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Abstract 
The main goal of this paper is to describe the mechanical behavior of the CDW recycled concrete in 
compression, using an isotropic damage model adapted to the variation of the replacement rate of 
natural aggregates by recycled ones. The isotropic model by Mazars was used as a constitutive 
equation for the CDW concrete and its adjustment parameters, A and B, were written as quadratic 
polynomials according to the aggregates replacement rate. The model was evaluated for conven-
tional and recycled concretes. For the latter ones, the aggregates replacement ratios evaluated 
were 50% and 100%. The results show good approximation between the analytical and numerical 
values obtained with the adapted isotropic damage model and experimental concrete results for 
both compressive and flexural strength. 
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1. Introduction 
The description of the mechanical behavior of conventional concrete already has consistent analytical models in 
science. Models based on the theory of elasticity, plasticity, in the mechanics of fracture and damage and in their 
combinations, are able to describe the real phenomena in a broad sense. However, special concretes, such as re-
cycled concretes, still need specific constitutive equations so to be analytically represented. 

Recycled concrete, for example, shows a specific mechanical behavior as a consequence of the use of aggre-
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gates that show differentiated characteristics when compared to natural aggregates. The construction and demo-
lition waste (CDW) composition and the aggregate production procedures result in the variability of the physical, 
chemical and mechanical characteristics of the aggregates that will considerably interfere in the mechanical be-
havior of the recycled concrete achieved. 

Experimental studies of recycled concrete behavior have been carried out by number of researchers, evaluat-
ing concrete compressive and flexural strength [1]-[3], impact load on beams [4] [5], bond behavior [6] [7], 
among other properties. Etxeberria et al. [1] found that the use of 100% of recycled coarse aggregate has re-
duced the compressive strength by 20% to 25% compared to conventional concrete. Leite [2] identified a great 
influence of the porosity of the recycled aggregate and the transition zone in the compressive strength of con-
crete containing CDW. 

Maruyama et al. [3] investigated the flexural properties of recycled concrete beams reinforced with steel bars. 
Considering the same value of stress in the beam, the authors observed that recycled concrete presented bigger 
crack width than conventional concrete and furthermore, smaller spacing between the cracks. 

The recycled concrete beam behavior under impact load was evaluated by Rao et al. [5]. For a given impact 
energy major deformations were found for the concrete with substitution ratios of 50% and 100% when com-
pared to the values obtained for conventional and recycled concretes with 25% of recycled aggregate.  

It can thus be observed that the use of recycled aggregates from CDW for concrete production impairs the 
concrete properties in the hardened state due to specific characteristics, such as high heterogeneity of the re-
cycled aggregates and their higher porosity [1] [2]. 

1.1. Considerations about Constitutive Models for Recycled Concrete 
In general the researches focusing on obtaining mathematical models that describe the recycled concrete beha-
vior, are based on consistent models established for conventional concrete. The use of these models to design 
reinforced concrete members, despite being allowed by international standards, show some restrictions related to 
the type of the recycled aggregate and to the maximum replacement rate of the natural aggregate [8]-[11]. 

Xiao et al. [12] investigated experimentally the mechanical properties of recycled concrete submitted to un-
iaxial loading in view of the analytical description of its behavior. Through the expression proposed by Guo and 
Zhang [13] for conventional concrete and adopted by the Chinese Standard GB50010/2002, the authors adapted 
the variables shown achieving good approximation for the experimental stress-strain curves of the CDW con-
crete. 

Bhikshma and Kishore [14] applied the expression proposed by Saenz [15] that describes the conventional 
concrete behavior in the study of recycled concrete submitted to axial compression. The authors concluded that 
this model describes in a satisfactory way the mixtures of concrete used in the experimental program. 

Du et al. [16] also investigated the mechanical performance of recycled concrete under axial compression 
load. The description of the ascending branch of the analytical stress-strain curve was based upon a polynomial 
equation proposed by Guo [17]. An exponential model using three adjustable parameters was proposed for the 
descending branch. So, the authors could describe theoretical curves very close to the experimental curves.  

The generalization of the conventional concrete constitutive models for recycled concretes is a big challenge 
for the researchers in this field. The variability in the gravimetric composition of recycled aggregates and the 
lack of experimental results are factors that hamper the broad validation of the existing analytical models. 

Thus, the main goal of this study is to propose an analytical model that will incorporate the changes in the 
behavior of concrete resulting from the variation of the recycled aggregate contents and that will provide the 
adaptation and generalization needed due to the characteristics of the recycled aggregates. This study is also 
based on the hypothesis that an analytical model with parameters of explicit adjustment can be used. Further-
more, it can make possible such parameters sensitive to the variability of the recycled aggregate and be able to 
express the changes in the mechanical behavior of the recycled concrete depending on the aggregates replace-
ment rate. Thereby this approach intends to describe the mechanical behavior of CDW recycled concrete in 
compression using the isotropic damage model by Mazars [18]. 

1.2. The Isotropic Damage Model in Compression Proposed by Mazars 
Seen from a mathematical point of view, the isotropic damage model proposed by Mazars [18] named in this 
paper as Mazars model, is a function that combines in a non-linear form two parameters of adjustment, A and B, 
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that express implicitly inherent characteristics to the modeled material. 
Such a function for the uniaxial cases of load, can be written as follows 

( )1E Dσ ε= ⋅ ⋅ −                                     (1) 

if 0eq dε ε≤  then 0D =                                 (2) 

if 0eq dε ε>  then ( )
( )

0
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where, 
σ = uniaxial strength 
ε = deformation in the direction of load application 
εeq = equivalent deformation 
εd0 = peak deformation in tensile strength 
E = initial longitudinal modulus of elasticity 
D = damage 
A and B = adjustment parameters that incorporate material characteristics  
The contribution of each parameter in the mechanical behavior of the material can be obtained through an 

analysis of parametric influence, similar to the one carried out by Álvares [19]. 

1.3. Model Parameters 
The values of parameters A, B and εd0 were suggested by Mazars [18] for conventional concrete. The intervals of 
the parameters are expressed as follows 

3 3

5 4
0

1 1.5
10 2 10
10 10d

A
B
ε− −

≤ ≤
 ≤ ≤ ×
 ≤ ≤

 

Using these intervals, Álvares [19] studied the influence of the parameters of the model in the development of 
stress-strain curves for uniaxial loads. 

Observing Figure 1, the following conclusions were drawn 
• the variation of εd0 (Figure 1(a)) influences the beginning and initial slope of the non linear branch of the 

curve, as well as the asymptotic value of σ. 
• the variation of B (Figure 1(b)) alters both the initial slope of the non-linear branch and the peak value of the 

stress-strain curve. 
• the variation of parameter A (Figure 1(c)) has an influence in the initial slope of the non-linear branch of the 

curve and in the value of the horizontal asymptote. 
It can be observed that each parameter has its own specific influence to build the analytical stress-strain curve. 
 

   
(a)                                     (b)                                   (c) 

Figure 1. Analysis of the parametric influence of (a) εd0, (b) B and (c) A [19].                                                    
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From the understanding of the parametric influence on, it is necessary to establish values for the parameters 
considering an experimental curve to be adjusted. For Álvares [19] this is one of the most delicate phases in the 
use of a model, mainly when it has only few parameters available for adjustment. 

According to the second fundamental hypothesis of the Mazars model, the damage is caused only by the exis-
tence of stretching in at least one of the main directions of deformation [18]. This way, deformation εd0, corres-
ponding to the peak stress, determines the beginning of the cracking of the analytical model and must be ob-
tained through direct tensile strength or split tensile strength tests in cylindrical samples. Thus, it is necessary to 
get a definition of an equivalent deformation (εeq) to apply the model in compression loading situations. 

The equivalent deformation that refers to the positive part of the main deformation in direction is defined by 
Equation (4) as follows 

( ) ( ) ( )22 2
1 2 3eqε ε ε ε= + +                                   (4) 

In the case of the split tension test (Equation (5)) and compression test (Equation (6)) we have 

1eqε ε=                                           (5) 

( ) ( )22
2 3 1 2eqε ε ε υ ε= + = − ⋅ ⋅                                 (6) 

1ε  is the only positive deformation in Equation (5) (deformation in the direction of load application). The 
remainder being eliminated.  

In Equation (6), 1ε  is negative ( )1 1ε ε= −  and the components in directions 2 and 3 are positive and pro-
portional to the Poisson ratio ( )2 3 1ε ε υ ε= = ⋅ . 

The values of parameters A and B can be found using a least square regression. 

2. Methodology 
The damage parameters adjustment using the Mazars model allows a greater reliability of the prediction of the 
concrete mechanical properties. As seen before, important modifications occur in the behavior of the recycled 
concrete with the increase of the aggregate substitution rate, which indicates that this variable is of great impor-
tance to the adapting of the original model. 

In this paper, the aggregate substitution rate (ASR) was added to the Mazars model as an independent variable 
directly associated to the parameters A and B. The adapted model will thus be the function of two independent 
variables ASR and ε, related respectively to the aggregate substitution rate and to the development of the defor-
mation. 

The relationship between the damage parameters (A and B) and the ASR was established based on the obser-
vation of experimental stress-strain curves. The variable ASR was evaluated in the interval of 0% to 100% in 
three points of its domain, the extreme limits 0% and 100% and the central point. The aimed relationship arises, 
therefore, from the curve that best adjusts the points that were evaluated and can be expressed by a polynomial 
function. 

The proceeding that follows shows the stages of this evaluation 
• obtainment of the experimental curves 
• parametric identification of the experimental curves 
• obtainment of the functions for the curves “A versus ASR” and “B versus ASR”. 

2.1. The Experimental Curves 
In this paper the experimental data that were used for the adapting of the Mazars model were obtained by Leite 
[20] who studied the mechanical behavior of recycled concretes submitted to axial compression and direct ten-
sile strengths to be applied in elements of pre-cast concrete. The CDW used by Leite [20] showed around 54.5% 
of mortar, 26% of brick and 16.4% of concrete as a gravimetric composition. 

Leite [20] assessed six concrete mixtures varying the replacement rate of the natural aggregate by recycled 
ones. The author also casted three samples for each mixture. These mixtures were produced with two water/ce- 
ment ratios (0.45 and 0.80) and are listed below. 
• Reference-0% of substitution rate, named here as REF 
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• one mixture using 50% of recycled fine aggregate, named here as H-RFA 
• one mixture using 50% of recycled coarse aggregate, named here as H-RCA 
• one mixture using 100% of recycled fine aggregate, named here as F-RFA 
• one mixture using 100% of recycled coarse aggregate, named here as F-RCA 
• one mixture using 50% of recycled fine aggregate and 50% of recycled coarse aggregate, named here as 

H-RFCA. 
The experimental curves were achieved from axial compression tests with displacement control at 28 days of 

age. Leite [20] used a hydraulic servo-controlled machine, model UH-F 1000kN- and a system of data acquisi-
tion composed of an ADS2000 conditioner of 16 bits and an AQDados® software. 

2.2. Parametric Identification of the Experimental Curves 
Applying a regression method to obtain the values of A and B parameters ensures the best adjustment of the 
model of the experimental data as well as it allows the evaluation of the quality of the adjustment achieved 
through R2. According to Álvares [19], the parametric evaluation must begin by the choice of the error function 
(Equation (7)) making possible the evaluation of the numeric answer with relation to the experimental one. Us-
ing the least squares regression, the error is estimated by Equation (7). 

( ) ( )
2

1 , ,n e n
i i i iiErr y x y x A B

=
 = ⋅ − ⋅ ∑                             (7) 

where, 
Err = global error; 

e
iy  = function of the discrete experimental values xi e yi; 
n
iy  = function to be adjusted depending on xi and the parameters of the model, in this case A and B. 

The adjustment of the Mazars model resulted in a system of coupled equations, not linear, in order to fulfill 
the conditions established by Equation (7). The solution of systems like these needs iterative methods. So, the 
Levenberg-Marquardt method was chosen in this study. The initial values of the parameters A and B were the 
same that were used in conventional concrete as suggested by Mazars [18]. The parametric identification pro- 
cess was done for each experimental curve obtained by Leite [20] in order to increase the accuracy of the results 
in a total of 36 compression curves. 

2.3. Obtaining the Functions for the Curves “A versus ASR” and “B versus ASR” 
The behavior of the parameters of the analytical model in relation to the substitution of aggregates is observed 
by designing curves that adjust the three points previously chosen in the domain (0%, 50% and 100%). The 
choice of the adjustment function obeys the following criteria 
• the curve must necessarily pass through the 3 points that were obtained experimentally 
• the curve in the intervals between the points (0% to 50% and 50% to 100%) must have a linear or quadratic 

shape. 

3. Presentation and Analysis of Results 
Using the average curves of axial and lateral stress-strain of the evaluated mixtures, Leite [20] observed that, in 
general, the recycled concretes present lower rupture stresses and, comparing a same stress, larger deformations 
than conventional concretes (reference). Figure 2 shows graphically the behavior of the mixtures for the wa-
ter/cement ratio of 0.45. 

3.1. Identification of the Parameters A and B of the Studied Mixtures 
Using the previously presented methodology (Section 2.3), it was possible to obtain values for the parameters of 
the damage model from the experimental stress-strain curves. As follows, Figure 3 shows the main aspects that 
were observed in the parametric identification of the model. Then, Table 1 shows the values of the mixture pa-
rameters with the water/cement ratio equal to 0.45. 

Figure 3 shows graphically the quality of the obtained adjustment through the least square regression. It can 
be observed that the determination coefficient that was found, 0.988, certifies that the chosen analytical model, 
even having few adjustment parameters, represents satisfactorily the recycled concrete. 
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Figure 2. Stress-strain curves for the water/cement ratio equal to 0.45 [20].                                                     

 

 
Figure 3. Linear adjustment H-RCA with w/c = 0.45, sample 1.   

 
Table 1 shows the results of the parametric identification for the mixtures of the water/cement ratio equal to 

0.45. It can be observed that the smallest coefficient of determination is 0.910 corresponding to the mixture 
H-RCA (sample 3). The values achieved for the parameter A are close to the inferior limit of the interval sug-
gested by Mazars [18] for this parameter, the variation found ranges from 0.64 to 1. Regarding the parameter B 
its values lie between 1045.60 and 2251.62, coherent with the expectations for the applied analytical model. 

For the mixtures with the water/cement ratio equal to 0.80 the values of the parameter A lie between 0.55 and 
0.88 and of the parameter B between 1185.50 and 2057.15. 

3.2. Behavior of the Parameters Referring to ASR 
Using the average of the values that were obtained for the parameters A and B as shown, the curves “A versus 
ASR” and “B versus ASR” were drawn. Eight representative curves as follow that represent the behavior of each 
parameter regarding to the aggregates types-RFA and RCA- and the water/cement ratios −0.45 and 0.80 were 
found. Figure 4 and Figure 5 show the curves that arose and their respective polynomial functions. 

Thus, the model of isotropic damage proposed by Mazars [18] presented in item 1.2 by the Equations (1)-(3), 
can be adapted to the description of recycled concrete substituting its parameters A and B (originally arbitrated) 
by polynomial functions that show the degradation of the mechanical properties of the concrete with the substi-
tution of natural aggregates by recycled ones, Equations (8) to (15). Thus, the recycled concrete studied in this 
paper can be described by the Mazars model using the following functions that result from the behavior shown 
in Figure 4 and Figure 5. 
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Table 1. Parametric identification for mixtures.                                                                                                         

Mixture Sample 
A B R² 

w/c = 0.45 w/c = 0.80 w/c = 0.45 w/c = 0.80 w/c = 0.45 w/c = 0.80 

REF 

1 0.81 0.64 1116.99 1409.06 0.998 0.964 

2 0.81 0.8 1063.88 1558.63 0.997 0.939 

3 0.84 0.61 1158.70 1315.03 0.993 0.942 

4 - 0.58 - 1415.78 - 0.939 

5 - 0.56 - 1185.49 - 0.901 

H-RFA 

1 0.91 0.68 1306.55 1289.42 0.976 0.986 

2 0.85 0.65 1045.60 1293.74 0.995 0.974 

3 0.90 0.66 1471.89 1281.19 0.959 0.965 

4 - 0.66 - 1321.94 - 0.974 

F-RFA 

1 0.87 0.55 1435.43 1213.63 0.977 0.960 

2 0.87 0.64 1523.85 1277.64 0.965 0.988 

3 0.86 0.60 1599.97 1273.67 0.963 0.984 

4 - 0.62 - 1203.07 - 0.983 

H-RCA 

1 0.79 0.59 1473.41 1509.98 0.988 0.998 

2 0.84 0.62 1644.13 1409.49 0.963 0.990 

3 0.86 0.64 1917.65 1338.93 0.910 0.991 

4 - 0.55 - 1377.21 - 0.946 

F-RCA 

1 0.72 0.81 1718.38 1405.11 0.974 0.993 

2 0.74 0.82 1809.93 1434.82 0.958 0.993 

3 1.00 0.85 1117.04 1515.78 0.970 0.999 

4 - 0.80 - 2057.15 - 0.999 

5 - 0.78 - 1868.70 - 0.998 

6 - 0.76 - 1607.14 - 0.984 

H-RFCA 

1 0.64 0.88 2261.52 1312.32 0.969 0.994 

2 0.84 0.85 1558.64 1506.40 0.939 0.999 

3 0.82 0.85 1689.58 1506.32 0.931 0.992 

 
• Mixtures with the w/c = 0.45 and substitution of RFA 

2–1239 477 18913
100000000 294056 22952

A ASR ASR= ⋅ + ⋅ +                          (8) 

25555 20549 633781
152386 34520 557

B ASR ASR= ⋅ + ⋅ +                           (9) 

• Mixtures with the w/c = 0.45 and substitution of RCA 

2–218 4359 18913
7657183 2255359 22952

A ASR ASR= ⋅ + ⋅ +                        (10) 

2–15408 171839 633781
116767 8831 557

B ASR ASR= ⋅ + ⋅ +                         (11) 

• Mixtures with the w/c = 0.80 and substitution of RFA 
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Figure 4. Behavior of the parameters A and B for the w/c = 0.45.                                                     
 

  
Figure 5. Behavior of the parameters A and B for the w/c = 0.80.                                                     
 

2–200 746 31697
17809439 796549 48867

A ASR ASR= ⋅ + ⋅ +                         (12) 

2–200 746 31697
17809439 796549 48867

A ASR ASR= ⋅ + ⋅ +                         (13) 

• Mixtures with the w/c = 0.80 and substitution of RCA 

2367 9055 31697–
10000000 3978069 48867

A ASR ASR= ⋅ ⋅ +                        (14) 

26677 96923 683613–
89565 24377 493

B ASR ASR= ⋅ ⋅ +                          (15) 

3.3. Validation of the Adapted Mazars Model 
The evaluation of the efficiency of the model created for the recycled concrete was done through the description 
of the experimental axial compression curves. The suggested model was implemented in the MATLAB® soft-
ware. The original equation by Mazars [18] had its parameters A and B substituted by the functions presented in 
item 3.2 according to the characteristics of the mixtures of the experimental program. As follows, Figures 7-11 
show graphically the comparisons for some mixtures.  

It is possible to note that the model proposed by the authors (adapted Mazars) does not exactly describe indi-
vidually any of the experimental curves for the mixtures with the water/cement of 0.45 as well as for the wa-
ter/cement ratio of 0.80. However, the curves allow to observe that the adapted Mazars model is able to draw the 
approximate behavior of recycled concrete for the different substitution contents. This results in a generalized 
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model with analytical curves that are very close to the experimental curves for all the mixtures. 

4. Numerical Application 
The analytical model validated in the item 3.3 (Figures 6-10) was used in numerical simulations so to represent 
the behavior under compression of the recycled concrete. Through the finite element method studies of flexural 
tensile strength were simulated using the mixtures defined in item 2.1 referring to the water/cement ratio equal 
to 0.80. 

The conditions of geometry and loading for the building of the model followed the guidelines of the Brazilian 
Standard NBR12142 [21]. Figure 11 shows schematically the configuration of the test. 

The considerations assumed to build the numerical model using the DIANA® software are shown in Table 2. 
The adapted Mazars model was included in the analyses through stress-strain curves under compression ob-

tained by the substitution of the equations of item 3.2 chosen according to the type of the mixture, in Equation 
(3), the original Mazars model. The behavior of flexural tensile strength after cracking was represented by a 
distributed cracking model using the function developed by Hordijk et al. (1986) apud [22]. The band width of 
 

   
(a)                                                         (b) 

Figure 6. Validation of the model for (a) REF and (b) H-RFA both with the w/c = 0.45.                                                     
 

   
(a)                                                         (b) 

Figure 7. Validation of the model for (a) F-RFA and (b) H-RCA both with the w/c = 0.45.                                                     
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(a)                                                         (b) 

Figure 8. Validation of the model for (a) F-RCA with the w/c = 0.45 and (b) REF with the w/c = 0.80.                        
 

  
(a)                                                         (b) 

Figure 9. Validation of the model for (a) H-RFA and (b) F-RFA both with the w/c = 0.80.                                                     
 

  
(a)                                                         (b) 

Figure 10. Validation of the model for (a) H-RCA and (b) F-RCA both with the w/c = 0.80.                                                     
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Figure 11. Geometry of the flexural tensile strength test (dimensions in centimeters).                                                     
 
Table 2. Parameters used in the numerical model.                                                                      

Parameter Value/Description 

Finite element Q8MEM 

Mesh (height × length) 12 × 40 elements (size element = 0.0125 m) 

Loading Displacement y = −0.001 m 

Type of loading Incremental 

Model of cracking Distributed-rotational 

Behavior under compression Adapted Mazars 

Behavior under tension With softening-Hordijk et al. apud [22] 

Width of cracking band h = 0.0176 m 

 
cracking (h) was calculated based on the dimensions of the finite element according to Equation (16) suggested 
by the DIANA® software user guide. 

2h S= ⋅                                         (16) 
where, 

S = finite element surface 
The fracture energies (Gf) that were considered, Table 3, were calculated for each mixture based on Equation 

(17) [23]. 
1 2

20 30

b b
c

f
c

f d tG b
E d t

λ
   

= ⋅ ⋅ ⋅ ⋅   
   

                               (17) 

where, 
Gf = fracture energy 
b = parameter with value equal to 85.93; 
b1 = parameter with value equal to 0.125; 
b2 = parameter with value equal to 0.211; 
d = maximum size of aggregate; 
d20 = parameter with value equal to 20 mm; 
t = cure time in days; 
t30 = parameter with value equal to 30 days; 
λ = parameter with value equal to 1. 
Table 3 shows the results that were found from the numerical model and their comparison with the experi-

mental values obtained by Leite [20]. The flexural tensile strength was estimated based on the values obtained in 
direct tensile strength tests following the Equation (18) proposed by the CEB-FIP 90 [24]. 

( )
( )

0.7
0

, 0.7
0

1.5

1 1.5
b

t t fl
b

h h
f f

h h
=

+
                                 (18) 
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Table 3. Values used for the fracture energies Gf and results of numerical modeling.                                           

Mixture Gf (N/m) ft (MPa) 
(Experimental) 

ft,fl (MPa)1 
(CEB-FIP) 

ft,fl (MPa)1 
(Numerical) 

Variation 
(%) 

REF 65.15 2.10 3.15 2.96 −6.2% 

H-RFA 76.17 1.70 2.55 2.58 1.0% 

F-RFA 75.53 1.60 2.40 2.38 −1.0% 

H-RCA 73.68 1.80 2.70 2.67 −1.2% 

F-RCA 69.08 1.40 2.10 2.18 3.7% 
1Flexural tensile strength. 
 
where, 

ft = direct tensile strength; 
ft,fl = flexural tensile strength; 
hb = beam height (mm); 
h0 = 100 mm. 

5. Conclusions 
In this article an isotropic damage model was applied for the description of the mechanical behavior of recycled 
concrete by means of adapting the parameters A and B described by Mazars [18] for conventional concrete. The 
results presented allow to conclude that 
• The adapted Mazars model of isotropic damage is able to represent the mechanical behavior of recycled 

concrete under compression with good approximations. In this paper the determination coefficients found are 
higher than 0.90; 

• The hypothesis that the generalization of a constitutive analytical model for recycled concrete is possible 
through the manipulation of its parameters was confirmed. Using the studies of the influence of the parame-
ters A and B to draw the stress-strain curves under compression it was possible to express through polynomi-
al functions the variation of the values of these parameters with the increase of the replacement rate of the 
aggregates; 

• The methodology used allowed that the applying of the Mazars model could be done through the attribution 
of values of a single variable, replacement rate of the aggregates (ASR). The validation of the model that was 
created allowed to observe the proximity of the analytical curves, generated by the model in relation to the 
experimental curves. 
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