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1. Introduction

Previous attempts to quantize Einstein gravity (EG) have failed because of 1)

they utilize a Rigged Hilber Space (RHS) with undefined metric, 2) non-unitarity
troubles, and 3) non-renormalizablity problems. These problems were success-
fully bypassed in [1] [2], yielding a viable quantification procedure for Einstein’s
gravity. One used two kinds of tools. Some are of physical nature and were de-
veloped in [3] [4] [5]. Others are of a purely mathematical character, and con-
cern the nature and properties of a generalization of Schwartz’s distributions
made in the 1960s. The generalized entities were called Ultrahyperfuntions (UHF).
The existence and uniqueness of their convolution, whcih yields another UHF,
were demonstrated in the 1990s [6]-[10]. Such convolutions are finite. Since
quantum propagators can be seen to be UHFs, and their convolution is finite, all
Feynman diagrams also turn out to be finite. There is no longer a need for renor-

malization. These important mathematical advanced were founded on the efforts
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of A. Grothendieck [11] and J. S. Silva (JSS) [12]. The concomitant mathematical
apparatus was specifically devised so as to quantify non-renormalizable field theo-
ries. For a detailed discussion of it, see [10]. One ends up facing a theory similar
to QED, endowed with unitarity at all finite orders of power expansions in the
gravitation constant G of the EG Lagrangian. This feat was previously attempted,
but without success, by Gupta and by Feynman (in his celebrated Acta Physica
Polonica paper [13]).

Our paper is structured as indicated below:

1) Section 2 deals with preliminary materials.

2) Section 3 treats the QFT Lagrangian for EG and introduces our approxima-
tion that consists of setting the graviton field ¢*" = y*"¢, where »*" is a con-
stant tensor and ¢ a scalar (graviton) field.

3) Section 4 quantizes the ensuing theory.

4) Section 5 evaluates the graviton’s self-energy up to second order.

5) Section 6 introduces axions into our scenario and considers the axions-
gravitons interaction.

6) Section 7 calculates the graviton’s self-energy in the presence of axions.

7) Section 8 evaluates the axion’s self-energy, up to second order.

8) Finally, some conclusions are drawn in Section 9.

2. Preliminary Materials

The most general quantification approach is based upon Schwinger-Feynman’s
variational principle [14] and can successfully deal even with high order super-
symmetric (HOS) theories (see [15] [16]). It is important to emphasize, for QFT
experts, that HOS theories cannot be quantized by appeal to the customary Di-
rac-brackets approach.
Consider now the action for a set of fields ¢, (x) written in the fashion
S|:O'(X),O'O,¢A(X):|

o(x

) (2.1)
= [ L[4 (8).0,8,(£). & ]de,
90
where o (x) if a space-like surface passing through the point x. o, is that
surface (at the remote past), for which all field variations vanish. The Schwing-

er-Feynman variational principle asserts then that:

“Any Hermitian infinitesimal variation 68 of the action induces a ca-
nonical transformation of the vector space in which the quantum system is
defined, and the generator of this transformation is this same operator
58 )).

In such circumstances, this equality is seen to hold

Spp =1[68,4,]. (2.2)

Accordingly, for a Poincare transformation one has
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1
08 =a"P, +Ea* M, (2.3)

where a* and a*’ are variational constants, the first for displacement and the
second for rotation, P, refers to linear momentum, and M, to complete
angular momentum. For the field variation the last two quantities are repre-

sented by I3# and M > tespectively. One has

54, =a"Pg, +%aW|\7|W¢A. (2.4)
From (2.2) one can now ascertain that
0.us=1[Pitn |- (25)
More to the point,
a0¢A =i [7301¢A]' (2.6)

Equation (2.6) will be used below for quantizing EG.

3. The Convolution of Two Lorentz Invariant
Tempered Ultradistributions

In [7] we have obtained a conceptually simple but rather lengthy expression for
the convolution of two Lorentz invariant tempered ultradistributions. p and
A are defined there. ® is the Heaviside function and J stands for imaginary
part. We have then

H.(p.A)

:Lf [F(p)G(p,) ol 5 10[3(p)]3[In(=p,+ A)=In(=p, = A)]

2
8T P fr,

<[In(=p, + A)=In(=p, = A) [\ 4(p, +A)(p, + A)—(p—p,— p —2A)’

<IN \/4(p1+A)(,02+A)—(p—,01—p2—2A)2 —i(p—pl—pZ—ZA)
2 Ao e )

+[|n(p1+A)—|n(p1—A):|[|n(p2 +A)=In(p, —A):|
x4(p, = A) (2o = N)=(p=p,~ p, +2A)

X|n|:\/4(p1_/\)(p2_A)—(p—pl—pz+2A)2 _i(p—pl—pz-i-ZA)]

2|(p=A)(p, = A)

+[In(p,+A)=In(p,—A)[[In(=p, +A)=In(=p, - A)]

A s+ M) o= )~(p-n=p.) ~i(p=pi=p2)]

+\/4(p1 +A)(p,-AN)~(p-p-p,)
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" \/4 (o +A) (2 =A)=(p=p=p,) ~i(p=p—p))
ZI\/ (P +A)(p,—A)
+[In(=p, +A)=In(=p,=A) ][ In(p, +A)=In(p, —A)]

X{%M(pl/\)(pz tA)=(p=p-p,) “(p‘pl‘pz)}

+\/4 pl )(p2+1\) (,0 pl_pz)z

{\/4 P p2+A (P P pz)zi(pplpz)]}}
)

2i-(p—A) (P, + A

_6[_3(/3)] {[In (= +A)=In(-p, —A)j[ln (=P, +A)=In(-p, _A)l

<\J4(p, - (p pr—p, +2A)
\/4 pl (p P p2+2A)2—i(p—p1—p2+2A)
2\/ ,01

+[In(p,+A)=In(p,—A)][In( p2+A) In(pz—/\)]
x\J4( o+ A)(p + A)=(p—p,— Py —2A)

X|n|:\/4(p1+A)(pz+A)(pp1pz2A)2 i(pplpZZA)]

2J(p+A)(p,+A)
+[In(p,+A)=In(p,—A)|[In(=p, +A)=In(=p, - A)]

{ [\/4 p=A)(p+A)=(p- pl—pz)z—i(p—pl—pz)}

\/4 p1 ,02+/\ (p p1_p2)2

{\/4 p=A)(p, +A)=(p—p, - pz)zi(pplpz)n

2'\/ pl pz +A)

+[In(—pl +A)=In(—p, - )J[In(,o2 +A)=In(p, —A):l

X{%MmmmA)(pr “ilo=pmr)

\/4 p1+1\)(p2 A) (p_pl_pZ)z

{\/4 po+A)(p,=AN)=(p-p-p,) i(pplpz)ﬂ}

2I\/ (p+A)(p—A)

_%{[In(—pl +A)=In(-p, - A)][In(—p2 +A)=In(-p, —A)]
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. A . -A
In|i [2F T [ e B
Py = A ]

+[In(p, + A)~In(p, ~ A)][I(p, + A)~In(p, ~A)]

x(py=pa)|In —‘H *'”(ig
+[In(pl+/_\)—'”(P1—A)]['”(_""2+A)_";(_p2_A)]
x{(pl—/’z)l:"{ %ﬁj“n(\/%ﬂ

+%[In(_p1 —potA)=In(-p,—p, - A)

—In(p+p, +A)+In(p,+ p, = A) |+ p[ IN(=p, = p, + A)

X(Pl_pz)

—In(=p, = p, = A) |+ p[In(p, + p, + A)=In(p, + p, = A) ]

[In(=p+A)=In(=p,= A) J[In(pp, + A)=In(p, - A)]
foob{ )4

-l-%[ln(pl+p2 +A)=In(p,+p, —A)

=In (_pl ) +A)+ In (_pl ) —A):|+p1|:|n(—p1 ~ P +A) (3.1)
~In(=p,=p, =A) |+ p, [In(p+ p, + A)=In(p, + p, = A) | 1 dodp,

This defines an ultradistribution in the variables p and A for
13(p)|> 3(A)>[3(p,)|+[3(p,)

Let 23 be a vertical band contained in the complex A -plane 3. Integral
(3.1) is an analytic function of A defined in the domain $23. Moreover, it is
bounded by a power of |pA|. Then, H,(p,A) can be analytically continued to
other parts of P . Thus, we define

H(p)=H"(p.i0") (3.2)

H, (pi0")= S H™ (p,i0) 4" (3.3)
As in the other cases, we define now

{F*G}(p)=H(p) (3.4)

as the convolution of two Lorentz invariant tempered ultradistributions.
The Feynman propagators corresponding to a massless particle Fand a mas-

sive particle G (mass m) are, respectively, the following ultrahyperfunctions:
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F(p)=-06[-3(p)]p"

G(,o):—G)[—S(,o)](,o+mz)fl (3.5)

where p isthe complex variable, such that on the real axis one has

p =k’ +kZ +kZ —kZ. For them, the following equalities are satisfied

P'F(p)=-6[-3(p)]p""

p‘G(p):—®[—S(p)J<p+m2)H (3.6)

A
where we have used: ( p+ mz) = p”*, since we have chosen m to be very small.

On the real axis, the previously defined propagators are given by:
f(p)=F(p+i0)-F(p-i0)=(p-i0)"
9(p)=G(p+i0)-G(p-i0)=(p+m?—i0)" (37)

These are the usual expressions for Feynman propagators.

Consider first the convolution of two massless propagators. We use (3.6),
since here the corresponding ultrahyperfunctions do not have singularities in the
complex plane. We obtain from (3.1) a simplified expression for the convolu-

tion:
o0 E
h.(p)= i [ (2=i0) (. =10) [ (== p2) ~4p0, [P dpdp,  (3.8)

This expression is nothing other than the usual convolution:
h, (p)=(p—i0)"#(p—i0)" (3.9)

In the same way, we obtain for massive propagators:

A-1

hi(p):(p+m2—iO)H*<p—m2—i0> (3.10)

These last two expressions are the ones we will use later to evaluate the gravi-
ton’s self-energy.

4. The Lagrangian of Einstein’s QFT

The EG Lagrangian is [3] [4] [5], for curvature R and x° the gravitation’s

constant,
l 1 o \7]
Ls =—2R4/|g|—577m6ah a,h"”, (4.1)
K

where Minkowski’s 7" = diag (1,1,1,—1) , while h*" = \/EQ”", with g*” the
metric tensor. The second term in (4.1) establishes the gauge fixing. We reach
here a critical stage. At it, we will proceed to perform a crucial linear approxima-
tion. This will be immediately seen to be an approximation to the graviton field.

We will write
h*' =n* + kg"", (4.2)

where x° is the gravitation’s constant and ¢*' the graviton field. Our ap-
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proximation, based on [1], reads

¢ =y"e, (4.3)

' is a constant tensor which satisfies

7' =0 (4.4)

with ¢ ascalar field and where y

This approximate casting of ¢*' considerably simplifies the handling of
matters without sacrifice of rigor. We write now the Lagrangian as a sum of a

non-perturbative component plus an interactive one, Ze,

Lo=L, +L,, (4.5)

where

1 v
Lo==5 7wy 0,00°¢, (4.6)
and, up to 2™ order, one has [3] [4] [5]

1 w1 A
[4 = _EK‘}/; ¢|:57p17play¢av¢+ 7#ﬂ7lvai¢aﬁ¢_7yp7\781¢a ¢:l’ (4'7)

having made use of the constraint (4). This constraint is required in order to sa-
tisfy gauge invariance [17] For the field ¢. We have then, as can also be seen to

happen for the considerations made in [10],
O¢ =0, (4.8)

whose solution is

1 pak) e at(k) i Xu} 3
x-—L [—H" il U
(ZR)ZI 2k, 2k,

with k, =|k|. Above, a(k) and a'(k) stand for Fourier coefficients. Up to

this point, we were using Einstein’s Lagrangian. Its quantization begins next.

5. Quantization of the Theory

As usual in QFT (see for instance Visconti’ celebrated book [14]), the quantum

energy-momentum tensor T ; is cast as

oL

i 2 v 2
1= o o' -, L, (5.1)
and the time-component of the four-momentum is now the quantum operator
B, = [Todx. (5.2)
Using (4) we have
1 .
0 0
T == 77" [ 0us'9-0,60'¢ | (5.3)
Consequently,
1 v + + 3
R= 37wl [Ik[[a(k)a® (k)+a* (k)a(k)]d’k. (5.4)
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Appeal to (2.6) leads now to
[Po’a(k)] =—koa(k)
[ B2 (k)] =kea" (k). (5.5)

From the last relation in (5.5) one gathers that

Ik|a* (k') = “szw [Ik{[a(k).a" (k') ]a* (k). (5.6)

The solution of this integral equation is

coon] 2 L
[a(k).a (k)]_myﬂv 5(k-k'). (5.7)

We use now the usual definition

A(x=y)=(0[T[#(x)¢()]|0)- (5.8)
The graviton’s propagator then turns out to be
s

—d*k. (5.9)
(2n)" 77" K20

A(x-y)=

As a consequence, we can write

i
1%:7”47 [IK|[a(k)a® (k')+a" (k)a(k)]o(k-k')d°kd’k’,  (5.10)
or
_ }/,uvj/#v + 2 2 ' ' 3 31,1
P = [Ik|| 2a* (k) a(k)+——-5(k—k) |6 (k—k')d’kd’k". ~ (5.11)
4 Yoa?”
Thus, we obtain
7HV7AN + 3
B= [Ik|a" (k)a(k)d, (5.12)

where we have used the fact that the product of two deltas with the same argu-
ment vanishes [6], Ze., §(k—k')d(k—k')=0. This illustrates the fact that us-
ing Ultrahyperfunctions is here equivalent to adopting the normal order in the

definition of the time-component of the four-momentum
o
1>0:%m:[a(k)a+(k)+a+(k)a(k)]:d3k. (5.13)

Now, we must insist on the fact that the physical state should satisfy the rela-
tion (see [3] [4] [5])

7", 8|lw)=0. (5.14)

The ensuing theory is similar to the QED-one obtained via the quantization
approach of Gupta-Bleuler. This implies that the theory is unitary for any finite
perturbative order. In this theory, just one type of graviton arises, ¢'*, while in
Gupta’s treatment two sorts of graviton emerge. Of course, this happens for a

non-interacting theory, as pointed out by Gupta.
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6. Graviton’s Self Energy

So as to compute the graviton’s self-energy (SF) we begin with the interaction

Hamiltonian 7, . Remark that the Lagrangian has derivative interaction terms.

aﬁl 0 v
H, = PO 0" - L. (6.1)
A typical term reads
.\l N1
2 corasan (K) =Ky K, (p—=10) " %k, k, (p—i0)", (6.2)

where p =k +kZ+kZ-kZ.

The Fourier transform of (2) becomes
Fl Kk, (p=10) " #k, k,, (p=i0)"]
20 [ (2+2) ]

=- Pt Megiy Mgy (X 10
+24“+1>r(2+,1)r(3+/1)
2r(1-2)°

2T (34 2)°

. -2
_W Xy X Xers Xer (x+i0)

)—21—4

(6.3)

)—21—5

X )(x+i0

(nalaz (%) Xa4 + na3a4 Xuq a

where x=x>+x2 +x; - x.

Anti-transforming the above equation one has
—|O) ek, K, ( —io)"™

r(2+4) . Ir(3+4)
r 2 T]{Za naa
[(24+4) "T(24+5) | e

4F
/1 + 3 2242
2 ey (nam Mg+ My s+ My )} (-22-2)(p-i0)
2
I7t F(/1+3 (2+ﬂ) (V+1)(77aaka ka +77aakaka)
2r(1 ﬂ) (214_5) 142 3 4 3¢4 1 2
I'(A+3)
- m(n‘lﬂz klla k11’4 + 7711’1013 kaz kaA + 770!1114 kaz ka3 + 770‘30‘4 kal kaz
: A\ 2441
ke ok, )| (24D -10) 69
in’T (2 +3)°

kK kK k k T(=24)(p—i0)"
r(1-2)°'r(22+6) = = * ™ (22)(p=10)

Computing the Self-Energy

We proceed here to perform a A -Laurent expansion, keeping from it just the
A independent term [10]. We Laurent-expand (4) around A =0 and encoun-

ter:
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KoK, (0 —10) "k, k,, (p—i0)""

2

R 2
=l E a(noqaz 770(3414 + ’71120(3 ’71110(4 + 77a2a4 770:10:3 ),0
2 1
- |:E(77a1a2 klls ka4 + ’70!30!4 I(051 kaz ) N a(nalaz kas ka4

+ 770(3(14 ka1 ka2 + 770:1053 ka2 ka4 + 77(11(14 kaz ka3
8
+ 77a2a3 ka1 ka4 + 77a2a4 kal ka3 ):|,D + a kal kaz ka3 ka4 }

137

in’ .
= (nalaz ’7{130:4 + 770@(13 770:10:4 + ﬂazaA ’70:1&3 )‘:In (p - IO) - _:| ,02

512 60

2

. T - 1
+IE{(77&1‘12 k"‘3k0‘4 +77a3a4 kmkaz )|:In(p_|0)_gi|

1

- ﬂ(nalaz ka3 ka4 + ’70:30:4 kal kaz + 770(10:3 kaz ka4 + 771110:4 ka2 ka3 (65)

. 101
+77(12a3 kalka4 +77a2a4 ka1ka3 ){In(p_ IO)+ In TC+ 2C _E}}p

2

. T . 47 X
—i—k k k k |In(p=i0)——|[+> a A" }.
30 oy o3 a4|: ('D ) 60} ; n }

The exact value of the convolution we are interested in, 7.e, the left hand side
of (5.5), is given by the independent term above, as everyone knows. Should the

reader be unfamiliar with this scenario, we direct him/her to [10]. We now get

Zugapas (K) = KoyKe, (0=10) "k, K, (p=i0)”
_ i | . ] .
= —E(nalaz na3a4 + 77,12053 77“1054 + 77{12%1 770!10!3 ) n (p —i )+ nm+ _E 0

. . 8
iy (nalazka3ka4 e K Ko ){In(p—|0)+lnn+c —ﬂ

L ok Kk kK kK ©o
- z(nalaz a3 ay + ’70(30:4 o Ny + 77(210:3 ap Nay + nalzu a, Nag

: 101
o Ko Ky Ty Ko K )[ln(p ~i0)+Inm+2C —E:Hp

7 . 47
_|§kmka2k%kml [In(p—|0)+ Inn+C —%} )
We face here 1296 diagrams of this type.

7. Axions Enter the Picture

Axions are hypothetical elementary particles conjectured by the 1977 Peccei-
Quinn theory so as to tackle the strong CP problem in quantum chromodynam-
ics. Should they exist and have low enough mass (within a certain range), they
may be of some interest as putative components of cold dark matter [18]. We
thus consider now a massive scalar field (axions) interacting with the graviton

and the pertinent Lagrangian becomes
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1 1 an pu
£GM :FR\/M_EU/Naah; aﬁ'h ’

1 (7.1)
—E[h”vaﬂl//avl// +my? J .
It is possible to recast the Lagrangian now as
Low =L+ L+ Ly + Ly, (7.2)
where
1
Ly = —E[aﬂl//a”l// +m?y? ], (7.3)
so that £ ,, isthe Lagrangian for the axion-graviton action
1 w
Ly = ~5 Ky*" 90 wo,y. (7.4)
A new term in the interaction Hamiltonian appears
oL,
Hyy = aa‘::j/ Oy — Ly (7.5)
8. Graviton’'s Complete Self Energy
Axions necessarily generate a new contribution to a graviton’s self energy
Somune (K) =k, (p+m? =i0) " skk, (p+m? —i0) ", (8.1)

To evaluate it face the customary four-dimensional integral together with the
Feynman-parameters denoted by the letter x. After a Wick rotation, we find

-1

Kk, (p+m?=i0) " #kk, (p+m? —i0)

L k k -k -k .
:iJ'X,l (1_X)—/1J‘ u r(pv v)(p527215)d4kdx, (8 2)
0 [(k - px)2 + a}
where
a=p*x—p°x® +m?. (8.3)
Effecting a variables-change u =Kk — px we encounter
Kk (p+m?—i0) " xkk, (p+m?—i0) "
1 8.4
=i[x*(1- x)™" J'—f A ;; ) d*udx (84
0 (u*+a)
where
f (U, X, 2,1,V,8)
=Uu,u, p, p, (1- x)2 +U,U,U,U; —U U p, p,Xx(1-x)
(8.5)

—u,u,p, X (1-X)—u,u, P, p,Xx(1-x)
—u,u,p, pX(1-x)+p,p, P, px* (1- x)2 +U,U,p, P, X

After computing the associated integrals we find
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A-1

Kk, (p+m?=i0) " xkk, (p+m? ~i0)

ur

5
iTcEZZ/i m2+4/1 1'*(_1_21)
= k, Kk k k
16 r(l—ﬂ,) (nyr v S+77VS o r)

F(l—ZA,—l—ZA,S—/l;— pzj F(l—i,—l—Zi,s—l;— pzj
2 4m 2 4m

X 3 + 5
r(—lj 2r(—,1)
2 2
Ing 222—1 m4-¢»4)~
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Computing the Self-Energy (41 =0)

We appeal once again to a Laurent’s expansion and have
-1
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N 11p
=i—<m k k k k
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Once again, the exact result for our four-dimensional convolution is
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Accordingly, our desired self-energy total is a combination of Zg,, ... (k)
and ZGMa1a2a3a4(k)'

9. Axion’s Self Energy

The self-energy reads
v TS .
z (k)= 2L kK, (p+m?—i0) " x(p—-i0) . ©.1)
YoV’

In four dimensions, we have
kK,
(k? +m?~i0)[ (p—k)* ~i0]

Using the same Feynman parameters as above, we have

Kk, (p+m?=i0) #(p-i0)* = [ d*k. (92)
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1 9.3
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0
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where
a:(p2+m2)x—p2x2. (9.4)
We compute the integral (3) and encounter
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Self-Energy Computation (41 =0)
We Laurent-expand again, this time (5) around 2=0.

Kk (p+m?—i0) " *(p-i0)"
2 2
R S B/ TLLSE P T L (1+1£j[|nm +1j
22\ 4 3 4 3m? 2
(9.6)
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1 p )\ nm p kk ( )
| = || AT 1,1,5;—- a,A"
+4(mzj{ 12 m* 3 m? +Z

The A -independent term yields the exact convolution result we need

%, (K)=kk (p+m —io)’l *(p—io)’1

e P oo
) ('nm R
e b i

10. Conclusions

We have developed above an approximate quantum field theory (QFT) of Eins-
tein’s gravity (EG) that is both unitary and finite. This treatment considerably
simplifies the mathematical handling so that it may constitute a valuable tool in
the theorist’s arsenal.

This paper addressed the same problem tackled in [19], with different ma-
thematical techniques. Both papers dealt with gravity’s quantization (GQ) via an
approximate graviton’s approach. The difference between that reference and the
present paper resides in the fact that here we base our discourse on a general GQ
formulation using Ultrahyperfunctions. In [19], instead, we constitute a special
instance, based on Explicitly Lorentz Invariant Schwartz’ Distributions (ELISD).
The predictions of the two papers are similar, a remarkable fact given that the
two types of mathematics involved are very different.

Our approximation consists of defining the graviton field as ¢*" = y*"¢ with
y*" a constant tensor and ¢ an scalar field.

Summing up, we have evaluated in finite fashion.

e A graviton’s self-energy in the EG-field.

o The self-energy in the presence of a massive scalar field (axions, for exam-
ple). Two sorts of diagram emerge: the original ones of the pure EG field plus
the ones generated by the addition of a scalar field.

e An axion’s self-energy.
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