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1366  Stability of two interacting entangled spins interacting with a thermal environment

We study the entanglement dynamics of two entangled spins coupled with a common
environment consisting of a large number of harmonic oscillators. Specifically, we study
the impacts of both interaction and temperature of the environment on the dynamic
quantum correlation, namely, entanglement and quantum discord of two spins via con-
currence and global quantum discord criteria. In the present system, we show that the
interaction between the spin sub-systems and the common environment causes environ-
mental states to approach a composition of even and odd coherent states, which have
different phases, and which are entangled with the spin states. Moreover, using the
thermofield approach, we demonstrate quantum correlation stabilization as a result of
increasing environmental interaction as well as increasing temperature..

Keywords: entangled spins coupled with environment, dynamic quantum correlation,
concurrence, quantum discord

Communicated by: S Braunstein & G Milburn

1 Introduction

The publication of ”Can Quantum-Mechanical Description of Physical Reality Be Considered
Complete?” [1], was undoubtedly a landmark in the field of quantum investigations, with the
concept of entanglement as its spotlight. Indeed, this paper has played an important role
in such varied fields as the philosophy of physics, mathematical physics, and foundation of
physics [2]. An entangled state, as a state of a composite quantum system consisting of two
or more subsystems, cannot be decomposed into the states corresponding to the different
constituent subsystems. Moreover, the generation and control of the entangled state are im-
portant issues in the progress of quantum technologies in the field of quantum information.
Indeed, the preparation and construction of entangled states have been studied extensively in
quantum information theory. Recently, numerous approaches have been proposed and/or ex-
perimentally developed to generate quantum entanglement in such physical systems as beam
splitters [3-7], cavity QED [8, 9], NMR systems [10, 11], and semiconductor microcavities
[12]. On the other hand, all quantum systems are open in the sense that they are correlated
with their surrounding environment giving rise to the expectation that their quantumness is
destroyed with the evolution of the system through time [13-23]. Despite this destructive role
of the environment, it has shown that interactions with the surrounding environment may
lead to the production or invigoration of entanglement and quantumness in specific physical
systems [24-35].

In this paper, we consider the physical dynamics that generate an entanglement between
two qubits and study the dynamic entanglement between them when they interact with a
common bosonic environment. The findings indicate that the physical parameter which leads
to the decoherence phenomenon will increase the quantumness, i.e. the quantum entangle-
ment, in specific situations. We will show that the interaction of the system composed of two
sub-systems (two spins) with a common environment causes the system states to approach a
composition of even and odd coherent states of the environment, which are entangled with
systems states, and which have different phases. In this way, the common environment inter-
action causes the entangled spin systems to stabilize.

In the next stage of the study, the role of environment and its participation in dynamic
entanglement will be investigated analytically by applying the concurrence criterion to en-
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tanglement [36, 37]. The thermofield approach [38, 39] will also be employed to investigate
the role of temperature on the evolution of quantum correlation. Our findings indicate that
increasing temperature leads to the early achievement of maximal entanglement; in other
words, quantumness becomes stable as a result of increasing environmental temperature.

Moreover, we consider global discord as a kind of criteria to investigate quantum discord
and the role of the environment in the dynamic entanglement of two qubits. Quantum dis-
cord was first introduced by Ollivier and Zurek to capture quantum correlations not only
in entangled states but also in separable states [40]. Indeed, quantum discord as a kind of
quantum correlation of multipartite states has been considered in several scenarios [41]. The
non-unique criterion of quantum discord has been defined by generalizing the quantum mutual
information to a multipartite system [42, 43]. In a different approach, quantum discord has
also been defined using relative entropy [44]. Finally, a global measure of quantum discord is
obtained through the systematic extension of the bipartite quantum discord, while the basic
requirements of the correlation function have also been satisfied [45]. Using the global quan-
tum discord criterion, we consider the evolution of the quantum correlation associated with
a two-spin system in contact with a common environment. In this way, it will be shown that
interaction with the environment and the environmental temperature will lead to the stability
of the quantum correlation as the system evolves through time, a fact that is confirmed by
previously reported results.

This paper is organized as follows: In Sec. 2, we introduce the dynamical entanglement
model by considering the contribution by the environment. Sec. 3 exploits the concurrence
and the global quantum discord to investigate the roles of interactions with environment and
environment temperature in the dynamic entanglement process. Also investigated in this
section is the quantum correlation using environment spectrum density. Finally, Sec. 4 is
devoted to some conclusions and remarks.

2 Quantum correlation Dynamics in a two-spin system in contact with A Com-
mon environment

The physical system consists of two spins which interact with a bosonic environment. The
Hamiltonian of two spins, a and b, and their interactions with each other in the environment
is given by:

H = Hy + Hy + H. + Hipy, (1)
where,
~ 1 .
H] = 50‘)06’;’ ] =a, b) (2)

is the self-Hamiltonian of the qubits. In this case, 7 is the usual z-component of the Pauli
matrix related to the spins j = a,b. Eigenstates of o, are denoted by |+) and |—). H.
describes the familiar self-Hamiltonian of the environment which is modeled by the harmonic
oscillators,

H. = wadla, (3)

where, a; and d;‘ are annihilation and creation operators, respectively.
The interactions between the spins and the environment are described by the following
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Hamiltonian

7

Z (gz‘&;r + g;‘k&i)] ; (4)

where g;’s are coupling coefficients. A better understanding of this dynamics may be obtained
by switching to the interaction picture. In the interaction picture, H;,:(t), is given by

L - 1 _ .
Hina(t) = 10 Hye =100 = 2 (526% +6967) @ [ 3 (gaale™ + grae™0) |, (5)
[

where Hy = H, + H, + H.. By considering the time evolution operator of the whole system,
in the weak coupling limit,

Ut) = To_ exp {_i /O t dt’ﬁm(t’)] (6)

in which 7. denotes the time-ordered product of operators and this fact that the commutator

of the operators H;,,(t) and H;pn (¢') is c-number, [Hyne (£), Hine ()] = =20 >, |gs|* sin (w; (¢ — ¢')),
we can rewrite the time evolution operator as a phase factor and the ordinary equivalent of
the relation (6), i.e.,

Ut) = DT (1) = e exp [—z’ /0 L, (t’)] . (7)

As a result of this fact that the phase factor has no role in our study (for further details, see
[17, 18, 46]), we can define the effective time evolution operator U(¢) as the following:

U(t) = exp E (c%0% +0%0") ® (Z ()\i(t)dj - )\f(t)di) )} (8)

i
in which,

M) = 92 (1= ety 9)

Wi
Note that the above-mentioned relation states that the coupling constant changes as a con-
sequence of interaction with environment.
Moreover, we assume that there is no correlation between the system and the associated
environment at t = 0. Also, at the initial time, ¢ = 0, we suppose that the spin sub-systems
are entangled. Thus, the state of the whole system at time zero may be written as

0 4 0
| (0)) = <cos 2|—,+>+ez¢sin2|+,—>) ® |D.), (10)
where, |®.) refers to the state of environments at ¢ = 0; 8 and ¢, as the control parameters

of entanglement, are two angles which take values in the intervals 0 < 6§ < 7 and 0 < ¢ < 27,
respectively. By using Relation (8), the time evolution of the total system is obtained as

(W(t)) = UBN(0) = = H)ler(®) + [+, —)le2(t)), (11)
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where,

|51(t)> %(COS% [ HDeven(+Ai)|¢8>

).

). (12)

v . 0
4—6ﬂ¢gn§ [II[%MA+AQGE>

lea(t)) = ;(amglIlDwﬂ+&N®Q

. 0
+ €—1¢ sin 5 l H Deven(+)\i)‘@g>

In these equations, the even and odd displacement operators, i.e., Deyen(Ai) and Dogd, (A;)
respectively, are defined as

De’l}en
Doaa

i) = D(HXN)+D(=N),

(A
(M) = D(+\) — D(=N\i). (13)

Here, the displacement operator D(J;) is given by
D(N) = exp[(At)a" +Na)]. (14)

One can obtain the reduced density matrix of the spin sub-systems as follows:

0 0 0 0
0 paa(t) pas(t) O
Pab =1 0 zsz(t) 232@) 0 |’ (15)
0 0 0 0
where,
1 1
p22(t) = (e1(t)]e1(t)) = 5T §T(t) cosf,
psslt) = (ea(Dlea(t)) = 5 — 5r(t) cos, (16)
and
p23() = pa(t) = (1 (D]ea(1)) = 5 sinb (cos — ir(t) sin ) (17)
In these equations,
r(t) = [[(@IDT (=) D(+i)|®e), (18)

?

is the decoherence factor of a superposition of two states of a qubit [14, 15, 20].

3 Dynamic Entanglement and Quantum Correlation of Two Qubits in Bosonic
Environment

The main objective of the present contribution is to study the quantum correlation evolution
in this system. To this end, we investigate the entanglement dynamic as a function of time
through the evolution of concurrence. In the case of two-qubit systems, this measure quantifies
the entanglement and has a range of values from 0, for separable states, to 1, for maximal
entanglement states. In this case, the concurrence of the density matrix (15), is obtained as

C (pap) = max {0, VA — \/)\7_} ) (19)
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where, A1 represents the roots of the eigenvalues of matrix R*" defined as follows
R = 4. fab- (20)

where, p, p is defined by

Pap = (04 @ ab) piy (04 @ 0)), (21)
where, pj, ,, represents the complex conjugate matrix p, . In this case, using a straightforward
calculation, the concurrence C(p, ) is given by

C(pa,p) = sin 6’\/(1 —12(t) cos? 0) (C082 ¢ —r2(t) sin? gb). (22)

It is worth mentioning that, if # = 0, the concurrence C(p, ) will be independent of the en-
vironment and its value will be equal to C(p,,s) = 0; in other words, the non-entangled state
is achieved. In addition, in the case of initial Bell states, we can obtain a stable maximal
entanglement independent of environment effects as the system evolves through the time.

On the other hand, we examine the global quantum discord criterion as a measurement
of quantum correlation [45]. Indeed, quantum entanglement is an evidence of quantum cor-
relations, but it does not guarantee to include all quantum correlations. Although separable
quantum states are not entangled and are neither included in quantum entanglement mea-
sures, they possess a kind of quantum correlation. Indeed, this quantity defines the degree
of quantum correlations and is defined as the difference between two expressions of mutual
information in quantum while they are considered to be identical in the classical terms [47]. In
classical information theory, mutual information is the correlation between random variables
and takes the following form for a bipartite system [40]:

J(X,Y) = H(X) = H(X]Y), (23)

where, H is the Shanon entropy and is given by H = — > P(X = z)log P(X = z). Here,
P(X) is the probability distribution for the random variable X’ to have the z-value. H(X|))
is the conditional entropy and may be written as:

H(X|Y) = H(X, V) = H(), (24)

where, H(X,D) is the joint entropy; i.e., both X and Y occur. Mutual information could also
be written differently as follows [48]

Z(X; Q) = H(X) + H(Y) — H(X, D). (25)
It is evident that two Egs. (23) and (25) are equivalent in the classical theory but that they
behave differently when they are extended to quantum systems. The difference would lie in
the term for quantum discord. In the context of quantum mechanics, H would explain the
Von-Neumann entropy S which is defined in terms of density matrix as
S=—-Trxpxlog, px. (26)
Thus, for a bipartite system, Eq (25) would take the following form:
2(x;Y) = SX)+S0)-S5X,))
= —Tr(pxlogy px) — Tr(py logy py)
+ Tr(pxylogs pxy). (27)
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In addition, Eq. (23) would change in the quantum system. Since the conditional entropy
requires the state X to be in a given state A, an optimized measurement approach will need
to be adopted [48]. This will be achieved by introducing some projection operators. Applying
the optimized measurement approach would change Eq (23) into its quantum counterpart
below [49, 50]:

T(X; A) = S(X) = ming, [S(peins)- (28)

Evidently, two expressions for J differ in their second term which is now the optimized
measurement of state X' corresponding to projections 7rZA. The state is given by [51]

1
Pxixp = 5 PR AT (29)
K [

where, P; is equal to T'rx, A(wf px.4). This is the probability for each measurement to have a
given value. The difference between two mutual information pieces, i.e., mutual classical and
quantum information, is defined as the quantum discord [40]:

D(A: B) =Z(A: B) — J(A: B) = S(A) + S(B) - S(A, B) = S(A) + min .11 S(A|B). (30)

In order to calculate the quantum discord, we use the global discord to quantify the quantum
discord. Applying the approach introduced in Ref. [45], the global discord is calculated in
the present contribution from the following density matrix:

1—p. .
p="F0l+ppas.  0<p<L, (31)

where, pq.p is given by Eq. (15).

3.1 Environment in the ground state

We assume that each oscillator in the environment is initially in the ground state |0),

|®.(t =0)) = (H |0z'>a) ® <H 01‘>b> ; (32)

where, index ¢ runs over all the environment oscillators. It is worth mentioning that by
considering the environment in the ground state, the environment states correspond to the
composition of even and odd coherent states are entangled with the spin systems of different
phases. A similar phenomenon happens in the case of the decoherence process of the spin-
boson model [15]. Therefore, Zurek’s claim may be generalized by saying that the interaction
of the spin systems with the boson environment causes the environment states to approach
coherent states [16, 15]. Moreover, using Relation (14), we will have:

12
r(t) = exp Z —4% (1 —cosw;t)| . (33)
p i

In addition, by using a spectral density >, |g:|> = [, dwJ(w) [18],

J(w) = 4Jgwe™/A, (34)



1372  Stability of two interacting entangled spins interacting with a thermal environment

o70f ' PR
g -
! -~
0.65} | < '
R X ] // mmnmamemam A —]() pS_l
3 // A=5ps~!
< oeofir TT s AT
v /
osspi =i e '
/
/
050 . : : : =
0 1 2 3 4 >

t (ps)

Fig. 1. (Color online) Concurrence C(pap) versus time, ¢, for different values of A, with special
cases of 0, and ¢.
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Fig. 2. (Color online) Quantum discord, D(pa,p), versus time ¢, for different values of A, with the
special cases of 6 = 7/4, $ =0 and p = 1.

in which A, as a criterion of interaction with environment, is called cut-off frequency, and Jy
is a dimensionless constant, we can rewrite the Relation (33) as follows:

1

r(t) = \/TW

(35)

in which is supposed Jy = 1.

Figure 1 illustrates the behaviour of Concurrence C(p, 1) as a function of time ¢. According
to this Figure, the environment causes the concurrence and, thereby, the entanglement of the
quantum state to increase. It is also seen in this Figure that an increase in A, i.e., the
contribution by the environment, causes the maximal entanglement in this case to obtain
earlier.

Figure 2 illustrates the behaviour of the global discord as a function of time, ¢. Clearly
the correlation between the states of two-state system increases with both time elapsed and
increasing interaction of environment states with the qubit system. The quantum discord
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Fig. 3. (Color online) Quantum discord D(pa,p) versus p, for different values of 8, with the special
cases of A and ¢, at t = 0.5 (ps).

follows the scenario just described, except in the case of the onset of the interaction between
the spin system and the environment. According to Figure 3 the correlation increases, as
already expected, with increments in the p-parameter, as a function of the purification control
parameter.

3.2 Enwvironment in the thermal state

In this subsection, we study a more general case in which the environment has a nonzero
temperature, i.e. the environment oscillators are in the thermal states at the initial time, i.e.,

5 L —BH 1 —Bhw;if;
O 0 L (3)

where, § = 1/kpT in which kg is the Boltzmann’s constant. The partition function for the
ith mode is defined by

1

Zi(B) = Tr(e PHe) = g

(37)

In thermofield dynamics [38, 39], a thermal vacuum state is constructed by doubling the
degrees of freedom in the Hilbert space so that the ensemble average values of physical quan-
tities, A, become the thermal vacuum expectation values of the operators corresponding to
those physical quantities,

(4) = (0(B)|Alo(8)) = %ZG_BE"WAW- (38)

Using the thermofield dynamics approach, we attribute the thermal vacuum states |0(5));
to the oscillators in the bath. The thermal vacuum state can be written as

1 —Bhw;n; ~ 3 0
10(8)): = %;e Bhwmi2|n, 7;) = U;(B)[0:,0;), (39)

where, the Bogoliubov transformation U;(3) may be defined as follows [38]:

Us(8) = 74 = exp [—i(8) (s — &l al)] (40)

n
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Fig. 4. (color online) Concurrence C(pa,p) versus time ¢, for different values of temperature T,
with special cases of A, € and ¢.

where, tanh 9(8) = exp [-hfw/2].
The whole state of the environment in the thermal equilibrium, that is, thermal vacuum
states, is given by,

|[@:(t = 0)) = H 10(8))1; (41)

where, the index ¢ runs over all the environmental oscillators. In this case, the thermal
annihilation and creation operators, respectively, can be naturally introduced by the following

relations:
a(B) = U(B)aU"(8) = coshd(B)a — sinh d(B)d,
a(f) = U(B)aU'(B) = coshd(B)a — sinh I(B)al. (42)
Using the relations in (42), we may obtain (43) bellow:
D (A1) [0(8)): = H D (Ai(t) cosh9(5)) [0i) © D (=X} (¢) sinh9(3)) 03), (43)

which is proportional to the thermal coherent state. Consequently, with some calculations,
r(t) is given by

_ 4|gi|*
r(t) = exp —Z 2 coth

i K3

w; B
2

(1 —cos wit)] . (44)

Moreover, using the spectral density (34), r(¢) is approximately given by [18]:

1 7t

~ V1+ A% gginh (%*) '

r(t) (45)

Figure 4 gives the time evolution of concurrence C(p,.p), when the temperature of environ-
ment is changed. According to this Figure, both the increased temperature and the enhanced
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Fig. 5. (color online) Concurrence C(pap) versus temperature T, for different values of A, with
special cases of § and ¢ at t = 0.1(ps).
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Fig. 6. (color online) Quantum discord, D(pa,p), versus time, t, for different values of temperature,
T, with the special cases of A, § and ¢.

contribution by the environment cause the maximal entanglement to be obtained earlier.
ure 5 depicts the temperature dependence of concurrence at the special time ¢ = 0.1(ps) for
different values of A. This Figure also confirms the results presented in Figure 4.

The time dependence of quantum discord is shown in Figure 6, indicating that the correlation
between the spin sub-systems in the present system increases with both increments in
perature and the interactions between the environment and the systems. Figure 7 illustrates
the temperature dependence of the quantum correlation for the quantum system at a specific
time. At earlier times, the quantum discord decreases with increasing temperature at a
time. Subsequently, the quantum discord increases when the interaction of the environment
is considered be weak. The same depicts exhibits the role of cut-off frequency associated with

the environment.
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Fig. 7. (color online) Quantum discord, D(pa,p), versus temperature, T', for different values of A,
with special cases of 6 and ¢ at ¢t = 0.1(ps).

4 Conclusion and Remarks

We have studied the entanglement dynamics of two entangled spin systems coupled with a
common environment consisting of a large number of harmonic oscillators. In the studied
model, we have investigated the impacts of both the interaction and the temperature of
the environment on the dynamics of quantum correlation of two initially entangled spins.
Entanglement and quantum discord were studied using the concurrence and global quantum
discord criteria and the entanglement dynamics of this spin-boson model was analytically
investigated. Our study revealed that the interaction of the spin sub-systems with the common
environment led to entangled environmental states of different phases, each composed of even
and odd coherent states. Moreover, applying the thermofield approach, we have demonstrated
that the common environment temperature as well as its interaction with the system causes
the entanglement phenomenon to become robust as the system evolves in time.
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