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ABSTRACT 

We have studied excitation of multilevel Na-Rydberg atom due to collision with proton in the presence of variable laser 
field. The interaction of laser field and Na-Rydberg atom is explored using non perturbative Floquet technique. The 
transition probability is calculated at different laser frequencies (GHz), projectile velocities and impact-parameter. We 
have also calculated total cross-section for near resonant energy transfer collision of proton with Na-Rydberg atom at 
different frequencies. 
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1. Introduction 

Rydberg atom [1,2] is an excited atom with one or more 
electrons that have high principle quantum number. 
These atoms have a number of peculiar properties, like, 
large dipole moment, large size, including an exagger-
ated response to electric field and magnetic fields, long-
decay periods and electron wave function that approxi-
mate, under some conditions, classical orbits of electrons 
about the nucleus. Collision of Rydberg atom with rare 
gas atoms or charged particles have been intensively 
studied theoretically and experimentally and still the 
subject of great interest [3-9]. One reason for selecting 
the alkali metal atom is that, they are relatively easy to 
access experimentally as well as theoretically, which 
opens up the possibility for detailed comparisons. Ex-
perimental and theoretical studies of inelastic collisions 
between charged particles and atoms/molecules play an 
important role under wide variety of physical situations, 
such as in the interpretation of variety of atmospheric and 
astrophysical data including the distribution of ions and 
atom in the upper atmosphere. In the last two decades, 
the use of laser technology and computational methods 
involving selective excitation methods has renewed in-
terest in this field. In fact, computational process and 
aligned or oriented Rydberg atomic states allow us to 
insight into the dynamics of collisional excitation in a 
better way. Inelastic collisions of ion with Rydberg at-
oms demonstrate that nearly all states of an excited target 
are strongly coupled by the laserfield [10-12]. The dy-
namics of a Rydberg electron driven by such time-de- 

pendent field is complex, a large number of energetically 
accessible states that are coupled by the laser field during 
collisional process. The relatively small electric fields 
present in such situations distort the highly excited 
Rydberg states. The l changing transitions l → l' occurs 
within the same shell “n” of Rydberg atom due to time 
dependent electric field generated by the passing charged 
particle and shift of n → n' occurs due to the present la-
ser field. Thus, state to state transitions by the collision 
process in the presence of laser field involve not only 
dipole allowed transitions but dipole forbidden transi-
tions also. It is, therefore, of great interest to study the 
effect of small electric field due to collision on transi-
tions of different states of Na-Rydberg atom in the pres-
ence of laser field. We have taken the frequency of the 
laser field in the GHz range. One fundamental collision 
process, that is not well understood, is inelastic collision 
transition from one Rydberg state to another Rydberg 
state; these collisional events involve not only dipole- 
allowed transitions of states but dipole-forbidden transi-
tions as well. Work on state changing collisions in so-
dium nl targets has revealed distinctly different behavior 
at low and high impact velocity. A study of collisions 
between electrons and 30s state has been published by 
Rolfes et al. [13]. In the present paper, ion atom collision 
is studied using Floquet analysis of time dependent 
Schrödinger equation in the impact parameter approach. 
For the computation of Rydberg states, we require a 
careful choice of Rydberg wave function, which can be 
computed with the help of radial wave function of Picart 
et al. [14]. The principal quantum number (n) varies from 
26 → 35, and angular quantum number (l) varies from 0 
→ 9. We have used the concept of single channel quan-*Corresponding author. 
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tum defects theory (QDT), which assumes the constant 
values of quantum defects for s, p, d, f, g, h, i, j, k, l states. 
Here, we have calculated the transition probabilities of 
all the states for different parameters i.e. laser frequency, 
impact parameter and ion velocity. Keeping in view, the 
importance of cross-section results for various properties 
and phenomenon, we have also calculated the total cross- 
section for dipole allowed as well as for dipole forbidden 
transitions for proton impact with Na-Rydberg atom in 
the presence of microwave field. The excitation of alkali 
Rydberg states from their nl ground states has been a 
popular subject for theoretical and experimental study. 
The experimental study of excitation of sodium by H+, 
H2+, H3+, He+, Ne+ has been reported by Irby et al. [15]. 
Theoretical treatment of the collisional excitation or stark 
mixing of Rydberg states has been reported in [16-18] 
and excitation of Rydberg states by electromagnetic field 
has been reported in [19,20]. But, collisional excitation in 
the presence of electromagnetic field has been scarce.The 
paper is organized as follow: In Section 2, we have de-
scribed the theoretical tools of interaction of proton with 
Rydberg atom in the presence of microwave field. In 
Section 3, wediscuss computational details. The results 
thus obtained are presented in Section 4. Conclusion and 
a prognosis for future work in the direction of collision 
aided problem are drawn in Section 5. 

2. Theory 

We consider the collision between the proton and the Na 
Rydberg atom which is assumed to be at rest in the pres-
ence of microwave field. The microwave field is treated 
classically as a spatially homogeneous electric field, 
linearly polarized and single mode, represented by 

   0
ˆ cosE tE t  

E

                (1) 

where 0  and   are respectively amplitude and fre-
quency of the microwave field. ̂  is the linear polariza-
tion vector. The time-dependent Schrödinger equation for 
the above ion-atom system is given by: 

    0 int, Li t H V
t


 


r r E   int, , ,t V t    r

   0
q q qE u r

 u r
0E

 , ,V t   

  (2) 

The energy operator H0 is unperturbed Hamiltonian, 
satisfies the equation: 

 0H ur r             (3) 

where q  are the unperturbed eigen functions cor-
responding to energies q . The energy operator of the 
interaction of atom with the electromagnetic field is 
given by: 

int
L E d E               (4) 

describes the coupling of atom with the microwave field, 
where d, is the radiative transition moment and E, is the 

laser field. Vint describes the interaction potential between 
the projectile ion and the Rydberg atom. At large dis-
tances ion and the atom interaction is negligible and 
hence Vint → 0, Equation (2) reduces to the Schrödinger 
equation of isolated atom in the presence of electromag-
netic field i.e. 

       0 int int, , , ,Li t H V t V t
t

       
r r E r   (5) 

where, , t r  are the dressed states of the atom in the 
presence of microwave field. The total wave function of 
the system  , t r  in terms of dressed state of atom in 
the presence of laser field can be expanded as: 

     ,p pq q
q

t a t  r r           (6) 

Here “q” stands for the all the quantum states of the 
system. Substituting Equation (6) into Equation (2) and 
using the orthogonality condition for the dressed states. 
We obtain the following set of coupled differential equa-
tion: 

       0 cos ,  pq
q qp qs sp

s

a t
i E a t E t V a t

t



 

   (7) 

where 

   cosqs q sV u r         (8)    

denote the radiative transition matrix elements for the 
atom interacting with the microwave field. The above 
coupled differential equation can be written in matrix 
notation, like 

     c

A t
i H t A t

t





           (9) 

 cHwhere t  is the time dependent periodic matrix 
with periodicity 2πT  . It is well known that the 
conventional method fails at resonance frequency as well 
as high intensities. Hence we have used the non-pertur-
bative Floquet theorem for the solution of such problem 
[21]. The general solution of (9) as asserted by Floquet 
theorem in matrix notation is of the form: 

    i tA t t e               (10) 

   t t T where  

 

and λ is the diagonal quasi en-
ergy matrix or Floquet characteristics exponent. Follow-
ing [21], the Fourier expansion of  cA t  and H t

 

 
are given as: 

stm imt
s

m

A t f e e



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  m imt
c s
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H t H e





 
m

           (12) 

m
sH  are the mth Fourier amplitude of where sf  and 

   cA t  and H t , respectively corresponding to par-
ticular value of m. Where “m”, correspond to photon 
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number, the indices “ν” and “s” range over the dimension 
Nnl. Where Nnl is the total number of atom states included 
in the study. The Fourier components m

sf  and charac-
teristic values can be obtained by substituting (11) and 
(12) in (9) [20]. The eigenvalue problem is 

,
,

m k k m
j j k m js s s

j k

H m f f            (13) 

The first multiplier (within the bracket) on the left 
hand side represents the Floquet Hamiltonian HF matrix. 
The HF matrix is diagonalized to obtain the eigenvalues 
of the Floquet matrix s  and corresponding eigenvec-
tors m

sf . The transition probability from initial state to 
the final state, in the presence of microwave field for the 
time duration “t”, can be calculated by using the eigen-
values ( s ) and the corresponding eigenvector ( m

sf ) in 
Equation (13) and is given [22] as 
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 
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For continuous coherent operation of the laser for a in-
finitely long duration, the time averaged transition prob-
ability from initial state  to final state  n l r    is 

 
0

0

1
lim dnl n l

2m m
l ps qs

t st

P t P t f f 
   


       nl n   (15) 

where summation is over all the eigenvalues of the con-
cerned Floquet matrix. The time averaged transition prob-
ability characterizes the optical transition. The experi-
mental spectra in microwave field obtained by Stoneman 
et al. [23] is explained theoretically by Rao et al. [20] 
using Floquet theory. 

3. Computational Method 

By considering back Equation (5), we can expand the 
total wave function of the system in terms of dressed 
states. 

     ,n nt r t,
n

Cr t            (16) 

where the subscript n runs over all dressed states. The 
microwave field couples only the dipole allowed transi-
tion that is ∆l = ±1. Substituting Equation (16) in Equa-
tion (5), and using the orthogonality condition, we get the 
set of first order coupled differential equations: 

d

d
n

n m n
m

C
V

t
i C               (17) 

The accurate computation of the wave function re-
quires a careful choice of the radial part, therefore it is of 
vital importance to determine the correct value of the 
radial element [24]. We have calculated the radial matrix 
elements rigorously for all the hundred levels, including 

both dipole allowed and dipole forbidden transitions. In 
matrix form we can write the coupled differential Equa-
tion (17) as: 

     iC t Q t C t              (18) 

where C t  Q t is a column matrix and  is a cou-
pling matrix defined by: 

     , ,m nQ t r t V r t 

 C t

t

         (19) 

The above equations can be solved numerically for the 
time-dependent coefficients i  for a particular set of 
initial condition, using the standard diagonalization tech-
nique used by [25-28], the coupled Equation (18), can be 
solved at 

     †DMC Ue U C

. We define 

  

†
DM UU

         (20) 

where U, is a unitary operator and MD is a digonalized 
matrix obtained by unitary transformation. 

M

 

              (21) 

The probability for transition from state i to final state 
f is given by 

2

i f fP C             (22)  

This probability can be integrated with respect to the 
impact parameter to find out the total cross-section. 

4. Results and Discussion 

Here we have considered the collision of Na-Rydberg 
atom in the presence of varying microwave field in GHz. 
We present a model of l-changing reactions in ion colli-
sions with Na-Rydberg atom. The dressed state of Na- 
Rydberg atom are calculated using the Floquet theory as 
discussed in Section 2. Floquet theory is an accurate 
non-perturbative method to convert the time-dependent 
Schrödinger equation into infinite time-independent Flo-
quet matrix, HF. Floquet analysis is now frequently used 
for the study of Rydberg state evolution in the oscillatory 
fields. Our approach to inelastic collision bears only a 
formal resemblance to the theory of field induced transi-
tion among Rydberg levels. In constructing the Floquet 
Hamiltonian HF (the term in the bracket of Equation 
(13)), we require to calculate the radiative transition ma-
trix elements between the adjacent levels. The HFmatrix 
is diagonalized to obtain the eigenvalues of the Floquet-
matrix ( s

m
s ) and corresponding eigenvectors ( f ). Once 

the dressed states are known, one can solve the close 
coupling equation by diagonalization techniques, which 
gives transition amplitude. Finally using the Equation 
(22), we calculated the total cross-section. SI units are 
used throughout the paper otherwise mentioned. In Fig-
ure 1, we present the variation of transition probabilities 
without collision as the function of the microwave fre-
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quency at laser intensity I = 1 W/cm2. Here, we have 
shown the transition probabilities for all the available 
levels (i.e. from 26s - 35l levels). The red curve shows 
the survival probability of the ground state (here 26s). 
Various peaks in the figure correspond to the transition to 
a particular level. Whenever there is a resonance between 
two levels a sharp peak shows the transition. Due to the 
photonic transition, there are various peaks, as shown in 
the Figure 1. At low frequency, for a range of 0 → 50 
GHz, we get a bunch of transitions of various levels. This 
bunch occurs as the energy levels of different states are 
near to each other thus slight change in the frequency 
causes transition to different level. In Figure 1, reso-
nance conditions for different levels can be observed, 
such as, at point a single photon transition between 26s - 
26p having resonance at 209.65 GHz, at point b two 
photon transition between 26s - 26d having resonance at 
270.66 GHz, at point c three photon transition between 
26s - 26f having resonance at 183.06 GHz. Similarly, 
points d and e show the resonance conditions for 27d and 
27f level transitions respectively. The point f shows reso-
nance for three different levels 28d, 28f and 28g at fre-
quencies 55.21, 53.09 and 50.79 GHz respectively. Thus, 
for higher levels a small frequency shift satisfies a dif-
ferent level resonance condition due to multiphoton tran-
sition. Although, we have calculated the variation of ei-
genvalues as a function of laser frequency for the range 0 
→ 300 GHz. 

In Figure 2, we present the variation of eigenvalue 
with the laser frequency for a range of 0 → 50 GHz only. 
The anticrossing between two levels corresponds to the 
transition between those levels at that particular fre-
quency. The minimum separation determines the reso-
nance position. This figure also explains the bunch of 
transition probabilities for frequencies less than 50 GHz 
as shown in Figure 1. Furthermore, in the inset, we have 
tried to show the anticrossings of levels for a frequency 
range 25 → 30 GHz in a magnified way. Collision 
changes the picture of induced transition, for example, 
the transition from the 26s - 27(s, d, f) are not allowed, 
these are dipole forbidden transition. But the collision 
induces that particular transition which was otherwise 
forbidden. Thus collision will wholesome changes the 
picture of transition probability. 

Figure 3 shows how the transition probabilities are 
modified by the collision process. Panel a → i, represent 
transition probabilities for different n values, where dif-
ferent l levels are marked in the Figure 3 by s, p, d, f, g, 
h, i, j, k and l. The variation of transition probability with 
frequency is taken at intensity 0.1 W/cm2 and the veloc-
ity of incident projectile is v = 0.01 au (1 au = 2.18769 × 
106 ms−1) with an impact parameter “b” as 400.0 au (1 au 
= 0.0529 nm). In Figure 3(a), when the frequency is 
27.88 GHz survival probabilityof state 26s dips to 0.44 

 

Figure 1. Transition probability as a function of laser fre-
quency (in GHz) without collision. The laser intensity is 1.0 
W/cm2. The red curve shows the ground state. 
 

 

Figure 2. Eigenvalues as a function of laser frequency in 
GHz without collision. The laser intensity is 1.0 W/cm2. 
Here we have taken all possible levels, so it is very difficult 
to clarify various levels due to limitations in the availability 
of colors. 
 
and after that become almost independent of frequency. 
Also, the transition probability of state 26d (dipole for-
bidden) becomes almost independent of frequency after 
35.0 GHz. Figure 3(b), for n = 27, the transition prob-
ability triggered to maximum value to 0.43, and after that 
it become almost constant. Figure 3(c), for n = 28, at low 
frequency region, there is sharp rise in the transition 
probability of the particular state indicating a resonance 
for that state, and after that it decreases and attain a con-
stant value and similar variation is shown by the other 
states. 

Figure 4 shows the transition probabilities as a func-
tion of laser frequency in GHz with the collision for a 
lower impact parameter. Panel a → i, represent transition 
probabilities for different n values, where different l lev-
els are marked in the Figure 4 by s, p, d, f, g, h, i, j, k and 
l. The variation of transition probability with frequency is 
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Figure 3. Transition probability as a function of laser frequency with collision. Here, impact parameter is 400 au and velocity 
of the proton is 0.01 au. The laser intensity is 0.1 W/cm2. 
 

 

Figure 4. Transition probability as a function of laser frequency with collision. Here, impact parameter is 100 au and velocity 
of the proton is 0.01 au. The laser intensity is 0.01 W/cm2. 
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taken at intensity 0.01 W/cm2 and the velocity of incident 
projectile is v = 0.01 au with an impact parameter “b” as 
100.0 au. We can compare the results obtained in Figure 
3 and Figure 4. Although, the intensity of laser field is 
reduced, but due to a smaller value of impact parameter, 
the probabilities are completely changed. Now, even for 
zero frequency, we have some value of 26p, 26d and 27p 
due to the collisional field associated with the system. In 
Figure 4(a), when the frequency is 40.0 GHz survival 
probability of state 26s dips to 0.15 and after that become 
almost independent of frequency. Also, the transition 
probability of state 26d (dipole forbidden) becomes al-
most independent of frequency after 40.0 GHz. Figure 4, 
for n = 28, the transition probability triggered to maxi-
mum value to 0.34. Figure 4, also shows the transition 
probability of every level is higher for n > 27. Also, the 
transition probability of different l states of n = 29 are 
greater than transition probability of corresponding l 
states of n = 30. Similar behavior is observed for n = 31 
& 32 and n = 33 & 34. 

In Figure 5, we have presented the variation of transi-
tion probability with velocity of projectileat off-reso- 
nance frequency (54.56 GHz) and the impact parameter 
is 100 au. Panel a → i, represent transition probabilities 
for different n values, where different l levels are marked 
in the Figure 5 by s, p, d, f, g, h, i, j, k and l. We have 

shown the transition probability for different values of n 
(i.e. n = 26 → 34). Different levels of different n domi-
nates for various values of velocity, such as, in panel (a) 
26d level dominates for the entire range of velocity and 
in panel (b), for n = 27, transition probability of 27p 
dominates over 27d for low values of velocity whereas 
27d dominates over 27p for higher velocities. Also, as 
shown in panel (c) 28l shows the maximum probability 
for intermediate velocity and so on. 

In Figure 6, we present the variation of transition 
probability as a function of impact parameter “b”, where 
frequency of microwave field is 50.96 GHz and incident 
particle velocity v = 0.001 au. As shown in the figure, the 
transition probabilities of different n states are restricted 
to lower values of impact parameter as value of n in-
creases. For n > 28, we do not get any transition prob-
abilities beyond a value of b > 100 au. The behavior of 
transition probability variation is a general feature of the 
collision problem and can be explained on the basis of 
multichannel coupling effect. The interaction between 
the atom and Na-Rydberg atom is weak at large value of 
impact parameter compared to when the value of the im-
pact parameter is small, and due to this transition prob-
ability is negligible for large values of impact parameter. 
Also transition probability of PL(27p) is much greater in 
magnitude than PL(34p), at the same intensity. 

 

 

Figure 5. Transition probability with change in velocity of the projectile. Here, the impact parameter is 100 au, laser intensity 
is 0.1 W/cm2 and frequency is 54.56 GHz. 
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Figure 6. Transition probability with change in impact parameter. Here the frequency of laser is 225.45 GHz and velocity of 
proton (p) is 0.001 au. 
 

In Figure 7, the cross-section of the collisional excita-
tion of Na-Rydberg atom has been shown as a function 
of field frequency. Here the velocity of projectile is 0.01 
au. Figure 7 describe the variation of cross section for 
the transition 26s - 26p at an intensity I = 0.1 W/cm2. It is 
shown in Figure 7, there is a sharp decrease in the cross- 
section at 90 GHz, indicating theresonance for any other 
state. Also, a sharp peak at 135 GHz indicates the reso-
nance between 26s and 26p. Cross-section is triggered to 
maximum value of 7769 au2 at 135 GHz and then it at-
tain almost constant value after 145 GHz. Decrease in the 
value of cross-section of any state indicates that there is 
increase in the cross-section for some other level due to 
l-mixing in the presence of collision as sharp decrease 
here indicates for the resonance condition of any other 
level. 

Figure 8 shows the variation in the cross-section for 
the state 26s - 35s (which is dipole forbidden transition) 
as a function of field frequency. The velocity of projec-
tile is 0.01 au. Here the intensity of the field is 0.1 W/cm2. 
This particular transition is although not field coupled 
but the field frequency and intensity modifies the cross- 
section to significant level. As the projectile approaches 
the target the field generated by the interaction of proton 

and atom modifies the states and we get significant re-
sults for dipole forbidden states also. As here shown in 
Figure 8, this cross section is due to l-mixing modified 
by collision. It is found that the cross-section is signifi-
cant only for particular values of frequencies and not for 
all. For these particular frequencies resonance occurs 
with the collisional field. 
 

 

Figure 7. Cross-section with change in frequency for state 
26s - 26p. 
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Figure 8. Coss-section with change in frequency for state 
26s - 35s, which is dipole forbidden transition. 

5. Summary and Conclusion 

We have described a combination of Floquet approach 
for the radiation part and the close-coupling diagonaliza-
tion technique for the collision part for the study of colli-
sional aided radiative excitation of dressed atomic state 
in the presence of the laser field. The effect of collision 
on the radiative excitation process is discussed in detail 
by changing various collision parameters, for example, 
the collision velocity, impact parameter etc. We have 
shown that the laser can enhance the transition probabili-
ties when the frequency is quite near the resonance of the 
atomic state. We also calculated total cross-section for 
dipole allowed as well as dipole forbidden transition for 
proton impact with Na-Rydberg atom in the presence of 
the microwave field and our results fairly match with 
various experimental and theoretical results, for example, 
in case of 30s → 30p transition our results for E0 → 0 
closely matches with those of [15]. Finally our method is 
quite general and can be extended to other (ion-atom), 
(atom-atom) collisions in the presence of laser beam with 
an arbitrary interaction potential. Also, there is no doubt 
that the unusual properties of the Rydberg atoms will 
open the new lines of research in collision physics. 
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