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ABSTRACT 

A Java program in a GUI environment has been developed for the numerical solution of basic partial differential equa-
tions and applied to Au diffusion in Si affected by vacancies and self-interstitials. Text fields of selected parameters for 
the calculation are set on the display, and the calculation starts by checking the start button after putting values on the 
text fields. The calculated results are plotted immediately after the finish of the calculation as the concentration profiles 
of substitutional Au, interstitial Au, vacancies and self-interstitials, and their diffusion can be presented immediately, 
resulting in the identification of the diffusion mechanism. By changing the values of the text fields, new results can be 
represented immediately. The diffusion of Au in Si can be simulated correctly and easily by this program. Results from 
the program for one set of conditions are shown, including images produced on the display. 
 
Keywords: Numerical Solution; Partial Differential Equations; Simulation of Impurity Diffusion; Java; Simulation of 

Partial Differential Equations 

1. Introduction 

Au atoms in Si occupy interstitial and substitutional sites, 
and the substitutional Au exists in three states depending 
on the heat treatment history [1]: high-temperature sub-
stitutional Au, low-temperature substitutional Au, and ag-
glomerations of substitutional Au. During the heat treat-
ment, high-temperature substitutional Au diffuses very 
slowly itself and the change in its concentration is domi-
nated by an interchange mechanism with interstitial Au 
and substitutional Au associated with vacancies [2] and 
self-interstitials [3]. In this case, the concentrations of 
substitutional Au, interstitial Au, vacancies and self-in- 
terstitials can be obtained from four partial differential 
equations [4,5]. The concentration of substitutional Au 
exhibits a diffusion profile depending on the relative 
contributions of vacancies and interstitial Si atoms [6]. 
The author has previously investigated Au diffusion us-
ing Java programming by obtaining a numerical solution 
to a single partial differential equation obtained from the 
above four differential equations under several approxi-
mations. This approach was adopted because of the dif-
ficulty of directly numerically solving the above four 
partial differential equations due to the limitation in the 
capacity of personal computers [7]. However, recently 
the capacity of personal computers has been progressing 
rapidly, and the author has been able to directly solve the  

four partial differential equations involved in Au diffu-
sion by Java programming. As a result, the diffusion of 
Au in Si can be simulated correctly and easily using Java 
in a GUI (Graphical User Interface) environment. 

2. Basic Partial Differential Equations for 
Au Diffusion in Si 

The basic diffusion equations for substitutional impuri-
ties, interstitial impurities, vacancies and self-interstitials 
in the interchange mechanism of interstitial and substitu-
tional impurities associated with vacancies and self-in-
terstitials are given as 
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Here, the terms caused by the internal sink-sources 
such as dislocations in Equations (2)-(5) based on the site 
conservation are added to the equations given in refer-
ence [4]. In above equations, N, t, x, K and D are concen-
tration, time, distance from surface, chemical reaction 
constant and diffusion constant. The subscripts s, i, V, I, Si, 
Vr, Ve, Ir, Ie, Ls, Fr, Fe, iSS, VSS,  and 0 stand for substitutional 
impurity, interstitial impurity, vacancy, self-interstitial, 
Si atom at a lattice site, vacancy recombination, vacancy 
emission, self-interstitial recombination, self-interstitial 
emission, lattice site, recombination of Frenkel pair, 
emission of Frenkel pair, emission and annihilation of 
interstitial impurity at internal sink-sources, emission and 
annihilation of vacancy at internal sink-sources, emission 
and annihilation of self-interstitial at internal sink-sources, 
and thermal equilibrium value. Each concentration is 
normalized by its thermal equilibrium concentration and 
the distance, x, is normalized by the specimen thickness, 
L, for easier numerical calculation. 
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Here, C is the normalized concentration and ξ is x/L. 
The coefficients are given as follows. 
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3. Crank-Nicolson’s Implicit Method and 
Gauss-Seidel’s Iteration Method 

The partial differential terms in the equations are approxi-
mated to the difference equations by Crank-Nicolson’s 
implicit method. Namely, an advanced differential-dif- 
ference approximation is used for the partial differential 
by time, ∂C/∂t, and a neutral differential-difference ap-
proximation is used for the partial differential by distance, 
∂2C/∂ξ2. 
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neutral value for the function of C, f(C), according to 
Crank-Nicolson.     i,j+1 i,j
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Here, k and h are the differences of t and ξ, respec-
tively. We define      i, j, i ,  jC t C h k C   , where i = 
0, 1, 2, 3, ···, imax and j = 0, 1, 2, 3, ···, jmax. We use the  

We obtain the value of Cs at    s i, j 1j 1 ,t k C   , by 
applying Equations (32)-(34) to Equation (6). 

 
         

 

             

 

s1 s2 s3 4i i,j+1 V i,j+1 i i,j V i,j s i,j i i,j+1 Si i,j+1 i i,j Si i,j I i,j s i,j s i,j

s i,j+1
s2 s4 s2 s4I i,j+1 I i,j+1

( ) ( )
.

1 1

sb C C C C b C b C C C C b C C C
C

b b C b b C

    
 

   
 (35) 

Here, s1 s1 2b ka , s2 Ve 2b kK , s3 s3 2b ka  and s4 s4 2b ka . We obtain  i i, j 1C  ,  and V i, j 1C   I i, j 1C   by 
applying Equations (32)-(34) to Equations (7)-(9), respectively. 
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Calculating the new value of a variable, such as  i, j 1C  , 

involves using unknown values of variables such as 

 i 1, j 1  in Equations (35)-(38). Here, we use Gauss- 
Seidel iteration method, in which the previously calcu-
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The chemical reaction constants for the recombination 
reactions based on random diffusion to sinks are given by 
Damask and Dienes [8]. 
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tween interstitial impurity and vacancy, substitutional 
impurity and self-interstitial, and vacancy and self-inter-
stitial. The chemical reaction constants for the creation 
reactions are given from thermal equilibrium conditions 
as follows, 
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The chemical reaction constants of the internal sink- 
sources, are given also by Damask and Dienes, 
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for cylindrical internal sink-sources with a density of nd. 
We used a single atomic distance of 0.234 nm for the 

recombination distances and the capture radius, by as-
suming that the recombination and the capture occur for 
the nearest neighbours. The thermal equilibrium concen-
tration of substitutional Au in Si is given by Collins, 
Carlson and Gallagher [9] 
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and the diffusion constant and thermal equilibrium con-
centration of interstitial Au in Si is given by Willcox and 
LaChapelle [10] 
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Values of the thermal equilibrium concentrations and 
diffusion constants of vacancies and self-interstitials dif-
fer greatly between different authors, by as much as 6 

orders of magnitude [11]. Therefore, it is difficult to 
choose particular values. On the other hand, compara-
tively consistent products of the equilibrium concentra-
tion and the diffusion constant are available [12]. The 
self-diffusion of host atoms is given by summing two 
vacancy and self-interstitial terms [11]. In our case [6], 
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take into account the correlation factors. Here, Dself is the 
self-diffusion constant of Si atom, whose value does not 
differ much among the authors [13], and we use aD times 
value of the equation by Demond et al. [14], 
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where 0.1 ≤ aD ≤ 10. We chose the contribution rate of 
self-interstitials, dIsd, as a constant related to the concen-
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where, fI is the correlation factor of the self-interstitials. 
Then the contribution rate of vacancies, dVsd, is obtained as 
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where, fV is the correlation factor of the vacancies. In our 
case, fI = 0.7273 and fV = 0.5. A value of either one of the 
equilibrium concentrations or a diffusion constant is nec-
essary in order to fix both of them from Equations (57) 
and (58). It is better to use a diffusion constant as it has a 
true physical nature, whereas fixing a equilibrium con-
centration at some arbitrary value can cause difficulties, 
such as unrealistically small diffusion constant if that con-
tribution is in reality very small. We use aV times value of 
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by Masters and Gorey [15], and aI times value of 
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10 exp cm s ,D a

kT
     

 
     (60) 

by Tan and Gösele [16], where 0.1 ≤ aV ≤ 10 and 0.1 ≤ aI ≤ 
10. NSi0 is obtained by Equations (6) and (58), 

Ls s0
Si0

Vsd self

V V

.

1

N N
N

d D

f D



 
 

 

           (61) 

NI0 and NV0 are obtained by Equations (57) and (58), 
respectively. 

Isd self Si0
I0

I I

,
d D N

N
f D

            (62) 
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Vsd self Si0
V0

V V

.
d D N

N
f D

            (63) 

5. Selection of Parameters 

The calculated results can be presented immediately as 
figures by changing the value of the text fields. We select 
T, L, dIsd, cr and jmax as the values of the text fields, where 
cr indicates the ratio of k to h, and 

2
r .
2

c h
k                 (64) 

Here, cr = 1 is the condition of convergence in the ex-
plicit method. Such a limitation for the convergence is 
not necessary in the implicit method, but the calculation 
does not converge in the Gauss-Seidel iteration if we use 
too large a value of cr. It is better to use a larger value of 
cr to provide a shorter computing time until a required 
diffusion time is achieved and then it is better to choose a 
larger convergence value after a tentative calculation with 
a small jmax using several cr values. 

6. Boundary and Initial Conditions 

The surface concentration of impurities during heat treat-
ment for impurity diffusion differs depending on the sur-
face conditions [17]. Therefore, we adopt a surface con-
dition with sufficient impurities to put the boundary con-
ditions of the surface into their equilibrium concentra-
tions, and the surface concentrations of vacancies and 
self-interstitials should be at their equilibrium concentra-
tions due to the presence of sufficient sink-sources of the 
surface. The boundary conditions at the other back sur-
face are the same as the top surface mentioned above, 
and we put i = imax at x = L/2 and the concentrations at 

max  is equal to those at max . We use the 
boundary conditions such as the thermal equilibrium con-
centration at i = 0 and the same concentration at 

 and i i . 

i i 1 

i i 1 

i i 1 

max max

The initial concentrations of impurities contributing to 
impurity indiffusion depend on the quality of the as- 
grown crystal, and we used 5 × 1010 cm–3 as the initial 
concentration of substitutional impurities assuming the 
quality as 99.9999999999%. We used 5.0 × 1010 × Ni0/Ns0 
cm–3 as the initial concentration of interstitial impurities. 
The initial concentration of substitutional impurities con-
tributing to out-diffusion can be set to the measured value 
after the pre-indiffusion of the impurities and that of in-
terstitial impurities is set to the equilibrium concentration 
at the pre-indiffusion temperature. The initial concentra-
tions of vacancies and self-interstitials in impurity indif-
fusion depend on the growth rate and on the longitudinal 
temperature gradient near the crystallization front [18], 
and we used NV ≤ 7.3 × 1012 cm–3, NI ≤ 2.6 × 1013 cm–3 
[11]. We used NV = a × 7.3 × 1012 cm–3 and NI = b × 2.6 × 

1013 cm–3 as the initial concentrations for impurity indif-
fusion, here, a ≤ 1 and b ≤ 1. Those for impurity 
out-diffusion can be set as the thermal equilibrium con-
centrations at the temperature for the pre-indiffusion heat- 
treatment. 

1 

7. Java Simulation 

One example of the program used here is shown below. 
The function of the main part of program is written as a 
comment line. Five text fields for temperature T, thick-
ness L, fraction of interstitial mechanism dIsd, the ratio of 
k to h, cr, and number of calculations (to determine the 
time) jmax are set on the display, and the calculation starts 
by checking the start button after putting the value in the 
text fields. The results are shown immediately as figures 
on the display after the end of the calculation, and the 
calculated results can be identified immediately. By 
changing the values of the text fields, the new results can 
be again be identified immediately. The distributions of 
the logarithmic concentrations of Cs, Ci, CV, CI and CSi 
are plotted on the display automatically in the range from 
(xxmini,yymini) to (xxmax,yymax). Six distributions at j = 0, j 
= jmax/5, j = 2 × jmax/5, j = 3 × jmax/5, j = 4 × jmax/5 and j = 
jmax for each concentration are plotted in our case. One of 
the computed results for the indiffusion process is shown 
in Figure 1 as an image on the display, and that for the 
annealing is shown in Figure 2. The diffusion mecha-
nism based on the simulations will be investigated in 
another paper. 

/* Numerical solution (Implicit and Gauss-Sedel method) 
of basic partial differential equations for Au diffusion in 
Si and graphics by Java (2012.05.25 M.Morooka) */ 

/*<applet code="DiffAuSi200JSEA.class" width=901 
height=800></applet>*/ 

import java.applet.Applet; 
import java.awt.*; 
import java.awt.event.*; 
public class DiffAuSi200JSEA extends Applet imple-

ments ActionListener { 
TextField txt1,txt2,txt3,txt4,txt5;  
Button btn1,btn2,btn3;  
Label lb1,lb2,lb3,lb4,lb5;  
String moji;  
double temp,dIsd,xL,cr; int jmax; 
public void init() { 
lb1 = new Label("temperature (C) temp ="); 
add(lb1); 
txt1 = new TextField(8); 
add(txt1); 
lb2 = new Label("fraction of Interstitial mechanism 

dIsd ="); 
add(lb2); 
txt2 = new TextField(8); 
add(txt2); 
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lb3 = new Label("thickness (cm) xL ="); 
add(lb3); 
txt3 = new TextField(8); 
add(txt3); 
lb4 = new Label("increment ratio of t (dt=0.5*cr*dx*dx), 

cr ="); 
add(lb4); 
txt4 = new TextField(8); 
add(txt4); 
lb5 = new Label("No. of calculation t, jmax ="); 
add(lb5); 
txt5 = new TextField(8); 
add(txt5); 
btn1 = new Button("start"); 
btn1.addActionListener(this); 
add(btn1); 
btn2 = new Button("clear"); 
btn2.addActionListener(this); 
add(btn2); 
btn3 = new Button("end"); 
btn3.addActionListener(this); 
add(btn3);  
} 
public void actionPerformed(ActionEvent e) { 
moji = e.getActionCommand(); 
repaint(); 
} 
public void paint(Graphics g) { 
if (moji=="start") { 
lb1.setText("temperature (C) temp ="); 
lb2.setText("fraction of Interstitial mechanism dIsd 

="); 
lb3.setText(" thickness (cm) xL ="); 
lb4.setText("increment ratio of t (dt=0.5*cr*dx*dx), cr 

="); 
lb5.setText("No. of calculation t, jmax ="); 
try { 
temp = Double.parseDouble(txt1.getText()); 
dIsd = Double.parseDouble(txt2.getText()); 
xL = Double.parseDouble(txt3.getText()); 
cr = Double.parseDouble(txt4.getText()); 
jmax = Integer.parseInt(txt5.getText()); 
} 
catch (NumberFormatException ex) { 
lb1.setText("input error"); 
} 
int i,j; 
// INPUT imax, i=0 at x=0, i=imax at x =0.5 

(0-----imax) 
int imax; imax = 50; 
double[] cs0 = new double[imax+2]; 
double[] cs1 = new double[imax+2]; 
double[] cs1Old = new double[imax+2]; 
double[] cAi0 = new double[imax+2]; 

double[] cAi1 = new double[imax+2]; 
double[] cAi1Old = new double[imax+2]; 
double[] cV0 = new double[imax+2]; 
double[] cV1 = new double[imax+2]; 
double[] cV1Old = new double[imax+2]; 
double[] cI0 = new double[imax+2]; 
double[] cI1 = new double[imax+2]; 
double[] cI1Old = new double[imax+2]; 
double[] cSi0 = new double[imax+2]; 
double[] cSi1 = new double[imax+2]; 
double[] cSi1Old = new double[imax+2]; 
// INPUT print out number between j=1 and jmax 
int jpn,jpm; 
jpn = 5; 
jpm = jmax/jpn;//interval of print out j=1 - jmax 
double[][] csOut = new double[imax+2][jpn+2]; 
double[][] cAiOut = new double[imax+2][jpn+2]; 
double[][] cVOut = new double[imax+2][jpn+2]; 
double[][] cIOut = new double[imax+2][jpn+2]; 
double[][] cSiOut = new double[imax+2][jpn+2]; 
double[] diftime = new double[jpn+2]; //diffusion time 
// INPUT constants cs0,dself,dV,aD 
double cN0,k,kT,csN0,cAiN0,dAi,dself,dVsd,dV,fV, 

cVN0,fI,dI,cIN0,cSiN0; 
cN0 = 4.9968e22; //density of site in Si 
k=8.617386e-5; kT=k*(temp+273.15); 
// INPUT surface concentration 
dVsd=1.0-dIsd; 
csN0=8.15e22*Math.exp(-1.76/kT); //Ns0 by Collins 
cAiN0=5.95e24*Math.exp(-2.52/kT); //Ni0 by Willcox 
dAi=2.44e-4*Math.exp(-0.386/kT); //Di by Willcox 
double aD; aD=10.0; 
dself=aD*25.0*Math.exp(-4.50/kT); //Dself by Demond 
fV=0.5; fI=0.7273; 
double aV,aI; aV=10.0; aI = 1.0; 
dV=aV*10.0*Math.exp(-1.47/kT); // DV by Masters 
dI=aI*1.0e-5*Math.exp(-0.4/kT); // DI by Tan 
cSiN0=(cN0-csN0)/(1.0+dVsd*dself/(fV*dV)); //NSi0 
cVN0=dVsd*dself*cSiN0/(fV*dV); // NV0 
cIN0=dIsd*dself*cSiN0/(fI*dI); // NI0  
// INPUT initial value of cs,cAi,cV,cI,cSi at t=0 
double csNi,cAiNi,cVNi,cINi,cSiNi; 
double cs0i,cAi0i,cV0i,cI0i,cSi0i; 
double ai,abi,aVi,aIi; 
ai=0.5; 
csNi=7.5e16;//experimental varue at annealing 
csNi=ai*5.0e10;//at indiffusion 
cs0i = csNi/csN0; 
abi=0.5; 
cAiNi=5.95e24*Math.exp(-2.52e0/(k*(1150+273.15))); 

// at annealing (solid solubility at pre-indiffusion 1150C) 
cAiNi=abi*csNi*cAiN0/csN0;// at indiffusion 
cAi0i = cAiNi/cAiN0; 
aVi=1.0; 
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cVNi=4.2e12;//at annealing (NV0 at pre-indiffusion) 
cVNi=aVi*7.3e12;//at indiffusion 
cV0i = cVNi/cVN0; 
aIi=1.0; 
cINi=5.2e14;//at annealing (NI0 at pre-indiffusion) 
cINi=aIi*2.6e13;//at indiffusion 
cI0i = cINi/cIN0; 
cSi0i = (cN0-csNi-cVNi)/cSiN0; 
// INPUT boundary values of cs,cAi,cV,cI,cSi at x=0 
double c00,cs00,cAi00,cV00,cI00,cSi00; 
c00 = 1.0;  
cs00 = c00; cAi00 = c00; 
cV00 = c00; cI00 = c00; 
cSi00 = (cN0-cs00*csN0-cV00*cVN0)/cSiN0; 
double h,r,kk,tmax; 
h = 0.5/(double)imax; //increment of x/xL 
r=0.5*cr; kk=r*h*h; //increment of t, dt=kk 
tmax=kk*(double)jmax; //j=0 at t=0, j=jmax at t=tmax 
double arcAi,aNc,aKAiSS,aNd,arcV,aKVSS,arcI, 
aKISS,arAiV,aKVr,aKVe,arsI,aKIr,aKIe,arVI,aKFr,a

KFe; 
// emission and anihiration of int.Au into/from sink- 

sources 
arcAi=2.34e-8; //capture radius of int.Au  
// INPUT sink-source density aNc 
aNc=0.0; aKAiSS=4.0*Math.PI*arcAi*aNc*dAi; 
// emission and anihiration of vacancy and int.Si 

into/from sink-sources 
// INPUT dislocation density aNd (cm-2) 
aNd=20000.0; 
arcV=2.34e-8; //capture distance of vacancy 
aKVSS=2.0*Math.PI*aNd*dV*Math.log(1.0/(arcV* 
Math.sqrt(Math.PI*aNd))); 
if(aNd<=0.1){ 
aKVSS=0.0; 
} 
arcI=2.34e-8; //capture radius of int.Si 
aKISS=2.0*Math.PI*aNd*dI*Math.log(1.0/(arcI*Math. 
sqrt(Math.PI*aNd))); 
if(aNd<=0.1){ 
aKISS=0.0; 
} 
// recombination rate of int.Au and vacancy 
arAiV=2.34e-8; //recombination distance 
aKVr=4.0*Math.PI*arAiV*(dAi+dV); 
aKVe=aKVr*cAiN0*cVN0/csN0; 
// recombination rate of subt.Au and int.Si 
arsI=2.34e-8; //recombination distance  
aKIr=4.0*Math.PI*arsI*dI; 
aKIe=aKIr*cIN0*csN0/(cAiN0*cSiN0); 
// recombination rate of vacancy and int.Si 
arVI=2.34e-8; //recombination distance 
aKFr=4.0*Math.PI*arVI*(dV+dI); 
aKFe=aKFr*cIN0*cVN0/cSiN0; 

// symplify of the constants 
double as1,as3,as4,aAi1,aAi2,aAi3,aAi4,aAi5; 
as1=aKVr*cAiN0*cVN0/csN0; 
as3=aKIe*cAiN0*cSiN0/csN0; 
as4=aKIr*cIN0; 
aAi1=aKVr*cVN0; aAi2=aKVe*csN0/cAiN0;  
aAi3=aKIe*cSiN0;  
aAi4=aKIr*cIN0*csN0/cAiN0; aAi5=dAi/(xL*xL); 
double aV1,aV2,aV3,aV4,aV5,aI1,aI2,aI3,aI4,aI5; 
aV1=aKVr*cAiN0; aV2=aKVe*csN0/cVN0; 
aV3=aKFe*cSiN0/cVN0; 
aV4=aKFr*cIN0; aV5=dV/(xL*xL); 
aI1=aKIe*cAiN0*cSiN0/cIN0; aI2=aKIr*csN0; 
aI3=aKFe*cSiN0/cIN0; 
aI4=aKFr*cVN0; aI5=dI/(xL*xL); 
double a05,a06,a07; 
a05 = cN0/cSiN0; a06 = csN0/cSiN0;  
a07 = cVN0/cSiN0; 
// symplify of the constants 2 
double bs1,bs2,bs3,bs4,bAi1,bAi2,bAi3,bAi4,bAi5, 
bAi6; 
bs1=kk*as1/2.0; bs2=kk*aKVe/2.0; bs3=kk*as3/2.0;  
bs4=kk*as4/2.0; 
bAi1=kk*aAi1/2.0; bAi2=kk*aAi2/2.0; 
bAi3=kk*aAi3/2.0; 
bAi4=kk*aAi4/2.0; bAi5=kk*aAi5/(2.0*h*h);  
bAi6=kk*aKAiSS/2.0; 
double bV1,bV2,bV3,bV4,bV5,bV6,bI1,bI2,bI3,bI4, 
bI5,bI6; 
bV1=kk*aV1/2.0; bV2=kk*aV2/2.0; bV3=kk*aV3/2.0; 
bV4=kk*aV4/2.0; bV5=kk*aV5/(2.0*h*h);  
bV6=kk*aKVSS/2.0; 
bI1=kk*aI1/2.0; bI2=kk*aI2/2.0; bI3=kk*aI3/2.0; 
bI4=kk*aI4/2.0; bI5=kk*aI5/(2.0*h*h);  
bI6=kk*aKISS/2.0; 
// boundary conditions 
cs0[0] = cs00; cs1[0] = cs00; 
cAi0[0] = cAi00; cAi1[0] = cAi00; 
cV0[0] = cV00; cV1[0] = cV00;  
cI0[0] = cI00; cI1[0] = cI00;  
cSi0[0] = cSi00; cSi1[0] = cSi00;  
for (j=0;j<=jpn;++j) { 
csOut[0][j]=cs00; 
cAiOut[0][j]=cAi00; 
cVOut[0][j]=cV00; 
cIOut[0][j]=cI00; 
cSiOut[0][j]=cSi00; 
} 
// initial conditions 
for (i=1;i<=imax+1;++i) { 
cs0[i] = cs0i; cs1[i] = cs0i; csOut[i][0] = cs0i; 
cAi0[i] = cAi0i; cAi1[i] = cAi0i;  
cAiOut[i][0] = cAi0i; 
cV0[i] = cV0i; cV1[i] = cV0i; cVOut[i][0] = cV0i; 
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cI0[i] = cI0i; cI1[i] = cI0i; cIOut[i][0] = cI0i; 
cSi0[i] = cSi0i; cSi1[i] = cSi0i; cSiOut[i][0] = cSi0i; 
} 
diftime[0] = 0.0; 
// Crank Nicolson implicit method 
int jpd,jp; jpd = 0; jp = 0; 
// INPUT maximum of iteration in Gauss-Sedel 
int mgs; mgs=100; 
// INPUT convergence value in Gauss-Sedel 
double egs; egs=1.0e-10; 
int igs; 
double 

fs1,fs2,gs,fAi1,fAi2,fAi3,fAi4,gAi,fV1,fV2,fV3, 
fV4,gV,fI1,fI2,fI3,fI4,gI; 
double ecm,ecs,ecsm,ecAi,ecAim,ecV,ecVm,ecI,ecIm, 
ecSi,ecSim; 
ecm = 0.0; 
for (j=0;j<=jmax;j++) { 
// Gauu-Seidel iteration 
igs=0; 
do { 
igs=igs+1; 
if(igs>=mgs){ 
System.out.println("Gauss-Seidel dosn't converge, mgs 

= "+mgs+"egs = "+egs+"ecm = "+ecm); 
System.exit(0); 
} 
ecsm=0.0; ecAim=0.0; ecVm=0.0; ecIm=0.0;  
ecSim=0.0; 
for (i=1;i<=imax;i++) { 
cs1Old[i]=cs1[i]; 
cAi1Old[i]=cAi1[i]; 
cV1Old[i]=cV1[i]; 
cI1Old[i]=cI1[i]; 
cSi1Old[i]=cSi1[i]; 
if(i==imax) { 
cs1[imax+1]=cs1[imax-1]; 
cAi1[imax+1]=cAi1[imax-1]; 
cV1[imax+1]=cV1[imax-1]; 
cI1[imax+1]=cI1[imax-1]; 
cSi1[imax+1]=cSi1[imax-1]; 
cs1Old[imax+1]=cs1Old[imax-1]; 
cAi1Old[imax+1]=cAi1Old[imax-1]; 
cV1Old[imax+1]=cV1Old[imax-1]; 
cI1Old[imax+1]=cI1Old[imax-1]; 
cSi1Old[imax+1]=cSi1Old[imax-1]; 
}  
fs1=bs1*(cAi1[i]*cV1[i]+cAi0[i]*cV0[i])-bs2* 
cs0[i]; 
fs2=bs3*(cAi1[i]*cSi1[i]+cAi0[i]*cSi0[i])-bs4* 
cI0[i]*cs0[i]; 
gs=1.0+bs2+bs4*cI1[i]; 
cs1[i]=(fs1+fs2+cs0[i])/gs; 
fAi1=-bAi1*cAi0[i]*cV0[i]+bAi2*(cs1[i]+ 

cs0[i]); 
fAi2=-bAi3*cAi0[i]*cSi0[i]+bAi4*(cI1[i]* 
cs1[i]+cI0[i]*cs0[i]); 
fAi3=bAi5*(cAi0[i+1]-2.0*cAi0[i]+cAi0[i-1]+ 
cAi1[i+1]+cAi1[i-1]); 
fAi4=bAi6*(2.0-cAi0[i]); 
gAi=1.0+bAi1*cV1[i]+bAi3*cSi1[i]+2.0*bAi5 
+bAi6; 
cAi1[i]=(fAi1+fAi2+fAi3+fAi4+cAi0[i])/gAi; 
fV1=-bV1*cAi0[i]*cV0[i]+bV2*(cs1[i]+cs0[i]); 
fV2=bV3*(cSi1[i]+cSi0[i])-bV4*cV0[i]*cI0[i]; 
fV3=bV5*(cV0[i+1]-2.0*cV0[i]+cV0[i-1]+ 
cV1[i+1]+cV1[i-1]); 
fV4=bV6*(2.0-cV0[i]); 
gV=1.0+bV1*cAi1[i]+bV4*cI1[i]+2.0*bV5+ 
bV6; 
cV1[i]=(fV1+fV2+fV3+fV4+cV0[i])/gV;  
fI1=bI1*(cAi1[i]*cSi1[i]+cAi0[i]*cSi0[i])-bI2* 
cI0[i]*cs0[i]; 
fI2=bI3*(cSi1[i]+cSi0[i])-bI4*cV0[i]*cI0[i]; 
fI3=bI5*(cI0[i+1]-2.0*cI0[i]+cI0[i-1]+cI1[i+1]+ 

cI1[i-1]); 
fI4=bI6*(2.0-cI0[i]); 
gI=1.0+bI2*cs1[i]+bI4*cV1[i]+2.0*bI5+bI6; 
cI1[i]=(fI1+fI2+fI3+fI4+cI0[i])/gI; 
cSi1[i] = a05-a06*cs1[i]-a07*cV1[i]; 
ecs=Math.abs((cs1[i]-cs1Old[i])/cs1Old[i]); 
ecsm=Math.max(ecs,ecsm); 
ecAi=Math.abs((cAi1[i]-cAi1Old[i])/ 
cAi1Old[i]); 
ecAim=Math.max(ecAi,ecAim); 
ecV=Math.abs((cV1[i]-cV1Old[i])/cV1Old[i]); 
ecVm=Math.max(ecV,ecVm); 
ecI=Math.abs((cI1[i]-cI1Old[i])/cI1Old[i]); 
ecIm=Math.max(ecI,ecIm); 
ecSi=Math.abs((cSi1[i]-cSi1Old[i])/cSi1Old[i]); 
ecSim=Math.max(ecSi,ecSim); 
ecm=Math.max(ecsm,ecAim);  
ecm=Math.max(ecm,ecVm); 
ecm=Math.max(ecm,ecIm); 
ecm=Math.max(ecm,ecSim); 
} 
if(ecm<egs) { 
for (i=1;i<=imax+1;i++) { 
cs0[i]=cs1[i]; 
cAi0[i]=cAi1[i]; 
cV0[i]=cV1[i]; 
cI0[i]=cI1[i]; 
cSi0[i]=cSi1[i]; 
} 
}  
}while(ecm>=egs); 
// Gauss Seidel iteration end 
// print out values between j=0 (t=0) and j=jmax 
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jpd=jpd+1; 
if(jpd>=jpm){ 
jpd=0; 
jp=jp+1; 
for (i=0;i<=imax;i++) { 
csOut[i][jp]=cs1[i]; 
cAiOut[i][jp]=cAi1[i]; 
cVOut[i][jp]=cV1[i]; 
cIOut[i][jp]=cI1[i]; 
cSiOut[i][jp]=cSi1[i]; 
} 
diftime[jp]=jp*jpm*kk; 
} 
} 
// Crank Nicolson end 
// graphics 
// maxmum and minimum values 
double xmini,xmax,y1mini,y1max,y2mini,y2max, 
y3mini,y3max,y4mini,y4max,y5mini,y5max,ymini,ym

ax; 
xmini = 0.0; xmax = 0.5; 
y1mini = csOut[0][0]; y1max = csOut[0][0]; 
y2mini = cAiOut[0][0]; y2max = cAiOut[0][0]; 
y3mini = cVOut[0][0]; y3max = cVOut[0][0]; 
y4mini = cIOut[0][0]; y4max = cIOut[0][0]; 
y5mini = cSiOut[0][0]; y5max = cSiOut[0][0]; 
for (j=0;j<=jpn;j++) { 
for (i=0;i<=imax; i++) { 
y1max = Math.max(csOut[i][j],y1max); 
y1mini = Math.min(csOut[i][j],y1mini); 
y2max = Math.max(cAiOut[i][j],y2max); 
y2mini = Math.min(cAiOut[i][j],y2mini); 
y3max = Math.max(cVOut[i][j],y3max); 
y3mini = Math.min(cVOut[i][j],y3mini); 
y4max = Math.max(cIOut[i][j],y4max); 
y4mini = Math.min(cIOut[i][j],y4mini); 
y5max = Math.max(cSiOut[i][j],y5max); 
y5mini =Math.min(cSiOut[i][j],y5mini); 
} 
} 
ymini = Math.min(y1mini,y2mini); 
ymini = Math.min(ymini,y3mini);  
ymini = Math.min(ymini,y4mini); 
ymini = Math.min(ymini,y5mini);  
ymax = Math.max(y1max,y2max); 
ymax = Math.max(ymax,y3max); 
ymax = Math.max(ymax,y4max); 
ymax = Math.max(ymax,y5max); 
// Log(csOut),,,,,, 
double[][] csOutLog = new double[imax+2][jpn+2]; 
double[][] cAiOutLog = new double[imax+2][jpn+2]; 
double[][] cVOutLog = new double[imax+2][jpn+2]; 
double[][] cIOutLog = new double[imax+2][jpn+2]; 
double[][] cSiOutLog = new double[imax+2][jpn+2]; 

for (j=0;j<=jpn;j++) { 
for (i=0;i<=imax;i++) { 
csOutLog[i][j]=Math.log(csOut[i][j])/Math. 
log(1.0e1); 
cAiOutLog[i][j]=Math.log(cAiOut[i][j])/Math. 
log(1.0e1); 
cVOutLog[i][j]=Math.log(cVOut[i][j])/Math. 
log(1.0e1); 
cIOutLog[i][j]=Math.log(cIOut[i][j])/Math. 
log(1.0e1); 
cSiOutLog[i][j]=Math.log(cSiOut[i][j])/Math. 
log(1.0e1);  
} 
} 
double y1miniLog,y1maxLog,y2miniLog,y2maxLog, 
y3miniLog,y3maxLog,y4miniLog,y4maxLog,y5miniL

og, 
y5maxLog,yminiLog,ymaxLog; 
y1miniLog = Math.log(y1mini)/Math.log(1.0e1); 
y1maxLog = Math.log(y1max)/Math.log(1.0e1); 
y2miniLog = Math.log(y2mini)/Math.log(1.0e1); 
y2maxLog = Math.log(y2max)/Math.log(1.0e1); 
y3miniLog = Math.log(y3mini)/Math.log(1.0e1); 
y3maxLog = Math.log(y3max)/Math.log(1.0e1); 
y4miniLog = Math.log(y4mini)/Math.log(1.0e1); 
y4maxLog = Math.log(y4max)/Math.log(1.0e1); 
y5miniLog = Math.log(y5mini)/Math.log(1.0e1); 
y5maxLog = Math.log(y5max)/Math.log(1.0e1); 
yminiLog = Math.log(ymini)/Math.log(1.0e1); 
ymaxLog = Math.log(ymax)/Math.log(1.0e1); 
// painting boundary 
int xxmini,xxmax,yymini,yymax; 
xxmini = 100; xxmax = 850; 
yymini = 100; yymax = 700;    
// painting place 
int[] xx = new int[imax+2]; 
int[][]yy1 = new int[imax+2][jpn+2]; 
int[][] yy2 = new int[imax+2][jpn+2]; 
int[][] yy3 = new int[imax+2][jpn+2]; 
int[][] yy4 = new int[imax+2][jpn+2]; 
int[][] yy5 = new int[imax+2][jpn+2]; 
double[] xt = new double[imax+2]; 
for (i=0;i<=imax;i++) { 
xt[i] = xmini+(xmax-xmini)*(double)i/(double)imax; 
} 
double xxa,yy1a,yy2a,yy3a,yy4a,yy5a;    
for (i=0;i<=imax;i++) { 
xxa = (double)xxmini + (xt[i]-xmini)/(xmax-xmini)*( 
(double)xxmax-(double)xxmini); 
xx[i] = (int)xxa; 
} 
for (j=0;j<=jpn;j++) { 
for (i=0;i<=imax;i++) { 
yy1a =(double)yymax - (csOutLog[i][j]-yminiLog) 
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/(ymaxLog-yminiLog)*(double)(yymax-yymini); 
yy2a=(double)yymax- (cAiOutLog[i][j]-yminiLog) 
/(ymaxLog-yminiLog)*(double)(yymax-yymini); 
yy3a =(double)yymax- (cVOutLog[i][j]-yminiLog) 
/(ymaxLog-yminiLog)*(double)(yymax-yymini); 
yy4a =(double)yymax - (cIOutLog[i][j]-yminiLog) 
/(ymaxLog-yminiLog)*(double)(yymax-yymini); 
yy5a=(double)yymax- (cSiOutLog[i][j]-yminiLog) 
/(ymaxLog-yminiLog)*(double)(yymax-yymini); 
yy1[i][j] = (int)yy1a; 
yy2[i][j] = (int)yy2a; 
yy3[i][j] = (int)yy3a; 
yy4[i][j] = (int)yy4a; 
yy5[i][j] = (int)yy5a; 
} 
} 
// painting 
g.drawLine(xxmini,yymini,xxmini,yymax); 
g.drawLine(xxmini,yymax,xxmax,yymax); 
g.drawLine(xxmax,yymax,xxmax,yymini); 
g.drawLine(xxmax,yymini,xxmini,yymini); 
for (j=0;j<=jpn;j++) { 
for (i=0;i<=imax-1; ++i) { 
try { 
g.setColor(Color.darkGray); 
g.drawLine(xx[i],yy3[i][j],xx[i+1],yy3[i+1][j]); 
g.setColor(Color.magenta); 
g.drawLine(xx[i],yy4[i][j],xx[i+1],yy4[i+1][j]); 
g.setColor(Color.black); 
g.drawLine(xx[i],yy5[i][j],xx[i+1],yy5[i+1][j]); 
g.setColor(Color.blue); 
g.drawLine(xx[i],yy2[i][j],xx[i+1],yy2[i+1][j]); 
g.setColor(Color.red); 
g.drawLine(xx[i],yy1[i][j],xx[i+1],yy1[i+1][j]); 
} 
catch (ArrayIndexOutOfBoundsException ex) {} 
} 
} 
int[] sdiftime = new int[jpn+1]; //diffusion time for 

print 
String[] s = new String[jpn+1]; 
for (j=0;j<=jpn;j++) { 
sdiftime[j] = (int)diftime[j]; 
s[j] = Integer.toString(sdiftime[j]); 
g.drawString("time("+j+") = "+s[j]+" (s)",xxmax-100, 

yymax-15-15-15*j); 
} 
String s1; s1 = Double.toString(kk); 
g.drawString("increment of time kk = "+s1+" (s)", 
xxmax-200, yymax-15); 
String scsmax,scsmini,scAimax,scAimini,scVmax, 
scVmini,scImax,scImini,scSimax,scSimini; 
float y1miniP,y1maxP,y2miniP,y2maxP,y3miniP, 
y3maxP,y4miniP,y4maxP,y5miniP,y5maxP; 

y1miniP = (float)y1mini; y1maxP = (float)y1max; 
y2miniP = (float)y2mini; y2maxP = (float)y2max; 
y3miniP = (float)y3mini; y3maxP = (float)y3max; 
y4miniP = (float)y4mini; y4maxP = (float)y4max; 
y5miniP = (float)y5mini; y5maxP = (float)y5max; 
scsmax = Float.toString(y1maxP);  
scsmini = Float.toString(y1miniP); 
scAimax = Float.toString(y2maxP);  
scAimini = Float.toString(y2miniP); 
scVmax = Float.toString(y3maxP);  
scVmini = Float.toString(y3miniP); 
scImax = Float.toString(y4maxP);  
scImini = Float.toString(y4miniP); 
scSimax = Float.toString(y5maxP);  
scSimini = Float.toString(y5miniP); 
g.setColor(Color.darkGray); 
g.drawString("cVmax = "+scVmax+"cVmini = 

"+scVmini, xxmax-300, yymini+80); 
g.setColor(Color.magenta); 
g.drawString("cImax= "+scImax+"cImini = "+scImini, 

xxmax-300, yymini+95); 
g.setColor(Color.black); 
g.drawString("cSimax = "+scSimax+"cSimini = 

"+scSimini, xxmax-300, yymini+110); 
g.setColor(Color.blue); 
g.drawString("cAimax = "+scAimax+"cAimini = 

"+scAimini, xxmax-300, yymini+65); 
g.setColor(Color.red); 
g.drawString("csmax   = "+scsmax+"     csmini  

= "+scsmini, xxmax-300, yymini+50); 
g.setColor(Color.black); 
String s21,s22,s23,s24,s25; 
double csimaxjp,cAiimaxjp,cVimaxjp,cIimaxjp, 
cSiimaxjp; 
csimaxjp = csN0*csOut[imax][jpn]; 
cAiimaxjp = cAiN0*cAiOut[imax][jpn]; 
cVimaxjp = cVN0*cVOut[imax][jpn]; 
cIimaxjp = cIN0*cIOut[imax][jpn]; 
cSiimaxjp = cSiN0*cSiOut[imax][jpn]; 
float csimaxjpP,cAiimaxjpP,cVimaxjpP,cIimaxjpP, 
cSiimaxjpP; 
csimaxjpP = (float)csimaxjp; 
cAiimaxjpP = (float)cAiimaxjp; 
cVimaxjpP =  (float)cVimaxjp; 
cIimaxjpP =  (float)cIimaxjp; 
cSiimaxjpP =  (float)cSiimaxjp; 
s21 = Float.toString(csimaxjpP); 
g.drawString("csNat 0.5*xL and "+s[jpn]+" (s)  = 

"+s21, xxmax-290, yymax-180); 
s22 = Float.toString(cAiimaxjpP); 
g.drawString("cAiN at 0.5*xL and "+s[jpn]+" (s)= 

"+s22, xxmax-290, yymax-165); 
s23 = Float.toString(cVimaxjpP); 
g.drawString("cVN at 0.5*xL and "+s[jpn]+" (s)= 
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"+s23, xxmax-290, yymax-150); 
s24 = Float.toString(cIimaxjpP); 
g.drawString("cIN at 0.5*xL and "+s[jpn]+" (s)= 

"+s24, xxmax-290, yymax-135); 
s25 = Float.toString(cSiimaxjpP); 
g.drawString("cSi at 0.5*xL and "+s[jpn]+" (s)= "+s25, 

xxmax-290, yymax-120); 
String s31,s32,s33,s34,s35,s36,s37,s38; 
float csN0P,cAiN0P,dAiP,cVN0P,dVP,cIN0P,dIP, 
dselfP; 
csN0P = (float)csN0; 
cAiN0P = (float)cAiN0; 
dAiP = (float)dAi; 
cVN0P = (float)cVN0; 
dVP = (float)dV; 
cIN0P = (float)cIN0; 
dIP = (float)dI; 
dselfP = (float)dself; 
String s31i,s32i,s34i,s36i; 
float csNiP,cAiNiP,cVNiP,cINiP; 
csNiP = (float)csNi; 
cAiNiP = (float)cAiNi; 
cVNiP = (float)cVNi; 
cINiP = (float)cINi; 
s31 = Float.toString(csN0P); 
g.drawString("csN0 = "+s31+" (/cc)", xxmax-290, 

yymax-375); 
s31i = Float.toString(csNiP); 
g.drawString("csNi= "+s31i+" (/cc)", xxmax-290, yy-

max-360); 
s32 = Float.toString(cAiN0P); 
g.drawString("cAiN0 = "+s32+" (/cc)", xxmax-290, 

yymax-345);  
s32i = Float.toString(cAiNiP); 
g.drawString("cAiNi = "+s32i+" (/cc)", xxmax-290, 

yymax-330); 
s33 = Float.toString(dAiP); 
g.drawString("dAi= "+s33+" (cm^2/s)", xxmax-290, 

yymax-315); 
s34 = Float.toString(cVN0P); 
g.drawString("cVN0 = "+s34+" (/cc)", xxmax-290, 

yymax-300); 
s34i = Float.toString(cVNiP); 
g.drawString("cVNi = "+s34i+" (/cc)", xxmax-290, 

yymax-285); 
s35 = Float.toString(dVP); 
g.drawString("dV = "+s35+" (cm^2/s)", xxmax-290, 

yymax-270); 
s36 = Float.toString(cIN0P); 
g.drawString("cIN0  = "+s36+" (/cc)", xxmax-290, 

yymax-255);  
s36i = Float.toString(cINiP); 
g.drawString("cINi = "+s36i+" (/cc)", xxmax-290, 

yymax-240); 

s37 = Float.toString(dIP); 
g.drawString("dI = "+s37+" (cm^2/s)", xxmax-290, 

yymax-225); 
s38 = Float.toString(dselfP); 
g.drawString("dself = "+s38+" (cm^2/s)", xxmax-290, 

yymax-210); 
// scale and label 
int xxp; 
double xxpd; 
xxpd = (xxmax-xxmini)/(xmax - xmini)*0.1; 
xxp = (int)xxpd; 
g.drawLine(xxmini,yymax,xxmini,yymax-10); 
g.drawString("0.0", xxmini-10, yymax+20); 
g.drawLine(xxmini+xxp,yymax,xxmini+xxp,yymax- 
10); 
g.drawString("0.1", xxmini+xxp-10, yymax+20); 
g.drawLine(xxmini+xxp*2,yymax,xxmini+xxp*2, 
yymax-10); 
g.drawString("0.2", xxmini+xxp*2-10, yymax+20); 
g.drawLine(xxmini+xxp*3,yymax,xxmini+xxp*3, 
yymax-10); 
g.drawString("0.3", xxmini+xxp*3-10, yymax+20); 
g.drawLine(xxmini+xxp*4,yymax,xxmini+xxp*4, 
yymax-10); 
g.drawString("0.4", xxmini+xxp*4-10, yymax+20); 
g.drawLine(xxmini+xxp*5,yymax,xxmini+xxp*5, 
yymax-10); 
g.drawString("0.5", xxmini+xxp*5-10, yymax+20); 
int symini,symax,syy,yyp; 
symini = (int)yminiLog; symax = (int)ymaxLog; syy = 

symax - symini; 
double yypd,yypa; 
yypd = (yymax - yymini)/(ymaxLog - yminiLog); 
yyp = (int)yypd;  
int[] ly = new int[syy+2]; 
int[] yypp = new int[syy+2]; 
String[] sy = new String[syy+2]; 
for (i=0;i<=syy;i++) { 
ly[i] =symini+i; 
sy[i] = Integer.toString(ly[i]); 
yypa =(double)yymax - ((double)ly[i]-yminiLog)/ 
(ymaxLog-yminiLog)*(double)(yymax-yymini); 
yypp[i] = (int)yypa; 
g.drawLine(xxmini,yypp[i],xxmini+10,yypp[i]); 
g.drawString(sy[i], xxmini-25, yypp[i]+5); 
g.drawString("10", xxmini-40, yypp[i]+15); 
} 
} 
else if (moji=="end"){System.exit(0);} 
if (moji=="clear") { 
g.clearRect(0,0,901,800); 
} 
} 
} 
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Figure 1. An example of the computed result for the indiffusion of Au in Si of 1 mm thickness at 900˚C. The figure is shown 
as an image on the display. 

 

 

Figure 2. An example of the computed result for the annealing of supersaturated Au in Si of 1 mm thickness at 900˚C. The 
figure is shown as an image on the display. 
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8. Discussion and Results 

The author has numerically solved Equations (6)-(10) by 
Java programming and the distribution of each concen-
tration can be simulated correctly and easily using a usual 
personal computer employing the GUI method of Java. 
Namely, simultaneous partial different equations can be 
calculated numerically under known boundary and initial 
conditions by this program, and the distribution of each 
unknown can be easily simulated. The time for the com-
putation until the required diffusion time depends on cr, 
the ratio of k to h, and its maximum value for the con-
vergence depends on the constants in the equations. In 
our case (dIsd = 0.1 and xL = 0.1 cm), the maximum value 
is about 300 for the indiffusion at 900˚C and about 40 at 
1160˚C. It is better to choose the largest cr value by ten-
tative calculations with small jmax values. 
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