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Abstract

In this paper, a reliable algorithm based on mixture of new integral transform and homotopy per-
turbation method is proposed to solve a nonlinear differential-difference equation arising in na-
notechnology. Continuum hypothesis on nanoscales is invalid, and a differential-difference model
is considered as an alternative approach to describing discontinued problems. The technique
finds the solution without any discretization or restrictive assumptions and avoids the round-off
errors. Comparison of the approximate solution with the exact one reveals that the method is very
effective. It provides more realistic series solutions that converge very rapidly for nonlinear real
physical problems.
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1. Introduction

Non-linear phenomena that appear in many areas of scientific fields such as solid state physics, plasma physics,
fluid mechanics, population models and chemical kinetics, can be modeled by nonlinear partial differential
equations. In many different fields of science and engineering, it is important to obtain exact or numerical
solution of the nonlinear partial differential equations. Searching of exact and numerical solution of nonlinear
equations in science and engineering is still quite problematic that needs new methods for finding the exact and
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approximate solutions. Most of new nonlinear equations do not have a precise analytic solution; so, numerical
methods have largely been used to handle these equations. There are also analytic techniques for nonlinear
equations. Some of the classic analytic methods are Lyapunov’s artificial small parameter method [1], 5-expan-
sion method [2], perturbation techniques [3] [4] and Hirota bilinear method [5] [6]. In recent years, many
research workers have paid attention to study the solutions of nonlinear partial differential equations by using
various numerical methods. Among these are the Adomian decomposition method (ADM) [7], He’s semi-
inverse method [8], the tanh method, the homotopy perturbation method (HPM), the sinh-cosh method, the
differential transform method and the variational iteration method (VIM) [9] [10].

According to E-infinity theory [11]-[13], space at the quantum scale is not a continuum, and it is clear that
nanotechnology possesses a considerable richness which bridges the gap between the discrete and the continuum
[14]-[16]. On nanoscales, He et al. [17] found experimentally an uncertainty phenomenon similar to Heisen-
berg’s uncertainty principle in quantum mechanics. Continuum hypothesis on the nanoscales becomes, therefore,
invalid. He and Zhu [18] suggested some differential-difference models describing fascinating phenomena
arising in heat/electron conduction and flow in carbon nanotubes, among which we will study the following
model:

du u

o= (s ~Upa) Y (e + B (u) ), (1)

k=1

where ¢, and g, are constants. Physical interpretation is given in [18]. Equation (1) includes the well-known
discretized mKdV lattice equation:

du

dtn :(a_ug)(uml_un—l)' (2)
where the subscript n in Equation (1) represents the n™ lattice. Previously such equations have been studied
using the Exp-function method [19]-[21], the variational iteration method [22], homotopy perturbation method
[23], homotopy perturbation transform method [24] and the homotopy analysis method [25].

In this paper, we will study numerically Equation (2) using the mixture of new integral transform and
homotopy perturbation method. It is worth mentioning that the proposed method is an elegant combination of
the new integral transform, the homotopy perturbation method and He’s polynomials. The advantage of this
technique is its capability of combining two powerful approaches for obtaining exact and approximate ana-
lytical solutions for nonlinear equations. This method provides the solutions in terms of convergent series
with easily computable components in a direct way without using linearization, perturbation or restrictive
assumptions.

2. New Integral Transform

A new integral transform is derived from the classical Fourier integral. A new integral transform [26] was
introduced by Artion Kashuri and Akli Fundo to facilitate the process of solving ordinary and partial differential
equations in the time domain. Some integral transform methods such as Laplace, Fourier, Sumudu and Elzaki
transforms methods, are used to solve general nonlinear non-homogenous partial differential equations with
initial conditions and use fullness of these integral transform lies in their ability to transform differential
equations into algebraic equations which allows simple and systematic solution procedures.

A new integral transform is defined for functions of exponential order. We consider functions in the set F
defined as:

M .
F:{fGﬂHMkP@>Oﬁmhmm“@ﬂsMEﬁiﬂe(4y4Qw% 3)

For a given function in the set F, the constant M must be finite number, k ,k, may be finite or infinite.
A new integral transform denoted by the operator K( ) is defined by:

)=K[f(v ]_—j )dt. @)

For further detail and properties of this transform, see [26]-[28].
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3. Basic Idea of Mixture of New Integral Transform and Homotopy
Perturbation Method

To illustrate the basic idea of this method, we consider a general nonlinear partial differential equation with the
initial conditions of the form:

Du(xt)+Ru(x,t)+Nu(xt)=g(xt), (5)
u(x,0)=h(x), u(x,0)= f(x), (6)

where D is the second order linear differential operator D =§?, R is the linear differential operator of less

order than D, N represents the general nonlinear differential operator and ¢ (x,t) is the source term.
Taking the new integral transform on both sides of Equation (5), we get

K[ Du(xt)]+K[Ru(xt)]+K[Nu(xt)]=K[g(xt)]. (7)
Using the differentiation property of new integral transform and above initial conditions (see Appendix), we have
K[u(x,t)] =v“K[g(x,t)]+vh(x)+v3f (x)—v“K[Ru(x,t)+ Nu(x,t)} (8)

Now, applying new integral transform on both sides of Equation (8), we get
u(xt) =G (xt)-K ™ {v'K[Ru(x,t)+ Nu(x.t) ]}, )

where G (x,t) represents the term arising from the source term and the prescribed initial conditions.
According to homotopy perturbation method, we have [27]

u(x,t)=G(x,t)- pK* {v*K [Ru(xt)+Nu(xt)]}, (10)
Now, by substituting
u(x,t)=ip”un(x,t), (11)
n=0
and
Nu(x,t) =3 p"H, (u), (12)
n=0

for some He’s polynomials H, (u) (see [29] [30]) that are given by

H, (uo,ul,---,un):%aapnn {N (iwop‘ui ﬂpo , N=0,12.3,:- (13)

in Equation (10), we get

3P, (%) =G (x,t)- p{K‘l [v“K {Rip”un (x1)+3p"H, (u)ﬂ} (14)

8

n=0 n=0 n=0

which is the mixture of the new integral transform and the homotopy perturbation method using He’s polyno-
mials. Comparing the coefficient of like powers of p, the following approximations are obtained.

P’ Uy (x,1)=G(x,t),
p" Uy (% t) = =K {v*K [ Rug (x,t) + Hy (u) ]},
p” U, (x,t) ==K {v'K[ Ru, (x,t)+H, (u) ]},

Then the solution is:
U(X,t) =t (X t)+u (X, 1) +u, (X,t)+--- (15)
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4. Application

In this section, we apply the mixture of new integral transform and homotopy perturbation method to solve (2),
subject to the initial condition

Uy (n,0) =/ tanh (d ) tanh (nd), (16)

where d is an arbitrary constant.
Applying the new integral transform on both sides of (2) subject to initial condition (16), we have

K[ u, (n,t)]=vv/a tanh(d)tanh (nd ) +v*K [(a —U7 ) (U — un_l)]. (17)
The inverse new integral transform implies that
u, (n,t)=Va tanh(d)tanh(nd )+ K™ {VZK [(a —u? )(un+l —unfl)]}. (18)

Applying the homotopy perturbation method, we get

gpmum(n,t>=@tanh<d)tanh(nd>+pK1{szKa—§Hmj[zp ot~ 39" ﬂ} 19)

where H_ are He’s polynomials that represent the nonlinear terms. The first few components of He’s
polynomials are given by

Hy = ur?O
Hl = 2unOunl (20)

Comparing the coefficients of like powers of p, we have

p° U, (n,t) = /e tanh (d ) tanh (nd),
piuy (nt)=K 1{ [( 0)(u(n+1 ):|}

=(a—atanh )tanh® (nd ) (\/Etanh tanh(n+1)d—tanh(n—1)d})t

p* Uy, (nt)= K’l{v K[ (un+l )}}
:{at—(Z\/Etanh( )tanh(nd))(a atanh? (d ) tanh® (nd ))

XEJE tanh (d)(tanh (n +1)d ‘ta“h(”_l)d)%j}

x{(a—atanh2 d tanh?(n +1)d)(\/5tanh(d){tanh(n+2)d —tanh nd})

—(a - atanh? d tanh? (n—1)d)(«/5tanh(d){tanh nd —tanh(n—2)d})}%

Therefore the approximate solution is
Uy (1) = Uy (N, t)+Upg (N, t)+U, (0,t) +--. (21)

5. Numerical Result and Discussion

In this section, we calculate the numerical results of u, (n,t) for ¢ =1,d=0.1 and t=1. Table 1 illustrates
remarkable accuracy of the approximate solution. The comparison between mixture of new integral transform
and the exact solution is performed in Figure 1. A very good agreement is achieved between the results obtained
by the present method and the exact solution for different values of n.
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Figure 1. Comparison between mixture of new integral transform (- - -, blue) and exact solution (---, red).

Table 1. The results of the mixture of new integral transform homotopy perturbation method and the exact solution, when
a=1d=01 and t=1.

n Approximate Solution Exact Solution Absolute Error Percentage Error
-15 —0.086621367 —0.08590324656 0.000718120 0.008359643
-5 —0.030409180 —0.02909509651 0.001314083 0.045165119
-4 —0.020846123 —0.01973559643 0.001110527 0.056270231
-3 —0.010832958 —0.00999922801 0.000833730 0.084132741

3 0.047197969 0.04600622678 0.001191742 0.025903933

4 0.054848015 0.05347954390 0.001368471 0.025588683

5 0.061662700 0.06019410003 0.001468600 0.024397739
15 0.093802552 0.09322206784 0.000580484 0.006226896

6. Conclusion

In this paper, we have successfully proposed the mixture of new integral transform and homotopy perturbation
method for solving discontinued problems arising in nanotechnology. The result shows that the given method is
a powerful and efficient technique in finding exact and approximate solutions for nonlinear differential equa-
tions. Also, it can be observed that there is good agreement between the results obtained using the present
method and the exact solution. It is worth mentioning that the method is capable of reducing the volume of the
computational work as compared to the classical methods while still maintaining the high accuracy of the
numerical result; the size reduction amounts to an improvement of the performance of the approach.
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Appendix

Table Al. Fundamental properties of a new integral transform of partial derivatives.

No.

New integral transform of partial derivatives

KLf(xt)] f(x0)

)

v v

K{azf(x,t)}z K[ f (4x,t)] _f(x0) 10f(x0)

atZ

\Y

v v ot

o

K{a"f (x,t)}: K[f (x,t)] 72:,10\1 (ik),l 8" f (x,0)

Vz

8tk

|=gKLr 0]

a4

LIk e]]

[-seteroenn




	The Mixture of New Integral Transform and Homotopy Perturbation Method for Solving Discontinued Problems Arising in Nanotechnology
	Abstract
	Keywords
	1. Introduction
	2. New Integral Transform 
	3. Basic Idea of Mixture of New Integral Transform and Homotopy Perturbation Method
	4. Application  
	5. Numerical Result and Discussion  
	6. Conclusion
	References
	Appendix

