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Abstract

Let the function fbe analytic in U:{z:zeCand|z| <1} and be given by

f(2)=z+).  az". In this paper, making use of the Srivastava-Attiya
operator L ,, we introduce two classes of analytic functions and investigate

some convolution properties and coefficient estimates for these classes.
Furthermore, several inclusion properties involving these and other families
of integral operators are also considered.
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1. Introduction and Definitions

Let A denote the class of functions f (z) of the form

f(z):z+iakzk, (1.1)
=2

which are analytic in the open unit disk U = {z 1zeC and|z| < 1} . Also let fand
gbe analyticin U with f(0)=g(0). Then we say that fis subordinate to gin
U, written f<g or f (z) < g(z) , if there exists the Schwarz function w;
analytic in U such that w(0)=0, |w(z)| <1 and f(z):g(w(z)) (ze).
We also observe that

f(z)< g(z) inU
if and only if

£(0)=g(0) and f(U)cg(U)

DOI: 10.4236/apm.2018.86035 Jun. 29, 2018 615 Advances in Pure Mathematics


http://www.scirp.org/journal/apm
https://doi.org/10.4236/apm.2018.86035
http://www.scirp.org
https://doi.org/10.4236/apm.2018.86035
http://creativecommons.org/licenses/by/4.0/

J. H. Choi

whenever gis univalentin U.

For functions f; (z)e A, given by
fi(2)=z4 2,2 (j=12),
k=2
we define the Hadamard product (or convolution) of f(z) and f,(z) by

(f1 *fz)(z):z+iakylak’2zk =(f2 *fl)(z) (zeU).

k=2

Making use of the principle of subordination between analytic functions,
Bhoosnurmath and Devadas [1] considered the subclasses S“[A,B] and

IC“[A,B] of the class A for |a|<§ and -1<B<A4<1 as following (see

also [2] and [3]):

Z)

K‘l

—~
N

~—

S“[A,B]:{fefl:e’” AZ)-FiSiIla(ZG[U)}, (1.2)

1+ Bz

and

. ~ L) 1+4z) .
K“[4,B]=4feA:e f—<cosa(l+BZj+zs1na(zeU) . (1.3)

We note that
S°[4,B]=8[4,B], K'[4,B]=K[4,B] (-1<B<A4<l),

where the classes S[A4,B] and K[A4,B] are introduced and studied by many
authors (see [4] [5] and [6]). Furthermore, S“[I,-1]=S(a) denote the
a-spirallike functions studied by Spacek [7], which are univalentin U.

With a view to define the Srivastava-Attiya transform, we recall here a general
Hurwitz-Lerch zeta function, which is defined in [8] by the following series:

) Z/\'

®(z,s,a) ::L+
a’ G (k + a)x

(a eC\Z; ={0,-1,-2,-+-};5s e Cwhen z € U;Re(s) > 1 When|z| = 1)
For further interesting properties and characteristics of the Hurwitz-Lerch
Zeta and other related functions q)(z,s,a) see [9] [10] and [11].

Recently, Srivastava and Attiya [12] have introduced the linear operator
L,,:A— A, defined in terms of the Hadamard product by

L, (f)(Z) =G, (Z)*f(z) (z eU;peC\Z;;s € (C), (1.4)
where
G, =(1+b) [@(z.s.6)-b"] (ze). (1.5)

The operator £, is now popularly known in the literature as the
Srivastava-Attiya operator. Various class-mapping properties of the operator

L,, (and its variants) are discussed in the recent works of Srivastava and Attiya
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[12], Liu [13], Murugusundaramoorthy [14], Yuan and Liu [15] and others.
It is easy to observe from (1.1) and (1.4) that

L,(f)(z)=z+ z(ﬂ] a2, (L6)

—\k+b
We note that:

D L, (f)(=

0

(2) =r%t)dt (feA) (see Alexander [16]);

(
3) L, (f)(2)=2"f(z) (meN,=NU{0}={0,1,2,3,--}) (see Flett [17]);
4) L, (f)(z)=Q7f(z) (7/>0) (see Jung et al. [18]);
5 L,,(f)(z)=L"f(z) (meN,) (seeSiligean [19]).
It is easily verified from (1.6) that
z(L,, (f)(z))’ =(b+1) L, (f)(2)-bL,,(f)(2) (1.7)
(feA;be(C\Zg;sec)

Next, by using the linear operator L ,, we introduce the following new

classes of analytic functions for beC\Z;, seC, |a| <g and
-1<B<A<LI:
S [4.B)={feA:L,(f)(z)eS[4,B](zeU)} (1.8)
and
Ko [4.B)={f e A:L,(f)(z)eK“[4.B](zU)}. (1.9)
It follows from the definitions (1.8) and (1.9) that
f(2)eKy,[4,B] < zf"(2)e S [4,B] (zeU). (1.10)

In this article, we investigate some convolution properties and coefficient
estimates for the classes S [4,B] and K7, [4,B]. Furthermore, several
inclusion properties and relevant connections of the results presented here with

those obtained in earlier works are also discussed.

2. Convolution Properties and Coefficient Estimates
Unless otherwise mentioned, we will assume in the reminder of this paper that
—-1<B<A<1, |a| <g and |§| =1. In order to establish our convolution

properties, we shall need the following lemmas due to Bhoosnurnath and
Devadas [1] [2].

Lemma 2.1 ([1]). The function f(z) defined by (1.1) is in the class
S”’[A,B] ifand only if

—{f(z)*(l—Mz)( z z}io (zel), (2.1)
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where
K +(Acosa+iBsina){ (2.2)
(A-B)¢ cosa

Lemma 2.2 ([2] Lemma 3 with n=1). The function f(z) defined by(1.1) is
in the class K*[A,B| ifand only if

l{f(Z)*(l—NZ) s}” (<), @)
z (1_2)
where
26" +[(4+ B)cosar +2Bsina]¢ 4
(A_B)g"cosa

We begin by proving the following theorem.
Theorem 2.3 The function f(z) defined by (1.1) is in the class K, [A,B]

ifand only if
2 (k—1+kBS)e™ —(Acosa +iBsina)¢ (1+5b ) -
-2, (A-B){ cosa k+b 4z #0 (z€U).

=2

Proof. From Lemma 2.1, we find that f(z)e S [4,B] ifand only if

}7&0 (zeU), (2.5)

1
Z{L;,b(f)(z) (-2)

where M is given by (2.2). Then, by applying (1.6), the left hand side of (2.5)

becomes

| z Mz
Z[ES,b(f)(Z) [(1_2)2 (I—Z)ZH

o) w1 20|

- (k—1+kB§)e"‘Z—(AcosonriBsinoz)g"(1+b)‘Y .
:1—2 a.z",
(A-B){ cosa k+b

k=2

which completes the proof of Theorem 2.3.
Theorem 2.4 The function f(z) defined by (1.1) is in the class K, [A,B]

ifand only if

U o 148 1
(A4-B){ cosa k+b) " .

=2

Proof, From Lemma 2.2, we observe that f(z)eK{,[4,B] ifand only if

éﬁsgb(‘f)(z)*(l—Nz)ﬁlio (zeU), (2.6)

where Nis given by (2.4). Then, by using (1.6), the left hand side of (2.6) may be

written as
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"

—Z(ﬁ.g,b(f)(z))'H

—l—ik(k 1)e” —[(A kB)cosa —i(k - lBsma}é'(Hbj =
= (A—-B){ cosa kib) &7

which evidently proves Theorem 2.4.

%Bz(ng (N)(z) - N{Ez(zﬁs,b (£)(2))

Next, we determine coefficients estimates for a function of the form (1.1) to be
in the classes S,[4,B] and K., [4,B].

Theorem 2.5 Let b>-1 and s>0. The function f(z) defined by (1.1) is
in the class S{,[A,B] ifits coefficients satisfy the condition

1+b Y
)[ﬁj |a,|<(A4-B)cosa.

i(k—l+|Acosa+iBsina—kBei“

pa
Proof. Since
. i(k—1+kB§) (Acosa+zBs1na)§(1+bj -
_ z
] (A-B){ cosa k+b)

1+kB( )e™ —(Acosa +iBsina) é’|[1+b}
(A-B){ cosa | k+b

i k
5
k=2
and

|(k—1+kB§)e’” —(Acosa+iBsina)§|

| (A-B){ cosa |
‘(k—l)e’” —(Acosa+iBsina—kBei“)g”‘
(A-B)cosa
. (k—1)+|Acosa+iBsina—kBe[”
a (A—B)cosa ’

by virtue of Theorem 2.3, we conclude that f(z)e S?,[4,B]. Thus, the proof
of Theorem 2.5 is completed.

By using arguments similar to those above with Theorem 2.4, we can prove
the following theorem.

Theorem 2.6 Let b>-1 and s>0. The function f(z) defined by (1.1) is
in the class K?,[A,B] ifits coefficients satisty the condition

Zk{k 1+|(A kB)cosa —i(k— 1Bs1na|}[ bj|ak|< A-B)cosa.
k=2

3. Inclusion Properties and Applications

To prove the inclusion properties for the classes S, [4,B] and K.,[4,B], we
shall require the following lemma due to Eenigenburg et al [20].
Lemma 3.1 ([20]). Let h(z) be convex univalentin U with
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Re{ﬂh(z)+v}>0 forall zeU.If p(z) isanalyticin U with
p(O) = h(O) , then
—zp’(z) z) (z
P < hE) (D)

implies that p(z) < h(z) (z € U).
By applying Lemma 3.1, we prove
Theorem 3.2 Let b>-1 and s>0.If

w Z b+1
Rede™ — U), 3.1
e{e 1+Bz}> (A-B)cosa (z¢0) (.1

then
8%, [4,B]<= 8% [4,B].

Proof. Let f(z)eS? ,[4,B] for b>-1 and 5>0,and set

_ i« Z(‘Cﬁb (f) Z))'
p(Z)—C W (ZEU), (32)
where p(z) is analyticin U with p(0)=e¢". By applying the identity (1.7),
we obtain
. L,
e“p(z)+b=(b+ 1)—2 . ((ff))((zz)) (3.3)
s,b

Making use of the logarithmic differentiation on both side in (3.3), we have

Azj+isina=h(z). (3.4)

Since the function h(z) is convex univalent in U with h(0)=ei“, from
(3.1) we see that

Re{e_iah(z) +b} >0 (zel).
Thus, by using Lemma 3.1 and (3.4), we observe that p(z)<h(z) in U, so
that f(z)e S, [4,B]. This completes the proof of theorem 3.2.

Theorem 3.3 Let b>—1 and s>0. Suppose that (3.1) holds for all z<U .
Then

K1y [4.B]< K [ 4, B]
Proof. Applying (1.10) and Theorem 3.2, we observe that
f(2)eK,,[4,B) < zf"(z)eS,,,[4.B]
= zf'(z)e S}, [4,B]
& f(z)eky,[4.8],

which evidently proves Theorem 3.3.
Putting »=1 and A=-B=1 in Theorem 3.2 and 3.3, we have the

following corollary.
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Corollary 3.4 Suppose that s>0 and

Re{e""x z }>— ! (zeU). (3.5)
1-z cosa

Then
Shall-1]e 84 [1-1]
and
K2, [1L-1] e K [1,-1].

Finally, we consider the generalized Bernardi-Libera-Livingston integral
operator J_ (f) defined by (c£ [21] [22] and [23])

T(N)=T,(NE=Z2 [ (0l (fedio>—). GO

Theorem 3.5 Let b>—-1, s>0 and o >-1.Suppose that

e Z 3 o+l
Re{e 1+BZ}> (A—B)cosa (z<0). (3.7)
If f(z)eS%[4,B],then J, (f)(z)eS[4,B].
Proof. If we set
o (£, (1))

p(z):e 7. (f)(z) (ZEU), (3.8)

where p(z) is analytic in U with p(0)=e¢". By virtue of (3.5), we observe
that

2L, (£) (=) =(c+1) L, (f)(2) 0L, T, (f)(z) (zeV). (3.9)
In view of (3.7) and (3.8), we have

£,
RAGS

By using same argument as in the proof of Theorem 3.2 with (3.6), we
conclude that J_(f)(z)e S [4,B]. This evidently completes the proof of
Theorem 3.5.

Theorem 3.6 Let b>-1, s20 and o >-1. Suppose that (3.6) holds for all
zeU.If f(z)eK[A4,B], then T, (f)(z)eKS,[4.B].

Proof. By using Theorem 3.4, it follows that

7(z)ek,,[4.B]s o' (z) €S, [4.B]

=J, (Zf'(z)) € Sx)b [A,B]

¢“p(z)+o=(c+1)

o Z(jg (f)(Z)), € Ss,b[A’B]
=J,(/)(z)ek,,[4.B],

which completes the proof of Theorem 3.6.
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