
Applied Mathematics, 2014, 5, 2476-2484 
Published Online September 2014 in SciRes. http://www.scirp.org/journal/am 
http://dx.doi.org/10.4236/am.2014.516239  

How to cite this paper: Annunziato, M., Borzì, A., Nobile, F. and Tempone, R. (2014) On the Connection between the Ham-
ilton-Jacobi-Bellman and the Fokker-Planck Control Frameworks. Applied Mathematics, 5, 2476-2484.  
http://dx.doi.org/10.4236/am.2014.516239  

 
 

On the Connection between the  
Hamilton-Jacobi-Bellman and the  
Fokker-Planck Control Frameworks 
Mario Annunziato1, Alfio Borzì2, Fabio Nobile3, Raul Tempone4 
1Dipartimento di Matematica, Università degli Studi di Salerno, Fisciano, Italy 
2Institut für Mathematik, Universität Würzburg, Würzburg, Germany 
3École Polytechnique Fédérale de Lausanne, Lausanne, Switzerland  
4King Abdullah University of Science and Technology, Thuwal, Kingdom of Saudi Arabia 
Email: mannunzi@unisa.it, alfio.borzi@mathematik.uni-wuerzburg.de, fabio.nobile@epfl.ch, 
raul.tempone@kaust.edu.sa  
 
Received 28 June 2014; revised 1 August 2014; accepted 14 August 2014 

 
Copyright © 2014 by authors and Scientific Research Publishing Inc. 
This work is licensed under the Creative Commons Attribution International License (CC BY). 
http://creativecommons.org/licenses/by/4.0/ 

    
 

 
 

Abstract 
In the framework of stochastic processes, the connection between the dynamic programming 
scheme given by the Hamilton-Jacobi-Bellman equation and a recently proposed control approach 
based on the Fokker-Planck equation is discussed. Under appropriate assumptions it is shown 
that the two strategies are equivalent in the case of expected cost functionals, while the Fokker- 
Planck formalism allows considering a larger class of objectives. To illustrate the connection be-
tween the two control strategies, the cases of an Itō stochastic process and of a piecewise-deter- 
ministic process are considered. 
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1. Introduction 
In the modelling of uncertainty, the theory of stochastic processes [1] provides established mathematical tools 
for the modelling and the analysis of systems with random dynamics. Furthermore in application, the possibility 
to control sequences of events subject to random disturbances is highly desirable for real applications. In this 
paper, we elucidate the connection between the well established Hamilton-Jacobi-Bellman (HJB) control frame- 
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work [2] [3] and a control strategy based on the Fokker-Planck (FP) equation [4] [5]. Illustrative examples allow 
gaining additional insight on this connection. 

We focus on a representative n-dimensional continuous-time stochastic processes described by the following 
model  

( ) ( )d , d , dt t t t t tX a X t b X Wα α= +                             (1.1) 

where a  is a Lipschitz-continuous n-dimensional drift function and m
tW ∈  is a m-dimensional Wiener 

process with stochastically independent components. The dispersion function b  with values in n m×  is 
assumed to be smooth and full rank; see [6]. This is the well-known Itō stochastic differential equation (SDE) [1] 
where we consider also the action of a d-components vector of controls ( ), dt xα α= ∈ , that allows driving 
the random process towards a certain goal [3]. We denote with   the set of Markovian controls that contains  
all jointly measurable functions [ ]: 0, nT Aα × → , where dA ⊂   is a given compact set [3]. In determinis-  
tic dynamics, the optimal control is achieved by finding a control law α  that minimizes a given objective 
defined by a cost functional ( ),J X α ; see, e.g., [2]. 

In the non-deterministic case, the state tX  is random, so that inserting a stochastic process into a 
deterministic cost functional will result into a random variable. Therefore, in stochastic optimal control prob- 
lems the expected value of a given cost functional is considered [7]. In particular, we have  

( ) ( )( ) ( )
0

, , , d .
T

t t TJ X h X t X t g Xα α = +  ∫                      (1.2) 

This is a Bolza type cost functional in the finite-horizon case ( )T < ∞  and it is assumed here that the 
controller knows the state of the system at each instant of time (complete observations). For this case, the 
method of dynamic programming can be applied [2] [7] [8] in order to derive the HJB equation for inf Jα  with 
α  as the optimization function. Some other cases of the cost structure of ( ),J X α  are quoted in [8], that have 
applications in finance, engineering, and in production planning and forest harvesting. Each J  will lead to a 
different form of the HJB equation that can be analysed with appropriate methods of partial differential equa- 
tions; see, e.g., [9]. 

A control approach close to the HJB formulation consists in approximating the continuous stochastic process 
by a discrete Markov decision chain. In this approach the information of the controlled stochastic process, 
carried by the transition probability density function of the approximating Markov process, is utilized to solve 
the Bellman equation; for details see [10]. 

However, the common methodology to find an optimal controller of random processes consists in reformulat- 
ing the problem from stochastic to deterministic. This is a reasonable approach when we consider the problem 
from a statistical point of view, with the purpose to find out the collective “ensemble” behaviour of the process. 
In fact, the average [ ]⋅  of the functional of the process X  is omnipresent in almost all stochastic optimal 
control problems considered in the scientific literature. 

The value of the cost functional before averaging is a way to measure the cost of a single trajectory of the 
process. However, the knowledge of the single realization is not useful for the statistical analysis, that would 
require to determine the average, the variance, and other properties associated to the state of the stochastic 
process. 

On the other hand, a stochastic process is completely characterized by its law which, in many cases, can be 
represented by the probability density function (PDF). Therefore, a control methodology that employs the PDF 
would provide an accurate and flexible control strategy that could accommodate a wide class of objectives. For 
this reason, in [11]-[14] PDF control schemes were proposed, where the cost functional depends, possibly non- 
linearly, on the PDF of the stochastic state variable; see, e.g., [11]-[14] for specific applications. 

The important step in the Fokker-Planck control framework proposed in [4] [5] is to recognize that the 
evolution of the PDF associated to the stochastic process (1.1) is characterized as the solution of the Fokker- 
Planck (also known as forward Kolmogorov) equation; see, e.g., [15] [16]. This is a partial differential equation 
of parabolic type with Cauchy data given by the initial PDF distribution. Therefore, the formulation of objec- 
tives in terms of the PDF and the use of the Fokker-Planck equation provide a consistent framework to formu- 
late an optimal control strategy of stochastic processes. 

In this paper, we discuss the relationship between the HJB and the FP frameworks. We show that the FP 
control strategy provides the same optimal control as the HJB method for an appropriate choice of the objectives. 
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Specifically, this is the case for objectives that are formulated as expected cost functionals and assuming that 
both the HJB equation and the FP equation admit a unique classical solution. The latter assumption is motivated 
by the purpose of this work to show the connection between the HJB and FP frameworks, without aiming at 
finding the most general setting, e.g. for viscosity solution of the HJB equation [9] [17] [18] or FP equation with 
irregular coefficients [19], where this connection holds. Furthermore, we remark that the FP approach allows 
accommodating any desired functional of the stochastic state and its density, that is now represented by the PDF 
associated to the controlled stochastic process. 

In the next section, we illustrate the HJB framework. In Section 3, we discuss the FP method. Section 4 is 
devoted to specific illustrative examples. A section of conclusions completes this paper. 

2. The HJB Framework 
We consider the optimal control of the state n

tX ∈  whose evolution is governed by drift and random 
diffusion as follows  

( )( ) ( )( )
( ]

0 0 0

d , , d , , d ,

, , .
t t t t t t

t

X a X t X t b X t X W

X x t t T

α α = +


= ∈
                      (1.3) 

The control function α  use the current value tX  to affect the dynamics of the stochastic process by 
adjusting the drift and the dispersion function. 

We define the expected cost for the admissible controls α ∈  as follows  

,=|)()),(,(=)( 0000,0 



 +∫ xXXgdsXsXhC tTss

T

txt αα                      (1.4) 

which is an expectation conditional to the process tX  taking the value 0x  at time 0t . Here, tX  solves the 
stochastic differential Equation (1.3) with control α  and the following functions  

: , :n nh A g× → →     

are smooth and bounded. We call h  the running cost and g  the terminal cost. Our goal is to find an optimal  
control *α  which minimizes the expected cost ( )

0 0,t xC α  for the process (1.3), namely  

( )
0 0

*
,arg min .t xCαα α∈=                                  (1.5) 

We assume that this control is unique. Further, we define the following value function, also known as the cost 
to go function,  

( ) ( ) ( ) [ ], 0, : min , , , .n
t xu t x C t x t T

α
α

∈
= ∈ ×


                       (1.6) 

It is well known [2] [3] that u  solves the Hamilton-Jacobi-Bellman equation and that the optimal control can 
be reconstructed from u . Assume that the optimal control is unique and is attained, then we have  

( ) ( ) ( )*
, ,, min .t x t xu t x C C

α
α α

∈
= =


 

In the following, to ease notation we use the Einstein summation convention: when an index variable appears 
twice in a single term this means that a summation over all possible values of the index takes place. For exam- 
ple, we have that ( ) ( ), : ,i i i iia u t x a u t x∂ = ∂∑ . Moreover, i∂ , 1, ,i n=   denotes derivative with respect to the  
variable ix , and t∂  denotes partial derivative with respect to the time variable. 

Theorem 1. Assume that tX  solves (1.3) with a Markov control function α  and that the function u  
defined by (1.6) is bounded and smooth. Then u  satisfies the following Hamilton-Jacobi-Bellman equation  

( )
( ) ( )

2, , , 0,

, ,
tu H t x Du D u

u T x g x

∂ + =


=
                           (1.7) 

with the Hamiltonian function 

( )
( )

( ) ( ) ( ) ( ) ( )2

,
, , , : min , , , , ,i i ij ijt x A

H t x Du D u a x u t x d x u t x h x
α

α α α
∈
 = ∂ + ∂ +           (1.8) 
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and ( ) ( ) ( ), ,
,

2
ik jk

ij

b x b x
d x

α α
α = . 

Notice that the optimal control satisfies at each time t  and state x  the following optimality condition  

( ) ( ) ( ) ( ) ( ), , , , , 0.i i ij ija x u t x d x u t x h xα α αα α α∂ ∂ + ∂ ∂ + ∂ =                   (1.9) 

Existence and uniqueness of solutions to the HJB equation often involve the concept of uniform parabolicity; 
see [3] [18] [20]. The HJB equation is called uniformly parabolic [3] if there exists a constant 0c >  such that, 
for all ( ),x Aα ∈ ×  and nξ ∈ , the following holds  

( ) 2

, 1
, ,

n

ij i j
i j

d x cα ξ ξ ξ
=

≥∑  

where n⊂   represents a bounded or unbounded set. 
If the non-degeneracy condition holds, results from the theory of PDEs of parabolic type imply existence and 

uniqueness of solutions to the HJB problem (1.7) with the properties required in the Verification Theorem [3]. In 
particular, we have the following theorem due to Krylov. 

Theorem 2. If the non-degeneracy assumption holds, and in addition we have that A  is compact,   is 
bounded with 3C∂ ∈ , the drift, the diffusion, and the Lagrange functions are sufficiently smooth on the 
space-time cylinder ( )0,Q T= × , and the final condition is ( )3g C∈  , then the HJB has a unique solution  

( ) ( )1,2u C Q C Q∈  . 

3. The Fokker-Planck Formulation 
In this section, we discuss an alternative to the HJB approach that is based on the formulation of a Fokker- 
Planck optimal control problem. We suppose that the functions a  and b  of (1.3) yield a stochastic process 

n
tX ∈  for which it exists an absolutely continuous measure. Thus, ( ),t xρ  denotes the PDF of the state 

variable tX , where the process starts at 0t t=  with initial value distributed according to the density 0ρ . 
The time evolution of the PDF ρ  is governed by the Fokker-Planck equation 

( ) ( )( ) ( )( ) ( )( ) ( )( )
( ) ( )0 0

, , , , , , , 0,

, .
t i i ij ijt x a x t x t x d x t x t x

t x x

ρ α ρ α ρ

ρ ρ

−∂ − ∂ + ∂ =


=
           (1.10) 

Also in this case, the FP problem can be defined in a bounded or unbounded set in n . Existence and 
uniqueness to this problem often relay on the concept of uniform parabolicity as in Theorem 2. For the case 

n=  , we refer to [19] [20]; see also [21] and the references therein. Furthermore, we remark that in the case 
of bounded domains, boundary conditions for the FP model must be chosen that ought to be meaningful for the 
underlying stochastic process. This is a delicate issue that is not the focus of this work and therefore, in the 
following, we consider the common case where n=  . 

Now, we consider a cost functional ( ),J ρ α  that is linear in ρ . In correspondence to this cost functional, 
we define the following PDE optimal control problem  

( ) ( ) ( )min , , . . satisfies 1.10 .J s t
α

ρ α ρ ρ α
∈

=


                  (1.11) 

It is important to recognize that if ( ) ( )0 0x x xρ δ= − , then we can write the cost functional ( )
0 0,t xC α  

introduced in (1.4) as follows  

( ) ( )( ) ( )( ) ( ) ( ) ( )
0 0 0

, , : , , , d d , d ,n n

T
t x t

C J h x s x s x s x g x T x xα ρ α α α ρ ρ= = +∫ ∫ ∫ 
       (1.12) 

that gives (1.4) in terms of the probability measure, ( ), ds x xρ . 
To characterize the optimal solution to (1.11) where the cost functional (1.4) is considered, we introduce the 

Lagrange functional [22]. 

( ) ( )( ) ( ) ( ) ( )

( ) ( ) ( )( ) ( )( ) ( )( ) ( )( )( )
0

0

, , : , , , d d , d

, , , , , , , , d d ,

n n

n

T

t

T
s i i ij ijt

q h x s x s x s x g x T x x

q s x s x a x s x s x d x s x s x s x

ρ α α ρ ρ

ρ α ρ α ρ

= +

+ −∂ − ∂ + ∂

∫ ∫ ∫

∫ ∫
 




  (1.13) 
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where the function [ ]0: , nq t T × →   represents the Lagrange multiplier. 
We have that the optimal control solution is characterized as the solution to the following optimality system 

( ) ( )( ) ( )( ) ( )( ) ( )( )
( ) ( )0 0

, , , , , , , 0,

, ,
t i i ij ijt x a x t x t x d x t x t x

t x x

ρ α ρ α ρ

ρ ρ

−∂ − ∂ + ∂ =


=
          (1.14) 

( ) ( )( ) ( ) ( )( ) ( ) ( )( )
( ) ( )

, , , , , , , , , 0,

, ,
t i i ij ijq t x a x t x q t x d x t x q t x h x t x

q T x g x

α α α∂ + ∂ + ∂ + =


=
       (1.15) 

( )( ) ( ) ( )( ) ( ) ( )( ), , , , , , , , 0,i i ij ija x t x q t x d x t x q t x h x t xα α αα α α∂ ∂ + ∂ ∂ + ∂ =          (1.16) 

where [ ]0 ,t t T∈  and nx∈ . 
Now, we illustrate the equivalence between the HJB and the FP formulation. The key point is to notice that 

(1.16) corresponds to the first-order necessary optimality condition (1.9) for the minimization of the Hamil- 
tonian in the HJB formulation, once we identify the Lagrange multiplier q  with the value function u  in (1.7). 
Therefore, provided that the minimization problem (1.11) admits a unique solution *α  in terms of the first- and 
second-order derivatives of u , then we can replace such *α  into the backward Kolmogorov Equation (1.15), 
thus obtaining the HJB Equation (1.7). This procedure results in the Equation (1.15), because of the formal 
equivalence between (1.16) and (1.9). With our setting, since the solution u  of (1.7) is unique, then the uni- 
queness of α  and ρ  follows; see [3]. 

Notice that with the above setting, the optimal control *α  does not depend explicitly on the density ρ , but 
only on the Lagrange multiplier q , that is the value function u . (This explains why the feedback control is 
based on the value function.) Hence, the Equations (1.15)-(1.16) determine the optimal control. This will not be 
the case in the more general situation in which the cost functional in (1.12) is not linear in ρ . This happens for 
instance when J  does not represent an expected cost; see [4] [5] for the case of a tracking functional for the 
density. 

We also note that the solution to the adjoint FP Equation (1.15) and to the optimality condition equation for 
the control function (1.16) do not depend on the initial condition 0ρ  of the forward FP Equation (1.14). Hence, 
according the HJB formulation, the solution to the backward Kolmogorov equation is not affected by the initial 
state of the system. 

4. Illustrative Examples 
In this section, we consider two examples that illustrate that the FP optimal control formulation may provide the 
same control strategy as the HJB method. In the following, the first example refers to a Itōstochastic process, 
while the second example considers a piecewise deterministic process. 

4.1. Controlled Itō Stochastic Process 
We consider an optimal transport problem that is related to a model for mean-field games; see, e.g., [23]. It 
reflects the congestion situation, where the behaviour of the crowd depends on the form of the attractive strongly 
convex potential g . In this model, the dynamics of an agent is governed by the following stochastic differential 
equation  

( )d , d d ,t t tX t X t b Wα= +  

where the velocity α  represents the controlling drift function and the dynamics is perturbed by random 
diffusion of intensity 2b ε= . With this setting, the evolution of the PDF for this process is given by the 
following FP equation  

( ) ( ) ( )2
0div 0, 0, ,t x x xρ ε ρ ρα ρ δ∂ − ∆ + = = −                   (1.17) 

where the PDF ρ  formally corresponds to the mass density of the transport problem. 
The purpose of the optimal control is to determine a drift of minimal kinetic energy that moves a mass 

distribution from an initial location to a final destination. The corresponding objective is as follows [24]  
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( ) ( ) ( ) ( ) ( )2

0

1, , , d d , d .
2 n n

T
J t x t x x t g x T x xρ α α ρ ρ= +∫ ∫ ∫ 

               (1.18) 

In this functional, the kinetic energy term is augmented with the term ( ) ( ), dng x T x xρ∫  that describes the  

attractive potential of the final destination. It can be interpreted as the requirement that the crowd aims at 
reaching the region of low potential g  at the terminal time T . 

The corresponding adjoint equation is given by the following backward evolution equation  

( )2 21 0, , ,
2t q q q q T gα α ε∂ + + ⋅∇ + ∆ = ⋅ =                       (1.19) 

and the optimality condition is given by  

( ) 0.qρ α +∇ =                                   (1.20) 

It is immediate to see that combining the adjoint equation and the optimality condition, we obtain the 
following HJB problem  

( )2 21 0, , .
2tu u u u T gε∂ − ∇ + ∆ = ⋅ =                         (1.21) 

4.2. Controlled Piecewise Deterministic Process 
Our second example refers to a class of piecewise deterministic processes (PDP). A first general formulation of 
these systems that switch randomly within a certain number of deterministic discrete states at random times is 
given in [25]. Specifically, we deal with a PDP model described by a state function that is continuous in time 
and is driven by a discrete S-state renewal Markov process denoted with ( )t ; see [26] for additional details. A 
switching control problem for ordinary differential equations has been investigated in [27]. In our case, the PDP 
equation model is a first-order differential equation, where the driving term is affected by the renewal process  
[28]. The state function ( )X t , [ ): 0, nX ∞ → ⊆  , is defined by the following properties [25]: 

a) The state function satisfies the following equation  

( ) ( ) [ ), 0, , , ,t t s ttX a X t tα= ∈ ∞

                           (1.22) 

where ( ) [ ): 0,t ∞ →   is a continuous-time Markov chain (defined below by c) and d)) with S  discrete  

states { }1, , S=  . Correspondingly, given s∈ , we say that the dynamics is in the (deterministic) state s ,  

driven by the dynamics function : n
sa →  , that is taken from the set of functions { }1, , Sa a . We require  

that all ( ),s sa x α , s∈ , be Lipschitz continuous in x , continuous in ( ), n
s sx Aα ∈ ×  and bounded. With  

this assumptions for fixed s , the solution X  exists and is unique and bounded. Furthermore, assuming that 
the sets of admissible controls sA  are closed and compact and a fixed initial condition is considered, then the  
reachable set of trajectories is a closed bounded subset of [ ]0,n T× ; see [29].  

b) The state function satisfies the initial condition ( ) 00X X= ∈  being in the initial state ( )0 0s =  . 
c) The process ( )t  is characterized by the pair ( ), rµ , where the vector µ  defines an exponential 

probability density function :sψ + +→  , of transition events, as follows  

( ) ( )
0

e , with d 1,st
s s st t tµψ µ ψ

∞−= =∫                         (1.23) 

for each state s∈ ; and the stochastic transition probability matrix r  governs the actual transition. The 
elements jir  of the transition matrix satisfy the following properties  

1
0 1, 1, , .

S

ss ss
s

r r s s′ ′
′=

′≤ ≤ = ∀ ∈∑                          (1.24) 

When a transition event occurs, the PDP system switches instantaneously from a state j∈ , with dynamic 
function ja , randomly to a new state i∈ , driven by the dynamics function ia . Virtual transitions from the 
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state j  to itself are allowed for this model, that is 0jjr > .  
We have that the time evolution of the PDFs of the states of our PDP model is governed by the following 

Fokker-Planck system [26]  

( ) ( ) ( )( ) ( )
1

, , , , , .
S

t s x s s s js j
j

t x a x t x Q t x sρ α ρ ρ
=

−∂ − ∂ = − ∈∑                (1.25) 

where js j jsQ rµ=  if j s≠ , and ( )1ss s ssQ rµ= − , s∈ , for the scalar process ( )X t  in the state s . We  

have 1 0S
jsj Q

=
=∑ . We consider our PDP process in a finite-time horizon ( )0,T , and we have that  

( ) [ ]
1

, d 1 for all 0, .
S

s
s

t x x t Tρ
=

= ∈∑∫


                        (1.26) 

The initial conditions for the solution of the FP system are given as follows  

( ) ( )
00 , 00, , , .s s sx x x s sρ δ δ= − ∈                        (1.27) 

Next, we consider an objective similar to (1.18) for all states of the system. We have  

( ) ( ) ( ) ( ) ( )2

0
1 1

1, , , d d , d .
2

S ST
s s s s

s s
J t x t x x t g x T x xρ α α ρ ρ

= =

= +∑ ∑∫ ∫ ∫
 

             (1.28) 

This objective corresponds to the expected functional (1.4) on the space n ×  . 
Now, consider the FP optimal control problem of finding sα , s∈ , such that the objective (1.28) is 

minimized subject to the constraint given by (1.25). The solution to this problem is characterized by the solution 
of the corresponding FP optimality system, obtained by the Lagrange principle, consisting of (1.25) and the 
following  

( ) ( ) ( ) ( ) ( )2

1

1, , , , ,
2

S

t s s s x s s sj j
j

q t x a x q t x t x Q q t xα α
=

∂ + ∂ + = −∑                      (1.29) 

( ) ( ), ,s sq T x g x s= ∈                              (1.30) 

( ) ( ), , 0, ,s
s x s

s

a
t x q t x sα

α
 ∂

+ ∂ = ∈ ∂ 
                       (1.31) 

where (1.29)-(1.30) is the adjoint problem and (1.31) represents the optimality condition. 
On the other hand, the HJB optimal control of our PDP model is considered in [29], where the ijq  in [29] 

corresponds to our ijQ . In that reference, the following Hamiltonian for the state s  is derived  

{ }( ) ( ) 2
1

1

1, , , : min , .
2s s

SS
s j s s s x s s js jj A j

H t x u Du a x u Q u
α

α α
= ∈ =

 
= ∂ + + 

 
∑               (1.32) 

Furthermore, in [29] it is proved that the corresponding HJB problem  

{ }( )
( ) ( )

1
, , , 0,

, ,

S
t s s j sj

s s

u H t x u Du

u T x g x s
=

∂ + =

 = ∈ 

                          (1.33) 

admits a unique viscosity solution that is also the classical solution to the adjoint FP Equation (1.29). Hence, 
also in this case the HJB formulation with (1.32) and (1.33) corresponds to the FP approach with (1.29) and 
(1.31), as much as the cost functions su , defined via the minimum of expected functionals correspond to the 
adjoint functions sq . 

5. Conclusion 
In this paper, the connection between the Hamilton-Jacobi-Bellman dynamic programming scheme and a 
recently proposed Fokker-Planck control framework was discussed. It was shown that the two control strategies 
were equivalent in the case of mean cost functionals. To illustrate the connection between the two control 
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strategies, the cases of an Itō stochastic process and of a piecewise-deterministic process were considered. 
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