
Journal of Modern Physics, 2021, 12, 1708-1720 
https://www.scirp.org/journal/jmp 

ISSN Online: 2153-120X 
ISSN Print: 2153-1196 

 

DOI: 10.4236/jmp.2021.1212099  Oct. 27, 2021 1708 Journal of Modern Physics 
 

 
 
 

Transport of Relativistic Electrons Scattered by 
the Coulomb Force and a Thermionic Energy 
Converter with a Built-in Discharge Tube 

Mitsuaki Nagata 

Soft Creator Company, Kyoto, Japan 

 
 
 

Abstract 
A transport equation of momentum for relativistic electrons scattered iso-
tropically was previously reported. Here, a momentum-transport equation for 
relativistic electrons “scattered anisotropically” by the Coulomb force is in-
quired into. An ideal plasma consisting of electrons and deuterons is treated 
again. Also, to raise a generation-ability of a thermionic energy converter, a 
means of introducing external electric and magnetic fields within “a converter 
in which an emitter plate and a collector plate face simply each other” is pro-
posed. 
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1. Introduction 

In the classical theory (based on the Boltzmann equation with the Fokker-Planck 
collision term) with respect to the electron transport in an ideal plasma consist-
ing of electrons and deuterons, as a frictional force to suppress unlimited in-
crease of a drift velocity by an external electric field, only the dynamical friction-
al force coming from the cumulative effect of small angle deflections ceaselessly 
occurring is generally taken into consideration. However, considering that rare 
large angle deflections ought to be the scatterings due to the two-body (an elec-
tron and a deuteron) collisions, we reported [1] about the evaluation of an effec-
tive radius of the Coulomb force of a deuteron. The unexpected result was that a 
frictional force coming from the two-body collisions is much stronger than the 
dynamical frictional one (from Equations (18)-(20) of Ref. [1]). So, for simplifi-
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cation of an analysis in this research, we disregard an effect of the many-body 
collisions on a drift movement of an electron, compared with one of the two-body 
collisions. Furthermore, assuming that every electron has a mean thermal veloc-
ity υ , we inquire into a transport equation of momentum for relativistic elec-
trons in the ideal plasma. 

For changing radiation energy from a huge-sided magnetic mirror reactor in-
to electric energy in future, a thermionic energy converter [2]-[9] is considered 
to be a promising generator, next to a steam turbine one. We discuss in Section 4 
about a way to raise a generation-efficiency of a converter by help of some sup-
plemental equipments. 

2. Momentum Transport Equation 

This research is discussed under the presupposition that a deuteron has as effec-
tive radius up rP −  of the Coulomb force, with respect to the two-body collisions. 
Then, a mean collision frequency rν  of an electron is 2

p up rn p υ−π  ( rυ λ≡ , pn  
is a deuteron density which is equal to an electron density en ). A value of up rP −  
is estimated in after (24), together with rς  appearing later. 

We first consider the case where a small electric field E(t) and a magnetic field 
B are: 

( ) ˆ cos
ˆ

t zE t
yB

ω = −


=

E
B

 (t is time, ω  is a frequency)          (1) 

We use four coordinate systems: 

( ) ( )
( ) ( )

the orthogonal coordinates , , , , ,

the polar coorinates , , , , ,

x y z x y z

z zθ φ θ φ

′ ′ ′
 ′ ′ ′

 

Here, y//y' and the z'-axis is in the direction of an electron drift velocity u(t) 
which is both on the x-z plane and on the x'-z' plane. The angles θ  and θ ′  are 
angles between a velocity variable υ  and the z-axis and between υ  and the 
z'-axis, respectively. The angle φ  and φ′  are inclinations from the x-axis, the 
x'-axis on the x-y plane, respectively. We assume that both a temperature distri-
bution and a density distribution, with respect to electrons, are uniform in space 
and that ( ) 0.1t cυ <u  (c: the light speed). 

The linearized relativistic equation of motion for an electron having a velocity 
( )0,t tυ  at time t after having been scattered with a velocity ( )0tυ  at past time 

0t  by a deuteron is given by (2) of Ref. [10] 

( )
( ) ( )( ) ( ) ( )0e t t

t 01 2 2 22
0
2

,
,

1

t tm
q t q t q t t

t tc ct
c

α∂ ′′ ∂
= − − − ⋅ − − ×

∂ ∂ 
 −
 
 

υ υ υ
υ υ

υ
E E B  (2) 

Here, em  is the rest mass of an electron, −q is an electron charge,  
( ) ( )( )t 0,

t
t t

=
=υ υ

E 0
, ( )

0
td

t

t
tq tα′′ = − ⋅∫ υE . We note that (2) can be regarded to be 

the equation of motion for an electron with a constant mass  
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( )( )1 22 2
e 01m t c−υ . 
A momentum transport-equation is written as 

( )
( ) ( )( )

( ) ( ){ }

0e t t
t1 2 2 22

0
2

0 after before

,

1

,

t tm
q t

t tc ct
c

q t q t t

α

 
 
 ∂ ′′ ∂ + + − ⋅ 

∂ ∂  
 −     

= − − × + −

∑

∑ P P

υ υ υ
υ

υ

υ

E

E B

         (3) 

Here, ∑  represents summation of the vector quantity of each term over elec-
trons per unit volume. And with respect to electrons scattered by collisions with 
deuterons per unit volume and per unit time at time t, afterP  and beforeP  are 
total momentum of those electrons just after the collisions and just before the 
collisions, respectively. 

1) About afterP  in (3) 
The number of electrons scattered by deuterons is e rnν  per unit volume and 

per unit time. For a velocity distribution of those e rnν  electrons just after the 
collisions, we assume again such a spherical surface as shown in Figure 1 of Ref. 
[11]: 

( ) ( )( ) ( )r
e r

2 cos sin d d d dΦ
4

u t
n t t

υ ζ θ θ φ θν δ υ υ υ
υ

 ′+ 
− =  

π   
       (4) 

The quantity in the above bracket is the solid angle element in the direction of 
( ),θ φ , υ  is the magnitude of a velocity variable υ  of an electron,  
( ) ( )u t t= u , ( ) ( )r cost u tυ υ ζ θ ′= +  ( rζ  is a remaining ratio of ( )tu  in the 

relativistic case) and ( )δ   is a delta-function. afterP  is given by 

( )

( )( )
( )

2 r
after e r0 0 0

e
1 22

2

2 cos sin d d
4

d

1

u t
P n

m
t

c

θ φ υ

υ ζ θ θ φ θν
υ

δ υ υ υ

π π ∞

′ ′= = =

 ′+  ′ ′ ′
=   

π   
′

× −
 ′
 −
 
 

∫ ∫ ∫

υ

υ

       (5) 

Here, ˆ ˆ ˆsin cos sin sin cosx y zυ θ φ υ θ φ υ θ′ ′ ′ ′ ′ ′ ′ ′ ′= + +υ . Using the following ap-
proximation: 

( )( ) ( )

( ) ( )( )

e e
1 2 1 22 2

rr
2 22

1 2r 2 2e
r2

r

2 coscos 1 11

cos
1 where, 1 ,

m m

u tu t
c cc

u tm
c

c

υζ θυ ζ θ

υζ θ
γ υ

γ

   ′  ′+ − −     −
       

′ 
+ = − 

 





υ

     (6) 

we have 

( ) ( )
2 2

e e
after e r r e r r2 2

r r

ˆ 1 1
3 3

m m
n z t n t

c c
υ υν ζ ν ζ

γ γ
   

′ + = +   
   

P  u u         (7) 
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The term with products or squares of the drift velocity and the electric field 
have been neglected in (6) and (7). We will do so also in later calculations. 

2) About beforeP  in (3) 
The number of electrons scattered with velocity magnitudes ~ dυ υ υ+  in 

the direction of ( ),θ φ  during the time interval 0 0 0~ dt t t+  before time t is 
( )0 0d dt tΦ  per unit volume. Of these electrons, the number of electrons having  

not collided until time t is ( )
( ) ( )( )0

0

0

0 0
r

ed xp
,

d d
t t

t

t t
t t tυ υ

υ

λ
=

 
 Φ −
  
∫ , where ( )0,t tυ   

is the magnitude of a velocity ( )0,t tυ  at time t after having been scattered with 
a velocity ( ) ( )0 r 0 cost u tυ υ ζ θ ′= + . The velocity ( )0,t tυ  is given after by (9). 
These electrons have, at time t, momentum 

( )
( ) ( )( )0

e
01 22

0
2

, ,

1
t

m
t t

t
c

υ υ=
 
 −
 
 

υ
υ

 

and probability by which these electrons are scattered per unit time at time t is 
( ) ( )( )00 r,

t
t t

υ υ
υ λ

=
. Accordingly, beforeP  is given by 

( )

( ) ( )( ) ( ) ( )( )

( )
( ) ( )( )

0

0 0

0

0

2 r
before e r 00 0

0 0

r r

e
01 22

0
2

2 cos sin d dd
4

, ,
exp d

,

1

t

t

t t t

t

t

t
n t

t t t t
t

m
t t

t
c

θ φ

υ υ υ υ

υ υ

υ ζ θ θ φ θν
υ

λ λ

π π

=−∞ = =

= =

=

′+ 
= × π 

 
 × −
  

×
 
 −
 
 

∫ ∫ ∫

∫

P

υ υ

υ
υ

u

    (8) 

We substitute the following three relationships into (8). 
a) Equation (6) ( )0t t→  
b) Equation (9) below: 
From the energy relationship 

( ) ( )( ) ( )
( ) ( ) ( )( )( ) ( )0

0

2 2
e e

01 2 1 2 0,2
0 0

2

2

2

, d ,
,

11

t

tt

t

m c m c
q t t t t

t t t
cc

υ υυ υ

υ υ

α == =

=

′′− = − ⋅ ≡
   
   −−      
 

∫ υ
υ υ

E
E  

we have 

( ) ( )( ) ( ) ( ) ( )( )0

2r
0 0 e r

e

3

,
t

t t t m c
m υ υ υ υυ υ

γ
υ υ α α γ

υ = ==
′′ ′′+          (9) 

where, with cr r eq mω γ= B  and 

( ) ( )( ) ( )

( ) ( ) [ ]
( ) ( )

0 0,

cr 0 cr 0

cr 0 cr 0

,

ˆ ˆsin cos cos cos sin sin sin

cos cos sin cos sin ,ˆ

tt
t t

x t t t t

z

y

t t t t

υ υυ υ

υ θ φ ω υ θ ω υ θ φ

υ θ ω υ θ φ ω

== =
=

 = − + − + 
 + − − − 

E
υ υ
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( ) ( ){ ( )

( ) ( )
( ) ( )}

cr cr 0 02 2
cr

cr cr 0 cr 0

cr 0 0

sin cos cos cos sin sin

cos cos sin sin cos

sin cos cos cos sin

cr
q t t t t t t

t t t t t t

t t

υ υα υ θ φ ω ω ω ω ω ω
ω ω

υ θ ω ω ω ω ω ω

υ θ φ ω ω υ θ ω ω

=′′  = − + − −

 + − − − 
− +

E

(10) 

c) An Equation (11) below, for a drift velocity of electrons, 

( ) ( )

( ) ( )( ) ( ) ( )( )

0

0

00

r 0
e e r 0

0

0
r

2 cos sin d dd 1
4

,
exp d ,

t

t t

tt

t
n t n t

t t
t t t

θ φ

υ υ

υ υ

ζ θ θ φ θν
υ

λ
=

=

′ 
= +   π 

 
 × −
  

∫ ∫ ∫

∫
υ

υ

u
u

          (11) 

Then, (8) becomes 

( ) ( )

( ) ( ) ( )( )

( ) ( ) ( ) ( )( )

0

0

2
e e

before e r e r 0 r 0 2, ,
r r r

r 0 0 e r 00, , ,

3
e r

r 0 0 0,
r r e

sin d dd exp 1
4

sin d dcos , d
4

exp ,

t

t t

t

m m
n t n t t t

c

u t t t n t

m
t t t t

m

θ φ

υ υ θ φ

υ υ υ υ

θ φ θ υν ν ν
γ γ λ

θ φ θς θ ν

γ
ν α

γ λ υ

= =

= = =

 
= + − − + π  

′× +
π

′′×

 

−



  − ⋅

∫

∫E

P

υ

υ
E

u

 (12) 

Furthermore, in order to calculate the second term in the right-hand side (RHS) 
of (12), we express ( )0tu  by the following form: 

( ) ( ) ( )0 0 0ˆ ˆx zt u t tx zu= +u  

And we use the following relationships 

( ) ( ) ( ) ( )
( ) ( )
( ) ( )

0

0

0 0 0 0

i
0 0 0

i
0 0 0

cos cos sin cos cos

e cos sin

e cos sin

x z

t
x xR xI xR xI

t
z zR zI zR zI

t u t u t u t

u t Re u iu u t u t

u t Re u iu u t u t

ω

ω

θ θ θ φ θ

ω ω

ω ω

′ ′= = +

 = + = − 
 



= + = −



 






u

 

Then, the 2nd term in RHS of (12) 

( ) ( )

( ) ( ) ( ) (

) ( ) ( ) ( )

0

2
e

e r r 0 r 0 0 02
r

cr 0 0 0 cr 0 0

0 cr 0 0 0 cr 0

2 1 ˆ1 d exp cos sin
3

ˆˆcos cos sin sin cos

ˆsin sin cos sin cos

t
xR xIt

xR xI zR

zI zR zI

m
n t t t x u t u t

c

t t z u t u t t t x u t

u t t t z u t u t t t

n

υν ς ν ω ω
γ

ω ω ω ω ω

ω ω ω ω ω

=−∞

 
= + − − −  

 

   × − − − − +

 

  

   − − + − −   

 



=

∫

( ) ( )

( )( ) ( )

2
e 2 1

e r r 2 12
r

1 2
1 2

ˆ ˆ1

ˆ ˆ

x x

z z

m
x u t z u t

t tc

x u t z u t
t t

β βυν ς β β
γ ω ω

β β
β β

ω ω

′ ′   ∂ ∂   + + + +      ∂ ∂    

′ ′ ∂ ∂   + + − + +    ∂ ∂    

(13) 

where, ( ) ( )( ) ( ) ( )( )0 00 0,x x z zt t t t
u t u t u t u t

→ →
= = , and ( )1 1 2 2, , ,β β β β′ ′  together 

with ( )20 20,β β ′  are shown in after (21). Equation (13) can be generalized as: 

The 2nd term in RHS of (12)  
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( )( ) ( )( )

( )( )

2
e 1 2

e r 1 22
r

20
20

ˆ ˆ ˆ1

ˆ ˆ

r
m

n t b b t b
t tc

b t b
t

β βυν ς β β
γ ω ω

β
β

ω

′ ′   ∂ ∂   = + × + × + + × ×     ∂ ∂    
′ ∂ + + ⋅  ∂  

u u

u
  (14) 

Next, the 3rd term in RHS of (12) becomes  
( ) ( )e r 1 2

2
1 2ˆ ˆcos sin cos sinn qE x t t z t tγ β ω β ω β ω β ω′ ′− + + −   . This can be genera-

lized as: 
The 3rd term in RHS of (12) 

( )( ) ( )( )

( )( )

1 2
e r 1 2

20
20

2 ˆ ˆ ˆ

ˆ ˆ

n q t b b q t b
t t

b q t b
t

β β
γ β β

ω ω

β
β

ω

′ ′ ∂ ∂   = + − × + + × − ×   ∂ ∂   
′ ∂ + + − ⋅  ∂  

E E

E
     (15) 

Accordingly, the momentum transfer term in the field of the two-body (elec-
tron-deuteron) collisions is given by 

( ) ( )

( ) ( )

2
e 1

after before e e 1 c2
r

20 2
20 c 2 c

ˆ1 1
3

ˆ ˆ ˆ ˆ

r r
m

n t n b
tc

b b b b
t t

βυν ς β
γ ω

β β
β β

ω ω

  ′   ∂ − = − − + − + ×    ∂     
′ ′ ∂ ∂   + + + + × ×   ∂ ∂   

⋅

P P F

F F

u
 (16) 

where, 

( ) ( )
2

e
c r 2

r

2 1r r
m

q t t
c
υγ ν ς

γ
 

= − + + 
 

F E u                 (17) 

3) About 2
t

tc
α′′ ∂

∂∑
υ

 in (3) 

( ) ( ) ( )

( )( ) ( )( )
0

e 0 02 2

2
cr 2 1

e 2 12

sin d dd exp
4

ˆ ˆ ˆ

tt
rt

r

r
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n q t b b q t b
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υ υυ υ
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λ
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ν ω ω

==
∂′′  ′′ ∂

= − − ∂ ∂ π  
′ ′ ∂ ∂   = − + − × + + × − ×    ∂ ∂    

∑ ∫ ∫ ∫
υυ

E E

 (18) 

4) About ( )2
t

tq t
c

− ⋅  ∑
υ

υE  in (3) 

( )
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0

2
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t
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c
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λ

 − ⋅

 = − + − 

 + + − − − 
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
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


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∫ ∫ ∫

υ
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2

e 23
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υ


 
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  (19) 
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5) About 
( )

( )0e
1 22

0
2

,

1

t tm
tt

c

∂

∂ 
 −
 
 

∑
υ

υ
 in (3) 

The above summation is a momentum which en  electrons gain during unit 
time through the external fields and the collisions.  Here, we assume roughly 
that a velocity distribution of en  electrons at time t is isotropic when it is 
viewed from the velocity point u(t), similarly in Figure 1 of Ref. [11].  Then, 
based on the analysis from (4) to (7), we have, as a momentum summation of 

en  electrons at time t, 

( ) ( ) ( )
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∑
υ

υ u             (20) 

Thus, we obtain the following momentum transport equation for relativistic 
electrons: 

( ) ( )( )
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      (21) 

Here, with 1 3κ =  and r1τ ν= , 

( )2 2 2 2
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− − +
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−′ ′= = = =
+ +

 

( )22 2 2 2 2 2
cr 1 4 .D ω τ ω τ ω τ= − + +  

It is noted that (21) is the transport equation in the case where all electrons have 
the same velocity υ  (the mean thermal velocity). 

3. ν r , ςr  and Drift Velocities 

We regard, similarly in Equations (21)-(25) of Ref. [11], that a momentum transfer 
frequency of relativistic electrons scattered anisotropically in the two-body colli-
sions through the Coulomb force is ( )r r1ν ς− . Based on (A3) ( )→∞

 in Appendix 
of Ref. [1] and the classical procedure, a relativistic collision cross section ( )r xσ  
in the electron-deuteron collisions through the Coulomb force is obtained as 

( )
22

r
2

40 e

1 1
4 4 sin

2

x
qx

xm
γ

σ
ε υ

 
=  

π 
                 (22) 

where, x is a deflection angle of an electron with υ  and 0ε  is the dielectric 
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constant of vacuum. Then, we obtain 
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2
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              (23) 

Here, up rp −  is an effective radius of the Coulomb force of a deuteron and 

( )2 2
r r 0 e4p p p q mγ ε υ⊥ ⊥ ⊥= = π  which is an impact parameter for π/2—deflect- 

tion in the relativistic electron-deuteron collisions. We presume that up rp − , rν  
and rς  are 
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 ( upp  is given in (15) of Ref. [10])  (24) 

In (24), ν  and ς  are the quantities for the nonrelativistic case. 
Now, when the external force fields are 

ˆˆ , ,zE yB= − =E B                        (25) 

a solution of the drift velocity ˆ ˆx zxu uz= +u  is given by 

1 2 3 4
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(note: ( )er r e rq m q mν ν γ=E E ) 
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( )1 22 2
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The value of ( )rς ς=  can be regarded to be nearly 1.0 from (17) of Ref. [1]. 
We show in Figure 1 and Figure 2 variations of “ zu  in (26) and xu  in (27)” 

with respect to cω ν  where cω  is the nonrelativistic cyclotron frequency. 
When 1.0α   and r 1.0ς  , 
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Figure 1. The drift velocity (26) of an electron. The quantities ( )e c e, ,m qB mν ω =  are 

the ones in the nonrelativistic case. 2 2cα υ= . 

4. For Efficiency Increase of a Thermionic Energy Converter 

It is presumed that a gas (Cs plasma) within general converters will be a weakly 
ionized plasma. If the gas is replaced with a fully ionized plasma instead of a 
weakly ionized one, an internal resistance between an emitter plate and a collec-
tor plate extremely decreases, and thermionic electrons can save their thermal 
energies which have been consumed for ionization of Cs atoms. We consider 
that this replacement of the internal medium will raise a generation-efficiency. 
Furthermore, if a force field to convey thermionic electrons from the emitter to 
the collector is given within the converter, the efficiency will rise more compared 
with the case where electrons cannot but go to the collector for themselves. Un-
der such a consideration, we propose a means adding some equipments, shown  
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Figure 2. The drift velocity (27) of an electron. The quantities ( )e c e, ,m qB mν ω =  are 

the ones in the nonrelativistic case. 2 2cα υ= . 

 
in Figure 3 and Figure 4, to the converter. The equipments are connected with 
Converter by Solenoid. In the inner space, Cs gas is enclosed. Discharge tube 
(shown in Figure 4) is installed as a partner of Converter. Fan makes Cs gas 
plasma circulate slowly within the closed space. By making a right-circularly po-
larized wave continue to heat electrons for long time, it is planned that the most 
part of the closed space is filled with a fully ionized plasma. Even if the electron 
temperature is not so high, we consider that it is possible to obtain an almost 
perfectly ionized plasma because the work-function of a Cs atom is very small. 
Now, let us classify the internal space of Converter into three parts (called space 
1, 2, 3), as shown with dotted lines in Figure 3. We assume roughly that, in 
space 2, an electric field due to a space charge is negligible and also that, only in 
space 2, a magnetic field B and an external electric field E exist. The magnetic  
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Figure 3. A fundamental structure of a thermionic energy converter which is connected with an Electric Wave Oscillator 
and a Fan by a rectangular Solenoid. 

 

 
Figure 4. A side view of the converter with a Built-in Dischage Tube. 

 
field B is supplied by Solenoid and the electric field E is the one in the middle 
part of the discharge plasma. These external forces convey electrons with the 
drift velocity zu  (in Figure 1) in the direction of −E and with the drift velocity 

xu  (in Figure 2) in the direction of E × B. We set the value of cω ν  to a larger 
one than 4.0. Then, a loss in an external circuit between Anode and Cathode is 
sufficiently suppressed and many electrons will try entering from space 2 into 
space 3. In this situation, however, the following physical condition must be sa-
tisfied: “A total number of electrons which can enter within Collector per unit 
time is equal to a total number (denoted by totN ) of electrons which jump out 
of Emitter per unit time.” Electrons also combining with ions on Emitter must 
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be counted for totN  (we suppose that neutral atoms produced near the surface 
of Emitter are soon ionized within space 1). Accordingly, if we design the con-
verter so that electrons flowing into space 3 per unit time may become much 
more than totN , a negative potential barrier to suppress the flow of electrons 
ought to be produced near Collector surface, which is added to the old barrier. 
The larger the height of a total negative potential barrier becomes, the larger an 
output voltage becomes, because a potential of Collector lowers more and more 
as against a potential of Emitter. The convey of electrons by the force E × B 
makes it possible to lengthen the distance between Emitter and Collector. When 
the distance c  from the entrance to the exit in the converter of Figure 3 is too 
long, a distribution of B becomes vague. If it is necessary to lengthen the value of 

c , then, we must connect some small-sized converters in series by solenoids. 

5. Conclusion 

In the field of the Coulomb force scattering, under the premise that the two- 
body collisions have much more influence than the many-body collisions on the 
drift movement of an electron, we have inquired into the transport equation of 
momentum for relativistic electrons. Also, proposing an idea of introducing a 
fully ionized plasma and an external magnetic field within the combination-ap- 
paratus of the converter and the discharge tube, we have discussed about a means 
to raise a generation-efficiency of a thermionic energy converter. 
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