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Abstract

The 3X + 1 problem (Collatz conjecture) has been proposed for many years,
however no major breakthrough has been made so far. As we know, the
Crandall conjecture is a well-known generalization of the 3.X + 1 problem. It
is worth noting that, both conjectures are infamous for their simplicity in
stating but intractability in solving. In this paper, I aim to provide a clear ex-
planation about the reason why these two problems are difficult to handle
and have very different characteristics on convergence of the series via crea-
tively applying the probability theory and global expectancy value E(n) of
energy contraction index. The corresponding convergence analysis explicitly
shows that a = 3 leads to a difficult problem, while a > 3 leads to a divergent
series. To the best of my knowledge, this is the first work to point out the dif-
ference between these cases. The corresponding results not only propose a
new angle to analyze the 3.X + 1 problem, but also shed some light on the fu-
ture research.
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1. Introduction

The 3X + 1 problem is known as the Collatz problem. It focuses on the behavior

of the iteration of the function which takes odd integers nto 31+ 1 and even in-

tegers 1 to n/2. The Collatz conjecture declares that no matter starting from any

positive integer n, if we repeat the iteration of this function, eventually we will

converge to the value 1.

Its corresponding mathematical statement is as follows.
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If S(X) is equal to 3X + 1 (Xis a positive odd number) or X/2" (X is a positive
even number, 1 is an unidentified value), starting from any positive integer X,
iterating the function repeatedly to get a sequence of
s9(x),8%(x),8 (X),++, where s (x)=x, s"¥(x)=5(s""(x))
(n=0,1,2,---), there is a positive integer I, which makes st (X ) =1 [1].

This problem is traditionally proposed by Lothar Collatz during his student
days in the 1930’s. At that time, he was interested in graph theory and studied
the behavior of iterations of mummer-theoretic functions as directed graphs.
Although Collatz never published his iteration problems, he presented them at
the International Congress of Mathematicians in 1950 in Cambridge. Then the
original 3X + 1 problem appeared in print [2] [3] [4]. After that, the 3X + 1
problem has appeared in various forms. It is one of the most infamous unsolved
puzzles in the word. Prizes have been offered for its solution for more than forty

years, but no one has completely and successfully solved it [5].

1.1. Selecting a Template 3X + 1 Problem the Specified Calculation
and Verification

1.1.1. The Specified Calculations

The 3X + 1 problem has been numerically checked for a large range of values on

n.

In 1992, Leavens and Vermeulen proved that the conjecture is true for posi-
tive integers less than 5.6 x 10*.

In 2006, Distributed computing has proved for positive integers less than 510
x 10",

Yoneda, the University of Tokyo (Japan) has proved that the conjecture is true
for positive integers less than 2*° ~ 1.1 x 10" [6].

Fraenkel has check that all positive integers less than 2* have a finite stopping
time and the conjecture is still not erroneous [7].

All these numerical experiments verify the correctness of the conjecture in a
very large range of positive integers. Hence, most of the mathematicians believe
that the conjecture is true and aim to find a theoretic proof for the conjecture. It
is worth pointing out that, due to the large development of computer and soft-
ware, the upper bound of positive integers that has been verified to be true is

keeping increasing very quickly nowadays.

1.1.2. Find the Upper Bound of SO(X)
In 1976, Terras proved that almost all positive integers n (in the sense of natural
density), S(n) < n exists [8].

In 1979, Allouche proved that for any a > 0.869, almost all positive integers n
(in the sense of natural density), S(n) < n* exists [6].

In 1994, Korec proved that for any a > In3/In4 = 0.7924, almost all positive in-
tegers n (in the sense of natural density), S(n) < 1* exists.

In 2019, Fields Prize winner Terence Chi-Shen Tao published his results on
arXiv.org, attempted to prove that as long as {(n)} is a sequence of real numbers
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that tends to be positive infinity, for almost all positive integers n (in the sense of
logarithmic density), S(n) < fn) exists. In his conclusion, An) could be a se-
quence that growing slowly, such as A1) = Inlnlnln(n) [9].

All these works established certain skew random walks on cyclic groups at
high frequencies and estimated the certain renew processes which interact with a
union of triangles. Though these works provide the closest conclusions to the

original conjecture, they still can’t get on the final peak.

1.2. Crandall Conjecture

The 3X + 1 problem also has various extensions, the most famous extension is
the aX + b problem proposed by Crandall in 1978. Generally, let a and b positive
integers, a > 1, and b is odd integer, this so-called aX + b problem is specified as
whether 1 can be obtained after a finite number of iterations for any positive odd
number x?

It is obvious that a = 3, b =1 is the 3X + 1 problem. After research, Crandall
proposed the following conjecture: for all the other positive integers (a > 1), we
can find a positive odd number r, which makes $(z) is not equal to 1 for all
positive integers except a= 3, b=1 (3x+ 1 problem).

Crandall proved that if 5 > 1, the conjecture is correct. In the case of aX + 1,
he only proves that the conjecture is correct when a =5, 181 and 1093 [10].

In 1995, Franco and Pom-erance proved that the Crandall conjecture about
the aX + 1 problem is correct for almost all positive odd numbers a > 3, under
the definition of asymptotic density.

However, both of the 3X + 1 problem and Crandall conjecture have not been
solved yet. And to the best of my knowledge, the convergence analysis of these

two problems is still blank.

1.3. Probabilistic Argument

Instead of directly solving the 3X + 1 problem, many researchers also proposed
some heuristic probabilistic arguments to support the conjecture. For example,
Olliveira and Silva proposed an empirical verification of the conjecture [11]; Si-
nai extends the 3X + 1 problem to a statistical (3X + 1) problem and studied its
properties [12]; Thomas showed a non-uniform distribution property of most
orbits [13]; Tao recently claimed that almost all orbits of the Collatz map attain
almost bounded values [9]. Note that, these probabilistic approaches not only
extend the original problem, but also provide some new ideas to the future study

of the problem.

2. Energy Method, Expectancy Theory, Weak 3X + 1 Problem
and Crandall Conjecture

In order to solve the 3.X + 1 problem and the Crandall conjecture for the aX + 1
problem, the key is to prove that the global convergence (diffusion) of the itera-
tion on the corresponding number field is consistent with the individual con-
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vergence (diffusion) and global convergence (diffusion) of the number field.

Some researchers have pointed out that, it is necessary to prove the unique-
ness of the “4-1” cycle in the 3X + 1 loop. Otherwise, it is definite as the weak 3.X
+ 1 problem which omits the loop factor [14] [15] [16].

Expected Value of Energy Contraction Index

For each iteration of an arbitrary positive odd number X, based on the descrip-
tion of the problem, the constructor T(X)=(3X +1)/2" (Xis1,3,5,... and n
is an undefined value). By using the energy analysis method, defined 3 and 1 on
the molecule as the expansion energy factor X; 2” on the denominator as the av-
erage contraction energy factor, when the contraction energy is greater than the
expansion energy, the 7(X) converges, so as expected value E(n) of energy con-
traction index, the larger the relative expansion energy, the faster speed of the
convergence rate 7({X) [16]. Now, I use some numerical instances to explicitly
illustrate how to calculate E(n).

For example:

X =17, based on the description of the problem, 7 >22>11>34>17 >52 >
26>13>40>20>10>5->16>8 >4 > 2> 1. There are 16 steps for 7 to
converge to 1. The calculation of
E(n)=1x2/5+2x1/5+3x1/5+4x1/5=11/5=2.2

X =11, based on the description of the problem, 11 > 34 > 17 > 52 > 26 > 13
>40>20->10>5>16>8>4->2 > 1. There are 14 steps for 11 to converge
to 1.The calculation of E(n)=1x1/4+2x1/4+3x1/4+4x1/4=10/4=2.25

X =27, based on the description of the problem, 27 > 82 > 41 > 124 > 62 >
31 >94 547> 142 > 71 > 214 > 107 > 322 > 161 > 484 > 242 > 121 - 364 >
182 > 91> 274 > 137 > 412 > 206 > 103 > 310 > 155 > 466 > 233 > 700 > 350
> 175> 526 > 263 > 790 > 395 > 1186 > 593 > 1780 > 890 > 445 > 1336 > 668
> 334 > 167 > 502 > 251 > 754 > 377 > 1132 > 566 > 283 > 850 > 425 > 1276
> 638 > 319 > 958 > 479 > 1438 > 719 > 2158 > 1079 > 3238 > 1619 > 4858 >
2429 > 7288 > 3644 > 1822 > 911 > 2734 > 1367 > 4102 > 2051 > 6154 > 3077
> 9232 > 4616 > 2308 > 1154 > 577 > 1732 > 866 > 433 > 1300 > 650 > 325 >
976 > 488 > 244 > 122 > 61 > 184 > 92 > 46 > 23 > 70 > 35 > 106 > 53 > 160
>80>40->20->10>5->16>8 >4 > 2> 1. There are 111 steps for 27 to
converge to 1. The calculation of
E(n)=1x24/41+2x10/41+3x3/41+4x3/41+5x1/41=70/41~1.71

Since 2!"®® = 31,71 is larger than the energy equilibrium point =~
In(3)/In(2) = 1.585, compared with the above two equations, it is closer to the
equilibrium point. Although the initial values are different, the relative speed of
convergence to 1 is slower.

From these numerical examples we can clearly see that when n is sufficiently
large and the corresponding X is sufficiently large too, the contribution of 1 on
the molecule to the energy expansion is negligible, which can be regarded as an

even transformation factor. So whether 7{X) = 3X/2”, X converges or not de-
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pends on the expansion-contraction ratio coefficient A, that is 3/2” Since the
contraction energy index n is an undefined value, its global expected value F(n)
is determined by the distribution of two factors in the even number of 3X + 1 (X
is an odd positive integer).

By using the law of distribution, I state the above result as the following
theory.

Theorem 2.1 The mathematically expected expression for the 2-factor distri-
bution of 3.X 1-type even numbers (xis positive odd) is 2—(2+n)/2"

Proof S (X ) =3X +1, Xis an odd positive number, which makes

X =2K+1(K=0,12,--+)

1) S(X)=3X+1=3(2K+1)+1=6K+4=2(3K+2)

That is 3X + 1 even number (X is an odd positive number) has at least one
factor of 2.

2) S(K)=2(3K+2) (K=0,12,)

K =2K, (50%)or 2K, +1 (50%)

Let K =2K,

S(K,)=2(3x2K,+2)=2(6K, +2) =2 (3K, +1)

That is the even number of 3.X + 1 (Xis an odd positive number) has at least
two factors of 2 in proportion of 50% (That’s 1/2), and the remaining 50%
(That’s 1/2) has only one factor of 2.

3) S(K,)=2%(3K,+1)

K, =2K, (50%)or 2K, +1 (50%)

Let K, =2K, +1

S(K,)=2°[3(2K, +1)+1]=2%(6K, +4) = 2°(3K, +2)

That is the even number of 3.X + 1 (Xis positive odd) has at least three factors
of 2 in proportion of 25% (That’s 1/4), and the remaining 25% (That’s 1/4) has
only two factors of 2.

4)If S(K,)=2""(3K,+2) (xisan even positive number)

So S(K,,) is K,=2K_, +1 (50%)

S(K,y)=2""(3x2K,,; +2)=2"%(3K,,, +1)

If S(K,)= 2"t (3K, +1) (nis an odd positive number)

So S(K,,) is K,=2K_, +1 (50%)

S(Kyp)=2""[3(2K,,, +1)+1]=2""(6K,,, +4) =2""?(3K,,, +2)

n+l n+l n+1
That is to say, the factor ratio of 3.X + 1 even number (X is an odd positive

n+l

number) with at least 22 of 2 in the proportion of (1/2)"*!, and the remaining
(1/2)"*! has only 2#*! factors of 2.

Therefore, in the even number of 3.X + 1 type (X is an odd positive number),
only one factor of 2 accounts for 1/2, only two factors of 2 account for 1/4, only
three factors of 2 account for 1/8. Only n factors of 2 account for (1/2)".

The mathematical expectation expression of its 2-factor distribution:

E(n)=1x1/2+2x1/4+3x1/8+--+nx(1/2)" (2.1)
2xE(n)=1x1+2x1/2+3xY4+-+nx(y2)"" (2.2)
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Equation (2.2) minus Equation (2.1)

E(n)=1xY2+1/4+--+(12)"" —nx(1/2)"

E(n)=2-2x(1/2)" -nx(Y2)" =2—(2+n)/2" (2.3)
Theorem 2.2 When 2 tends to inﬁnity, From Equation (2.3), the global expec-
tancy value A(n) = 2, that is T'( X =(3/2°")x =(3/4)x , 2=3/4<1,

T'(X) converges globally. In the same way, this distribution law is applicable
to 5X+1,7X+ 1, 9X + 1, the even number of type A (Xis a positive odd num-
ber greater than 3) proves its global divergence.

Proof S (X )=NX +1, Nand X are both odd positive numbers, which make
X=2K+1 (K=0,12,-)

1) S(X)=NX+1=N(2K+1)+1=2NK+N+1=2[ NK +(N +1)/2]

Since Nand X are both odd positive number, NX + 1 is an even number and
has at least one factor of 2.

2) S(K)=2[NK+(N+1)/2] (K=012,)

K =2K;, (50%)or 2K, +1 (50%)

If (N +1)/2 is a positive even number, let K =2K;

S(K,)=2*[NK, +(N+1)/4]

If (N +l)/2 is a positive odd number, let K =2K,; +1

S(K,)=2*[NK,+(3N +1)/4]

That is the even number of NX + 1 (N and X are both odd positive number)
has at least two factors of 2 in proportion of 50% (That’s 1/2), and the remaining
50% (That’s 1/2) has only one factor of 2.

3) If S(K,)= 2”+l[NKn +Z,] (Nis a positive odd number, Z is a positive
even number)

Then S(K,,,) iswhen K, =2K

S(Kpp)=2"?[NK,,; +7,/2]

If S(K,)=2""[NK,+Z,] (NVand Z are both odd positive number)

Then S (KM) iswhen K, =2K, ,; (50%)

S(Koy)=2"[N(2K,,, +1)+Z, | =2"?[NK,,, +(N +Z,)/2]

That is to say, the factor ratio of NX + 1 even number (N and X are both odd
positive number) with at least 212 + 2 of 2 in the proportion of (1/2)**!, and the

(50%)

n+l

remaining (1/2)"*! has only 22 + 1 factors of 2.

Therefore, in the even number of NX + 1 type (Vand X are both odd positive
number), only one factor of 2 accounts for 1/2, only two factors of 2 account for
1/4, only three factors of 2 account for 1/8. Only n factors of 2 account for (1/2)".
The mathematical expectation expression of the 2-factor distribution is the same
as Equation (2.3), That is
E(n)=1x1/2+2x1/4+3x1/8+ - +nx(}/2)" =2-(2+n)/2"

The above proof and theorem 2.2 can lead to the following important result:

The global expected value E(N) of 2-factor distribution is always 2.

On the other hand, if the following conditions are met:

1) After infinite iterations, it approaches infinity;
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2) Loops do not occur during iterations.

X; will finally diverge (calculation verification shows that the smaller number
converges to 1) with a sufficiently large positive integer.

Theorem 2.3 Since in the infinite acyclic iteration, the even number of 3.X + 1
type of the large number X; is infinite and does not repeat, According to the law
of large numbers, the local expected value of the contraction energy index must
get close to the global expected value 2, and the expansion-contraction ratio
coefficient A is less than 1, X; convergences , so the assumption is not true, and
the individual convergence is consistent with the global convergence, that is, In a
statistical sense, the weak 3.X + 1 problem established.

For the Crandall conjecture of the ax + 1 problem, A=5/4,7/4,9/4,--->1,
In the same way, it can prove that it spreads at 5X+ 1, 7X + 1, 9X + 1, .... The
S$9(1) is always not 1 when the even number of type (Xis a positive odd number

greater than 3) does not intersect singularity 2”.

3. Conclusions

This article analyzes the convergence for the 3X + 1 problem and Crandall con-
jecture. It creatively applies the global expectance value F(n) of energy contrac-
tion index, and proposes a new angle to check the function iteration process.
Moreover, it establishes a relationship between sequence process analysis and
static mean via probability and statistics.

The corresponding analysis clearly shows the orbit of iterations on the 3.X + 1
problem is on the imbalanced point, hence it is difficult to depict the orbit. Be-
sides, this analysis also shows the reason why (a > 3) leads to a divergent series.

It is worth pointing out that, this manuscript is the first work to point out the
difference between these cases by creatively applying the probability analysis and
global expectancy value E(n) of energy contraction index. Since a lot of research-
ers have tried various ways to approach the 3.X + 1 problem but it has not been
solved yet for many years, this manuscript indeed provides a totally new idea to
address the problem. Hence, it may play a substantial role in the future study and

shed some light on the research of this area.
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