a

since Z, = D by preposition.
Let Y =@. Then o= X xZ, and forany & =(Y,"xZ,)u(Y;’xD)eB and for ,Bz(lile)u((x \D)x D)

we have e B since X\D =& (|x \ I5| 21). So, the following equalities are true:

5o =((% x2,)u(¥y xD))e((Dx2,)u((Xx \D)xD)) =
= (% x2,)o(Dx2,))((% xZ,)((x \D)xD)) v
(Y9 xB)o(Dx2,))u((¥ xD)=((X \D)xD)) -

=(YWxZ,)uBu(Y) xZ, )o@ =(YxZ,)U (Y xZ,) = XxZ, =«

since D o Z, by preposition.
The statement a) of the Theorem 2.1 is proved.
Let X\D|>1 and Z, =@ . forany 5=(Y,’x@) (Y, xD)eB and for ﬂ:(Dx@)u((X \D)x D) we have
B eB since X\D#J (|X \I5| 21). So, the following equalities are true:

5o p=((% x@)u(Yy xD))e ((m@) ((x \D) D)):

= (%2 x@)o(Bx2))u ((Y%@ ((x\D)x )

(%' xB)e(Bx2))u ((YMD ((x\D)x )

=@uRU(Y) xB)ud=B=a.
Now, the statement b) of the Theorem 2.1 immediately follows from the statement 1) of the Corollary 2.1.
Let X=D and Z#@. If 5=(Y'xZ)u(Y xD) be any element of the set B and
B=(Z,xD)u((X\Z,)xZ,). Itis easy to see, that BB and
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2,x2,)U((X\2,)xD))o((2,xD)u((X\2,)xZ,)) =

=((z1 2,)5(2,xD))u((Z:xZ,)((X\2,)xZ,)) v

u((((X\Zl)xf)) (z,xD))u ()((X\Z) D)o ((X\2,)xZ,))=
x )xZ

Z,xD)u@uU((X\Z,)xD)u((X\Z,)xZ,)=
:(leD)u((X\Zl)xﬁ):Xxlj

o)
m

since Z, = D by preposition.
Now, the statement c) of the Theorem 2.1 immediately follows from the statement 2) of the Corollary 2.1.

The statement d) of the Teorem 2.1 immediately follows from the statement 3) of the Corollary 2.1.
The Theorem 2.1 is proved.
Theorem 2.2. Let X be finite a set, D = {Zl, 5} e (X,2).If |X| =n, then for the number of the irreducible

generated set B of the semigroup B, (D) following statements are true:

a) if |X \f)|21 and Z, #@, then |B'|=2"-2;

b) if |X\f)|21 and Z, =@ or X =D and Z, #@, then |B/|=2"-

d) if X=Dand Z, =@, then |B|=2".

Proof. It is well know, that if B is all external elements of the semigroup B, ( ) and B’ be any generated set
for the B, (D), then B< B'. By Lemma 2.1 The set B:{ae B, |V(X a) } is a set external
elements of the semigroup B, (D). It is easy to see, that B =B, (D)\{X xZ;, X x } Of this follows that
|B|=2"-2 (see 1.1).

By statement a) of the Theorem 2.1 follows that B=B"', i.e. |B|=2"-2.

By statement b) and c) of the Theorem 2.1 follows that B':Bu{XxD} or B'=BU{XxZ}, ie
B]=(2"-2)+1=2"-1.

By statement d) of the Theorem 2.1 follows that B'=BuU{X xZ,, X xD} , ie. [B|=(2"-2)+2=2".

Theorem 2.2 is proved.
Example 2.1. Let X ={1,2,3} and D={{1},{1,2}}, ie. |X\f)|=1 and Z, ={1} = (see statement a)).

Then B, (D) ={a,,,....0;,04} , where

= {(10),(20),(3D)}, @ ={(11).(21).(31).3.2)}.
o ={(11),(21),(2.2),(3 1)} = {(L0).21).(2.2).(31).(3.2)}
= {(11),(12),(21).31)}, & ={(11).(1.2).(21).(31).(32)},
0, ~{(12),(12)(2).(2.2).(3D)}, @ ~{(12),(12).(21)(2.2)(31), (32}

In this case we have B ={a,,a,a,, %, 0,2, } and
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So, we have that B ={a,,a;,a,, %, } is irreducible generated set for the semigroup B, (D).
Example 2.2. Let X ={1,2,3} and D={,{12}}, ie. |X\D|:l and Z, =@ (see statement b)). Then

By (D) ={et, ..., 0%} , Where

a1=®, a, ={(31),(3.2)}, &, ={(2.1).(2,2)},
= 1(22),(2.2),(31).(32)} @ =(11),(1.2)
o o ={(11).(12).(22).(2.2)},

s =1(12).(2.2),(32).(32)
—{( 1).(£2).(21).(2.2)

In this case we have B ={a,,a,,0,, 05,05, } U{a

(o2

7
31),(3

and

( 2)j.
}

So, we have that B ={,,c,, a,, a5, 0, 0, } U{ et } is irreducible generated set for the semigroup B, (D).
Example 2.3. Let X ={1,2} and D={{1},{1,2}},ie. X =D={12} and Z, ={1} #@ (see statement b)).

Then B, (D) ={x,a,,a,,a,}, where
11),(2.1)}, e, ={(11).(2.1).(2,2)},
11),(1,2),(2,1)},
By

In this case we have B ={a,,a,}U{e} and

So, we have that B ={a,,a;} U{e,} isirreducible generated set for the semigroup B, (D).
Example 2.4. Let X ={1,2} and D={@,{1,2}},ie. X =D={12} and Z =@ (see statement d)). Then
By (D)={a., .2, 0, }, where
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So, we have that B ={er,,cr,} U{ey, e, } is irreducible generated set for the semi group B, (D).
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