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ABSTRACT 

An exact solution has been obtained for the release kinetics of a solute from a cylindrical non-erodible polymeric matrix 
into a finite external volume when the initial solute loading is greater than the solubility limit in the matrix. The moving 
boundary solution is derived based on the combination of variable method. The formulas of the moving boundary and 
the fractional solute release are given. The moving boundary and the fractional solute release profiles have been calcu-
lated at various solute loading levels and different external volumes. The obtained results show that as the external fluid 
volume increases, the fractional release at any time and the maximum fractional release increase. In addition, for a 
given external volume, as initial drug loading increases, the fractional release at any time decreases. 
 
Keywords: Diffusional Release Kinetics; Exact Solution; Finite External Volume; Mathematical Modeling 

1. Introduction 

In recent years, the drug delivery field has experienced 
an exponential growth of interest in the role played by 
the carrier’s geometry (i.e., shape and size) in its func-
tions—drug loading and release, stability, toxicity and, 
ultimately, delivery performance. Research in the area of 
controlled drug delivery systems has become increas-
ingly important due to their advantages in safety and ef-
ficacy. The purpose of these systems is to maintain de-
sired drug concentration in the blood or in the tissue as 
long as possible. 

Pharmaceutical controlled release systems, generally 
constructed from polymers, are defined as the systems 
which delivers a drug at a predetermined and constant 
rate for a specified period of time. Such systems exist in 
many forms, including injectable microspheres, specially 
designed tablets, implants and transdermal patches. Dif-
fusion, degradation and dissolution are the most impor-
tant mechanisms that control the drug release from these 
controlled release systems. Among these mechanisms, 
diffusion is the most important mechanism used to con-
trol the drug release from drug delivery systems [1]. 

Diffusional release of the drug is normally governed 
by Fick’s first and second laws [2]. So far, several exact 
and approximate solutions have been developed to ana-
lyze the release kinetics of a dispersed solute from a po-

lymeric matrix under a perfect sink condition. The diffu-
sion-controlled mathematical model for dispersed drug 
delivery system in a planar sheet and a sphere was initi-
ated by Higuchi [3,4] with the assumption that diffusion 
is in pseudo-steady state. In the planar system, this as-
sumption leads to a linear concentration profile of the 
drug in the diffusing region, which is between the diffu-
sion front and the exposed surface of the device. Fick’s 
first law is applied across this diffusion front, and this 
serves to determine the velocity and subsequently the 
position of the front as a function of time. However, this 
pseudo-stationary approximation is only appropriate 
when the initial solute loading (A) is much greater than 
the solute solubility (Cs) in the matrix. Since the diffu-
sional front velocity should increase as solute loading 
decreases, the pseudo-steady state assumption is ex-
pected to be least applicable at low solute loadings. This 
drawback was removed by Paul and McSpadden [5] who 
achieved an exact solution for slabs under sink condition. 
Unfortunately, the exact solution involves a transcen-
dental expression which is cumbersome for routine us-
age.  

Lee [6] applied the refined integral method to develop 
an approximate explicit analytical solution which is sim-
pler than McSpadden’s solution but more accurate than 
Higuchi’s results for small A/Cs ratio where A is initial 
solute loading per unit volume and Cs is the solute solu-
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bility. Abdekhodaie and Cheng [7,8] obtained  an exact 
solution for diffusional release of a dispersed solute from 
a spherical polymer matrix into both infinite and finite 
external medium by using a combination of variables 
technique. This technique allows the reduction of Fick’s 
second law of diffusion into an ordinary differential 
equation. 

Wu and Zhou [9,10] developed a numerical solution 
for a finite external medium system with an additional 
diffusion boundary layer incorporated on the surface of 
the matrix. Again in 2005, they investigated dispersed 
drug release from two dimensional matrix tablets [11]. 
Recently Zhou et al. considered theoretical analysis of 
release kinetics of coated tablets containing constant and 
non-constant drug reservoirs [12]. Also Helbling et al. 
derived an explicit analytical solution for the case of 
controlled dispersed-drug release from planar non-erodi- 
ble polymeric matrices based on Refined Integral Method 
[13]. Although many attempts have been made to analyze 
the release of a solute from a cylindrical polymeric ma-
trix into both finite and infinite external medium the ex-
act solution for the problem is absolutely scarce. 

In the present study, the exact moving boundary solu-
tion for the release kinetics of a dispersed solute from a 
polymeric matrix of cylindrical geometry into a finite 
external volume is developed. The formulas of the mov-
ing boundary and the fractional solute release are given. 
Predicted fractional release profiles in cylindrical ge-
ometry are presented for various solute loading levels 
and different external volumes. 

2. The Mathematical Model for Diffusional  
Release 

The mathematical model for the diffusional release of a 
dispersed solute from a polymeric matrix with cylindrical 
geometry into finite volume has been considered with the 
following assumptions: 1) the diffusion coefficient is 
constant; 2) the system is cylindrical in shape with sealed 
ends so that the solute release from radius direction; 3) 
solute diffusion is assumed to be the rate controlling step 
rather than polymer swelling or drug dissolution; 4) the 
mass transfer resistance at the surface is negligible. 

The cylindrical matrix in the dispersed solute system 
can be primarily divided into two regions: the surface 
region, R < x < S, in which all solute is dissolved, and 
the core region, 0 < x < R, in which the undissolved sol-
ute exists. Here, S corresponds to the radius of the entire 
matrix, R is the radius of the unextracted core and r is the 
polar radial position. The two regions are separated by 
the diffusion front, x = R, which moves inward as time 
progress. The concentration in the unextrcted region (r < 
R) is constant and the concentration in the partially ex-
tracted region, R < r < S, is a function of both time and 

position variable r and is determined by transient diffu-
sion according to Fick’s second law:   
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where C is the concentration of solute in the polymeric 
matrix and D is the diffusion coefficient. Assuming equi-
librium between the surface and the external fluid at all 
times without any mass transfer resistance in the fluid, 
the initial and boundary conditions are: 
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where Cs is the solubility limit of the solute in the matrix, 
R(t) is the time dependent position of the moving diffu-
sion front, A is the initial solute loading per unit volume, 
Cb(t) is the external bulk concentration at time t and k is 
the equilibrium distribution coefficient between the ma-
trix and the external solution. Equation (4) states that the 
finite external medium concentration is related to the 
concentration at the surface (r = S) by the partition coef-
ficient k. It is more convenient to combine Equation (4) 
with a total mass balance at any time t to obtain an alter-
native boundary condition:  
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where λ is the effective volume and is defined as, 
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where V is the total external fluid volume and σ is the 
surface area of the cylinder. The mathematical descrip-
tion of the problem then consists the governing Equation 
(1), and boundary and initial conditions Equation (2), 
Equation (3), Equation (5) and Equation (6).  

Defining dimensionless variable as: 
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Then the Equations (1), (2), (3), (6), and (5) can be 
reduced, respectively, to their dimensionless forms: 
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tion of Equation (21). During a sufficiently short period 
of initial release, i.e. small  , the amount of released 
solute should be small enough that solute concentration 
in the external volume remains low and the diffusional 
driving force for release is not altered. Perfect sink con-
dition can be assumed to apply during this initial period. 
Therefore at short times, release kinetics and the time 
profile of the moving diffusion front,   , should both 
be independent of the size of the external volume. An 
exact solution for dispersed solute release from a planar 
matrix into a perfect sink has been developed by Paul 
and McSpadden [5]. Based on their solution,   and   
can be related as follows: 
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where K is defined as: 
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Now using the transformation: 
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the dimensionless concentration   becomes a total func- 
tion of U as follows: By calculating   for sufficintly small value of   at 

any solute loading level from Equation (22) and using 
these values as an initial condition  0 0,

  , U                     (16) 
 , Γ verses τ 

profiles can be found by numerically solving Equation 
(21). 

The dimensionless diffusion equation, Equation (9), 
then becomes: 

The cumulative amount of solute released, Mt, can be 
calculated by: 
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releasable at infinite time, M , is : 
where B1 and B2 are constants of integration. 
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Combining Equation (19), Equation (23) and Equation 

(24), the resulting fractional release becomes: 
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      (25) where B1 is: (see Equation (20)) 

Using boundary condition Equation (11) gives: 
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3. Results and Discussion 
          (21) 

The fractional release, tM

M

, of a solute at time t can be  

The solution of this differential equation with initial 
condition Equation (13) should give the dimensionless 
moving front position as a function of time. But Equation 
(21) gives d d  at 0  , a solution for    
cannot be obtained using the 0   initial condition 
(Equation (13)). A value of   at   other than 0   
is needed as an initial condition for the numerical solu- 

calculated from Equation (25) by substituting Γ(τ) pro-
files getting from the solution of Equation (21). But a 
solution for Γ(τ) cannot be obtained using the initial con-
dition Equation (13). So we adopt the initial condition 
(Γ0, τ0) from Paul and McSpadden solution [5] for small τ 
as the curvature effect in the cylindrical geometry can be 
neglected at sufficiently small τ. To use this approach, it 
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is necessary to determine if the solution for Γ(τ) is sensi-
tive to the initial conditions selected. The duration of the 
initial period when perfect sink conditions pertain should 
depend on the effective volume of the external medium. 
Choosing a small effective volume, λ = 5, when we ex-
pect great sensitivity, Γ(τ) solutions were obtained from 
Equation (21) using varying values of (Γ0, τ0) pairs from 
Equation (22) as the initial condition. The results for two 

drug loadings, A/Cs = 2 and 21, are shown in Figure 1. 
The results indicate that Γ(τ) profiles are insensitive to 
the initial conditions selected over a wide range of τ, thus 
confirming the validity that ambient effects can be ne-
glected at early times. 

Fractional release profiles obtained using τ0 = 10−4 for 
various solute loading levels and different values of λ are 
shown in Figure 2. This figure shows that at a given  

 

 

Figure 1. Γ(τ) for solute release from a cylindrical matrix into finite external volume (λ = 5) with initial condition Γ0 at τ = τ0, 
τ0 = 10−8 to 0.1, obtained from Paul-McSpadden planar geometry solution [5], for two values of A/Cs. 
 

 

Figure 2. Fractional release for a dispersed solute in a cylindrical polymeric matrix at various solute loading levels and dif-
ferent external volumes.  
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value of A/Cs, fractional release decreases as the external 
volume decreases. This result is consistent with the ex-
pectation that as external volume decreases, solute con-
centration build up in the external volume accelerates, 
and hence the rate of decrease in the diffusional driving 
force also accelerates. 

4. Conclusion 

An exact moving boundary solution has been presented 
and analyzed for the diffusional release of dispersed sol- 
ute from a cylindrical matrix into a finite external me- 
dium. The moving diffusion front and the fractional sol- 
ute release have been calculated with various drug load- 
ing levels and different external volumes. Figure 1 pre- 
sents the variation of the position of the diffusion moving 
front with A/Cs ratios. It can be noted that at lower drug 
loading the diffusional front should move inwards at a 
higher velocity. The comparison of this result with [8] 
shows that drug dissolution depends on initial loading 
and geometry of the drug release devices. Looking at 
Figure 2 we conclude that as the external fluid volume 
increases, the fractional release at any time increases. For 
any initial loading, the fractional solute release remains 
same up to a short time irrespective of different external 
volume. In addition, for a given external volume, as ini- 
tial drug loading increases, the fractional release at any 
time decreases. These studies can help us to understand 
the mechanism of the controlled release systems. 
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