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ABSTRACT

The principal aim of the paper is devoted to the study of some special properties of the function EZ:; (Z) for a= e

Authors defined the decomposition of the function Eg:; (Z) in the form of truncated power series as Equations (1.7),

(1.8) and their various properties including integral representation, derivative, inequalities and their several special

cases are obtained. Some new results are also established for the function E/} (2).
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1. Introduction

In 1903, the Swedish mathematician Gosta Mittag-Lef-
fler introduced the function E,(z) (Gorenflo etal. [1])

defined as,

o0 Zﬂ
E,(z2)=) ——,
«(?) iz (an+1)
where z is a complex variable and I'(-) is a gamma
function, o >0. The Mittag-Leffler function is the di-
rect generalisation of the exponential function to which it
reduces for a=1. For O0<a <1, it interpolates be-
tween the pure exponential and a hypergeometric func-

(1.1)

tion

1 . Mittag-Leffler function naturally occurs as
-z

the solution of the fractional order differential equations
and (or) fractional order integral equations.

Wiman [2] studied the generalisation of E,(z), that
is given by

o0 Zﬂ
E, D=2 —/—
ap n;of(anw) (1.2)
(a,ﬂ e C;Re(a)>0,Re(fB)> 0).
which is known as Wiman’s function.
Prabhakar [3] investigated the function E] ;,(z) as

e (=5 —h 2

@P) T (an+ g) ! (1.3)
(a,ﬂ,}/ eC; Re(a)>0,Re(B)>0,Re(y)> 0).
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Gorenflo et al. ([4]), Kilbas and Saigo [5], Kilbas et al.
[6], Miller [7], Saigo and Kilbas [8] have studied several
properties and applications of (1.1)-(1.3).

Recently, Shukla and Prajapati [9] introduced the
function E’}(z), which is defined for a,f,7y€C;
Re(a)>0, Re(f)>0, Re(y)>0 and qe(0,1)UN
by:

= (7) z"
Ey’q = - N 1.4
“’ﬂ(z) n=o ' (an+p) n! (14)
r
where (7) :w denotes the generalized Poch-
()

hammer symbol which, in particular, reduces to

q —
qq"]‘[(err 1] if qgeN.
a .

r=1

For f=y=q=1, (1.4) reduces to (1.1) which was
studied by Mittag-Leffler in terms of its applications to
the theory of entire functions.

Incidentally, (1.4) is generalization of the exponential
function e’ , the confluent hypergeometric function
() ( 7,0 Z) and the functions which are defined in (1.1)-
(1.3).

Ikehata and Siltanen [10] defined truncated power se-
ries of E, (z) as,

£ (2) =) 2

n mo M 5o j:1F<M+1)
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n-1 an+j

(1.6)

1 - . N -
B mmo m! m:oj-zlr(mﬂ)

Whereas in [10], they have used the functions (1.5) and
(1.6) in the study of electrical impedance tomography.

In this paper, we have defined the decomposition of
the function E]}(z) in the form of truncated power
series

N (g Z™
qunN — am
5 (2) m;l“(m+ﬁ)m'
S (g™ (47
+ .
03T T (m+ BT ("L +1)
and as a special case for o =
» (7/) an
E79(7)= am
%.ﬂ(z) mz:“ol"(m+ﬁ)m'
nm+ j (18)

g (P?
m:o;:lr(m+ﬂ) (nm+J )
where n>2, N>1; f,7eC; Re(f)>0, Re(y)>0
and qe(0,1)UN.

(1.5) and (1.6) are special cases of (1.7) and (1.8),
given by

Ellv‘]v”’\' (z)=E™(z) and E‘l'l1 (z)=E, (z). (1.9

n n n’ n
In what follows are known formulae, those used
studying properties of the functions

El%(2), Egj;"”(z) and Eﬁ’:(z)

The Beta function (Rainville [11]) is defined by,

=_:[za‘1(1

where Re(a) >0, Re(b) > 0.

(1.10)

The Gamma function (Rainville [11]) is defined by,

z)=[e't"dt, where Re(z)>0. (I.11)
0

The relation between Beta and Gamma functions is
r I
a(ap) - FAIC)
I'(a+b)
where Re(a) >0, Re(b) > 0.

(1.12)

The Error function (Rainville [11]) is defined by,

(1.13)

erf \/_J'exp( )
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The complementary Error function (Rainville [11]) is
defined by,

erf,(z)=1-erfc(z exp 2)dt. (1.14)
(2)=1-erto(2) = |

Legendre’s duplication formula (Rainville [11]) is

Jar(2z) = 22“1“(2)1“(2 +%)

(1.15)

The Laplace transform (Sneddon [12]) of the function
f(z) isdefined as,

L{f(z)} =Te‘SZ f(z)dz, where Re(s)>0.(1.16)

Ikehata and Siltanen [10] used following inequality,

m N+1 gJRe

4

I

_W,where N>1.
+1)!

(1.17)

men+1 M!

2. Main Results

THEOREM 1. Integral representations of the function
Ef‘; (z) is given by

n

B (2) =€l ()

7,4 (Zn —u" )u”'k‘ldu, (21)

+nkZ}r(1 ndEl

where n>2,,7eC; Re(f)>0, Re(y)>0 and
qe(0,1)UN.
Proof. Consider the integral,

JE(

Substituting U =zw and using (1.4), we get

n) nkldu

(l—w) ek
2 (mep)m (zw)" " dw.

Using (1.10), the above equation reduces to

k
- ( ) ZMm+n-k B(m-l—l,l—nj

mo L(m+g)m! n
and use of (1.12), yields
J‘E ( n) n k— ldu
k
(7)qm an+n k F(l—nj
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. (7) an+n—k o
Z gm - IE17 AL S
m‘°1‘(m+ﬂ)l‘(nm+nn_k+lj (l_nj ( )

Taking summation over k=1 to k=n-1 and using (1.8), we arrive at

n S 1 i n n n
E’qﬂ( )-El (2 ):nk_lr(—ij;Ef’;(z —u" )u"*du,

This completes the proof of the theorem.
THEOREM 2. If n>2, B,yeC;Re(B)>0, Re(y)>0 and gqe(0,1)UN, then

m

L
( IJ:| ol (7)q(n—k)z " U ( ) m-+n) z" (22)

+

= r(_E+ﬁj(n—k)! ! r( ﬂj(mm)!

d |:Zﬁ 1E7q
dz —ﬂ

Proof. Applying (1.4) in left-hand side of (2.2), we obtain
m+/]—2

M p2 B
i{zﬂlEly,q{Z;ﬂ:i (7)gn 2" _§ (7)gn 2" L3 (2" @3
dz n? - (:w—l)m! mlr( +p- ljm' "'r ( +p5- ljm'

m=1 T
Setting m=n-Kk in the first summation and replacing m by m+n in second, right-hand side of (2.3) reduces to

m+,Ef—1

i (g 2" = (Pymin 2"
er(w 1)( ! m—O[ ﬂ)(mm){

This completes the proof of the theorem.
Remark on Theorem 2. If y =q =1, then Theorem 2 leads a particular case of (2.3)

k
Al s B IRRIES 2" .
dz{z E]’”(Z H Z kz}r(kJrﬂjJrE;’ﬂ[z ] ’ 4

n

where n>2,8,7eC;Re(f8)>0, Re(y)>0 and qe(0,1)UN.
THEOREM3.If n>2, B,yeC; Re(B)>0, Re(y)>0 and qe(0,1)UN.

B/ (2 )snzf [ 3 (|Re2"). 2.5)
n’ °F(1+ )
n
Proof. Substituting u=zw in (2.1), we get
n-1 n-k 1
E?;(Z): Eﬂf(z”)+nklrfl_jf (2 (1-w))waw
n
Therefore,
n—k
ELZ(Z) < (|Rez 51 (|Rez ) " ldw

n

Copyright © 2012 SciRes. APM
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The simplification of the above inequality gives,

This proves the theorem.
Remark on Theorem 3: It is easy to verify the following inequality,

il

n-1

EVO™ () <EP*™ (|2))< B (|2) < X E 2" )- 2.6)

o () <5 () < % 1) 2 ()

n

THEOREM4.If n>2, B,yeC; Re(ﬂ)>0, Re(y)>0 and qe(O,l)uN,then

E{’Z(z)— E{’;‘”N (z)|<T, 2.7)
where
N+1
)/ Zn n-1 k+nN

T= (e (o i 35 (|Rez"). 2.8)

T T(B+N+1)(N+1)! F(ﬁ’+N)k1r(k+nN+lj

Proof. From (1.7) and (1.8), we have

e (e <Z>:(ET’Z<Z">1§W

n

Consider,

n-1 n z N—1(]/) (Z”—u")m ) -1 n z —un)" .
—[JEZ(z" —u") - 2 byidu = . u"du,
?r(uﬁ B ) P @Jﬂ Fm+Am

n

using (1.10), the above equation reduces to

Now, by involving (1.12), we have

) i el (7)qm 7+
_m:Oj:I nm+ j
F(m+ﬁ)r . 1

by which we write

7.4 7,9.nN _ 7,9 n : (y)mznm 'S n Z 7,9 (5N n Nfl(y)m(z _un)m n-1-j
Elﬂ(z)_ELﬂ (z)_[Elyﬂ(z )_mzz;)l"(miﬂ)m! +i—1r(1_jj£ Em(z -u )_m:OFqTﬁ’)rn! u""ldu .
n

n’ n’
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Therefore, further we have,

E/Y(z)-E7™(z)

n’ n’

z

(7)q(N+1)

n N+1

where

We see that,

C(B+N+1)(N+1)! s

E7 (|Re z"

)+ M, (2.9)

o T(m+4)m

) (1) }Wnlkdw

N
M<S |2 j(”qw 2" (1-w")
=" 1_k)0 r(f+N)N!
n

e (}/)qN |Z|n—k+nN

k“F(ﬂ+N)N!F[1—n

which on using (1.12), gives
(N wlzf ™ Ef(|Re2"
(ﬂ+ N ) k=1 1_,(|(+nN+lj

n

). (2.10)

Inequalities (2.9) and (2.10) lead to the proof of the
Theorem.

Remark on Theorem 4. If f=y=q=1 then (2.7)
reduces to an interesting inequality

E, (z)-E" (2)| <

n n

k+nN

n-1 |Z| exp(Re Z”)

= r(k+nN +1j
n

This inequality contains Mittag-Leffler and Exponen-
tial functions.

Recently, Shukla and Prajapati [9] obtained several
properties of the function E'}(z). The Mittag-Leffler
function E,(z) plays an important role in study of the
various properties fractional calculus (Shukla and Praja-
pati [13]).

THEOREMSG. If a,pf,7,v eC; Re(a) >0,

@.11)
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k)E("; (|Re z

= (‘Rez” (I—W")

”)B(l—%,NHJ,

Re(B)>0, Re(y)>0, Re(v)>0,and qe(0,1)UN,
then

)W”"‘kdw,

T(z-t) B (A7) dt=2""ELS,, (A7),

(2.12)

Proof. Substituting t=zu in left-hand side of (2.12)

and then using (1.10) and (1.12), we get the required re-
sult.

Special cases of Theorem 5: For Re(v)>0, from

(2.12), we obtain several particular cases as listed below:

1 2 v=l ¢ 1,1
z—-t) edt=2"E/ R
F(V) _([( ) 1,v+1 ( )

(2.13)

4

1 V-
Fd Y

0

‘cosh(Vt)dt=2"E}} (7). (2.14)

1 2 +1 sinh(-/t)
rol Y R

i(z—t)

dt=2"E}),(2*), (215)

0 B exp(z )erfc(—z)dt:ZVE%’,V+1(Z).(2.16)

APM
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THEOREM 6. If o,f,7 €C; Re(a)>0, Re(f)>0,

Re(y)>0 and qe(0,1)UN, then

m{tﬁ" (z- t)‘“E;aqﬂ(Z“)dt

:z’“[EZj}(Z ) E;aqﬂ( M)J'

Proof. Consider the integral,

Ep, ()t {ngz(l_—:lj)} dt

The above equation reduces to,

- z"i )2

I(2an+g+1)n!

@2.17)

O C— N

2an

+i 7 )nv.l[(zu)mwl—za (1=u)” zdu.

= (2an+p r(l+a)

Applying (1.10), (1.12) and further simplification of
the above equation becomes,

2n+1

= (D s (7)gn 2’
Z:: I'(2an+B+1)n! | =r((2n+1)a+p+1)n!

¥ (7)o 2°

=T (an+pg+1)n!

Therefore,

jE;;fﬂ ()t {1 + (2-t)° }dt =2"Elf.,(27). 2.13)
0

Using Theorem 5 for v =A4=1, where the Equation
(2.8) leads to

j'E (P)e 4 GRS dt—.zftﬁ"E”q (t)dt
b R A
differentiating above equation with respect to z, we get
B- o a
R () I(l+a

_ 2B-1gr.a a
=7 Ea,ﬁ(z )

)jtﬁ‘l(z—t)“' E, (1) dt

Thereby, the theorem is completely proved.

The theorem, that follows now, represents the rela-
tionship between the function E]}(z) and the expo-
nential function. This relationship presumably play an
important role in the study of the fractional diffusion equa-
tion, i.e., heat conduction and mass transfer equation.

Copyright © 2012 SciRes.

THEOREM 7. If a,f,y €C; Re(a)>0, Re(ﬂ’)>0,
Re(y)>0 and qe(0,1)UN, then

® X a
[e #ELS (x )% dx = ftZEa M[ 2]. (2.19)
0

22

Proof. Putting z =

F(an—i-ﬂ)

2 ) 2An

F(an+ﬂ) B 2an+ﬂr[an+ﬁ+1j ’
2

in (1.15), we have

an+ f
2

(2.20)

The left-hand side of (2.19) gives,
XZ

_[ef‘TtEgj?] (x")xﬁ‘ldx

— & I 4[Xan+ﬁ ldX
or an+ﬂ 0

which leads to

Uk G )

= (an+p)n! 2 2

Use of (2.20) and further simplification of above equa-
tion yields

pn
ey Wt
n_Or(a +ﬁ+1) n'

2 2

This completes the proof.
THEOREM 8. If a,f,7 € C; Re(a)>0, Re(B)>0,
Re(y)>0 and qe(0,1)UN then

%[x"l = (ax“ )}

=X [Eg} 1 ( x")+(y—,6’) E/S (ax")}.
Proof. The left-hand side of (2.21) reduces to,
d

r-lg7, © (}/) n a" (an+}/_l)xan+y_2
dx[X Eq<aX )} g q Fn s 7o

(2.21)

The right-hand side can be expressed as

© (7/)qn (an+p-1)a"x™"

XY

= I'(an+B)n!

() (7= B)a"x"
I(an+pg)n!

o0
3
n=0

APM
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Involving (1.4), the proof is completed.
In a slightly different notation, the binomial theorem is

(I—Z)i'v'q _ i(}/)qn z" '

- (2.22)
n=0 .

If g=1, then (2.22) reduces to simple binomial ex-
pression (Rainville [8]) that is,

(-2 =12y =3 kT

n=0 n!

THEOREM 9. If «,8,y € C; Re(a)>0, Re(ﬂ)>0,
Re(y)>0 and qe(0,1)UN, then

7.4
1B z -y, a
L {s (l_s_“j }_t EZg(zt”). (2.23)

Proof. Applying (2.22) to the left-hand side (2.23), we

get
ced) et

The proof is completed.
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