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Abstract

A transport equation of momentum for relativistic electrons scattered iso-
tropically was previously reported. Here, a momentum-transport equation for
relativistic electrons “scattered anisotropically” by the Coulomb force is in-
quired into. An ideal plasma consisting of electrons and deuterons is treated
again. Also, to raise a generation-ability of a thermionic energy converter, a
means of introducing external electric and magnetic fields within “a converter
in which an emitter plate and a collector plate face simply each other” is pro-
posed.

Keywords
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1. Introduction

In the classical theory (based on the Boltzmann equation with the Fokker-Planck
collision term) with respect to the electron transport in an ideal plasma consist-
ing of electrons and deuterons, as a frictional force to suppress unlimited in-
crease of a drift velocity by an external electric field, only the dynamical friction-
al force coming from the cumulative effect of small angle deflections ceaselessly
occurring is generally taken into consideration. However, considering that rare
large angle deflections ought to be the scatterings due to the two-body (an elec-
tron and a deuteron) collisions, we reported [1] about the evaluation of an effec-
tive radius of the Coulomb force of a deuteron. The unexpected result was that a
frictional force coming from the two-body collisions is much stronger than the

dynamical frictional one (from Equations (18)-(20) of Ref. [1]). So, for simplifi-
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cation of an analysis in this research, we disregard an effect of the many-body
collisions on a drift movement of an electron, compared with one of the two-body
collisions. Furthermore, assuming that every electron has a mean thermal veloc-
ity 0, we inquire into a transport equation of momentum for relativistic elec-
trons in the ideal plasma.

For changing radiation energy from a huge-sided magnetic mirror reactor in-
to electric energy in future, a thermionic energy converter [2]-[9] is considered
to be a promising generator, next to a steam turbine one. We discuss in Section 4
about a way to raise a generation-efficiency of a converter by help of some sup-

plemental equipments.

2. Momentum Transport Equation

This research is discussed under the presupposition that a deuteron has as effec-
tive radius P, of the Coulomb force, with respect to the two-body collisions.

Then, a mean collision frequency v, of an electron is npnpfp_,U (=0/4,, n,

is a deuteron density which is equal to an electron density n,). A value of F,
is estimated in after (24), together with ¢, appearing later.
We first consider the case where a small electric field E(#) and a magnetic field

B are:

E(t)=-ZEcoset .
(tistime, o isa frequency) (1)

B={B
We use four coordinate systems:
the orthogonal coordinates (x, y,z),(x’,y’,2')
the polar coorinates (6,¢,2),(6',¢',2")

Here, y//y'and the z"axis is in the direction of an electron drift velocity u(?)
which is both on the x-z plane and on the x"z'plane. The angles 6 and &' are
angles between a velocity variable v and the z-axis and between v and the
z"axis, respectively. The angle ¢ and ¢’ are inclinations from the x-axis, the
x"-axis on the x-y plane, respectively. We assume that both a temperature distri-
bution and a density distribution, with respect to electrons, are uniform in space
and that |u (t)| <0 <0.1c (c thelight speed).

The linearized relativistic equation of motion for an electron having a velocity
U(t,to) at time ¢ after having been scattered with a velocity D(to) at past time

t, by a deuteron is given by (2) of Ref. [10]

m, w(tt) a"ov, b
22 ot - = _C_Za_tt_c_;(_qE(t)'Ut)_qE(t)—qv(t,to)x B (2)
1— (tO)
c2
Here, m, is the rest mass of an electron, —gis an electron charge,

v, =v(tt, )(E(t):o) , a'= -[; —gE(t)-v,dt. We note that (2) can be regarded to be

the equation of motion for an electron with a constant mass
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m /(1o () /)

A momentum transport-equation is written as

m w(tt) a"dv, v
e Ly L (—gE(t)-
Z [1 v(to)zr e (3)
-—2

= Z{—QE(t)—qU(t,t )X B} + Pafter - Pbefore

Here, ) represents summation of the vector quantity of each term over elec-
trons per unit volume. And with respect to electrons scattered by collisions with
and P

deuterons per unit volume and per unit time at time ¢ P efore

after are

total momentum of those electrons just after the collisions and just before the
collisions, respectively.
1) About P, in (3)

The number of electrons scattered by deuterons is n,v, per unit volume and
per unit time. For a velocity distribution of those n,v, electrons just after the
collisions, we assume again such a spherical surface as shown in Figure 1 of Ref.
[11]:

- [[m 2§ru_(t)cosé"jsin 9d¢d9:|5(u_u(t))du _do() @

¢ D 4

The quantity in the above bracket is the solid angle element in the direction of
(9, ¢) , U is the magnitude of a velocity variable v of an electron,
:|u(t)|, v(t)=0+Zu(t)cosd" (¢, is a remaining ratio of U(t) in the

relativistic case) and &(-+-) is a delta-function. P,

~ D +24,u(t)cosd’ \sing'dg'dd’
Patier = .[6 OI OJ‘U 0 ® ’|:( D ] A j|

is given by

v

><5(u—u('[))due—2 )

Here, v'=X'vsin@'cosg’+ §'vsing'sing'+2'vcosd’ . Using the following ap-

proximation:
m, B m,
12 _ V2
. (T+&u(t)cose’) [1_02j[1_ 20g,u(t)cosd j
02 C C2 (6)
m vs u(t)cosd’
=—e£1+%] (where,yr =(1-0%/c? )]/2),
7 ¢
we have
L 2’§u(t)[l+ Uzj—nv meé'u(t)[1+ Uzj %
for = - ~_|= e =z
after e”r : r 3C2 er}/r r 302
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The term with products or squares of the drift velocity and the electric field
have been neglected in (6) and (7). We will do so also in later calculations.

2) About P, in (3)

The number of electrons scattered with velocity magnitudes v ~v+dv in

efore

the direction of (6,4) during the time interval t, ~t,+dt, before time ¢ is
d®(t,)dt, per unit volume. Of these electrons, the number of electrons having

v(t),,
not collided until time ¢is d®(t, )dt, exp {—f w
0

T

dt} , Where U(t,to)

is the magnitude of a velocity D(I,to) at time ¢ after having been scattered with
a velocity v(t,)=0+¢u(ty)cos@’. The velocity v(tt;) is given after by (9).
These electrons have, at time £ momentum

m,

e

CZ

T gm )
[1_ v (tU ) J

and probability by which these electrons are scattered per unit time at time #is
v(tt )(U:U(to)) //Ir . Accordingly, P,

before

t g D+2¢u(t)cosd’ sinddpde
Pbefore = J.o:—m J.H:O L:O nevrdto |: X

is given by

) an
o(tt) . o(tt) .
xexp{—f; ( 0,)1(“_”(‘”) dt] ( Oi( o) (8)
me
SamwercCLY
[1_u<to>]
2
c

We substitute the following three relationships into (8).
a) Equation (6) (t>t)

b) Equation (9) below:

From the energy relationship

2 2
m.,C m.C t

2~ qE (t) ’ (U (t'to )(E(t):O,v:E) )dt = a(;:a)'

V2 vz =y
l)(t,to )(Zu:u(to)) [1_ U(tO )2]

2
c? c

we have

3
v(tt, )(U:UO(t)) =v(ty)+ my—’ga('gza) (‘a(';:lj)‘ 3 mecz/yr) 9)

where, with @, = q|B|;/r / m, and
v (t’ tO )(E(t):O,u:U) = Ut(u:a)
= X[ Dsingcosgcosm, (t-t,)+DcosOsin, (t—t,) |+ J[osinOsing]

+2[DcosOcosw, (t—t,)-Dsindcosgsina, (t-t,)],
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" E (. L
&) = ﬁ{u sin@cos¢| a, cosmtcos w, (t—t, )+ wsinwtsin e, (t—t;)]

+0c0s0[ @, coswtsina, (t—t,) - wsinwtcosa, (t-t;) ] (10)

~sin0cos (m, cosaty )+ cosO(wsin at, )|

c) An Equation (11) below, for a drift velocity of electrons,

2 N
=[ [ ] novdty| 1+ é“r“(to_)cow’ sin@dgd o
tg 40 ¢ =

dn

(11)
L o(tt )(U (i)
xexp[—Lont O(tY), e
Then, (8) becomes
m, sin@dgde m, 0’
Poerore = N —=V,U (1) + '[tow n,v,dt, 4—n¢exp [, (t-1,)] " [1+ 0_2]
, sin@dgdo

xgU(ty)cos@'v(t,t, )(E(t):O,u:D) + LOM n,v,dt, —n¢ (12)

m oy
xexp[ v, (t-t,)] 7,/1 .Kfljoz(u:g)u(t,t0 )(E(t):O'U:D)

Furthermore, in order to calculate the second term in the right-hand side (RHS)

of (12), we express U(ty) by the following form:
u(ty)=%u, (t))+2u, (t,)
And we use the following relationships
|u(t0)|c059’ =u(ty)cosd =u, (t,)sindcosg+u, (t,)cosé
u(t)= Re[ Ug +iUy, "‘"0] U, COS wt, —U,, Sin at,

u,(ty)= Re[ Uy +iU, "”‘OJ U, COS oty —U,, sin mt,

Then, the 2nd term in RHS of (12)

—2
= nevfn}j—reg, (1+z—2]%.[: _dtyexp[ v, (t—t,) ][ X(up COSty —u,, sin oty )
xcos[ @, (t—t,) ] -2 (U, COSaty —u,, sin aty )sin[ @, (t—t,) |+ X(u4 cos et

—u, sinaty)sin[ @, (t—t,) |+ 2(uz cosot, —u,, sin wt, )cos| o, (t- t)ﬂ (13)

g (1] 0 B2 s 4+ B2 o)
e B2 0) 4 B 2]

where, u,(t)=u, (to )(tﬁt) u, (t) =u, (to )(twt) , and (,Bl,ﬁl',ﬁz,ﬂz') together
with (B, /) are shown in after (21). Equation (13) can be generalized as:
The 2nd term in RHS of (12)
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_ny. %gr [1+'Z_22H[ﬂl +%§j(u(t)x6)+(ﬁ2 +ﬁﬁj6x(u(t)xﬁ)

r

oot )

Next, the 3rd term in RHS of (12) becomes
Ny?AE[ X(—p, cos et + Bsinwt)+ 7 (B, coswt - B, sinwt) |. This can be genera-
lized as:

The 3rd term in RHS of (12)

:ne;/f{(ﬁl+ﬁ_j(—qE(t)x6)+(ﬂz+%—j (—qE(t)xB)
(ﬁm&aj o(—gE(t)- 5)}

Accordingly, the momentum transfer term in the field of the two-body (elec-

tron-deuteron) collisions is given by

m, ok ~
Pafter - Pbefore =NV, }/_ru(t)l:l_gr (1+§J:| —N, |:(ﬂ1 +%EJ(FC Xb)

(16)
(ﬂm ﬁmaj (F.-b)+ (ﬂ2+&—jbx(|: xb)}
where,
—2
F. = —qE(t) Vm_gr[u’;—Ju(t) (17)
o' o,
3) About Z—Z— in (3)
a” oy _ t<u ) sin 6d¢d¢9 O
v B 5 .
=M, v, _2{_[/;2"'_2&}(_(]'5(1‘) ) (ﬂl"'_l_j ( b)}
4) About 3 -GE(t) 0] in (3
Y 4[-0E()v]
—%LOLL}{R[Usin9cos¢coswc,(t—to)+5cosesina)c,(t—to)}
+Josinsing+2[ b cosOcosm, (t—t,)-Dsindcosgsinw, (t—t,) ]
(19)

x QE cos wt[ 0 cos O cos a, (t—t,)—DsinOcos gsin e, (t—t,) ]

sin@dgdo v
.V, dt, Af—fexp{—;(t—t0 )}

=1, o [aE ()]
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5) About " T — avgt’to) in (3)
Lot J
CZ

The above summation is a momentum which n, electrons gain during unit
time through the external fields and the collisions. Here, we assume roughly
that a velocity distribution of n, electrons at time ¢ is isotropic when it is
viewed from the velocity point u(#), similarly in Figure 1 of Ref. [11]. Then,
based on the analysis from (4) to (7), we have, as a momentum summation of

n, electrons at time ¢,

Zmev(t,to)(l—v(ctg I ]2 _ neﬂ[u%]u(t) 20)

Yy

Thus, we obtain the following momentum transport equation for relativistic

electrons:
m o2 \du(t) R By 0 ~
ne}/—j(l-F?) at +nea)chC—2|:—(ﬂz +;E (—qE(t)Xb)
,B' a “ ~ 52
+£,Bl+ja)bx(—qE(t)xb)}+ney[—qE(t)] (21)
= ne [—C{E(t)—qE(t)X B]J’_ Pafter - Pbefore
Here, with ©=1/3 and 7=1/v,,
~w, 70} 7" —0’t" +1 20 1T
B, =Kx— Lo 5 ), =K
B :Ka)f,rz+a)zz’2 +1 B :KWT(a’cerZ—a’zfz—l)
2 D v P2 D )
K , , —KOT
Boo = ﬂz(,uchO) :m1 B = 'BZO(wchO) :mv

2
D= (a)frrz -w’t? +1) +40°7’.

It is noted that (21) is the transport equation in the case where all electrons have
the same velocity 0 (the mean thermal velocity).

3. v, ¢ and Drift Velocities

We regard, similarly in Equations (21)-(25) of Ref. [11], that a momentum transfer
frequency of relativistic electrons scattered anisotropically in the two-body colli-
sions through the Coulomb force is v, (1-¢, ). Based on (A3) (1) 1D Appendix

of Ref. [1] and the classical procedure, a relativistic collision cross section o, (X)
in the electron-deuteron collisions through the Coulomb force is obtained as

2 2
ax(x)=%[ 17 ] = (22)
SI

=2
4ng,m,0 n’

N | X

where, x is a deflection angle of an electron with 0 and ¢, is the dielectric
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constant of vacuum. Then, we obtain

2
v,(1-¢,)=nmp3 0| 4 Pur | g Peor (23)
pup—r plr
Here, p,, . is an effective radius of the Coulomb force of a deuteron and
P, =P ( p, = q2/4n50m952) which is an impact parameter for n/2—deflect-
tion in the relativistic electron-deuteron collisions. We presume that p,, ., v,

and ¢, are
pup—r = pupyr
2 = 2
Vi = npnpup—ru =Vvy,

2
1-¢ =4 P gnmzl_g
pup—r er

( Py, isgivenin (15) of Ref. [10]) (24)

In (24), v and ¢ are the quantities for the nonrelativistic case.

Now, when the external force fields are

E=-ZE, B=yB, (25)
a solution of the drift velocity u=Xu, +2u, is given by
A

l"IZ :i_AiAi-‘_ASZ 4 (26)
9E o A+A

m,v

U 1 -AAAA o
GE o AHA

m,v

(note: qE/me,Vr = (qE/meV)/yr )
A=1-g (1+%j+ﬂ2gr (l+0!)

AZ :1_%_ﬂ27r2 _ﬂlwcrra
A =, 7+ fg (1+a)

A4 =ﬂ20)cr‘[a—ﬂl}/r2

a=0°/c?, y, =(l—oz)1/2

The value of ¢, (= g) can be regarded to be nearly 1.0 from (17) of Ref. [1].
We show in Figure 1 and Figure 2 variations of “u, in (26) and u, in (27)”
with respectto @, /v where @, isthe nonrelativistic cyclotron frequency.
When o «1.0 and ¢, =1.0,

=2/y, (e, /v =0)
u, /(qE/m,v) 1
= .V —> 0
3(0)(:2/1/2) ( C/ )
=0 (o, /v=0)
u,/(aE/myv)y 1 (0, v —2)
w, /v ¢
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2.2

u,/(qE/mev)

Figure 1. The drift velocity (26) of an electron. The quantities v,m,,a,(=qB/m,) are

the ones in the nonrelativistic case. a =0?/c?.

4. For Efficiency Increase of a Thermionic Energy Converter

It is presumed that a gas (Cs plasma) within general converters will be a weakly
ionized plasma. If the gas is replaced with a fully ionized plasma instead of a
weakly ionized one, an internal resistance between an emitter plate and a collec-
tor plate extremely decreases, and thermionic electrons can save their thermal
energies which have been consumed for ionization of Cs atoms. We consider
that this replacement of the internal medium will raise a generation-efficiency.
Furthermore, if a force field to convey thermionic electrons from the emitter to
the collector is given within the converter, the efficiency will rise more compared
with the case where electrons cannot but go to the collector for themselves. Un-

der such a consideration, we propose a means adding some equipments, shown
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1.4

1.2

uy/(qE/mev)

0.0

0 1 2 3 4
w:/ v

Figure 2. The drift velocity (27) of an electron. The quantities v,m,,®,(=qB/m,) are

the ones in the nonrelativistic case. a =0°/c?.

in Figure 3 and Figure 4, to the converter. The equipments are connected with
Converter by Solenoid. In the inner space, Cs gas is enclosed. Discharge tube
(shown in Figure 4) is installed as a partner of Converter. Fan makes Cs gas
plasma circulate slowly within the closed space. By making a right-circularly po-
larized wave continue to heat electrons for long time, it is planned that the most
part of the closed space is filled with a fully ionized plasma. Even if the electron
temperature is not so high, we consider that it is possible to obtain an almost
perfectly ionized plasma because the work-function of a Cs atom is very small.
Now, let us classify the internal space of Converter into three parts (called space
1, 2, 3), as shown with dotted lines in Figure 3. We assume roughly that, in
space 2, an electric field due to a space charge is negligible and also that, only in

space 2, a magnetic field B and an external electric field E exist. The magnetic
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Heated Emitter

x / Insulator

Solenoid
| ___spacel _ __ ____________|]
(entrance) space 2 LE) B
[ space3s ]

Solenoid Cooled Collector

Electron Cyclotron Wave

Figure 3. A fundamental structure of a thermionic energy converter which is connected with an Electric Wave Oscillator
and a Fan by a rectangular Solenoid.

Heated Emitter
I Insulator

Cs plasma

' L Cathode
region ‘

Anode o—

Cooled Collector

Figure 4. A side view of the converter with a Built-in Dischage Tube.

field B is supplied by Solenoid and the electric field E is the one in the middle
part of the discharge plasma. These external forces convey electrons with the
drift velocity u, (in Figure 1) in the direction of —E and with the drift velocity
u, (in Figure 2) in the direction of E x B. We set the value of @, /v to alarger
one than 4.0. Then, a loss in an external circuit between Anode and Cathode is
sufficiently suppressed and many electrons will try entering from space 2 into
space 3. In this situation, however, the following physical condition must be sa-
tisfied: “A total number of electrons which can enter within Collector per unit
time is equal to a total number (denoted by N, ) of electrons which jump out

of Emitter per unit time.” Electrons also combining with ions on Emitter must
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be counted for N,, (we suppose that neutral atoms produced near the surface
of Emitter are soon ionized within space 1). Accordingly, if we design the con-
verter so that electrons flowing into space 3 per unit time may become much
more than N, , a negative potential barrier to suppress the flow of electrons
ought to be produced near Collector surface, which is added to the old barrier.
The larger the height of a total negative potential barrier becomes, the larger an
output voltage becomes, because a potential of Collector lowers more and more
as against a potential of Emitter. The convey of electrons by the force E x B
makes it possible to lengthen the distance between Emitter and Collector. When
the distance /¢, from the entrance to the exit in the converter of Figure 3 is too
long, a distribution of B becomes vague. If it is necessary to lengthen the value of

¢, then, we must connect some small-sized converters in series by solenoids.

5. Conclusion

In the field of the Coulomb force scattering, under the premise that the two-
body collisions have much more influence than the many-body collisions on the
drift movement of an electron, we have inquired into the transport equation of
momentum for relativistic electrons. Also, proposing an idea of introducing a
fully ionized plasma and an external magnetic field within the combination-ap-
paratus of the converter and the discharge tube, we have discussed about a means

to raise a generation-efficiency of a thermionic energy converter.
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