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ABSTRACT 

In this paper, we revisit pricing contingent claims in incomplete markets. While a lot have been done on pricing in in-
complete markets, there is still a gap on the categorization of the payoffs. Some contingent claims are attainable while 
others will not be attainable. We address the question of which contingent claims belong to each group. We also pro-
pose a generalization of the equivalent martingale measures used for pricing, a generalization which includes those 
studied so far. We also provide some examples of how to price in each class and introduce important definitions. 
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1. Introduction 

In this paper we extend the study of the pricing of 
contingent claims in incomplete markets. We categorize 
these contingent claims into those which are attainable 
and those which are not attainable which has not been 
fully addressed in previous works. In a market where 
there are more Brownian motions than number of stocks 
the market is likely to be incomplete. We refer the reader 
to [1] for more discussion on incompleteness of markets 
of this type. The Girsanov theorems give an explicit 
representation of the market price of risk which induces 
the equivalent martingale measure used for pricing. In in- 
complete markets there are infinitely many such equi- 
valent martingale measures, leaving researchers looking 
for what could be a good candidate measure for pricing. 
Common examples of these measures  are the mini- 
mal martingale measure as in [2], the relative entropy 
minimizer as in [3], the Esscher transform in [4], the 
minimal 

Q

qf —divergence as in [5] among others.  
One objective for this study is to generalize these mea- 

sures to include even those measures not yet studied. We 
call these measures admissible pricing measures. We 
note that the mapping from the set of equivalent mar- 
tingale measures to the price of contingent claims is a 
many to one mapping. Therefore there are some contin- 
gent claims which have a unique price calculated using 
different equivalent martingale measures. We do this by 
means of some simple toy examples that reveal our 
results. It is in this light that the uniqueness of some of 

the admissible pricing measures suggested before could 
be brought into question. However, if we introduce an 
equivalence relation which results in cosets, each con- 
taining admissible pricing measures that gives the same 
price for a given contingent claim, then this mapping 
becomes an injective function. We have limited this ideas 
into the idealizations and we leave further scrutny to 
interested readers.  

This paper is organized as follows: the next section 
gives the preliminaries. In that we also introduce some 
important definitions. The final chapter deals with the 
important results where we observe that the pricing 
measures are not unique after all. This is achieved 
through some toy examples of European options belong- 
ing to the sets of attainable claims and non-attainable 
claims respectively. 

2. Mathematical Preliminaries 

Assume that we have a filtered probability space  

 , , ,t P    

with the filtration chosen in such a way that asset prices 
are -adapted. Consider a market  t

        0 1, , , mX t X t X t X t   

where  0X t  is the price of the bond at time  and is 
given by 

t

       0 0 0d d ,  0 1,  0X t t X t t X t T      (2.1) 
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where  is the interest rate and for  the 
price of stock  is given by 

 t 1 i m 
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   (2.2) 

where  

        1 2, , , nB t B t B t B t


   

is an n-dimensional P-Brownian motion and   means 
transposition. We can write (2.2) as 

       d d dX t X t t t B t      

where 

      1 , , mt t t  


   

is the vector of appreciation rates and 
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is the volatility matrix. Assume that  and rank <m n
= m   so that   has no left inverse. It is then clear 

from this setup that the market of stocks and bonds is 
incomplete (see [1]). 

By the Girsanov theorem for this market (see [1]), the 
market price of risk is  such that       1 , , nu t u t u t


 

      t u t t t      

where I  is the 1-vector in . The system (2.3) has 
infinitely many solutions in 

m
 .u . By the same Girsanov 

theorems cited above, the probability measure Q given by  

 d

d

Q
M T

P
  

where  

        2

0 0

1
exp d d

2

t t
M t u s B s u s

    
   s  

is equivalent to P and is such that  

 
 

d
0e

t
s s

iX t
  

is a Q- martingale. In this case 
.

 represents the usual 
norm in . Moreover  given by 

n  B t

     d d dB t u t t B t   

is a Q-Brownian motion. Surely there are infinitely many 
equivalent martingale measures Q. Let e  be the set of 
all equivalent martingale measures Q for this market. 



Pricing a contingent T- claim with payoff  F   in 
such a market has been studied before. The most 

common ideas include either to complete the market (see 
[6]) or finding a measure  which is “good” 
enough so that 

eQ  

 
   

d
T

s s
t F


e tQ
t E

 
  
 
 

 
  

is the “best” price admissible to buyers and sellers. It is 
known (see [1] and references therein) that  

   b st t     t  

where respectively  .b  and  .s  represents the 
buyer's price and seller’s price. The interval  

   . , .b s     

is the set of admissible prices for both buyers and sellers. 
Any price charged outside this interval will cause one to 
create an arbitrage. In [1], the authors give an explicit 
representation of  .b  and  .s . 

In this paper we aim to characterize and price 
contingent claims in incomplete markets. We will cha- 
racterize them into those which are attainable and those 
which are not and we give an overview of their pricing 
procedure. 

3. Ontingent Claims in Incomplete Markets 

We look at the following results: 
Proposition 3.1 Let f  be a measurable function and 

T  0 be a finite time horizon. Any contingent T- claim 
of the form  

>

     ,  1iF f X i m T    

is attainable in the market, its price is unique and is 
independent of the choice of the equivalent martingale 
measure Q. 

Proof: 
Without loss of generality, let us assume constant 

coefficients. With respect to P, we have 

     2

1 1

1
0 exp d

2

n n

i i ij ij j
j j

X t X t B t  
 

  
    

   
   

and with respect to Q we have 

     2

1 1

1
0 exp

2

n n

i i ij ij j
j j

X t X t dB t  
 

  
    

   
    

Clearly,  iX t  is independent of the market price of 
risk  and thus is independent of the equivalent 
martingale measure Q, so that the price 

u

      e T t
Q it E f X T 

t
           (3.1) 

is independent of Q. Thus  is uniquely determined 
in (3.1). To show that every 

 t
F    of this nature is 
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attainable, it is enough to use the martingale repre- 
sentation theorem and also normalize to get a martingale 
representation of the terminal value of the self-financing 
portfolio of stocks and bonds. We refer the reader to [1] 
Chapter 12 for details of this working. 

N.B: What the proposition above tells us is that in 
incomplete markets the set of attainable claims is not 
empty. So in incomplete markets there are some con- 
tingent claims which can be hedged by a portfolio of 
stocks and bonds. Let  be the set of all T-claims 
which are attainable in this market. Therefore  

a
Q

     a
i QF f X T   . 

we are not so certain as to what other types of payoff are 
in  and this remains a good exercise for interested 
readers. 

a
Q

Proposition 3.2 Let g  be a measurable function, 
then any T-claim with payoff  

     ,  iF g B T i i n     

is not attainable in the market.  
The proof is in [1] Chapter 12 for a particular case 

which could easily be generalized. The set of T-claims 
which are not attainable in the market shall be denoted . n

Q
Definition 3.3 An equivalent martingale measure 

e  is called an admissible pricing martingale 
measure for the T-claim 
Q  

 F   if 

     e T t
tQ

t E F      
   

is admissible to buyers and sellers and there exist utility 
functions , (the buyer’s utility) and  .bU  .sU , (the 
seller’s utility) such that 

 
     

  
,

,  andsup
b s

b
b

t t t

U U
     

   t

t

 (3.2) 

 
     

 
,

sup
b s

s
s

t t t

U U
     

      (3.3) 

Note that (3.2) and (3.3) can easily be justified through 
an auction of the contingent claim  F   and the price 
for this claim obtained through such an auction is 

. Therefore for each contingent claim  t  F   
there is a unique price  admissible to buyers and 
seller and there exists an admissible pricing measure 

 such that  

 t

Q

     e T t
tQ

t E F      
  . 

what may not be clear for now is whether this admissible 
pricing measure is unique for each contingent claim. This 
will be addressed later after looking at the following 
particular cases. 

3.1. Examples of Pricing in  and  a
Q

n
Q

We assume constant coefficients and assume 1m   

and 2n  . We also consider the mean-variance measure 
as one of the studied admissible pricing measures. The 
choice of this measure is arbitrary since the results for 
the other already studied pricing measures will be 
similar. 

The market will now be       0 1,X t X t X t  with 

     
      

 

0 0 0

1 1 1 1 2 2

1 1

d d ,  0 1

d d d d

 0

X t t X

X t t B t B t

X x



  

 

  
X t

X t




,    





 ,u u

 (3.4) 

Then by the Girsanov theorem, the market price of risk 
is 1 2u

  such that 

1 1 2 2u u                 (3.5) 

There are infinitely many solutions for  and . 
The measure Q given by  

1u 2u

 d

d

Q
M T

P
  

where  

       2 2
1 1 2 2 1 2

1
exp

2
t u B t u B t u u t

      
 

M  

is an equivalent martingale measure such that  1e t X t  
is a Q-martingale. Moreover,  

      1 2,B t B t B t


    

given by  

    d d d ,  k k kB t u t B t k   1,2  

is a two dimensional Brownian motion with respect to Q. 
Since  induces Q then there are infinitely many 

equivalent martingale measures to P. Any payoff 
u

  n
Q F  will have infinitely possible prices . The 

challenge is to find the “best” such price admissible to 
buyers and sellers.  

3.1.1. Pricing a Payoff in  by the Mean Variance  
Martingale Measure 

n
Q

Let us for simplicity consider the European T-claim with 
payoff  

      1 2expF B T B T   . 

then with respect to Q, we have  

        1 2 1 2expF B T B T u u T      . 

the mean variance equivalent martingale measure  is 
the one which minimizes  

Q

    2

QE V T F     

over all eQ  where  is the terminal value of 
a self financing portfolio 

 V T
 0 1,      of stocks and 
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bonds. We have  

     0 0 1 1V t X t X t    

and  

     0 0 1 1d d dV t X t X t   . 

Therefore to get  we find  Q

 1 2,u u u    

from 

         1 2 1 2

1 2

2

0 0 1 1
,

1 1 2 2

emin

subject to  

B T B T u u T
Q

u u
E X T

u u

 

   

       
   

 
X T

1

2

0

0





 

Therefore  is obtained from the following system 
of equations  

u

   

   

1 2 1 2

1 2 1 2

2
1 2

2
1 2

1 1 2 2

e e

e e

u u T u u T

u u T u u T

a a T

a a T

u u




   

   

   

  
  
   

   (3.6) 

where    is the Lagrange multiplier.  
Here  and  4

1 2 e Ta T 
    1 21

2 0 12 e 1 eT Ta T x       

Solving we get 

1 2

1 2u u

 
 




 

 
 

         (3.7) 

where 1 2     
Therefore, with respect to , we have  Q

   1 2expF B T B T
 


      
  

  
. 

We see here that  is uniquely determined by (3.7). 
The price of the contingent claim 

Q

 F   is 

     

        1 2

e

exp 1

T t
tQ

t E F

T t B t B t

 



     

     


 


. 

In particular if , then . 0t     10 e T 

Remark 3.4 If instead, we consider  

   1eB TF    

then we get the solution 

2 0  , 1
1

u
 



 ,  2u 

is arbitrary. Therefore in this case the mean variance 
measure is not unique since  can take any value in 

Th

2u

 . 

e price for this contingent claim is 

     

   

1 1

1
1

1 
exp

2

1
exp

2

t T t u T B t

T t T B t



 



       

  
               





 

 

and is independent of the choice of 
ples, we see that if 

2u . 
In particular to these toy exam

0t  , then 

  1

1

20 e
T T

 


     
     . 

In conclusion, we see that in , each chosen 
co

3.1.2. Pricing a Payoff in by the Mean Variance  

Let us  of the form  

n
Q

ntingent claim has a unique price calculated using 
either a unique or infinitely many admissible pricing 
measures. So the mapping from the set of admissible 
pricing measures to the set of admissible prices can be a 
many to one mapping. 

a
Q  

 Martingale Measure
 now consider a payoff

    1F f X T   

and in particular let f be the identity fu ction so that n

   

   

2 2
1 1

1 1 2 2

2exp
2 2

1 1
F X t T

B T B T

   

 

   
 

  


. 

With respect to Q, we have  

 

   

   

2 2
1 1

1 1 2 2

1 1
exp

2 2 2F X t T

B T B T

  

 

    











 

which does not depend on . Therefore the mean u
t dvariance measure Q  does no epend on u  meaning 

that any choice of  ,u  will reult in the same price 
for F, which price is 

1 2u
 

        1 1 1 2 2exp B t B t  t X t    

and if , then   10 x 
n continge

0t  , the price of the stock. 

 3.5 Two admissible pricing measures 
an

Therefore a Europea nt claim which promises 
to pay the terminal stock price should charge the current 
stock price. 

Definition 1Q  
ffd 2Q  are  substitutes with respect to a given payo  

 F   if and only if the discounted price of F  with 
t to 1Q  is the same as that with respect to 2   

Remark 3.6 The relationship substitutes fine
respec Q

de d 
above is an equivalence relation.  
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ivial. Now the equi- 
va

The proof of this remark is tr
lence relation would result in the creation of equivalent 

classes and considering e  as a set of these atoms, 
then the map from e  t    ,b st to      will be an 
injective function. We are not ursuing this 
algebraic reality in this paper and leave it for interested 
readers to explore further. 

In conclusion to this s

 interested in p

ection, we have managed to
ca

4. Conclusion 

 to categorize the T-claims which are 
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