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Abstract

In this article, we define the arithmetic operations of generalized trapezoidal
picture fuzzy numbers by vertex method which is assembled on a combina-
tion of the (a, ), f)-cut concept and standard interval analysis. Various re-
lated properties are explored. Finally, some computations of picture fuzzy
functions over generalized picture fuzzy variables are illustrated by using our
proposed technique.
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1. Introduction

In the last few decades, the fuzzy set theory [1] and the intuitionistic fuzzy set
theory [2] are two strong concepts that successfully handle the uncertain situa-
tions in many problems of our real life. In some problems of the uncertain situa-
tions, a few researchers also have realized some complications while considering
the case of neutrality degree and that is the reason they have paid attention to
picture fuzzy set theory [3] [4] and applied it to the field of artificial intelligence,
pattern recognition, medical diagnosis and many other decision making prob-
lems. The concept of fuzzy numbers was introduced by Chang and Zadeh [5]
with some arithmetic operations. The arithmetic operations of fuzzy numbers
are the extensions of the operations of classical interval arithmetic operations
which was introduced by R.E. Moore [6]. Then a number of researchers studied

the concept of fuzzy numbers with their arithmetic operations (see [7]-[15]).
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The difficulty arises when the direct interval arithmetic operations are used to
compute the fuzzy number valued functions while occurring multivalued fuzzy
variables, because classical interval arithmetic operations do not satisfy distribu-
tivity. Also the abnormal solution arises for discretization of fuzzy numbers by
using the interval arithmetic operations.

To overcome, these difficulties the concept of vertex method was introduced
by Dong and Shah [16] in 1987. This method was based on the combination of
the a-cut concept and standard interval analysis. This method can prevent ab-
normality in the output membership function due to application of the discreti-
zation technique on the fuzzy variables’ domain, and it can prevent the widening
of the resulting function value set due to multiple occurrences of variables in the
functional expression by conventional interval analysis methods. Also, the vertex
method is discussed by Ahmad M.Z. et al. [17], Huey-Kuo Chen et al. [18] and
Sharaf I. M. [19] in fuzzy number and D. Chakraborty et a/. [20] in intuitionistic
fuzzy numbers.

In this article, we define the arithmetic operations on generalized trapezoidal
picture fuzzy numbers by vertex method. Some related properties of them are
explored. At the end of this work, some computations of picture fuzzy functions
over generalized picture fuzzy variables are illustrated by using our proposed
technique.

The article is organized as follows: In section 2, some basic definitions and
operations are given which are essential to rest of the paper. In section 3, the
arithmetic operations of GTraPFNs by vertex method are illustrated. In section 4,

some picture fuzzy valued functions are calculated by our proposed method.

2. Preliminaries

Definition 2.1 [1]. Let X be non-empty set. A fuzzy set A in Xis given by
Az{(x,,uA(x)):xeX}, (2.1)

where 1, :X —[0,1].
Definition 2.2 [2]. An intuitionistic fuzzy set A in Xis given by

A={(x,,uA(x),vA(x)):xeX}, (2.2)

where 1, : X —>[0,1] and v, :X —[0,1], with the condition
0<p,(x)+v,(x)<LvVxeX.

The values ,(x) and v,(x) represent, respectively, the membership de-
gree and non-membership degree of the element x to the set A.

For any intuitionistic fuzzy set A on the universal set X, for xe X
h, (x)zl—(yA (x)+vA (x)),

is called the hesitancy degree (or intuitionistic fuzzy index) of an element xin A.
It is the degree of indeterminacy membership of the element x whether belong-
ing to A4 or not.

Obviously, 0<#,(x)<1 forany xeX.
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Particularly, h,(x)=1-,(x)—v,(x) is always valid for any fuzzy set 4 on
the universal set X. The set of all intuitionistic fuzzy sets in X will be denoted by
IFS(X).

Definition 2.3 [3] [4]. A picture fuzzy set A on a universe of discourse Xis of
the form

A:{(x,yA(x),nA(x),vA(x)):xeX}, (2.3)

where 1,(x)e[0,1] is called the degree of positive membership of x in A4,
1n,(x)€[0,1] is called the degree of neutral membership of x in A4 and
v,(x)€[0,1] is called the degree of negative membership of xin A, and where
t,(x),n,(x) and v,(x) satisfy the following condition:

0<p, (x)+m,(x)+v,(x)<LVxe X .

Here 1-(u,(x)+n,(x)+v,(x));¥xeX is called the degree of refusal
membership of xin A.

The set of all picture fuzzy sets in X will be denoted by PFS(X).

Definition 2.4 (3] [4]. Let 4,Be PFS(X), then the subset, equality, the un-
ion, intersection and complement are defined as follows:

DAcB iff VxeX,pu,(x)< py(x),n,(x)<ny(x) and v, (x)>v,(x);

2) A=B iff VxeX,u,(x)=uy(x).n,(x)=mn,(x) and v, (x)=v,(x);
AUB =
{(x, max(yA (x), 415 (x)),min(ryA (x),7; (x)),min(vA (x),vp (x))) ‘xe X} ’

ANB =
) {(x,min(,uA( ) mm( (x)),max (v, (x ),VB(x))):xeX};
5) AC—{(XVA( ) xXe }

Definition 2.5. Let A —{(x w1y (x),m,(x),v,(x )):xeX} be a picture fuzzy
set on Xanda,;/,ﬂe[o,l], a+y+ [ <1, then the upper (a,y,ﬂ) -cut of A4 is
given by

3)

A7) — {xeX iy (x )Za,nA(x)Z;/,vA(x)Sﬂ} (2.4)

That is, @, ={x:,uA (x)Za}, Vo, :{x:ryA (x)Z;/} and S, :{x:vA(x)Sﬁ}
are upper a, y and p-cut of positive membership, neutral membership and nega-
tive membership of a picture fuzzy set A respectively.

Definition 2.6. Let ,,®,,w; €[0,1] with 0<w®, +®, + o, <1. A generalized
picture fuzzy number (GPFN) p is a special picture fuzzy set of real numbers
R whose membership functions z;(x):R—[0,], 7,(x):R—[0,,] and
v;(x):R—[w,,1] satisfy the following conditions:

1) There exist at least three real numbers x;, x; and x such that (x,)=a,
1;(x,) =0, and v,(x)=0;.

2) u; and 7, are quasiconcave and upper semi continuous on R.

3) v, is quasi convex and lower semi continuous on R.

4) The supportof p is compact.

Definition 2.7. A generalized trapezoidal picture fuzzy number (GTraPFN)
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Yol :<(a,b, c,d );a)l,a)2,a)3> is a special picture fuzzy set on R whose positive,

neutral and negative membership functions are defined as follows:

0; x<a
(b-a) =
u;(x)=1a; b<x<c,
—a)](d—x)' c<x<d
(d-c)’ B
0; x>d
0; x<a 1; x<a
%; asx<b %3(;_61); ax<b
—-a —-a
1;(x) =1 o,; b<x<c, v;(x)={ay; b<x<c
M; c<x<d x—c+a)3(d—x); c<x<d
(d-c) (d—c)
0; x>d 1; x>d

Following Figure 1 is the graphical represent the GTraPFN:
Definition 2.8. A GTraPFN A= <(al,a2,a3,a4);a)l,a)2,a)3> is said to be mo-
notonic increasing if a, <a,<a,<a,.
Definition 2.9. Let A= <(a,b,c,d);a)l,a)2,a)3> be a GTraPFN. Then the
a-cut of A is a crisp subset of Xwhich is defined as follows:
A ={x:p,(x)za}=[ 4 (a),4,(a)] :{a+%(b—a),d —%(d —c)} ael0,a]
Definition 2.10. Let A= <(a,b, c,d);a)l,a)2,w3> be a GTraPFN. Then the
y-cut of A is a crisp subset of X which is defined as follows:
g7 = {x iy (x)> 7/} = [Al (7).4, (;/)] = {a +L(b—a),d—wL(d —c)}; 7 €[0,m,]

0)2 2

Definition 2.11. Let A= <(a,b, c,d);a)l,a)2,a)3> be a GTraPFN. Then the
p-cut of A is a crisp subset of X which is defined as follows:

1
2
“
w1 .
1 <
(0)] o@
w3 —— )
’ W
0
a b c d

Figure 1. Generalized TraPFN.
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A ={x:u, (x)< BY=[4(B). 4,(B)]= (b- “’sl) wf(b_a)’ﬂ(d_i)__j;j)Sd_C)

Definition 2.12. Let A=<(a,b,c,d);a)1,a)2,a)3> be a GTraPFN. Then the
(a,7,pB) -cut of Ais given by

flarp) _ {[AI (@), 4, (a)].[4 (7). 4 (7) ][ 4(B).4, (ﬂ)]};

O<a+y+pB<l, ael0,0], y€[0,0,], B elw,.l].

; Belwy,]]

Definition 2.13. Let A and B be two GTraPFNs and their corresponding
(a,7.pB) -cuts are

@) _ {|:A1 (@), 4 (@) |.[4 (7). 4 (r)].[4(B).4, (ﬁﬂ} (2.5)
B <A1 B ()., (a) . B,().B,(7)].[ B.(8).5,(8)]} (2.6)

forany a,y,B€[0,1] and 0<a+y+ <1, then the four basic arithmetic op-

erations such as addition, subtraction, multiplication and division are defined as

follows:
Addition:
A+B)(a’y’ﬂ)
={[4(«)+B (a),4,(a)+B,(a)|.[4(7)+B /(7). 4 )+ B, () ].[4(B B).4,(B)+B,(B)]}
Subtraction:

Alwrh) _ plerh)
={[4(a)-B,(a). 4 (a)~B (@) L[4 (7)-B. (7). 4 (7)~ B (7) L. 4(8) - B.(8). 4 (B) - B.(B)]}
Multiplication:
A5 g ([ min M, max M |.[ min M7, max M” ],[ min M " max M " ]}
M ={4(a)B (a).4(a).B,(a).4(a) B (a) 4 ()5, ()}
M7 ={4,(7)B,(7): 4 (7) B, (7), 4 (7)-B, (7). 4 (7)-B, (7 )}
M? ={4,(8)B,(B).4(8)-B,(8).4,(8)-B/(5). 4 (), (5)]
Division:

ArP) . glars) {[min D“,max D“J,[minD’,many],[min D? max D” J}
(

where B, (a)#0,B,(y)#0,B,(f)=0;i=12.
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Definition 2.14. Vertex Method [14].

When y= f(x,x,,-,x,) is continuous in the n-dimensional rectangular
region and also no extreme point exists in this region (including the boundaries)

then the value of interval function can be obtained by
Y=f(Xl,Xz,...,Xn):[mjin(f(cj)),m?x(f(cj))}j —1,2..N

where ¢, is the ordinate of the j-th vertex and X, X,,---,X, are interval of
real numbers.

3. Arithmetic Operations of GTraPFN by Vertex Method

Definition 3.1: Let A=<(a1,a2,a3,a4);a)l,a)2,a)3> and
B ={(b.b,.b,.,b,);0,0,,0,) be two GTraPFNs. Let P = glorP) s glerh)
where, *=+4—x,+.

Now, the ordinate of the vertices for the positive membership function are

2

¢ =|aq +£(a2 -a).h, +%(b2 —bl)j ,

a a
= — b,——(b,-b,) |,
53 a1+a), (az al), 4 a’|( 4 3)j
¢, =| a, —%}(% -a;),b +%(b2 -b, )J

and

cy —[a4 —i(a4 a),b, (b, —b, )J

2 |

Therefore,

DOI: 10.4236/ajcm.2023.131004

104 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2023.131004

M. K. Hasan et al.

where ae[O,a)l], ye[O,a)z], ,Be[a)3,1].
Now, since a,<a,<a,<a, and b <b,<b,<h,,s0
f(e)<f(ey)< f(e5)< f(c,). Hence,
c* =[min{f(cl),f(02),f(q),f(q)},max{f(cl),f(cz),f(c3),f(c4)ﬂ:[f(cl),f(q)].

By applying similar process for neutral membership, we can find C”.

Again, the ordinate of the negative membership function

[l -oa)-Bla-a) (b-oh)-p(b-b)
o )

b

1-w, 1-w,

>

1-w, 1 -,

o _[((@=0a)-pla,-a) plb,-b)~(0h-b))
2 |

C3Z[ﬂ(a4—a3)—(w3a4—a3) (bz—w3b1)—ﬂ(b2—bl)J

-, -,
and
_(Blas—ay)~(oa,-a;) B(b,=b,)- (@b, ~b,)
“” 1_0)3 ’ 1—0)3
Therefore,
f(CI)—(az 603a11)—ﬁ(a2—a1)*(b2 0)3171) ﬁ(bz—bl)
w3a 1_(03})
_(a2 w3a1)—ﬂ(az—a1)*(b2 a)Sbl)_ﬂ(b2_bl)
- -,
f(Cz):(az _a)Sai)_ﬂ(az_al)*ﬂ(b4_b3)_(a’3b4_b3)
— 1—(03
_(a,—oa)-p(a,—a,)* B(b, —by)— (@b, ~by)
- 1-w,
f(cs):ﬂ(ara}l)_(wﬂ“_a})*(bz_a’sbl)_ﬂ(bz—bl)
— 1—0)3
_ﬂ(a4—a3)—(a)3a4—a3)*(b2—a)3b1)—ﬁ(b2—b1)
- -,
f(c4)=ﬁ(a4—a31)—(a)3a4—a3)*ﬁ(b4—b3)—(a)3b4—b3)
— 1—0)3
_,B(a4—a3)—(a)3a4—a3)*ﬂ(b4—b3)_(a)3b4_b3)
1-w,

Now, since a,<a,<a,<a, and b <b,<b,<bh,,s0
f(e)<f(e,)< f(es)< f(c,)- Hence,
¢’ =[min{f (). f(c.).f (). f ()} max{f (). £ (e)of () f ()} [=[f (). (c2)]

The above method is known as vertex method for arithmetic operations of
GTraPFN.
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Proposition 3.2: Addition of two generalized trapezoidal picture fuzzy num-

bers is also a generalized trapezoidal picture fuzzy number.

Proof: Let A:<(a1,a2,a3,a4);wl,w2,a)3> and B:<(b1,b2,b3,b4);a)1,w2,a)3>
be two GTraPFNs and C'*7#) = 4= 1 gler)

Now, the ordinate of the vertices for the positive membership function are

a a
¢ :[al +—(at2 —al),b1 +Z(b2 —bl)] ,

2

¢, = (al +i(a2 -a,),b, —%(@ —b3)J

2 |
and
a a
Cy :[azt__(azl a3),b4——(b4—b3)J
2 |
Therefore,

f(a)=q +%(a2 —a,)+h +%(b2 —b)=a,+h, +%(b2 +a,—a,~bh)

1 1 1

a a a
f(cz)=a1 +;1(a2 —a1)+b4 —;l(b4 —b3)=a1 +b, +;1(a2 -b,—q +b3)

f(c3):a4 —1(514 —a3)+b1 +1(b2 —b1)=a4 +b, +%(b2 —a,+a, —bl)

a)l 1 1

a a a
f(e,)=a,——(a, —a;)+b, —;(b4 —by)=a, +b, +;(a3 +by—a,—b,)

2] | |

Now, since a,<a,<a,<a, and b <b,<b,<h,,s0

f(e)<f(e,)< f(e5)< f(c,). Hence,
C=[min{f (), f(e,).f(c).f (eg)}max{f (), £ (&), £ (e): £ (en)} ] =[ £ (a): f(er)]

=|a +b +1(b2 +a,—a,—b),a,+b, +£(a3 +b,—a, —lu)}
L @, o,
=|a+b +i(b2 +a,—a,—b),a,+b, +£(a3 +b,—a, —b4)}
L @, |

= a1+b1+£{(a2—a1)+(b2—b1)},a4+b4—1{(a4—a3)+(b4—b3)}}

L 2 2

Let a+b+-—{(a,~a)+(b,~b)} <z<a, +b,—{(a,~a,)+(b,~b,)}
1 1
Now,

a,+b, +%{(a2 —a,)+(b, —bl)}Sz

W z—(a1+b]) Sy
' {(a2 +b2)—(a1 +b1)}
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_ b)
L L _ Z (a1+ |
et pi(z)=0 (@) (b))
Now, i,ué z d Z_(a1+b1) = @ >0;if

= —q, =
dz () dz 1{(a2+b2)—(a1+b1)} {(az+b2)—(a1+bl)}
(ay,+b,)>(a,+b).
Therefore, 4 (z) isan increasing function.

Also, pi(a,+b)=0, ui(a,+b)=w and yé(wfaﬂ_sz>%.

Again,

a,+b, —1{(a4 —a,)+(b, —b3)}22

(a,+b,)-z
{(a4+b4)—(a3+b3)}
(a,+b,)-z
a4+b4)—(a3+b3)}
—ia) (a4+b4)—z _ o,
dz ' {(a,+b,)=(ay+b,)}  {(a,+b,)— (a5 +by)}

> o za

Let ug(z)=o, f

<0 if

d
Now, E,ug (z)

(a4 +b4) > (a3 +b3)
Therefore, ug(z) isan decreasing function.

b b
Also, ul(a,+b,)=0, pui(a,+b))=0w, and ug(%j<%.

So the positive membership function of C=A4+B is

z—(a1+bl) )
, {(a2+b2)—(a,+b1)}’ a,+b <z<a,+b,
e (z) = ; a,+b,<z<a,+b,
(z)=
@, (a4+b,)-z ; a;+b,<z<aqa,+b,
{(a4+b4)—(a3+b3)}
0; otherwise

Hence, the addition rule is proved for the positive membership function.

Similarly, we can prove the addition rule for the neutral membership function.

, z—(a]+b1) ; a+b<z<a,+b,
{(a2+b2)_(a1+b1)}
() ,; a,+b,<z<a,+b,
z)=
e (a,+b,)-z
@, ; ay+by<z<a,+b,
{(a4+b4)—(a3+b3)}
0; otherwise

Now, the ordinate of the negative membership function

o[l -oa)-Bla-a) (b-oh)-p(b-b)

-, ’ 1-w,
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1-w, -,
and
Bla,—a,)-(@sa,—a5) P(b,—b)—(asb,~b;)
Cy = 1—(03 > 1_@3
Therefore,
f(Cl)_(az a)3ai) ﬂ(az_al) (bz 603b1) ﬁ(bz—bl)
@ 1- o,
_(az_w3a1)_ﬁ((12—a])+(b2—a)3b])_ﬂ(b2_bl)
B 1-w,
f(cz):(az_a)3ai)_ﬂ((12_a1)+ﬂ(b4—b3)—(a)3b4_b3)
@ 1- o,
_(az_a)3a1)_ﬂ(az_a1)+ﬂ(b4—b3)—(a)3b4_b3)
B 1-w,
f(C3):ﬂ(a4_a31)_(w3a4_a3)+(b2_a)3bl)—ﬂ(b2—bl)
@ 1- o,
ﬂ(a4_a3)_(w3a4_a3)+(b2_a’3b1)_ﬂ(bz—b1)
= o
f(c4)=ﬁ(a4_a31)_(a’3“4_“3)+:3(b4—b3)—(a)3b4—b3)
-, I~ o,
:ﬂ(a4—a3)—(a)3a4—a3)+ﬁ(b4_b3)_(a)3b4_b3)
1- o,

Now, since a,<a,<a,<a, and b <b,<b,<bh,,s0
f(e)<f(e,)< f(es)< f(c,)- Hence,
¢’ =[min{f(cl),f(cz),f(q),f(c4)},max{f(cl),f(cz),f(c3),f(c4)}J=[f(cl),f(c4)]
:|:(a2 —oa)-f(a,-a)+(b,-wob)-B(b,~b) Pla,—a;)-(wa,—a;)+ (b, ~b;) (@b, _bs):|

>

1-w, 1-w,

>

_{az +b, — o, (a, +b1)—,3{(a2 —a,)+(b, —bl)} a, +b,— o, (a, +b4)+ﬂ{(a4 —a;)+(b, —@)}}

1-w, 1-o,
Let
a2+b2—a)S(al+b1)—ﬂ{(a2—a1)+(b2—bl)} << a3+b3—a)3(a4+b4)+ﬁ{(a4—a3)+(b4—b3)}
1-, o 1- o,
Now,

a,+b,—o,(a,+b)-p{(a,~a,)+(b,~ b))}
1-w,

-(1-w,)z-w,(a, +b)+(a, +b,)

{(“2+b2)_(“1+bn)}

<z

=

<p
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~(1-w,)z-w,(a,+b)+(a, +b,)

S PR PRy

Now,
iVL )= d —(1_a)3)z—a)3(a1+b1)+(a2+b2): —(l—a)3) <0;i
dz C( ) dz {(a2+b2)—(al+bl)} {(a2+b2)—(a1+b,)} 0;if

(a,+b,)>(a,+b)

Therefore, v (z) isan decreasing function.

Also, VCL(a2+b2)=a)3, Vé(“ﬁbl):l and vé(a2+b2+al+blj<(l+w3).

2 2
Again,
a3+b3_0)3(a4+b4)+ﬂ{(a4_a3)+(b4_b3)}ZZ
-,
:>(l—a)3)z+a)3(a4+b4)—(a3+b3)<
{(a4+b4)—(a3+b3)} *
ko (1—o)z+o(a,+b,)—(a,+b,)
Let ve(z)= {(a,+b,)—(as+b,)}
Now,
oy d-o)zrofash)(arh) (o) oo
% c(2) i {(a,+b,)~(a; +b,)} {(a,+b,)~(a, +b,)} 05if
(a,+b;)>(a; +by)

R . . . .
Therefore, v, (z) is an increasing function.

Also, v¢(ay+b)=a,, v{(a,+b)=1 and Vg(a3+b342—a4+b4j>(1+2w3)'

So the negative membership function of C=A4+B is
—(1-ay)z—wy(a,+b)+(a, +b,)

{(a2 +b2)—(a] +b, )}

5 a,+b,<z<a,;+b,

; a,+b <z<a,+b,

(1—a)3)z+w3(a4+b4)_(a3+b3). a,+b.<z<a,+b
R ECETY

1; otherwise

Proposition 3.3: Subtraction of two generalized trapezoidal picture fuzzy
numbers is also a generalized trapezoidal picture fuzzy number.

Proof: Let 4 :<(al,a2,a3,a4);a)l,w2,a)3> and B :<(b1,b2,b3,b4);w1,a)2,a)3>
be two GTraPFNs and C\*"#) = g*7#) _ gplerh)

Now, the ordinate of the vertices for the membership function are

¢ :[al +i(a2 —al),b1 +i(b2 —bl)j R

@, @,

a a
¢, :(al +—(a2 —al),b4 ——(b4 —b, )j,

@, @,

DOI: 10.4236/ajcm.2023.131004 109 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2023.131004

M. K. Hasan et al.

a)l 1
and
a a
¢ :[a4——(a4 a3),b4——(b4—b3)J
2 |
Therefore,

f(a)=4q +%(a2 —a)=h -%}(@ ~b)=a,~b +%(a2 —b,—a,+b)

a a a
f(cz):a1 +;l(a2 —al)—b4 +;1(b4 —b3):a1 -b, +;1(a2 +b,—q, —b3)

f(e)=a,—Z(a, —ay)=b, (b, =) = a, — b, + (b, —a, + a, ~b,)

@, @, o,
fle)=a, —%(@ —a;)-b, +%l(b4 —by)=a,-b, +%(a3 +b,—a,—b,)

1

Now, since @, <a,<a,<a, and b <b,<b,<h,,s0
f(e)<f(e)<f(e;)< f(c;). Hence,
c* :[min{f(cl),f(cz),f(c3),f(c4)},max{f(cl),f(cz),f(CS),f(c4)}]:[f(cz),f(c3)}

=|a,-b, +g(a2 +b,—a,—b;),a,—b, +£(b1 —a,+a, —bz)}
L 2] 2]
=|a,-b +£(a2 +b,—aq, —b3),a4 -b, —g(—b, +a,—a, +b2)}
L a)l a)l

=|a,—b, +%1{(a2 -a,)+(b, —b3)},a4 -b —%1{(% —ay)+(b, —bl)}}

- al—b4+%{(a2—b3)—(a1—b4)},a4—bl—%{(a4—bl)—(a3—b2)}}

Let a, —b, +%{(a2 -b,)—(a, —b4)}SzSa4 -b —%{(@ -b)—(a —bz)}
1 1

Now,

>0 z—(a-b,) >a
1 {(az —b;)—(a, = b, )}
et u-(z)=w 2-(@—b,)
Let ,uc( ) 1{(a2—b3)_(‘11_b4)}
T DR U B S
Now, dzluc() dz 1{(a2 b3) (al b4)} {(az b3) (al b4)} i

(a2 —b3)>(a1 —b4)

L . N . .
Therefore, u, (z) is an increasing function.
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-b,+a,-b
Also, pi(a-b)=w,, ui(a,-b)=w, and ué(wj>ﬂ

2 2’

Again,

= {0, -b) (0,1 2z

= o (a4—b1) z >a

1{(‘14 bl)_(a3 bZ)}

et ()= (‘14_b1)_z
Let uc(z) l{(a4—b1)_(a3_bz)}
ow. d e, :ia) (a,—b)-z —— 4 <035 1i
Now, dZ’uC() dz l{(a4—b1)_(‘13_b2)} {(a4_b1)_(a3_b2)} v

(a4 —bl)>(a3 —bz)

Therefore, ,ug (z) is an decreasing function.

a,—b+a,—b 1)
Also, pf(a,—b)=0, pi(a;-b,)=w, and yﬁ(%)<7ﬂ

So the positive membership functionof C=A4-B is

Z_(a'_b4) ;oa, — z<a,—b
@, {(az—b3)—(al—b4)}’ 1 =0, h by
p (z) w; a,—b,<z<a,-b,
- (2)=
o (2=b)-= ; a;—b,<z<a,—bh
1{(‘14_171)_(“3_172)} ’ 1
0; otherwise

Hence, the subtraction rule is proved for the positive membership function.

Similarly, we can prove the subtraction rule for the neutral membership func-

tion.
Z—(Cll—b4)
10) ; a—-b,<z<a,-b
2{(612 b3)—(a1 b4)} 1 4 2 3
( ) ,; a,—b,<z<a,-b,
Ne\z)=
) o, (2=b)-= a,-b,<z<a,-b
{(a4 bl)—(a3 -b, )}
0; otherwise

Now, the ordinate of the negative membership function

[l -oa)-Bla-a) (b-oh)-p(b-b)

b

1-w, 1-w,

[l

1-w, 1 -,

o _((@-0a)-pla=a) plb=b)~(@h-b))
2 |

B

1-w, 1-w,

_[Pla—a)-(0a-a) (b,-ob)-A(b-b)
3 |

and
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Cﬂ

= Bla,-ay)—(wa,—a;) (b, —b;)~(wsb, ~b))
“ 1-o, 1-w,
Therefore,
()= Lzl Pleza)_(bmoh)-hb.2h)
0 1- o,
_(a,-0a)-pla,~a)~(b,~0b)+ f(b, )
) 1-w,
f(c2)_(a2 wﬂi)_ﬂ(az_al)_ﬂ(bzt_bz)_(a)sbzt_bz)
- 1-o,
(az co3a1) ﬂ(az—al)—ﬂ(b4—b3)+(w3b4_b3)
) 1- w,
f(C3):ﬂ(a4_a3l)_(a)3a4_as)_(b2—0)3b1)—ﬂ(b2—b1)
— 1-o,
_ﬁ(a4 as)_(w3a4—a3)—(b2—w3b1)+ﬁ(b2_bl)
B - o,
f(c4)_ﬂ(a4 a31)_(‘03“4_as)_ﬂ(b4—b3)—(a)3b4—b3)
@ 1- o,
Bla,—a,)—(wya, —ay)— B(b, — by )+(w,b, —by)

1-w,

Now, since a,<a,<a;<a, and b <b,<b,<bh,,s0

fe))< f(e)<f(e;)< f(cy). Hence,

[min{f(cl),f(62),f(c3),f(c4)},max{f(cl),f(cz),f(c3),f(c4)}J:[f(cz),f(q)]
a,—a)= (b, —by) + (@b, =b;) Bla,—a;)—(@sa,—a,)= (b, ~wb) + B(b, ~b)

{(az—wsal)—ﬂ(

1-w,

>

a, —b, + o, (b4 —al)—ﬁ{(az —133)—(a1 —174)},a3 —b, + w, (b1 —a4)+ﬂ{(a4 —bl)—(a3 —bz)}

|

1-w,

|

1-w,

Let

a,~by+a,(b,—a,) - B{(a,~by)~(a,~b,)}

<

|

a,—b, +a, (b —a,)+ B{(a,~b)—(a,—b,)}

1-w,

z<
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d oy d —(l—a)3)z+a)3(b4—a1)+(a2—b3)=_ (1-w,) 0.
T (ab)~(a-b)] (@) (a by "

(a2 —b3)>(a1 —b4)

L . . .
Therefore, v (z) isa decreasing function.

Also, vi(a,~b)=a,, vi(a,—b,)=1 and Vé(az—b3+al—b4j<(1+a)3)‘

2 2
Again,
a3—b2+a)3(b1_a4)+:3{(a4_b1)_(a3_b2)}22
-,
:>(1—a)3)z—a)3(b1—a4)—(a3_b2)<
(PR E Y
iy (1=0)z-0 (b -a,)~(a,~b,)
Let v (z)= {(a4_b1)—(a3—b2)}
Now,
4 d-o)zo(ba)(a-b) (o)
oeE)=1 {(ay=b)(a,=b,)} {(a,=b)=(a,=b,)} 05 if

(a,—b)>(a —bz)

R . . . .
Therefore, v, (z) is an increasing function.

Also, v (a;—b,)=w,, vi(a,—b)=1 and Vg(a3_b2;a4_blj>(l+w3).

So the negative membership function of C=4-B is

—(1-w,)z+o,(b, —a,)+(a, —by)

{(“2 _b3)_(a1 _b4)}

;; a,—b,<z<a,-b,

(l—a)3)z—a)3(bl—a4)—(a3—b2). 4 —by<z<a, b

1 otherwise

Hence, the subtraction rule is proved for negative membership.
Proposition 3.4: Scalar multiplication of a generalized trapezoidal picture
fuzzy number is also a generalized trapezoidal picture fuzzy number.

Proof: Trivial.

4. Computation of Picture Fuzzy Functions
Example 1: Consider
F(X)=X+X? (4.1)

Then we want to compute F (A) , where, the positive, neutral and negative
membership functions of the generalized trapezoidal picture fuzzy number

A4=(2,3,4,5);0.6,0.2,0.1 are given as:
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0; x<2 0; x<2
O.6(x—2); 2<x<3 0.2(x—2); 2<x<3
1, (x)=40.6; 3<x<4, 17,(x)=102; 3<x<4,
0.6(5—x); 4<x<5 0.2(5—x); 4<x<5
0; x>5 0; x>5
1 x<2
0.9(2-x)+1; 2<x<3
v, (x)=10.1; 3<x<4,
0.9(x—4)+0.1; 4<x<5
1 x>5

Following Figure 2 graphically represents the GTraPFN A:

The corresponding (a7, ) -cut of the above GTraPFN A is as follows:

gorn oy o s @l v s 7 |[,_B=1,,
0.6 0.6 0.2 0.2 0.9

In order to find (F(A))a , we have,

0.9

B-0.1

Ji

q =2+i, C, =5-Z%
0.6 0.6
a a 5 o’
fa)=2+—+|2+—| =6+—+
0.6 0.6 0.6 0.36
2 2
a lla «
5——+|5- =30- +
fe)=35-T% ( 06) 0.6 036
Now,
(F(4))
2 2 2 2
~mind6+ %4 L 30112, @ | e 2E s X 5 L, @
0.6 0.36 0.6 0.36 0.6 0.36 0.6 0.36
2 2
= 6+5_a+a_’30_ﬁ+a_ .
0.6 0.36 0.6 0.36
Again, in order to find (F (A))y , we have,
q :2+L, C, =5-L
0.2 0.2
2 5 2
f(c,)—2+L+(2+LJ =6+2L 4+ 7L
0.2 0.2 0.2 0.04
2 2
4 4 ly 7
=5-"L—+|5-"—| =30—-——~
/() 0.2 ( 0.2) 0.2 0.04
/4
(F(4))
2 2 2
=| min{6+-L 7—,30—&+}/— ,max 6+5—7+7—,30—&+7—
0.2 0.04 0.2 0.04 0.2 0.04 0.2 0.04
2 2
P/ A AR S L A |
0.2 0.04 0.2 0.04
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2 2.5 3 3.5 4 4.5 5
The horizontal axes indicates the real numbers R
and the vertical axes indicates the membership degrees

of the positive, neutral and negative membership func-
tions from 0 to 1.

Figure 2. GTraPFN A.

Again, in order to find (F (A))ﬂ , we have,

G =2—E, ¢, =4+ﬁ_0'1
0.9 0.9
f(cl)=2—u+ 2_ﬂ 1 :10.36_6.5ﬁ+ﬁ'
0.9 0.9 0.81 0.81 0.81
f(62)=4+'3 0.1+(4+ﬂ 0.1] :15'4+7'9ﬁ+ p
0.9 0.9 0.81 0.81 0.81
B
(F(4))
2 2 2 2
| min 10.36_6.5ﬂ+ y/j ,15.4+7.9ﬂ+ p max 10.36_6.5ﬂ+ y/j ’15.4+7.9ﬂ+ p
0.81 0.81 0.81 0.81 0.81 0.81 0.81 0.81 0.81 0.81 0.81 0.81
_[1036 658 B 154 795 Vs
0.81 0.81 081°0.81 081 0.81|
Thus,
F(A)(as}/!ﬁ)
2 2 2 2
6+5_a+a_’30_ﬁ+ « , 6+5—}/+ 4 ,30—&+ 4 ,
0.6 0.36 0.6 0.36 0.2 0.04 0.2 0.04
1036 654 in 154 798 Vs
081 081 081°0.81 0.81 0.81
The corresponding positive, neutral and negative membership functions are
as follows:
0; x<6 0; x<6
— + 54+
—15+3V1+4x “1+4x;6§x<12 —SEVI+dx “1+4x; 6<x<12
10 10
,uF(A)(x)= 0.6; 12<x<20, nF(A)(x)= 0.2; 12<x<20
+ 34/ +4/
3B3ENIHAx g <30 HENT+AY o) <30
10 10
0; x>30 0; x>30
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VF(A) (x) =

I; x<6

6.5+0.9\1+4x

. 6<x<I2
2
0.1; 12<x<20

—7.940.94/
w; 20 < x <30

I; x>30

Figure 3 represents the value of F(A) as follows:

Example 2: Consider

F(A4,B)=A+B

(4.2)

Then we want to compute F(A4,B), where A :<(2,3, 4,5);0.6,0.2,0.1> and
B:<(1,3,5,7);0.6,0.2,0.1> are two GTraPFNs with the following membership

functions
0; x<2
0.6(x—2); 2<x<3
1, (x)=10.6; 3<x<4,
0.6(5—x); 4<x<5
0; x>5
0; x<2
0.2(x—2); 2<x<3
17,(x)=40.2; 3<x<4
0.2(5—x); 4<x<5
0; x>5
1 x<2
O.9(2—x)+l; 2<x<3
v, (x)=40.1; 3<x<4
0.9(x—4)+0.1; 4<x<5
1; x>5
1
0.8
0.6
0.4
0.2
0 : : :
10 15 20 25
The horizontal axes indicates the real numbers R
and the vertical axes indicates the membership de-
grees of the positive, neutral and negative member-
ship functions from 0 to 1.
Figure 3. Value of F(A).
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and
0; x<1 0; x<l1
iy (x)=10.6; 3<x<5, ny(x)=102; 3<x<5
—0'6(7_)6); 5<x<7 —0.2(7—x); 5<x<7
2 2
0; x>7 0; x>7
1; x<l1
0.45(1—x)+1; 1<x<3
vp(x)=40.1; 3<x<5.
0.45(x—5)+0.1; 5<x<7
1; x>7

Following Figure 4(a) and Figure 4(b) show the graphical representations of
the GTraPFNs A and Brespectively:

Now, we want to compute F(A4,B) by the vertex method.

Here, the corresponding («,y, ) -cut of the above GTraPFNs A and Bare as
follows:

AP _ [Ni,s_1}[2+L,5_LH2_E,4+ﬂ—0~1}
0.6 0.6 0.2 0.2 0.9 0.9

Bl = [1 —7——H1 e 7_L} [1_E,5+w}
03" 03[ o 01l 04577 045

In order to flnd A )) , we have,

¢ = +— l+— ,7—1 , G = S—i,l+i and
0.3 0.6 03

‘. =(5_1,7_i ,
0.6 0.3

=9 )
0.6 0.3 0.6

f(c3):5—&+1+%:6+0i6 and f(c,)=5-—+7-—-12-5a.

0.6
Now,
(F(4.8))
= {min{3+5a,9—%,6+%,12—5a},max{3+5a,9—%,6+%,12—5aﬂ
(F(4.8))

—mind3+52.9-2% 642 12-5¢ "\ max{3+50.9- -2 6+-% 12-5a
06" 0.6 06" 0.6

:[3+5a,12—5a].
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(a)

(b)

The horizontal axes indicates the real numbers R
and the vertical axes indicates the membership de-
grees of the positive, neutral and negative member-
ship functions from 0 to 1.

Figure 4. (a) GTraPFN 4; (b) GTraPFN B.

In order to find (F(A,B))y , we have,

2+L 1+L R CZ= L _L
02" 0.1 2 0.1

032(5 e 1+l) and ¢, = (S—L —i).

02" 0.1 02" 0.1
f(cl)=2+£+l+%=3+157, f(e)= 2+£+7—a_9 57,
f(e)= 5—£+1+a—6+57 and f(c,)= 5—£+7—%—12 157 .
Now,
(F(4.B))

=[min{3+15;/,9—57,6+5;/,12—ISy},max{3+15;/,9—5;/,6+57/,12—15}/}]
:[3+15y,12—157].

In order to find (F(A,B))y , we have,

S P SO R PSR P el AL R
09" 045 09 " 045
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03 :(4+ﬂ—0.1,1_ﬂj and e, :(4+/3—0.1’5+/3—0.1j‘
0.9 0.45 0.9 0.45

A-1 . B-1 19 10
Y YV A
fla)=2= a3 3 2
p-1 . B-01 71 10
=2- +5+ =—+—_0,
fle)=2-73 0as 9 97
B-0.1  B-1 64 10
+—tl-——=———
/(o) 09 05 9 of
and
£-0.1 £-01 26 10
+ +5+ =—+
fle) 09 0as 3 37
Now,
(F(a.B))
. |19 10 , 71 64 10 19 10 , 71 64 10
{ml {?——ﬂ— —,3 ———ﬂ— —ﬂ} {———ﬂ— —ﬂ ———ﬂ— —ﬂH
19 10
_[3 ﬂ ﬂ}
Thus,
F(4,B) ") = {[3+5a 12-5a],[3+157,12—15y], [139 ?ﬂ— ﬂ}}
The corresponding positive, neutral and negative membership functions are
as follows:
0; x<3
*3. 3<x<6
5
,uF(A,B)(x): 0.6, 6<x<9,
127x g cx<12
5
0; x>12
0; x<3 1 x<3
*3. 3<x<6 923 3cv<s
15 10
nF(A’B)(x): 02a 6SXS9 > VF(A,B)(X): 01, 6SXS9
2ox g crs<n o209 v<2
0; x>12 1; x>12

Figure 5 represents the value of F(A4,B) as follows:

The method described in this paper significantly expands the technique for
calculating the value of picture fuzzy functions and is computationally easy to
implement. The MATHEMATICA program is used for graphical representa-
tions. The vertex method can be used directly without conducting an extreme

analysis for some of the most commonly used monotonic functions.
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4 6 8 10 12
The horizontal axes indicates the real numbers R
and the vertical axes indicates the membership de-
grees of the positive, neutral and negative member-
ship functions from 0 to 1.

Figure 5. Value of H( A4, B).

5. Conclusion

Picture fuzzy number plays a vital role in the field of uncertainty. In this paper,
the arithmetic operations of generalized trapezoidal picture fuzzy numbers by
vertex method are developed. Finally, some computations of picture fuzzy func-
tions over generalized picture fuzzy variables are illustrated by using our pro-
posed method.
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