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defective item and product’s decay, the inventory reduces to the zero level
where again the production cycle starts. With a numerical search procedure,
the proof of the proposed model has been shown. The objective of the pro-
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1. Introduction

Inventory management in any business is nowadays considered as a very impor-
tant issue in the market. Thereby how it will be managed and how much is to be
produced and supplied based on demand gets an important role here in this
twentieth century. Thereby inventory problems had been started to study much
more than before. Inventory is a stock of materials either raw or finished prod-
uct. Analysing the inventory problem helps to minimize the inventory cost and
time. There are two kinds of materials in the market, one has damage, wastage,
deterioration or decay and the other one does not have. Items like radioactive
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substances, food grains, fashionable items, pharmaceuticals etc. are the items of
finite life and the items like electronic goods, steels, woods etc. are the items of
long life. The deterioration affects the inventory and inventory cost increases. To
make the inventory cost at optimum level, a suitable inventory model is required
to be formulated. In minimizing inventory cost and time this paper proposes an
inventory model with linear demand, production with few defective items in the
cycle, small amount of decay and constant production rate. The production
starts with zero inventories in the model discussed in this paper. After a certain
period, it gets the highest inventory and production stops. This paper has also
considered constant production rate along with the deterioration. Finally, prov-
ing the convex properties and using a numerical example, the paper justified the
correctness of the model. The objective of the proposed model is to get the op-
timum inventory cost, time and ordering cycle. The paper concludes with litera-
ture review, assumptions and notations, development of the model, numerical

illustration and sensitivity analysis.

2. Literature Review

Since long the researchers had been trying to get the inventory models which
can meet the needs in real life. They were solving many types of inventory prob-
lems. The problems are related with various types of demand in the market,
types of production rate of the business organizations, finite life of the products,
defective production items, whether backlogs or shortages and delay in pay-
ments are allowed etc. Most of the researchers had structured different types of
inventory models mainly focusing demand pattern which may be linear, qua-
dratic, trapezoidal, exponential, time dependent, level or stock dependent, price
dependent etc. Considering all the parameters two types of models in this field
are designed, one is deterministic model which deals with the constant demand
and lead time; the other one is stochastic or probabilistic model which deals
randomly with the variable demand and lead time. In the review of the literature,
the inventory models with deterministic demand have been given importance.
Determining Economic Order Quantity (EOQ) is one of the most important
factors to formulate the inventory models. The ultimate objective of formulating
the model is to minimize the inventory cost by finding the EOQ. So far it is
known that Harris [1] was the first researcher to study the inventory model and
he opened a new dimension in the field of the inventory control management
since he presented the famous EOQ formula. For the first time, Whitin [2] con-
structed the inventory model which was suitable for fashionable goods and he
allowed its little decay in the inventory. Ghare and Schrader [3] first pointed out
the effect of decay in inventory analysis and discovered the economic order
quantity (EOQ) model. The nature of the consumption of the deteriorating
items was proved by them. Hou [4] derives an inventory model for deteriorating
items with stock dependent consumption rate and shortages under inflation. On
the basis of stock dependent selling rate, Chund and Wee [5] developed an inte-

grated two stages production inventory deteriorating model for the buyer and

DOI: 10.4236/ajor.2021.111001

2 American Journal of Operations Research


https://doi.org/10.4236/ajor.2021.111001

Md. J. Uddin et al.

the supplier considering imperfect items and just in time (JIT) multiple delive-
ries. Heng et al [6] placed an order level lot size inventory model for deteriorat-
ing items and finite replenishment rate. Skouri and Papachristos [7] discussed a
continuous review inventory model considering the five costs as deterioration,
holding, shortage, opportunity cost due to the lost sales and the replenishment
cost due to the linearly dependency on the lot size. Applying inventory reple-
nishment policy Mingbao and Wang [8] constructed the inventory model for
deteriorating items with trapezoidal type demand rate, where the demand rate is
a piecewise linearly functions. Sarker ef al [9] explained an inventory model
where demand was a composite function consisting of a constant component
and a variable component proportional to inventory level in a period and decay
was exponential and inventory was positive, whereas Sana and Chaudhuri [10]
explained the level dependent demand with finite decay. Shah and Jaiswal [11]
and Dye [12] established an inventory model by considering demand as a func-
tion of selling price and three parameters of Weibull rate of deterioration. Has-
san and Bozorgi [13] developed the location of distribution centers with inven-
tory. Khieng et al [6] presented a production model for the lot-size, order level
inventory system with finite production rate and the effect of decay. Mishra et al
[14] explained an inventory model for deteriorating items with time dependent
demand and time varying holding cost under partial backlogging. Ekramol [15]
[16] considered various production rates where the demand is constant. Shiraj
[17] discussed the effect of just in time manufacturing system on EOQ model.
Sivazlian and Stenfel [18] determined the optimum value of time cycle by using
the graphical solution of the equation to obtain the economic order quantity
model. Pakkala and Achary [19] established a deterministic inventory model for
deteriorating items with two warehouses, considering the replenishment rate
was finite and demand was uniform, while shortage was allowed. Billington [20]
explained how classic economic production quantity (EPQ) model is formulated
without backorders or backlogs. Abad [21] discussed regarding optimal pricing
and lot sizing under conditions of perish ability and partial backordering. Sing
and Pattanak [22] [23] [24] developed the model for deterioration and time de-
pendent quadratic demand under permissible delay in payment, whereas we
have used the demand of linear trend but ignoring the payment aspect. Giri et al.
[25] placed a model with time varying demand and costs. Amutha and Chan-
drasekaran [26] formulated the inventory model with deterioration items, qua-
dratic demand and time dependent holding cost, but in our proposed model, we
have emphasized on the production rate, linear type of demand and constant
holding cost. Ouyang and Cheng [27] explained the inventory model for deteri-
orating items with exponential declining demand and partial backlogging. Dave
and Patel [28] introduced an inventory model for deteriorating items with time
proportional demand, but we have considered the demand which is level de-
pendent. Teng et al [29] developed the model with deteriorating items and
shortages assuming that the demand function was positive and fluctuating with

respect to time, but in the proposed model, the demand was considered as a li-
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near function and production starts, allowing few items defective in production

cycle, which may be used in the next cycle again.

3. Assumptions

1) Production rate is constant and greater than the summation of defective
items and demand rate at any time.

2) Demand is a linear function.

3) For unit inventory, amount of decay rate is very small and constant.

4) Production starts allowing that few amounts of items will be defective in
the inventory which will be used in the production system in the next cycle.

5) Inventory level is highest at a specific level and after that, the inventory
depletes quickly due to demand and deterioration.

6) Shortages are not allowed.

7) Lead time is zero.

4. Notations

A = Production rate.

d = Defective items in the process of production.

a=Demand rate at any instant 6, satisfying the condition A>d+a.

u = Very small amount of constant decay rate for unit inventory.

1(0) =Inventory level at instant 6.

d@ = Vary small portion of instant 6.

Aand B = Arbitrary constants.

I, =Un-decayed inventoryat 7 =0 to .

I, =Un-decayed inventoryat 7 =t to T;.

D, = Deteriorating inventoryat 77=0 to .

D, = Deteriorating inventoryat 7 =¢ to T,.

1(6)=0,0 and 0 = Inventory level at time 7 =0,7, and 7, respectively. Q
is the highest inventory which also depicts the order quantity as well.

K = Set up cost.

h = Holding cost.

TC =TC(Q) = Total inventory cost in terms of Q.

t, = Time when inventory gets maximum level.

T, = Total time cycle.

O = Optimum order quantity.

t; = Optimum time at maximum inventory.

7" = Optimum time cycle.

TC" = Total optimum inventory cost.

5. Development of the Model

It is learned that generally, on the basis on the demand pattern; the business in-
stitution confirms the design of the model. In reality, the demand may at times

be dependent on the level or the stock on hand in the inventory. To meet this
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type of situation, this model is developed. Few productive items may be defective
which will go to the reproduction cycle again than it goes to the fulfilment of the
demand. The model is suitable for the products which have finite life and causes
the products decay due to its limited life. At the beginning, while time 7 =0,
the production A starts allowing few products d as defective items and Q as
inventories and the production remains constant for entire production cycle
(follow Figure 1).

The inventory increases at the rate of A—d—a—ul(0) during T=0 to ¢,
where d is the defective items produced in the production cycle, a is the market
demand and pI(0) is the decay of I(6) inventories at instant ¢ mention-
ing that, u is the decay of unit inventory in the period. With the above condi-
tions the following differential equation can be formulated:

1(0+d0)=1(0)+{A-d—a}d0-pul(0)do
or, 1(0+d0)-1(0)={A-d-a-ul(60)}d0

I -1
or, lim Mzg_d_a_ﬂl(g)
460 deo

or, (%91(6?)4—/11(0):/1—51—(1 (1)

The general solution of the differential equation is,
A-d—-a

1{o)- 4=

+ Ae ™+ (2)

Applying the boundary conditionat =0, we get, 7(6)=0.
A—d—-a

Yz
Therefore, taking up to first degree of u we get,

By Solving these equations, we get, 4=—

1(9): ﬂ—d—a_/l—d—ae,w
J7; u
_ ﬂ—d—a(l_e,ﬂg)
y7,
_ ﬂ—d—alue
7,
or, I(H)z(/l—d—a)é’ (3)

From the other boundary condition, e at =1, 1(0)=Q, taking up to
first degree of 1, we get the following equation:
l—d—a_/i—d—ae

Q — —Hn
H H
A—d-a _
=——(1-¢")
U
A—d-a
= M,
U
or, 0=(A-d-a)t, (4)
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Figure 1. Production-demand cycle.

Using the Equation (3) and considering up to second degree of u for our

convenience, the total un-decayed inventory during 6 =0 to ?, we get,

4

I =il[l(9)d6’=j[(/l—d—a)¢9}dz9
:{(1_61_61)72]1 -1 (a-d-a) )
_lQ—z(ﬂ_d_a):lQ—z
2(A-d-a) 21-d-a

We calculate the deteriorating items during the period considering the decay

of the items as below:

i}

D, = ul(0)d6 = y}[(z—d—a)e}de

=/{(ﬂ—d—a)%} =%,ut12(/1—d—a) (6)
0

I < S TR TR S ¢
_2”(,1_(1;_6,)2(;L d-a) 2A-d-a

On the other hand, the inventory decreases at the rate of a+u/(6) during
T'=t to T, as thereis no production after time ¢ . In this step, the inventory
depletes due to market demand and the deterioration of the items. Similar ap-

proach as used before can be applied to get another differential equation which

is as below:

d
E[(@)ﬂul(@)-—a (7)

The general solution of the differential equation is defined below:

1(0)="%+ e (8)
(9) LB

Applying the boundary condition at 6 =7;, we get, 1(6)=0.
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By solving we get, B = Lt
y

Therefore,

a 1 T*é‘)
1()=" e 1 9)
)=ale 1]
Taking the first degree of y, we get the equation as below:
1(0)=a(T,-6) (10)
Substituting another boundary condition in Equation (10), ie at &€=t ,

1(0) =0, taking up to first order of 4 , we get the following equation:

0=a(1;-1) ()
_ __ 9
or, aTIZM
A-d-a
__0(4-d)
o ﬂ_a(ﬂ—d—a) (12

Now, using the Equation (10) and considering up to the first degree of u we
get the un-decayed inventory during 7'=¢ to 7, as:

I, :?I(Q)dez ]l{a(Tl —9)}d9=?{a(f(’l—_‘i))—aj}da

1 f 4 (ﬂ’_d_a

1 1 1 )
_a(T]_t‘)(ET;_Etlj‘ga(T]—tl) (13)
1] 0(4-d) o | ,
_2a{a(l—d—a) ﬂ—d—a} [puttlng the values from (3) and(lz)]
_1o
" 2.a

Considering the decay of the items, we calculate the deteriorating items dur-

ing the period as below:

_Tl _Tl - _lquZ
D, =[ul(0)d0 = ufa(T; 9)}d¢9—2 (14)

a
it it

Total Cost Function: The cost function can be described in the following
form,
_K+h(1,+1,)+5(D +D,)
) z

7C(Q) (15)

By substituting the values of Equation (5), Equation (6), Equations (12)-(14)
in Equation (15), we get the value of total inventory cost as below,
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1 QZ 2
TCZF[K”Z 20-d—a)” 2(/1 d a) Za}
:i{ln 0 (h+5y N (h+5y)}
T|" 2(A-d-a)
Ca(A-d- a){K+Q(h+5,u)+ 0*( h+§,u):|
Q(ﬂ d) (/1 d a) 2a

_Ka(/l—d—a)+a(/l—d—a)>< Qz(h+5,u)

~ 0(4-4d) 0(A-d) ~2(A-d-a)
a(l—d—a)xQz(h+5y)
Q(A-d) 2a

_Ka(/i—d—a) aQ a(l—d—a)

" 0(2-d) +(h+5“){2(1—d)+ 2(2-d)

_Ka(/i—d—a)+Q(h+5,u)

~0(2-d) 2

The total inventory cost is depicted by the Equation (15). Now the objective is

(16)

to minimize the total inventory cost and time. With a view to obtaining the or-
der quantity Q" that minimizes the total inventory cost for the inventory sys-
tem, we shall adopt the convex property. To obtain the optimum order quantity
and verify the Equation (15) as convex in Q, we must satisfy the following well
established convex properties,

y Lreoo
do
dZ

2) ~TC>0

Now differentiating the Equation (15) with respect to Q we get the following
equation,
Ka(A-d-
drc _ a(2 a)+h+5/¢ 17
do 0*(2-d) 2

The second derivative of the Equation (15) with respect to Qs as below:
&°7C _2Ka(A-d—a) h+u
do? 0’ (1-d) 2

The Equation (18) is always positive as K,Q,a,h,6, u,(A-d —a),(A—d) all

2

(18)

are positive. Hence the second property exists, Z.e.

2TC>0

Now to meet the first property, from Equation (17), we get,
Ka(/i—d—a) _h+6u
0’ (A-d) 2
By solving this equation, we get the optimum order quantity Q" as below:
- 2Ka(l—d—a)
(h+du)(A—d)

(19)

(20)
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Finally, we conclude that total cost function (16) is convex in Q. Hence, there
is an optimal solution in Q for which the total inventory cost must be minimal.
From the Equation (12), we get the total optimum time cycle 7" as below:

* 2K(A—d)
h =\/a(h+5y)(l—d—a) =

6. Numerical Illustration

To justify the model, we give an example that may illustrate how the numerical
search procedure works. Suppose that the demand is a linear function in the in-

ventory system and adopts the following parameters:

K =100,A=15,d =l,a=2,h=2,6 =0.01 and x=0.02.

We now put all the values in Equation (4), Equation (15), Equation (20) and
Equation (21) and we get the following results by using the scientific calculator:
» Optimum order interval Q* =13.10 units;

» Optimum time # =1.09 units at maximum inventory level;
» Optimum order quantity 7," =7.64 units;
> Total optimum inventory cost 7C™ =26.19 units.

Inventory cost gradually increases from the optimum level if the values of Q
gets either bigger or lesser than Q" arbitrarily. The comparison is shown in
Table 1 and Figure 2. The table and figure justify the total optimum inventory
cost.

7. Sensitivity Analysis

Now, how a little changes of parameters k,A,d,a,h,8 and x on the optimal

Table 1. Order Quantity (Q) verses total cost (7C).

Serial 1) ) (3) (4) (5) (6) 7) (8) 9)

Order Quantity (Q) 05.00 07.00 09.00 11.00 13.10 17.00 21.00 25.00 29.00
Total Cost (7C) 39.29 3149 28.05 2659 26.19 27.09 29.17 31.86 3491

At a particular inventory level total cost is minimum, before and after this

Remarks . K
point total cost increases

45

40 &

35 -
S 3 \ ___—
[ o N R j
% 25 - — =
o
S 20
©
o 15
[

10

5

0

5 7 9 11 13.1 17 21 25 29
Order Quantity (Q)

Figure 2. Order quantity verses total cost.
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order quantity Q°, optimum length of ordering cycle 7", time cycle ¢ at
highest inventory and the total optimum inventory cost TC" per unit time in
the model affect the inventory system, will be shown in the following table. The
sensitivity test is done by changing each of the parameters by +50%, +25%,
+10%, —10%, —25% and —50% taking one parameter at a time while keeping
other parameters unchanged. To do so the scientific calculator has been used all
through.

Table 2 shows that small amount of a particular parameter may affect on the
values of #,7,,Q" and TC" even at a great extent. On the basis of the results

obtained in Table 2, the following observations can be highlighted:

Table 2. Effects of the changes of parameters.

Value of
Parameters Change in %
t T’ o C'
+50 1.09 7.14 20.98 32.61
+25 1.09 6.52 19.15 29.36
+10 1.09 6.11 17.97 27.4
K
-10 1.09 5.53 16.25 24.80
=25 1.09 5.05 14.84 22.85
=50 1.09 4.12 12.11 19.60
+50 0.67 6.68 13.45 26.96
+25 0.83 6.07 13.32 26.66
+10 0.97 5.67 13.20 26.41
* -10 1.25 5.09 12.95 26.20
=25 1.59 4.61 12.68 25.98
-50 2.91 3.67 11.77 25.83
+50 1.14 7.66 13.05 26.12
+25 1.11 7.65 13.07 26.16
+10 1.10 7.64 13.09 26.18
a -10 1.08 7.63 13.10 26.21
=25 1.07 7.62 13.12 26.26
=50 1.05 7.61 13.13 26.31
+50 1.19 7.98 15.34 31.26
+25 1.14 7.80 14.32 28.92
+10 1.11 7.70 13.60 27.34
¢ -10 1.07 7.58 12.52 25.12
=25 1.04 7.46 11.56 23.42
=50 1.00 7.34 9.63 20.26
+50 1.09 6.25 10.69 32.65
h +25 1.09 6.84 11.71 29.34
+10 1.09 7.29 12.49 27.41
DOI: 10.4236/ajor.2021.111001 10 American Journal of Operations Research
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Continued

-10 1.09 8.06 13.80 24.79
=25 1.09 8.83 15.13 22.83
=50 1.09 10.82 18.52 19.55
+50 1.09 7.6465 13.0946 26.1018
+25 1.09 7.6362 13.0947 26.1016
+10 1.09 7.6363 13.0948 26.1014

g -10 1.09 7.6261 13.0949 26.1009
=25 1.09 7.6253 13.0951 26.1006
=50 1.09 7.6150 13.0952 26.1001
+50 1.09 7.6362 13.0946 26.1021
+25 1.09 7.6363 13.0947 26.1017
+10 1.09 7.6364 13.0948 26.1015

0 -10 1.09 7.6364 13.0949 26.1013
=25 1.09 7.6365 13.0951 26.1010
=50 1.09 7.6366 13.0952 26.1007

8.

t; remains unchanged, while 7, Q] and TC" decrease with the increase
in the value of the parameter K. Here K is moderately sensitive to 7, , O/
and TC.

t, T', O and TC" all the values decrease with the increase in the value
of the parameter A.Here A is moderately sensitive to # , 7, and highly
sensitiveto Q] and TC".

ti and T, decrease and O and TC  increase with the increase in the
value of the parameter d Here d is moderately sensitive to ¢, 7, and highly
sensitiveto Q] and TC".

t, T', O and TC" all the values decrease with the increase in the value
of the parameter a. Here a is moderately sensitive to ¢, 7, and @ and
highly sensitive to 7C".

t; remains unchanged, while 7 and @ increase and T7C decreases
with the increase in the value of the parameter A. Here 4 is moderately sensi-
tiveto 7, and highly sensitiveto Q] and TC".

t; remains unchanged, while 7, O and TC" decrease with the increase
in the value of the parameter 4. Here p is highly sensitive to 7", O/
and TC".

Conclusion

Nowadays, the business firm cannot think its cost minimization without the

proper use of the inventory models. By the proper use, management and devel-

oping the suitable inventory models, the business enterprise can save its huge

amount of inventory cost. In this case, they need to know the actual pattern of
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demand in the market. This demand is not always fixed it always fluctuates. A
suitable model is developed considering the actual market demand. The inven-
tory model we have proposed in this paper is dependent on the stock allowing
the defective items in the production cycle. The model also considers the deteri-
oration, so due to the finite life of the items this model gives the correct result. In
the proposed model, the production rate and the decay have been considered
constant all through. The model develops an algorithm to determine the opti-
mum ordering cost, total optimum inventory cost, optimum time at maximum
inventory level and optimum time cycle. The model could establish order level

Q" =13.10, the total optimum inventory cost TC" =26.19 units.
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