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Abstract

The aim of our work is to formulate and demonstrate the results of the nor-
mality, the Lipschitz continuity, of a nonlinear feedback system described by
the monotone maximal operators and hemicontinuous, defined on real reflex-
ive Banach spaces, as well as the approximation in a neighborhood of zero, of
solutions of a feedback system [A, B] assumed to be non-linear, by solutions
of another linear, This approximation allows us to obtain appropriate estimates
of the solutions. These estimates have a significant effect on the study of the
robust stability and sensitivity of such a system see [1] [2] [3]. We then consider
a linear FS [Ao, BO] , and prove that, if (u,v)F> (e f); (u,v)— (eo, fo),

with |u[<r,

|v|| <r (r>0)and (e f), (eo, fo) the respective solutions
of FSs [AB] and [AO, Bo] corresponding to the given (u,v) in
ExE". There exists, k;, K,, Ky, Ky, ,positive real constants such that,

||e—e° " <kyy Juf|+ k|| and "f —~ f°|| <Ky, |u]|+ Ky, [V]|- These results are the

subject of theorems 3.1, -, 3.3. The proofs of these theorems are based on our
lemmas 3.2, -, 3.5, devoted according to the hypotheses on A4 and B, to the
existence of the inverse of the operator |+BA and M,. The results ob-
tained and demonstrated along this document, present an extension in gen-
eral Banach space of those in [4] on a Hilbert space A and those in [5] on a
extended Hilbert space H,.

Keywords

Nonlinear Feedback System, Linearization, Reflexive Banach Space,
Normality, Lipschitz Continuity

1. Introduction

During these last decades, see [6] [7], functional analysis and the theory of mon-
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otone operators, defined on Banach spaces have played, an important role in the
study and analysis of systems. Reference [4], introduced the feedback systems de-
scribed by monotone operators, defined on appropriate spaces. He has estab-
lished, a series of existence and uniqueness results, of the solutions of this system
on a Hilbert space H. These types of systems find their uses in several fields such
as: control theory, network theory, solving the Hammerstein equation... etc. [8].
The techniques used are based, on the surjectivity theorem, of the monotonic
and coercive maximal operators on a reflective Banach space. References [4] [5]
introduced, the notion of extended Hilbert space /., and obtained, among oth-
ers, a normality and linearization results for a feedback system, on this space.

One of our fundamental results is that, the behavior of the FS [A, B] is com-
pletely determined, by the inverse of some application M, =1+B(a+A) (see
(2)). Note that, in the case where the operators A and B are not linear, and if
(uv)— (e f), then (e, f):(Mv’lu,v+ AMv’lu). If one of the two operators is
linear, the writing of the solution (e, f), can take forms that do not necessarily
depend, on the inverse of the operator M, , see (4). This approximation allows
us, to obtain suitable estimates of the solutions, in the sense of Section 3, these
estimates have a significant effect, on the study of robust stability and sensitivity
[1]. For more details, on the study of the inverse of such an operator, which is
non linear, one consult [9] [10] [11] [12].

The subject of our work, is to proceed to the approximation method. There-
fore, to find an approximate solution of [A, B], supposed nonlinear by one lin-
earizes, in the neighborhood of zero. We then consider a linear [AO, Bo] , and
prove that, if (u,v)r> (e, f); (u,v)|—>(e°, f°), with |u|<r, |v[<r (r>0)
and (e, f), (eo, fo) the respective solutions of [A B] and [AO, BO} corre-
sponding to the given (u,v) in ExE". There exists, Ky, Ky, Ky, Ky,

positive real constants such that ||e —e° " <k, ||u|| +K, ||V|| and
|f = 10 < oy Jull+ e M-

The paper is organized as follows. In Section 2, we recall some definitions, and
we demonstrate results of normality of the FS [A, B] , according to whether the
two operators are nonlinear or one of the operators is linear. Section 3, is re-
served for our results of normality, Lipschitz continuity and approximate solu-
tion of [A,B], supposed nonlinear, by one linearizes, in the neighborhood of

zero. An example is presented, at the end of this section.

2. Definitions and Preliminary Results

Let Ebe a real vector space, 2° the set of all parts of £ E” the algebraic dual
of ELet A:E—2F and B:E" —2° , the pair (A, B) is said feedback sys-
tem and it is noted FS [A,B] or [A,B]. D(A)={xe E;Ax =}, the domain
of A. We say that, A is an operator, if D(A)=E and AX is a singleton. A4 is
said simple if, for every (x,x')e E?, x#x we have AX[1AX =¢. Note that,
if A is a simple operator it is injective.

The meaning of the following definition, can be understood, by looking at Figure 1.

DOI: 10.4236/ijmnta.2020.92003

35 Int. J. Modern Nonlinear Theory and Application


https://doi.org/10.4236/ijmnta.2020.92003

M. Khelifa

[
-]

’ O]
Figure 1. 1 — (@, v) input; 2 — (; ) output; 3 — (e £ solution, 4 — [A, B] a feedback system.

Definition 2.1. We say that, an element (e, f) of ExE" is a solution of
the FS [A,B], corresponding to the given (u,v) (input) in ExE" and we
write (U,v)F> (e, f), if there exists (y,g) (output)in Bf x Ae such that:

e=u-y;
{ f=v +i:]. (0

Definition 2.2. We say that the S [A,B] is:

1) Resoluble, if for all (u,v)e ExE", there exists (e, f)e ExE", checking
(1).

2) Unambiguous, if each solution is unique.

3) Normal, if it is resoluble and unambiguous.

The existence and uniqueness results of the solutions of [A, B], are based on
the mapping M, :E > 2% defined forall (x,a)e ExE",by

M, X = x+B(a+ Ax). (2)

Proposition 2.1. The FS [A,B] isresoluble, iff M,E=E, VaeE".
Proof. Since [A,B] is resoluble, for (u,a)e ExE’, thereare (e, f)e ExE’
and (y,g)eBf xAe verifying: e+y=u and f-g=a.So
uee+Bf =e+B(a+g)ece+B(a+Ae)=M,ec|JM,x=M,E therefore

xeE
E =M,E . Reciprocally, let (u,v)e ExE", since E = MV(E) , it exists ee E
such that u=M e=e+B(v+Ae), satisfying u=e+y, where yeB(v+Ae),
then yeBf,with f ev+ Ae. Therefore, there are g € Ae verifying
f=v+g.

Proposition 2.2.

1)If [A B] is unambiguous, then for every aeE", M, issimple.

2) If A is an operator and for every a€ E*, M, is simple. Then [A, B] is
unambiguous.

Proof.

1) Suppose that, there are a€E", (x,x')e E* such that M x(\M X" = 4.
Let ue M ,xIM,x', for uex+B(a+AXx), it exists yeB(a+Ax) checking
U=X+Yy,since yeBf where f=a+g, with ge Ax, then (u,a)»—>(x, f).
Likewise, when uex'+ B(a+ AX') , there are (u,a) = (X', f') , as
(X, f):(x’, f’) then x=x' so,forevery acE", M,

2) Assume that, for (u,a)e ExE" there exists two solutions (e, f ), (e', f ')
of [AB],related to (u,a).Then, thereare yeBf, y'eBf' such that:

is simple.
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u=e+y=e'+y,and a=f-Ae=f"-Ae'. So,
uee+Bf ee+B(a+Ae)=M,e, also ueM,e’ hence M,e(IM.e'#¢. As,
forevery aeE", M, issimple, wehave e=¢' and f=f".

Corollary 2.1. Let A and Bbe two operators, the FS [A,B] is:

1) Resoluble, iff YVaeE®™ M, is surjective.

2) Unambiguous, iff Vae E* M, is injective.

3) Normal, iff Yae E* M, is invertible. In this case, if (U,V) — (e, f )
then:

(e,f)z(Mv‘lu,v+AMv‘1u). (3)

Proof.

1) Let Ye25, so YcM,E, VacE", (see, proposition 2.1), then for
yeY , it exists xeE such that VaeE", M,x=Yy . Reciprocally, if
VaeE", M,E=2% as E 2%, thereis XxeE,suchthat M,x=E. Since
UM, x=M,E, it follows that EcM,E, VaeE" the reverse inclusion is

xeE
obvious, hence [A, B] is resoluble.

2)If, [A,B] is unambiguous, from the proposition 2.2 (1), YaeE" M, is
simple, hence it is injective. Conversely, since Yae E® M, is injective, then
for x,X' inE x=X wehave VaecE" M_,x#M_,x',then VaeE"
M. XM, X'=¢,so M, is simple, from proposition 2.2 (2) [A,B] is unam-
biguous.

3) Direct consequence of 1) and 2).

Let’s demonstrate the Formula (3). If (u,v)i> (e, f) it exists yeBf,
g € Ae satisfying e =uU—Yy =u—Bf , because Bis an operator, and
f=v+g=v+Ae. Then, e=u-B(v+Ae)<u=e+B(v+Ae)=M,e, from
where €=M, "u, this implies that f =v+AM "u.

Proposition 2.3. Let A and B be two operators, | :E — E the identity. If B
is linear, then | +BA is bijectiveiff Yae E*, M, isbijective.

Proof.

Proof that, | +BA issurjective < VaeE", M, is surjective. Let
(a, y) €E"xE, since y+BaeE, Bis linear and VacE", M, is surjective,
it exists X e E suchthat YaeE",
M,x=y+Ba=x+B(a+Ax)=x+Ba+BAx=Ba+(l+BA)x, then
(1+BA)x=y and |+BA is surjective. Reciprocally, since y-BacE, and
| +BA is surjective, it exists Xe E such that (1+BA)x=y-Ba, VaeE",
this implies y=(1+BA)x+Ba=x+B(a+AXx)=M_,x , VaeE" therefore
YaeE", M

Proof that, |+BA is injective < VaeE", M, is injective. Let X X in
E with (1+BA)x=(1+BA)x',then VacE",
M,x=(1+BA)x+Ba=(1+BA)x'+Ba=M,x', as YacE", M, is injective,
then x=x". Conversely, Let (X,x')eE® such that VacE", M, x=Mx
thatistosay VaeE", (I+BA)x+Ba=(1+BA)Xx'+Ba,so
(I + BA)X :(I + BA) X', since |+BA isinjective then X = X.

. s surjective.
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Corollary 2.2. Let A and Bbe two operators, and | :E — E the identity. If B
is linear, the FS [A, B] is:

1) Resoluble iff | +BA is surjective.

2) Unambiguous iff |+ BA is injective.

3) Normal iff | + BA is invertible. In this case, if (u,v) — (e, f ) then:

(e, f)=((1+BA) " (u=Bv),v+ A(1 +BA) " (u-Bv)). (4)

Proof. Direct consequence of proposition 2.3 and corollary 2.1. To demon-
strate (4), let (u,v)>(e f), there are y=Bf and g=Ae satisfying
e=u-Bf and f=v+Ae, from where e=u—B(v+Ae)=u—-Bv-BAe, so
(1+BA)e=u—Bv,hence e=(1+ BA)fl(u—Bv) and
f=v+A(l+BA) (u- Bv).

3. Linearization Results

Let E",E™ be, the dual and the bidual of a real normed space E. Since the ca-
nonical application 7:E —E™ , defined by: for every (x,f)eExE";
<f,7Z'X>E* oo ::<X, f)E e = f(x) is linear and isometric, then it's continuous
and injecﬁve. If the raﬁge R(E)=E™, we say that Eis reflexive, then Eis topo-
logically identical at E” and Xe€E can be considered as a linear form on
E”, it is natural to write for any (X, f)e ExE"; (f,x)E* . :<X, f)E . - Since
E" is a Banach space, then Eis also Banach. Note that, if Eis the real Hilbert
space then E =E". In the sequel, we assume that E is reflexive, and we denote
indifferently by (., > the scalar product in the duality between these spaces, and
|||| their norms.

Definition 3.1. A is said:

1) Monotone if, for every (x,y)e E?, (f,g) e Axx Ay; (x—y, f —g)ZO
or (X— y, AX— Ay) >0 if A is an operator. It’s strictly monotone if
(x—y, f —g>:0 implies X=Y or (x—y, f —g>>0,whenever X#Y.

2) Maximal monotone, if A is monotone and the following property holds:
(S'E—> 2F ; G(A) c G(S), Smonotone) then A=S, where
G(A) :{(X, f)eExE";fe AX} the graph of A.

Definition 3.2. Bis said:

1) Monotone if, for every (f,g)e E” , (X, y)e Bf xBg ; (f —g,X—y)ZO
or <f -g,Bf - Bg> >0 if A is an operator. Its strictly monotone if
(f —g,x—y):O implies f=g,or (f —g,X—y>>O,whenever X#£Y.

2) Maximal monotone, if B is monotone and the following property holds:
(T:E" > 28, G(B) c G(T), Tmonotone) then B =T , where
G(B)z{(f,x)e E*xE:xe Bf} the graph of B.

Corollary 3.1. If A4 is strictly monotone, or Bis an operator strictly monotone.
Then N =1+BA issimple.

Proof. Let X,X' in £ and ye(I+BA)XN(I+BA)X #¢, thereare f e Ax
and g€ Ax' such that ye(x+Bf )N (X' +Bg), henceitexists (z,2')e Bf xBg
verifying Yy =X+2=X+2', which implies x—X'+z-2'=0 and
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(f-g,x=x)+(f-g,2-2')=0. As (f-g,x=x"})>0 and (f-g,z2-2)>0
because A and Bare monotone, then < f-g,x- x’) =0 and
(f -g,Bf - Bg> =0. Therefore, if A4 is strictly monotone or B is strictly mono-
tone, we have f =g which implies, z=Bf =Bg=12', replacing in y we get
x=x".

Corollary 3.2. If A or Bis an operator strictly monotone, [A,B] is unam-
biguous.

Proof. According to proposition 2.2, and corollary 3.1, this amounts to
demonstrating that, for every acE", M, =1+B(a+A)=1+BC,
(C, =a+A) is simple. It suffices to note that C, is monotone (respectively
strictly monotone) iff A is strictly monotone (respectively strictly mono-
tone).

Definition 3.3. An operator A:E — E” is said:

1) Coersive, if lim <X' AX> =
|0 ||X||

2) Hemicontinuous, if for any X),X€E, t —0 we have A(X,+tX)
weakly converges to  AX,.

Note that hemicontinuity is operational, continuity implies hemicontinuity,
and see [13] [14] [15] [16].

If A is monotone, bounded and hemicontinuous, then A is maximal mono-
tone.

If A is maximal monotone and coercive, then R(A)=E".

If A is monotone, hemicontinuous and coercive, then R(A) =E".

If A is hemicontinuous, and there exists ¢ >0 such that
(X— 2 AX—Ay)Z C||X— y ? for all X, y € E. Then, A is invertible and the in-
verse A':E" > E is monotone continuous.

To simplify the statements of linearization theorems, we note by:

-¥,Nx-N
M:{N :E — E" such that x4, = inf w>—oo};

s eyl
Lip=4N:E — E" such that N’ -supM ;
ryee [x=y|
M, ={T :E" > E such that z, = inf*“_g'—Tf;Tg)>—oo :
- L]
o I -Te] __
* e Tr=of

and

Lip=1S:E — E such that S| = |nf M<+oo .
w2 Ix=vl
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The following assertions (which are also valid for M, and Lip,) are true:

Proposition 3.1.

1) LipcM.

2) YM,NeM , Va20, M+N, aNeM , .y 2ty +4y and
Hon = Oy -

3) VNeM, N is monotone (respectively strictly monotone) iff x, =20
(respectively g >0).

4) ||N|| > |yN|, Lipc M and ||N||* =0 iff Nis constant.

5 VM,Nelip, VaeR , aN , N+Melip , [aN| =|«||N] ,
IN+MJ <IN M

6) If NeM, and N is linear, then N e Lip iff NV is linear. In this case
INT = INI.

7)If Nelip and M eLip., then MN eLip and [MN[ <|N[ [M] .

The numbers , and ||N|* can be interpreted crudely as a “gain” and

“minimal slope” of the operator M, respectively.

Lemma 3.1. Let N e M with g >0; if N is hemicontinuous, then N is
invertible, N' e Lip; » M,120 and "N*l”* <ul. If in addition N eLip,
then My 1 2 Hy ||N||* .

Proof. Since, sy >0, V(x,y)eE? (x—y,Nx—Ny)=> s, ||x—y||2 (*), as N
is hemicontinuous then Nis invertible. From (*) and because V(f,x)eE"xE,
|<x, f>| < ||X|||| f || ,wehave V(x,y)eE’

y | x— y||2 <(x-y,Nx=Ny)<[x-y|[Nx=Ny| , then V(x,y)eE* (x=Y),
-yl N-Ny] < (g e (1 +9),

Uy ||N’1f—N’1g||£||f -g|ev(f,g)eE® (f=g), |

witch implies N’z1 e Lip, and "N*l"* <uy.If Nelip,

||NX— Ny||2 < ||N ||* ||X - y||2 V(X,y) € E?, returning to (*) we obtain
V(xy)eE®  (x—y,Nx=Ny)=> s |x- y||2 > p1y [Nx— Ny||2 ||N||2 . It follows
that, V(f,g)eE” (f=g),

N™*f-N"g, f- f-g,N*'f-N"* 2
< J g>:< : g>2yN||N|| , which leads to

[f -9l It -of
2
Hya 2 N[
Lemma 3.2. Let B e/\g(k which is hemicontinuous and let Ae Lip, with
Uy >0 0 I g+, ||A||* >0, then A"+B and 1+BA are invertible,
(1+BA)" eLip,

((FENE A PyAT )

Proof. Since AcLip, then V(x,y)eE?, ||Ax— Ay" < ||A||* ||X— y
hemicontinuous, with s, >0 . By lemma 3.1 A" exists, A'elip,,

"A_l"* < ﬂ/:l and u a1 2 Ha ”A”{2 .Thus A™+B ishemicontinuous with

, s0 A is

My g 2 Hg t Ha ||A||*72 > 0, using again lemma 3.1, (A’1 + B)7l exists,
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* o\-1
(A*+B) eLip and H(A-1 +B) | <ut < (;;B | Al ) . As

| +BA=(A"+B)A. then I+BA is invertible, (1+BA)"=A*(A1+B)"

and H +BA) S w0y (,uB + Uy ||A||*72 )71.

Lemma 3.3. Let BeM, be linear, with g; >0 and let Ae M be
hemicontinuous, with x, <0 . If, g, +u, ||B||2 >0, then B*+A and
| + BA areinvertible, (I+ BA)_1 e Lip,

[ <lBl(ss + e BF) (6)

IEa!

‘A +B)

“ +BA)

Proof. Since Be M, is linear, 4z >0, then B is bounded BelLip,,
||B|| = ||B|| = "B " where B” is the conjugate of B. Hence B is hemicontinuous,
by lemma 3.1 B™ exists, B e LIp and "B ||<,u . The open mapping the-
orem ensures the continuity of B, and hence its hemicontinuity. To continue,
let D=(1+BA)B"=B"+BAB", since for any f;,f cE", t -0 we have
AB" (fy+t,f)= A(B* f,+t,B"f ) weakly converges to AB"f,, taking into ac-
count the continuity of B, we have BAB"(f,+t,f) weakly converges to
BAB" f,, which gives the hemicontinuity of D. Moreover, for f,geE"

(f-g,Df —Dg)=(f-g,B"(f-g))+(f—g,BAB"f -BAB'g)

=(B(f-9),(f-g))+(B"f-B'g,AB"f - AB'g) A
B(f-9).(f-9))>mf-of;
B*f—BgABf—ABg>>,uA|| (f-g)] and |B°(f-0)|<[B]|f - -

(1-0)f = B[ -0 . hence
(f—g,Df—Dg)z(,uB+yA||B|| JIf =gl s so s> g+, B[ >0 Lemma

then u,|B

3.1 confirms that, Dis invertible, D™ € Lip and "D_l"* <up < (,UB + Ha "B"2 )_1-

As B isinvertible,

‘B*_lu < uz"; then DB = 1+BA is invertible,

(1+BA)*=B'D ™ 50 [(1+BA)

<||B||||D ” which give (6).

Lemma 3.4. Let AeM be linear, with x4, >0 and let Be M be
hemicontinuous, with 5 <0 . If, u, + g4 ||A||2 >0, then A'+B and
| +BA are invertible, (I+ BA)fl e Lip,

o1+ 8y < A1+ s ) @)

Proof. Since Ae M is linear, u, >0, then A is bounded AcLip,
||A|| = ||A|| "A " where A" is the conjugate of A. Hence A is hemicontinuous,
by lemma 3.1 A™ exists, A" eLip,and "A" " < u,". The open mapping the-
orem ensures the continuity of Al and hence its hemicontinuity. To continue,
let C=A"(1+BA)=A"+A'BA, since for any X,,X€E, t —0 we have
BA(X, +1t,x) = B(Ax, +t,AX) weakly converges to BAX,, taking into account
the continuity of 4, we have A"BA(X, +t,x) weakly converges to A'BAX,,

which gives the hemicontinuity of C. Moreover, for X,y € E
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(x—y,Cx—Cy)=<x—y,A"(x—y)>+<x—y,A"BAx—A*BAy>

=<A(x—y),(x—y)>+(Ax—Ay,BAx—BAy)

(x, f)e ExE"; (f’X>E*,E :<X, f>E‘E* then,

(AC=y).x=y) = (=, A(x=y)) = gy = y's

(Ax— Ay, BAX - BAy>>yB || x-Y) )| and |JA(x-y)|<|Al|x~y] then

/JB"AX y” 2 [y (X y)EEZ

(X y,Cx— Cy)> ,uA+,uB| ,so ,uCZ,uA+yB||A|| >0. Lemma31

confirms that, C is 1nvert1ble, C'eLip, and "C 1" <udt —(,UA + U "A" )

As A" isinvertible, A* < U, ,then A" C = |+ BA is invertible,

(1+BA)" =cA"s0 (1+BA) [ <|Allc?|
Lemma 3.5. Let A be hnear and let A, N =1+BA be invertible, then

V(X,a)e ExE", the operator M_x =X+ B(a+ AX) is invertible and

M 'x=N" (x+ A‘la)— Ala. (8)

. Since, for any

, which give (7).

Proof. Indeed, VX e E, we have

MM x=N"(x+A"a+B(a+Ax))-A"

A'a

=N (x+Aa+BA(x+A"a))- A"a
= N’lN(x+A’la)—A a=x;

and,

M M. "X =M, *x+B(a+AM,'x)
=N7(x+A"a)+BAN " (x+Ata)-Aa
= NN’l(x+ A’la)—A’la:x.

Definition 3.4. We say that, a normal FS [A,B]:

1) is Lipschitz continuous for the first inputs, if there are positive numbers
k,, and Kk, such that

e =€ < ke Ju-u]

and

[f =<k Ju-u,
where (u,v*) - (e f), (u,v*) (e, ).

2) is Lipschitz continuous for both inputs, if there are positive numbers K, ,
kK, K,; and k,, such that:

e =€ <t Ju—u]+ by v -]

and
[ =] <K lu =+ Ky =],

where (u,v) [ (e, f ), (u’,v’) - (e’, f’) .

New, let a non linear FS [A,B] be. The main idea in this section is to linear-
ize [A,B] in the neighborhood of the zero. We then consider a linear FS
[AO,BO] and prove that, if (u,v)+> (e f) and (u,v)»—>(e°, fo) where
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(u,v)e ExE" with ||u||,||v|| <r (r>0) and (e, f), (eo, fo) the respective
solutions of [A,B] and [AO, BOJ, corresponding to the given (u,v)e ExE".
There exists K,,K;,,k,; and K,, positive real constants such that

o= <k Jull+ iy V] and | £ = £]| < ko Jul + Koy ] -

The inequalities above are given by theorem 3.1. To have suitable estimates, in
the sense that the solutions of the two systems become sufficiently close. It is as-
sumed that, one of the two operators of [A, B] is linear, this is the subject of
theorems 3.2 and 3.3.

Before establishing the first linearization result of this paper, let us denote by
B, the closed ball of £ and B, the closed ball of E", which are centered in
zero and of radius r>0.

Theorem 3.1. Assume that:

1) Aelip, such that there exist a linear A°:E —>E", a>0 verifying
O<mp,—-a and

“(A—AO)X“Sa"X”,VXE B,. ©)

2) BeLip,, such that there exist a linear B :E* > E, b>0 verifying
[(B-8°)f| <b||f[.vf < 8; (10)

(sev]Af)r

-1
where v:ygl(yB + Uy ||A||*2) .

3) sty —b+(uy—a)(a+|A) >0
Then
a) [A, B] and [AO, B°] are normal and Lipschitz continuous in the first
input.
b) if (u,v)eB, xB;, and (u,v)i->(e f) for [AB]; (uv)r (e f°) for
[AO,BO],wehave
||e—e° || < Ky uf|+ Koz V] (11)

and

[ = £ < e Jull+ ko V] (12)

where Ky, = v (b]Al +aB]) s ky=xbs Ky =av v (b]Af +a]87)
Ky, = K”AO”b with x=(u,—a)" (yB —b+(pa— a)||A°||72 )71.

Proof. Beginning by demonstrating (a). The linearity of A’ and (9) implies
that A =0, and VxeE, |AX|<[(A-A")x|+|Ax|<(a+]A])
A® is bounded and "A0 " < a+||A||* .As VxeB,,

(% A%%) = (%, Ax) = (x,( A= A°) x5 (x, AX) > g, X
(x(A-2)x)<|(A-A)x]Ix] <allX]", then wxeE, (x,A'X)> (s, -a)|¥".
Therefore 1, > p1, —a >0, returning to the lemma 3.1, A® is invertible. By

X|| , hence

the same arguments and since for any (x,f)e ExE"; (f’X>E*,E :<X, f)E’E* ,
we have, B’ is bounded, ||B°||Sb+||B||* and o > pz —b. Now, let’s pose
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for (x,z)eExE", M,x=x+B(z+Ax); B,x=z+AX and
Mox=x+B(z+A%); Bix=z+A. Itlsclearthat M, —I+BB
M7 =1+B"B}, pg =u,>0, Moo =0 >0,
these with (3) then give,

2 2 L\ 2
Bz" :ﬂs"'/lA”A" >ﬂB—b+(ﬂA—a)(a+||A||) >0. By lemma

Hg + g,

32, M, is invertible M;'eLip and |MZ_1 * <ut (,uB SN ||A||*_2) 1 =v.
Then corollary 2.1, implies that the FS [A, B] is normal. Since see (3), for
(uv ) (e f), (UW)P (e f') wehave e—e'=Mu-M u’;
f—f'=AM'u—-AMu', then

fe-¢1-

| <
.
\

and
|f-11= “AM lu—AM ’1u'“ <[ am ] Ju-u

Vu-u]

where, k; =v and k, =||A| v in definition 3.1, (a); ie. [A B] is Lipschitz
continuous for tzhe first inputs. Using the same for M?, we obtain

* -2 «\ 2
Moo + Hgo B = Hgo + 1,0 >yB—b+(yA—a)(a+||A|| ) >0. By lem-
ma 3.2, M? isinvertible M>* e Lip and

o N S
Then corollary 2.1 with (3) imply that, the linear £S | A%, Bo] is normal, and
for (u v*) (e° f"), (u' v*)r—>( Gl f"’), we have e’ —e® =M "u-M%u';
f-f0= A0M01U AOM01 ", then

Je* -] <[y u - u] <]

,UAO (/’lBO Tl

- < sfu-v)

and
[£ -t =AM u—Ame | < [AM [ Ju-u|
\ ) A

<[«

[ u-u) <A fu-u]
, (a); ie. [AO,Bo] is

where, k;=x and k,=

Lipschitz continuous for the first inputs.
To demonstrate (b), let N =1+B°A°, since A’ eLip is linear with

,u0>0 BoeLlp* is linear and Mo + Mo

0 (yBo+/JA0 A° " ) therefore "N "SK. Let
now, (X 7)e B, xB/, M, 1X W, it is obvious that
||W|| = X|| <vr, witch implies that We B, . By lemma 3.5
and (8), we have Mz’lx—Mf’lx:M;lx—N’l(x+Aglz)+A;lz,then
M, "X =M x =M, x—N"x~ N’Agz+A0’z
=M;'x-N"~ x+( )Aoz

z

:[—N’(M —N)M’lx][ Y(N - )Abz]

=-N"(M,w-Nw)+N"B°z

A” >0. By lemma 3.2, N

exists, 'elip,
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-N 1[8 z+Aw)-B°A’w-Bz ]
-N 1[ z+Aw)-B°(z+Aw)+B° (z+AW)—B°(z+A°W)]
=-N"[(B-B®)(z+Aw)+B’ (A= A")w].

As, 2+ Al <2+ [A] wf < r+[A] vr =(2+]A] v]r, then
z+Awe B/ hence

(s+)AF v )r
-M <N

-1

[(B-B)(z+ Aw)+B° (A=A )w ]|

< ||N ’1||[b||z + Aw||+ ||B°||a||w||]

< [ bf2]+ (o)A + B2 4]

< v o] A + a8 o bl = I+ s

(13)

New, if (u,v)e B, xB’, and (u,v)|—> (e, f) for [A, B];(u,v) |—>(e°, fo)
for [AO, Bo] ,by (3) we have, e—€¢'=M_'u-M?"'u and
f—f' =AM 'u—~A"M?"u, to get (11) just replace xby wzand zby vin (13). Fi-
nally, to have (12) and complete the demonstration of (b), it suffices to notice
that
[ =] =]AM; U= A°M U+ APMfu - AOM 2

-1

<[AMu - A%Mm,

M, u— A'M |

SH(A—A")Mv’lu

+ |A°

S v ful+ A7) (ks + e V)
= (aV + "AO " km)”“" +||AO " kg [V = Kaa U] + koo V]

The estimates (11) and (12) in theorem 3.1, can be improved if one of the op-
erators of FS [A,B] is linear. Starting with

Theorem 3.2. Assume that:

1) BeM, with g >0 be linear and AelLip with u, <0, such that
there exist a linear A°:E —E*, a>0 verifying Mo <0 and

(A= A7) <al|. vxeB (14)

a)(l-H/HBH)r !

where o= |B|( s + 1, [B]f) -
2) i +(,uA—a)||B||2 >0.
Then
a) [A, B] and [AO,B] are normal and Lipschitz continuous in both inputs.
b) if (u,v)eB, xB;, and (u,v)i>(e f) for [AB]; (uv)r (e f°) for
[AO,BJ,wehave
Je—e? < 4l 2 8l as)

and

[ = 7] < (ao+A2) 1ul+ Bl (16)

-1 -1
where 1=aB" (1 + s [B) (1 + 1 [8F)
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Proof. Let N=1+BA, N°=1+BA’, anin the proof of theorem 3.1 (a) we
have A’=0, therefore N°=0. Also, A’ is bounded, "AO” < a+||A||* ,
pip—a< i, <0, then A’ e M, since by (2) g +u, IB* >a|B| =0 we
have see lemma 3.3, Nis invertible, N~' € Lip, and ”N*l"* < ® . Since Bis line-
ar, then by the corollary 2.2, [A B] is normal. By using (4), and because
Aelip, Belip, and N elLip, then [AB] is Lipschitz continuous in
both inputs. On the other hand, by (2), g + 4, ||B||2 > g +(a —a)"B"2 >0,
so lemma 3.3 implies that N isinvertible, N°* Lip , and
”NO’l"S”B"(,uB+,uA0 ||B||2)7l:k. Always by the corollary 2.2 , [AO,BJ is
normal and Lipschitz continuous in both inputs. To demonstrate (b), let
(1+[8))r then ”N_lX" < ||N||* ||X|| < a)"X" < (0(1+||B||) r, hence N7'xe Bw
by using (14) we have

XxeB (1+]8])r

||N’1x—N°’1x||:HN°’l(N°—N)N’lx

=[N (A - A)Nx
<Nl
<k|Bfa[N|

< ak|[B] w[x] = 2[x].

(A —A)N‘le (17)

Now, if (u,v)e B, xB;, and (u,v)|—>(e,f) for [A,B]; (u,v)»—>(e°,f°)
for [AO, BJ , we have ||u - BV" < ||u||+||B||||V|| < (1+||B||) r, then

Ss=u-Bve B( so by (4), in corollary 2.2 and (17) we get

1+8))r
e[ =[(n-* ~N*2)s] < 2ls] < 2Jul-+ ][l
and
- 1o fn-s-aney
=[ANTIs - AN+ AN s — AN
<f(a-o s (v -ne )
<aofu-Bv|+[A°(2]ul+ 2 |B]M)
< (aw+ 2] A7) Jul + (aw-+ 2| A°) ) B
The last linearization result in this work is to assume that the operator A4 in
the FS [A,B] islinear.
Theorem 3.3. Assume that

1) Let Ae M with u, >0 be linear and B e Lip with u; <0, such that
there exist a linear B°:E" —E, b>0 verifying Uy <0 and

H(B—B°)f”sb||f||,erB* , (18)

plA(+ut )r

2\-1
where p =||[A( 2, + 5 A )

2) g+ (g —b)”A”2 >0.
Then
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a) [A, B] and [A, Bo] are normal and Lipschitz continuous in both inputs.
b) if (u,v)eB, xB;, and (u,v)i-> (e f) for [AB]; (uv)r (e f°) for
[A, BOJ , we have
||e—e0 || <y ull+ 22t V| (19)
and
[ == 7 IAlul+ 7 AL M (20)

where 7 =b| A (sa+s10 [AF) (1 + s [A°)

Proof. By (18), we have B°=0, "BOH < b+||B||* furthermore B is bounded,
and 3 —b<p,<0. by lemma 3.1, A is bounded, then it is invertible,
A e Lip, , #,,20 and "A’l"Sy;\l . The operators N=1+BA ,
N°=1+BA°, they are such that: g, + 1 ||A||2 > 1, +(,ub —b)”A"2 >0 (see(2))
then, lemma 3.4 with S17) imply that N is invertible, N1e Lip and
INT <A (110 + 1 |A )~ = - Likewise,

Ha + Mo ||A||2 > U, +(,ub —b)"A”2 >0 (see (2)) then, lemma 3.4 with (7) imply

that N° is invertible, N°'elLip and "NH" < ||A||(,uA + Hyo ||A||2 )71 =7 .
Now, let's for (x,z)e ExE" M, X=X+ B(Z+AX) and
MIx=x+B’(z+Ax). Since N*,N°*" exist, 4 is linear and it is invertible,
lemma 3.5 implies that, M;' and M)™" exist. Moreover by (8), we have
M 'x=N"(x+A"z)-A"z and MY 'x= No’l(x+ A'z)-A'z. It’s easy to
see that, MM " elip; [M[ =|N?[<p and [MZ[ =[N"|<n.
Returning to corollary 2.1, [A,B] and [A, BO} are normal. Now, assume that
for [A, B] R (u,v) — (e, f ) and (u’,v') — (e', f ') it follows, by (3) that
le—¢ :|Mv‘1u— Mvilu’"

= ”N - (u + A’lv) —-Alv-NT? (u’ + A’lv’) + AV
i

< plu-u+(p+ DA v -v],

<|n-

u-u’f+ ||A’1||||v - v'||) + ||A’l||||v -V

and
|t-1= ”u —u'+A(M,'u- M;lu’)“
< [u v+ Al
<Ju-v+[Al(pfu-u+(o+n)| A lv-v])
< (14 pl A=+ (|Al|A o+ 2)) vV

So, [A/B] is Lipschitz continuous in both inputs. We prove in the same way

Mv’lu—MVilu’"

that [A, BOJ is Lipschitz continuous in both inputs, the proof of a) is then
complete.

Now, if (u,v)eB xB;, and (u,v)> (e, f) for [AB]; (u,v)»—>(e°, f°)
for [A, Boj .Let y=u+A"'v then ||y|| < ||u||+ Uy ||v|| and

o <A oA <Aoo ) <Aoo )
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then AN'yeB’

ol A(L+uat)

Jo—e] = Imytu—maiu] |

<N

- Using, (3) and (18) we have
(N—l _ NO—l)y“

(B°-B)AN"y

N**(N°=N)N"y

N°*(B°-B)AN"y
< 77b||AN '1y|| < 77bp||y||

< b (Jul+ ! M) = 7 ul+ 22 M,

therefore (19) is checked. Finally,

||f - f°|| =AM tu— A°M 2 < ||A|||

M tu =Myl < p Al + AL M

hence (20) is established and the proof is finished.

Example Reference [4]. Let neN", E=L;(R,) be, where L,(R,) is the
Lebesgue space, equipped with the natural inner product, then E'is the Hilbert
space. Let D be a real NxN matrix, denote by $(0,1)= {§ eR% €| =1} and
d =5!Q(£’1)§TD§, where &' is the transposed of &. LeAt K(t)z(k”(t)) be
Nxn matrix, with k ;(t)e L (R,)NL,(R,) and let K(iw) be the Fourier
transform of K (t) , (defined as 0 if t<0). Denote

1. . oo o 30 5
k :Esvrgq{gglsr}gl)cf (K (iw)+ K (iw) )5 and « :i’gﬂgA(K(lw)), where A(M)
denotes the square root of the largest eigenvalue of the matrix MM , where
M is the complex conjugate martix of M (note that —o<k <0 and
0< Kk <+ ). Furthermore, let w:R" —R" be defined by: it exists o >0

such that ||1//(§)—1//(§’)||£a||§—§’||,forevery EEER; w(0)=0 ().

. 1
And inf (y(&)-w (&) T(§—§’) =a, <0. Now define operators
el e

A and Bas follows, forany xe E, (AX)(t):DX(t)+j;K(t—r)X(r)dr; t>0,

and (BX)(’[):;{/(X('{)). Moreover, let a, zéi%l)ezTngo, where F is the

constant nxn matrix, suppose that, it exists S >0 such that
lv(£)-F&<p|¢], vEeR (**) and define B':E—E by:

(BOX)(t) = Fx (t) when t>0. Clearly, A4 is linear and bounded, using
Parseval’s equality and the number &, we have Ae M, u, >2d+k>0. Also, it
is known [12] that ||A|| < ||D||+ x . On the other hand (*) shows that Bis contin-

uous, it is also easy to see that, Be M, uy =a, <0. Thus, if

d+k+(a, —,B)(||D||+K)2 >0, we have, u, +(g —ﬁ)"A"2 >0. In the other
hand, Mo =8y <0, “(B— BO>X < b||X|| VXxeE by virtue of (**), then by
theorem 3.3, [A, B] and I:A, B° | are normal and Lipschitz continuous in both

inputs, with
||e —e° || <Sul+s(d+ k)'l IV
and

¢~ <0k )+ (10l )+
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whenever (u,v)eB, xB;, and (U,V)H(e,f) for [A,B]; (u,v)H(eo,fO)
for [A, BOJ,with . )

3 2 |~ 2 1~
5 =a([of[+«) | d+k+ s (ID]+) | [ d+kea([D+) |

4. Conclusion

The aim of this work is to extend the results obtained in [4] [5], concerning the
normality, Lipschitz continuity, of a non linear feedback system described by the
monotone maximal operators, defined on real reflexive Banach spaces. In addi-
tion, the results of approximation of the solutions of the feedback system as-
sumed to be nonlinear, by solutions of another linear are established. These
types of systems find their uses in several fields such as: control theory, network
theory, solving the Hammerstein equation... etc. The techniques used are based,
on the surjectivity theorem, of the monotone maximal operator and

hemicontinuous, defined on real reflexive Banach spaces [14].
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