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ABSTRACT 

The principal aim of the paper is devoted to the study of some special properties of the function  for ,
,
qE

  z
1

n
  . 

Authors defined the decomposition of the function  ,
,
qE z

   in the form of truncated power series as Equations (1.7), 

(1.8) and their various properties including integral representation, derivative, inequalities and their several special 

cases are obtained. Some new results are also established for the function  ,
,
qE z

 

 E z

 

. 
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1. Introduction 

In 1903, the Swedish mathematician Gosta Mittag-Lef- 
fler introduced the function  (Gorenflo et al. [1]) 
defined as, 

 
0 1

nz

n



n
E z 

  

  
0

,        (1.1) 

where z is a complex variable and  is a gamma 
function,   . The Mittag-Leffler function is the di-
rect generalisation of the exponential function to which it 
reduces for 1  . For 0 1  , it interpolates be-
tween the pure exponential and a hypergeometric func- 

tion 
1

1 z
. Mittag-Leffler function naturally occurs as  

the solution of the fractional order differential equations 
and (or) fractional order integral equations. 

Wiman [2] studied the generalisation of  E z

 

, that 
is given by  
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,
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( )

, ; Re 0,
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E z 
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

 
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,

Re 0 .

nz
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

, ( )E z
 

      (1.2) 

which is known as Wiman’s function.  
Prabhakar [3] investigated the function  as 
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 

   

,
0

, , ; Re 0, Re

n

n
E z
 


 

    






 

 
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

Gorenflo et al. ([4]), Kilbas and Saigo [5], Kilbas et al. 
[6], Miller [7], Saigo and Kilbas [8] have studied several 
properties and applications of (1.1)-(1.3).  

Recently, Shukla and Prajapati [9] introduced the 
function  ,

,
qE z

  , ,, which is defined for  ;    
   Re 0   Re 0 ,  and Re 0  , 0,1q 

 
 
 

 
by: 

  

,
!

0, Re 0 .
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n n
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(1.3) 
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,        (1.4) 

 
 

where 
qn

qn



 




 denotes the generalized Poch- 

hammer symbol which, in particular, reduces to  

1

1q
qn

r n

r
q

q




  
 
 

 q if 

1q

.  

For      , (1.4) reduces to (1.1) which was 
studied by Mittag-Leffler in terms of its applications to 
the theory of entire functions. 

Incidentally, (1.4) is generalization of the exponential 
function ze , the confluent hypergeometric function 
 , ; z   and the functions which are defined in (1.1)- 

(1.3).  
Ikehata and Siltanen [10] defined truncated power se-

ries of  E z  as,  

   
1 1

1
0 0 1! 1

nm nm jN N n
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Whereas in [10], they have used the functions (1.5) and 
(1.6) in the study of electrical impedance tomography.  

In this paper, we have defined the decomposition of 
the function  in the form of truncated power 
series  
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and as a special case for 
1

n
  : 
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where , ; 2n  N 1 ,   ; ,  Re   0  Re 0   
and .   0,1 q

(1.5) and (1.6) are special cases of (1.7) and (1.8), 
given by  
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In what follows are known formulae, those used 
studying properties of the functions  
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The Beta function (Rainville [11]) is defined by,  

 

 

1
1

0

where Re

aB a b z         (1.10) 

The Gamma function (Rainville [11]) is defined by,  

dt t , where .   (1.11) 

The relation between Beta and Gamma functions is 
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The Error function (Rainville [11]) is defined by, 

   2

0

exp d
z

t t  .        (1.13) 

The complementary Error function (R
defined by, 
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2 

Legendre’s duplication formula (Rainville [11]) is 
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The Laplace transform (Sneddon [12]) of the function 

2 

 z  is defined as,  


Ikehata and Siltanen [10] used following inequality,  

f

    
0

dszL f z e f z z  , where  Re 0s  . (1.16) 

1 ReN z

 1 ! 1 !

m z ez


 , where 1N  .    (1.17) 

2. Main Results  

THEOREM 1. Integral representations of the function  
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i.e.  
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The simplification of the above inequality gives, 
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Nn k nN
n

q N qN

k

z z
T E

k nNN N N
n

 

 








 
 
  

            

       
 

 

 

1
, , . ,

1 1 1
, , , 0 0 1!

nm
N n

qm qmq q nN q n

m m jn n n

E z E z E z
m m

m

  

  

 

 

 

  

 
    
     

.
1

nm jz z

nm j

n



   


   

Consider,  


     
 

 
 
 1 1 1

, 1
1,

1

1 0

d d
! !

1

m mn n n nz zn N n
qm qmq n n n j n j

m N j

z u z un n
E z u u u u u

jm m m m



 

 

   
   

 

      
       

 

     , 

using (1.10), the above equation reduces to 

1 001j mj

n n
      

 

 

 

1

1 1 !

nm n j
n

qm

m N j

z

j
m m

n





 
 

       
 

  1 , 1
j

B m
n

    
 

, 

Now, by involving (1.12), we have 

 

 

1

0 1

n
qm

m j m





 

 


 


1

nm jz

nm j

n



   
 

. 

by which we write 

       
     

 
 1 1

, , . , ,
1 1 1 1,

1

0 1 00

d
! !

1

mnm n nzN n N
qm qmq q nN q n q n n n j

j m

z z un
E z E z E z E z u u u

jm m m m
n

   


 

 

 
 

  

           
           

 

   . 
, , , mn n n
   


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Therefore, further we have,  

       
 

     
 

, , . ,
1 1 1

, , , 0

1 1

1,
1 00

!

1

!
1

nm
N

qmq q nN q n

m

, 1 d .

n n

mnm nzn kn N
qmq n n n n k

k m

z
E z E z E z

m m

z wnz
E z z w w w

k m m
n

  

  














 
 

 

  
 

             
 



 

 

e have 

n

Using the inequality (1.17), w

   
   

     ,
1

,
Req n

n

z M


 ,                    (2.9) 

where  

1

1, , .
1 1

, , 1 1 !

Nn

q Nq q nN

n n

z
E z E z E

N N
 

 







 
   

     
 

11 1

1,
, 1

00

1
d

!

mnm nn kn N
qmq n n n n k

m

z wnz
M

1 1k

E z z w w w
m m








 
 



     
     

  . 

We see that, 

k

n
  

 

   
   
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1,
1 0

1
,

1,
1

1
Re 1

!
1

Re 1 ,
! 1

N
n nn k

n
qN q n

k

n k nN
n

qN q n

k

z wn z , 1 d ,

1 ,

n n kM E z
k N N
n

z k
E z B

k n
N N

n



















 





 

    
 

 
     
 

 



w w w

N

 

  
 

 

 
which on using (1.12), gives   Re 0  ,  Re 0  ,  Re 0  , and  0,1q  , 

then  

 

 
 

 ,
1, Re

1

q nz E z

k nN

n




   
 

.    (2.10) 

Inequalities (2.9) and (2.10) lead to the proof of the 
Theorem.  

Remark on T 1q

1

1

k nN
n

qN

k

M
N











  

heorem 4. If      then (2.7) 
lity  reduces to an interesting inequa

   
 1

1 1
1

k n
n

nN

kn n

E z E z






 
exp Re

1

N nz z

k nN

n

  
 



ati [9] obtai


.  (2.11) 

This inequality contains Mittag-Leffler and Exponen-
tial functions. 

Recently, Shukla and Prajap ned several 
properties of the function  ,

, e MqE z
  . Th ittag-Leffler 

function  E z  plays an important role in study of the 
ous prop ional calculus (Shukla and Praja-

pati [13]).  
vari erties fract

THEOREM 5. If , , ,    ;  Re 0  ,  

     11 , 1 ,
, ,

0

1
d

z
q qt z t E t t z E z

      
     


  

 
  . 

(2.12) 
Proof. Substituting t zu  in left-hand side of (2.12) 

and then using (1.10) and (1.12), we get the required re-
sult.  

Special cases of Theorem 5: For  Re 0  , from 
(2.12), we obtain several particular cases as listed below:  

     1 1,1
1, 1

0

1
d

z
tz t e t z E z

 



 

  ,      (2.13) 

       1 1,1 21 z

z
   2, 1cosh dt t t z E z  ,  (2.14) 

0

     1 1,1 2
2, 2

0

1 sinh( )
d

z t
t t z E z

t

 






,  (2.15) z 

         1

2

exp dz t t z



  2 1,1

1
, 1

0
cz erf z z E

 



.(2.16) 

1 z
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 0, ;  Re   THEOREM 6. If , ,    Re 0  , 
Re ,  0  and q  0,1   then 

   

   11 , 2
2 ,

1
d

( )

z
qt z t E t t

  
 

 
 

 

   
0

1 , , 2
, 2 , .q qz E z E z    

   
    

   (2.17) 

Proof. Consider the integral, 

  , 2 1
z

q z t


  
  

2 ,
0

E t t 
  1 d

1
t

 
   

 

The above equation reduces to, 

 
 
 

     
 

2

0

1
2 1

0 0

2 1 !

1

2 ! 1

n

qn

n

nqn

n

z
z

n n

z u
zu

n n





 



 



  






 




  




   



 
 

Applying (1.10), (1.12) and further simplifica
the above equation becomes, 

d .z u


tion of 

 

 

  
22( ) nn

qn z z  1

0 0

( )

2 1 ! 2 1 1 !
qn

n n

z z
n n n n


  

   



 

 
      

  . 

i.e.  

 
 0 1 !n n n    

n

qn
z

z





  . 

Therefore, 

   
   ,

, 1

z
q qz t

E t t t z E z


     
 




     . (2.18) 

Using T r 1

, 2 1
2 ,

0

1 d
1     

heorem 5 fo    , where the Equation 
(2.8) leads to   

     1 ,
, dq qt E t t  

 
  , 

di

, 2 1
2 ,

0 0

1 d
(1 )

z zz t
E t t t


  
  

    
   

 

fferentiating above equation with respect to z, we get 

     

 

11 , 2 1
2 ,

0

1 ,
,

1

.

 , 2
2 , dq q

q

z E z t z t E t t

z E z

     
   

  
 




 



 
 





reby, the theorem is completely proved.  
The theorem, that follows now, represents the rela-

tionship betwee ion  ,
,
qE z

   and the expo-
nential function. ionship presumably play an 
im in the study of the fractional diffusion equa-
tion, conduction and mass transfer equation. 

THEOREM 7. If , ,  ; Re 0  , Re 0  , 
 Re 0   and  0,1q  , then  

z

 

The

n the fu t
This relat

nc

portant role 
 i.e., heat 

 
2

π
x

x t
    



Proof. Putting 

, 1 ,4 2 2
, 1

,
0 2 2

dq qte E x x E t   
   


   
 

 .  (2.19) 

2

n
z

 
  in (1.15), we have  

 
2 π2   .    (2.20

1
2

2
n

n

nn  

 

   

  

     
 

) 

The left-hand side of (2.19) gives,  

 
 

 

2

, 1

4

x
qt

nt

2

1

0 0

e d ,
!

x
qn

n

4
,

0

de E x x x

x x
n n



 

 




  

 

which leads to 

  

 

  

 

 

 

   
0

2

! 2 2

n

qn

n

n

n n

t
 

  
 





      
. 

Use of (2.20) and further simplification of ab
tion yields 

 

ove equa-

  2

n

t


 
2

0

π
1 !

2 2

qn

n

t
n

n



 


   

 

 . 

This completes the proof. 
THEOREM 8. If , ,      ; Re 0  , Re 0  , 
 e 0   and R  0,1q   then 

 
     

1 ,
,

2 , ,
, 1 ,

d

d

.

q

q q

x E ax
x

x E ax E ax

  
 

    
    






 
 

    

  (2.21) 

Proof. The left-hand side of (2.21) reduces to,  

   
  

2

1 ,
,

0

1d

d !

n n

qnq

n

a n x
x E ax

x n n

 
  

 

  

 

 






 
      . 

The right-hand side can be expressed as  

 
   

   
 

2

0

0

!

.
!

qn

n

qn

n

x
n n

a x

n n





 

  

 










 




  




 

1 n nn a x    

n n
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If 1q  , then (2.22) reduces to simple bino
pression (Rainville [8]) that is, 
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THEOREM 9. If , ,   ;  Re    0, Re 0 
Re ,

, 
  0  and q  0,1   then  
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