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1. Introduction

For 0< p,q<o, the Hardy-amalgam space H'“" was defined by Abl¢ and
Feuto in [1] by taking in the maximal characterizations of classical Hardy spaces
the Wiener amalgam quasi-norm ||||qp instead of the Lebesgue one. The au-
thors gave an atomic decomposition theorem of resultant spaces and norm in-
equalities for some classical operators. But it seems difficult to establish, as is the
case in the spaces of Lebesgue and Fofana, inequalities in norm for the commu-
tators associated with these operators. We think that this is due to the fact that

Hardy-amalgam space is too big.
We recall that a locally integrable function fbelongs to the amalgam space

(Lq,LP) if HyHHsz(y’l) .

< oo, where ||||q stands for the classical Lebesgue
P

quasi-norm and %,y the characteristic function of the ball centered at y with
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radius r>0.We put

190, =}y = 2ol - 0

Notice that for f e(Lq,Lp) ,, a>0 and r >0, the dilated function

d

Stﬁ“)f defined by (Stﬁ”) f )(x) =r af (I"lx) , belongs to (Lq , Lp) and

HStia) f H is equivalent to || f ||q 0o but with the equivalence constants depend-
q,p !

ing on rand o« . These operators are linear and bounded on (Lq, LP ) .

An important subspace of (Lq, Lp) space when dealing with classical opera-
tors such as Riesz potential and the fractional maximal operators (see in [2] [3]
[4]), is the Fofana space (Lq, LP )a which is a subspace of (Lq, Lp) defined for
0<q,p,a <o by

(o) ={r ()], ,, <o), )
where

1], =supfs”e], ®

These sub-spaces, introduced by Fofana in [5], are non-trivial only if
g < a < p. Thus, we will always assume that this condition is fulfilled. They can
be viewed as some generalized Morrey spaces, since for <o, the space
(Lq, L )a (Rd ) is exactly the classical Morrey space Lqug (Rd ) .

In this work, we consider the subspace of Hardy-amalgam space defined by
taking in the maximal characterization of classical Hardy space, the quasi-norm
||'||q,p,a instead of the one of Lebesgue and we prove that the resulting space has
an atomic decomposition once 0<g<a < p<ow with 0<q<1l. We also give
norm inequalities for Wilson intrinsic square functions [6], and their commuta-
tors. This paper is organized as follows.

The next section is devoted to some properties of Fofana’s spaces. In Section
3, we give the definition of our generalized Hardy-Morrey space and some rela-
tionships between this space and some existing one. In Section 4, we deal with
the atomic decomposition of our spaces, and we give a norm inequality for Wil-
son intrinsic square functions and their commutators in the last section.

In this work, S will denote the Schwartz class of rapidly decreasing smooth
functions equipped with its usual topology. The dual space of S is the space of
tempered distributions denoted by S'. The pairing between S’ and S is
denoted by <,>

The letter C will be used for non-negative constants independent of the rele-
vant variables that may change from one occurrence to another. When a con-
stant depends on some important parameters «,y,-:-, we denote it by
C (a, ;/,m) . Constants with subscript such as C_ o> do not change in different

occurrences and depend on the parameters mentioned in them. We adopt the
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following abbreviation A SB for the inequalities A<CB, where C is a
wy..B for
the inequalities A<C, B.If A <B and B <A, then we write A~B.

For a real number A >0 and acube Q cR’ (by cube we mean a bounded

non-negative constant independent of the main parameters, and A <

cube whose edges are parallel to the coordinate axes), we write A1Q for the cube
with same center as Q and side-length A times side-length of Q while | A |
stands for the greatest integer less than or equal to 1. Also, for x€R" and a
real number />0, Q(x,¢) will denote the cube centered at x and side-length
¢. We use the same notations for balls. For a measurable set E — R?, we de-
note by y¢ its characteristic function and by |E| its Lebesgue measure. We
adopt the notation suppf , to designate the support of a complex-valued func-
tion £defined in R’.

2. Basic Facts about Fofana’s Spaces
Fofana’s spaces have among others, the following properties (see for example [5]
and [3]):

1) Let 0<q,p,a <. The space ((Lq, LP )a (Rd ),""q . a) is a Banach space
if 1<q<a<p anda quasi-Banach spaceif 0<q<1.

2) If ae{pq} then (Lq LP )a (Rd ) =1 (Rd) with equivalent qua-
si-norms.

3) If g<a<p then L“(RY)CL™(RY)g(L%L°)" (RY) (L L°)(RY),
where L*7 (Rd ) is the weak Lebesgue space on R® defined by

(=)L, <),

loc

L“'“"(Rd)z{feLl

1
a

with ||f||m =SUp .,

{xeR /| (x)|> 4}

4) Let fand g be two measurable functions on R°. If |f|<|g|, then
” f "q,p,a < ”g"q,p,a :

5) For every measurable complex-valued function fon R, we have
1
P
dy}p
q

It is proved in ([7], Proposition 4.2) that the Hardy-Littlewood maximal oper-
ator is bounded in (Lq, LP )a (Rd ) whenever 1<q<a < p<ow. We recall that
for a locally integrable function £ the Hardy-Littlewood maximal function
9 (f) is defined by

M(f)(x)= srliE)|B(x r)|7l J'B(X'r)| f(y)|dy, v xeR".

f/YB(y,r)

with the usual modification when p=o0.

The following result which is more general than the above, is just an adapta-
tion of ([8], Proposition 11.12). The proof is given just for the sake of complete-
ness.

Proposition 1. Let 1<q<a<p<ow and 1l<u<o . For all sequences
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{ f, }nzo of measurable functions, we have

1 1
u

e 1=z |

q.p.a q.p.a

with the equivalence constants not depending on the sequence { f, }nZO .

Proof. Let r>0, l<u<w, l<qg<a<p<ow and {fn} be a sequence

n>0
of measurable functions. It is well known that
1

j z[Z|fn|”]” . (4)
n>0

p p

[zl

It is also easy to see that for yeR® and xeB(y,r) wehave
B(x,r)c= B(y,2r) so that

m(f)(x) S M(f)(y) (5)

for all measurable functions £ It follows that

(Zpﬁ jl ey Sr% Jio [Z(mn)u(y)fdy p

nz0 n=0

Gllp

g 1
< po (z|fn|“j”
n>0

p

But then,
_ 1
P p
1 q

Mwﬂs@@@

a
u

fn(X)Iuj oer (¥) 0y | X

n=0 n>0
p

l
P p
1) a
< | L) [T 02 ()0 |
[r§|f|j szr
4llp

So, for r >0, we have

1

) 2] | {00 2

n>0
allp Gllp

P

n>0

Multiplying both sides of the above inequality by r“ ? 9 and taking the su-

premum over all r >0 yields
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1
u

< m(ﬂfnl”f

n>0

[z

q,p. q.p.a
Hence

1 1 1

(e ) <[] s o)

q.p.a q.p.a q.p.a

thanks to ([7], Proposition 4.2) and the fact that u>1 and |fn|u £|Sm( f, )|u
forall n>0.

The case U= follows immediately from the fact that

sup| 21 (f,)
Rd

sup| fn|
Rd

p p

for p>1. O

3. Generalized Hardy-Morrey Spaces

Let 0<g<o. The classical Hardy space H" is defined as the space of all
tempered distributions fsatisfying | f|,, := ¥ |/\/lf (x)|q dx < oo, where

./\/lf(x):./\/t(pf(x)::sll:gﬂ(f*(pt)(x)|, (6)

with @ in the Schwartz class S having non vanish integral, and
9, (X)= t’d(p(t’lx) forall t>0.

It is well known that the space H" doesn’t depend on the function ¢ .
Hence we will consider through this paper, ¢ € S having its support in the
unit ball and such that .[]Rd (D(X)dx =1. The associate maximal function will be
denoted M, or M, while M or M, will be used for an arbitrary ¢e S
having non vanishing integral.

Let 0<q, p,a <. We define the space HOP) H(q'p'“)(Rd) of Hardy
type, by

HOP) =l f e S |Mi|, <ol (7)

We accordingly define the local version of these spaces by replacing in (7) the
maximal function Mf by its local version M, . We recall that M f is
defined as Mf , but with the supremum taken only on the interval (0,1]. We
will refer to H'*"* spaces as generalized Hardy-Morrey spaces; in fact for

p=w and (<a, we recovered the Hardy-Morrey space defined by Jia and
Wang in [9]. We can also call these spaces Hardy-Fofana spaces given their defi-
nition.

It is clear that

HOP) o pldee), (8)

0C

Hardy spaces are translations and dilations invariant, in the sense that for
feH?, p>0,
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ot =1 and st

o =1 Flhes

where for xeR?, r>0 and feS', 7,f and Stg“)f are defined as tem-
pered distributions whose actions on Schwartz function ¢ are given respec-

tively by
(7. f.0)=(f.e0) and (St p)=(1,5tVgp).

These are immediate consequences of the invariance properties of Lebesgue
spaces for translation and dilation, and the fact that these operators commutes
with the maximal operator define by (6). It follows that

o = srg(?“sﬂ”) {0 forall f er®) ©)

where || f ||H(q,p) = ||Mf ||q’p .

The following relationship between our spaces and the classical Hardy, Har-
dy-amalgam and the weak Hardy spaces as defined by Grafakos and He in [10],
are immediate consequences of Fofana’s spaces properties. The proofs are omit-
ted.

Proposition 2. Let 0<g<a<p<w.

HY = HOP) = HOP), (10)
Furthermore, we have
HP) =H" if ae{p,q}, (11)
and
Hey cHYP) if g<a<p. (12)

The Proposition is still valid if we replace all the spaces by their local versions.

For the relation between these Hardy type spaces and Fofana’s spaces, we have
the following proposition which is an extension of a well-known result in clas-
sical Hardy spaces.

Proposition 3 Let 1<q<a<p<oo.

1) If 1<q then the spaces H*"%, H,Sl’p'a) and (Lq ,LP )a are equal with
equivalence norms.

2) The space H“™® is continuously embedded in (Ll,f”)a :

Prooflet 1<q<a<p<ow.For fe H P = 1) | we have f e (Lq, Lp>
with lim,_, f *¢,(x)=f(x) for almost every XxeR’, according to ([11],
Theorem 3.2). Now, for all X € R?, we have

[T (x)]= M, (F)(x)

so that letting #tends to 0, yields | f (X)| <M, (f)(x) foralmost every xeR’.

Hence
L PERCS N L ey
We suppose now that 1<q<a<p<o and fe(L%L")". Wehave
M, E(x)SMm(F)(x), xeR,
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where 91(f) is the classical Hardy-Littlewood maximal function. It follows that
" f )= ||~/\/l@0C f || < ||M‘P f ||q,p,a ’S ” f "q,p,a !

Ho" a9.pa
thanks to ([7], Proposition 2.4). O

Just like classical Hardy and Hardy-amalgam spaces, the spaces H(%"?)
are quasi-Banach once we have g<1. More precisely, we have the following
result.

Proposition 4 Let 0<q<a<p<o with q<1.

1) For f,ge HOPa) ,

It +0[f@per <[ I gaper +]|0] a0 (13)

2) The space HOPD) s a quasi-Banach space, when it is equipped with the
quasi-norm ||'||H(q‘p‘a)'

Proof The Relation (13) follows immediately from the fact that L' and ¢°
are completed quasi-normed spaces for 0< <1, with

[+l <[l +lol-

For the second assertion, we adapt the proof of ([1], Proposition 3.8). Let

( fn )nzo bea sequence in H(q, p.a) Satisfying
z” fk "31(q,p,a) < 00,
k>0

The sequence {Z:fc fk} is a Cauchy sequence in H'*"* and conse-
- neN

quently in H(®") . Hence it converges in H'*” and consequentlyin S’. Let £

be its limit. Since

M= [Z 1| ZM (1)

k>0 k=0

and
H —n “
k=0

tends to zero as 1 goes to infinity, the series »' _ f, converges to £in HOPe)
so that (H(q’p’a).”'”}t(q,p.a)) is completed. O

The space H'*P* doesn’t depend on the test function ¢ use in its defini-

q oo ;
< 2 Iflhara
(0Pa)  k=n+1

tion. In fact, we can replace the maximal function by grand-maximal function.
Let Nbe a positive integer and Fy = {l// €SNy (y)< 1} , where

Ny (v)= J]Rd (1+|x|)N [ﬂ;ﬂpﬁw(x)ﬂdx,

with |g|=p, +---+ B, for a multi-index B =(A,-,B,). We recall that the
radial grand-maximal function M;N f and its non-tangential version M, f
are defined respectively by

M f(x)=sup M, ()(x) and M, f(x)= sup sup:max|f *gyt(y)|},

weFn veFy t>0 [x-yl<1
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for all xeR%. An immediate consequence of the relation (9) is that for

NZLEJﬂ-l and a>0 wehave
q

A1, = L < = A

: (14)

g.p.a |q,p,a

with the equivalence constants depending only on ¢, p,a and ¢. The max-

imal function M, f is defined by

M F(x)= sup{ sup

t>0 | [x-y|<at

(om0

Relation (14) follows from ([1], Theorem 3.7) and the fact that the operators
MﬁN » M, and M commute with St7 for o,r>0. We can also take in
the definition of H(*P*) the Poisson kernel instead of Schwartz function.

More precisely, we have

. fen P, (15)

"f”H(q'M) B Stlj(l)a|f * |:>t|

q,p,«

4. Atomic Decomposition of #£9?*) Spaces

Throughout this paragraph, we assume that 0<gq<a<p<ow, <l<r<o
. . 1
and « <r.We also assume that sis an integer greater or equal to | d a— .

A function a:R® > C is called (9,e,1,s) -atom if it satisfies the following
conditions:
1) There exists a cube Qsuch that supp(a)<=Q,

11
2) [af, dQI “;
3) IR“ x”a(x)dx =0, for all multi-index S such that |B|<s.
We denote by A(q,a,r,s), the set of all couples (a,Q) such that a and Q
satisfy conditions (1)-(3).
Notice that the generalized Holder inequality can be stated as follows. Let

1< p,q,r<oo such that £+£=£. If fel” and gel® then fgel'.
p g r

Moreover, we have
| fal, <11, el -
Proposition 5. For all (q,a,r,s) -atoms

[ofoser <C

where C is a constant not depending on a .
Proof. Let abea (q,a,r,s)-atom. We have

|7 @, <[ (@), (16)

according to Relation (3). We assume that o >1, since otherwise, the result

q,p.@

follows from the classical case and (16). Thanks to the definition of (q,a, r,s)
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-atom and Holder’s inequality, we have ||a||a <1. The result is just a conse-
quence of the size condition on the atom and the boundedness of the Har-
dy-Littlewood maximal operator on L*. O

Notice that (q,q,r,s)-atom is exactly the atom for classical Hardy space H"
denoted (q,r,s)-atom. It is also the atom for the Hardy-amalgam space H P
and in this case, the collection of (a,Q) satisfying conditions (1)-(3) is denoted
A(q,r,s) aswe can seein [1].

It is easy to see that (a,Q)e A(q,a,r,s) if and only if

11
(|Q|aq a,Qj e A(q,r,s). As a consequence of this relation, we have the fol-

lowing result.

Theorem 6. Let 0<1n <1. For all sequences {(an,Qn )}nzo in .A(q,a,oo, s)
and all sequences of scalars {/1n }nZO such that
A
z A X, < o, 17)
n>0 ||ZQn . Qb
n'n'n

the series f =3 _ Aa, converges in the sense of distribution and in

H'%P)  Moreover, we have

< [

A
horn Sosane |2 0 | 2] a®)
n>0 ||ZQn

a

L
e

< T2
SN

Proof. Fix a sequence {(an,Qn )} in A(q,a,,s) and a sequence of sca-

n>0

A 11
lars {4} . satisfying (17). Since ».  Aa, =zn>0%[|Qn aq an) and

[Qule

11
{UQH |E? a,,Q, j} is a sequence of elements of 4(q,c,s) such that

a2 [ W) |
A |Q, |0 « )
Z ”|—” Zo, - Z "_”_ Zo,
n>0 }(Qn . y n>0 ’/{Qn . E’B
n'n nn
1
”
|4 '
< Z | Xa, < 0,
n>0 ||1Qn ., ipa
n'n'n

the series f:=> 2, convergesin the sense of S’ and H*" according
to ([1], Theorem 4.3). It Remains to prove that fe'H(q'p’a). The series

f =3 ,4a, convergesin thesense of S',implies that

M(0)=M( s, | Tlalo (o)

n=0 n>0
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Since
d+s+l ,1
My (3,)(%) Spas (M 120, ) (%) * |2,
it comes that
w T
" f "H(CI'PH) fg(p,d,s Z - ZQn <o,
n>0 ||)(Qn
a apa
nnn
thanks to Proposition 1. O

The next result is an immediate consequence of Proposition 3.4 [11] and the
relation between amalgam space and that of Fofana. The proof is omitted.

Proposition 7. Let O<q<a<p<o . Then L“H*™ Jjs a dense
sub-space of H\""%)

Theorem 8. Let Sz[d (é— JJ be an integer. For all fel” AH P

there exists a sequence {(an ,Q, )}nzo in .A(q, a, o, s) and a sequence of sca-

lars {&, } such that

n>0

f =Y 4a, inthesense of S'and H*P*,

n>0

and forall >0,

n

g ”;{—n lQn Sw,d,s,q,p,q " f "H(q,p,a) . (19)
> %

“ P

n

<R

a
n

Proof Let fel”AH"P <

loc

AHP) According to ([11], Theorem

3.1.14) there exists a sequence of functions {Ajyk} and a sequence of

jeZ ,keN

closed cubes {Q;k}j 2 e such that:

1) Forall jeZ,wehave szO}(Q}k <41 and
Ol = {x eR M’ (F)(x)> ZJ} =UoQix -
2)If Q,NQj,, #D thereexist C;>C>1 such that:
diamQ;,,, <CdiamQ;,, and Q;,;, =C,Q;,.
3) supp(A;, )< Qj =CoQjy» |A|<Ci2", ae and [, A (X)p(x)dx=0

for all polynomials p of degree less or equal to s. The positive constant C, is
independent of f,j and k&
4) f= Zjiw Zkzo A almost everywhere andin S’.

Let us put
1

A =C20|Qy ]« and a;, =2A .

It comes that
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1
supp () < Qps o |ij « and [, x"a;, (x)dx=0,

for all peN" such that |B|<s. It follows that, (ajyk,Qj'k)eA(q,a,oo,S)
and

f= _ 25485 (20)

almost everywhere and in S’. It remains to prove that this series converges in
the sense of H(“™® and that Relation (19) is satisfied.

Notice that for all non negative integers jand all integers 4, we have

Zg,, (¥) Sacor [W(zQ]ka)(X)T 7>0, (21)

forall xeR%; with Q= C,Q". It comes from Relation (21) and Proposition 1
that for 77> 0, we have

n

1
|ﬂ, | 7|7
.k
21| gn
Z 2 Zs,, >y g,
j=—0 k=0 e j=—0 k=0 g’g’g
Qik lg apa nnn
n'n'n
14
Lifw
+o0 jl 7|y
<A Ty
<Al 2 2027 1y,
j=—0 k=0 )
ar pr e
n'nn
with y:=1+£,and A=C¢ 4 pandc, - But then,
q 9.p.and,
1 e
e .
2’7 Ty < 21y San [M2, (F)
~d ~d, T
;ﬁg %o j;oo Mapa ™ 3 )“""“
4y by n'n'n
n'n'n

thanks to the estimation z;f7w2j'7 Xy < C(n)[MJOTN (f)}" given in ([11], Re-
lation (4.18)). It follows that

s | ,1]vk|
Z Z Zéj_k §C1~Q~P-ax’i-co || f ||H(q,p,a) : (22)
j=—0 k=0 /’{~
Al apa
n'n'n

Hence the series Z LYo Aik8y converges in H*P*) | thanks to
Theorem 6. O

Theorem 9. For all T eH "™, there exists a sequence {(an,Qn )}n>0 in
A(q,a,%,8) and a sequence {/In}nzo of scalars such that

f=>Za, inthesense of S'and H*"*

n>0
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and, forall n>0,

[l %
z - X, sd-quvpvn,a " f ||H(q,p,a) :
n>0 "7(()n . ipa
n'n'n

Proof Let T eH"" . There exists a sequence {f.} , in L AR

which converges to £in H“"®) and such that:

1 n
It~ 1o <( 5] 1o m22 @)

We put
nx>1. (24)

go="f, and g, =f —f _,,
Let n>0. Since g, belongs to L” nH*"*, it comes from Theorem 8

. n N
that there exists a sequence {(ajyk Qf\ )}jEZ,kEN < A(9,a,%,s), such that

+00
g, = >, Y. Al\a', inthe sense of S’ and #'*")
j=—o0 k>0
and
1
n n
3 4l < 0 25
z g al, ~a,d,s,q,p.n "gn"H(quvll)’ n>0. (25)
J=—00 k= < '
"l apa
n'n'n
From Relation (24) we have
n
lim|/f - = lim|f-f o =0,
n—+oo r;) gm H(q,p.a) n~>+ao|| n"H(q’p' )
which allows us to say that
+00
f=3g,=> Y >aa", inthesenseof S and H*").
n>0 n>0 j=—oo k>0
Let 7>0.If 7>q wehave
Ll
n 7 n o
+00 ﬁ’?k ~+00 /Ijnk
b HEA I bt 5 P
n>0| j=—oo k> | n>0|[ j=—oo k> '
Zg, 2y,
“ apa “ 9p°
n'n'n n'n'n

Suasans Zlolr
n=0
l n
Suosann (3 Ml
nx1

thanks to Relations (23), (24) and (25). If 7 <q, then
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q
™ n
n n n
< ﬂ’jn,k = /1;1‘1(
(DIp3 7 D D3> Y
nz0| j=-o0 k=0 x ik n>0 || j=—o0 k=0 7 ik
Qnyk Qﬁk
e 4P Vel apa
n'n'n n'n'n
q
ga,d,s,q,p,q |:Z||gn||zt(q,p,a) :|'7
n=0
1
1Y Ay
q
once according to Relations (24) and (25). Thus,
U 1
+00 /’i’Tk
3PIP) | Seanasa|fhasa,
n>0 j=-oo k>0 X sn iz
Akl gpea
'
which ends the proof. ]

Notice that Theorem 9 stills valid if we replace the family .A(q,a,oo, s) by
A(g,a,r,s) since A(q,a,,5)c.A(q,a,r,s). To prove the converse of
Theorem 9, we need the following result which is an adaptation of ([11], Propo-
sition 3.1.4). We omit the proof.

Proposition 10. Let 1<u<w<v<s<ow and r>0.

If { d, }nZO is a sequence of scalars and {bn }nZO a sequence of elements of L°

such that for n >0, there exists a cube Q, satistying:
1) supp(b,) = Q,

L1
2) el <lQufs v

then

|5”| St("l);(Qn , Lha>0

5,5t » " (
Qn w

2.

n>0

S

u,v n>0

where the implicit constant doesn’t depend on 1, {5,} and {Q,}.

1
Theorem 11. Let max{p;l}<r<+w, 0<ny<q and Sz{d(a—ljJ be

an integer. For all sequences {(an,Qn )}nzo in A(q,a,r,s) and all sequences

{ln }nzo of scalars such that

s Al

V1 < o, (26)
n>0 ||,’{Qn o

. ap
nn

IR

the series =3 Ja, convergesin thesenseof S' and H“"), with
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U n
A
"f”H(“-p‘”) Sedans Z[||—n|J Xq, (27)

n>=0 |}(Qn

apPa

n'n'n

Proof. The proof is just an adaptation of the one of ([1], Theorem 4.6).

Let {(an,Qn )}n>0 be a sequence of elements of A(q,e,r,s) and {ln}nzo a

sequence of scalars such that relation (26) is satisfied. Put

n
hI ﬁ Xa, =A.For p>0,wehave
e,

SN

ap
n'n

11y o
I N I

n=0 ||,’{’an . n=0 ||}(Qn

qp a ap
n'n nn

Since {(an,Qn )}nzo c .A(q,a, r,s) implies that
{(Stgan,an )}nzo c A(9,a,r,s) which is equivalent to

11
{[Stzan |an|a_Q,anj} c A(q,r,s), we have that g:=) 4St7a, con-
n>0

verges in the sense of S’ and H'*", and

n
A o
lol oo < z[| ) ] St1zal

a

thanks to ([1], Theorem 4.6). Let f = St;‘)‘,l (9). We have f:=> Aa, in the

sense of H*")  and

ste f

n
y) a
|H(q,p) N Z{ | n| } Stngn

n=0 ||’1/Qn

a

I |
3 |o

Estimate (27) follows from the definition of (*”® and the convergence of
the series f:=Y Aa, in H*" is obtained as in the proof of Theorem 6. [J

1
Remark 12. Let 1<r <400, $2> [d (a—lj an integer and a <r.

1) If max{p,l}<r<oo thenfor fe H(@P)

=< [

n
. A,
It ane ~inf Z{||—|J Xa, DR

n=0 |ZQn n>0

apa
nnn

where the infimum is taken over all atomic decompositions of f using (q,c,T,s)
-atoms, 0<n<l if r=0 and 0<n<q ifnot.
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2) Let Hf(,ﬂfs" ) consist of finite linear combinations of (9,a,1,s) -atoms of
R". The space Hf(lﬂf)z) NC is a dense subspace of H'""®), where C stands
for the space of continuous functions on R*.

Proof These are immediate consequences of ([1], Proposition 4.9 and Lemma
4.10), Relation (9) and the fact that if £is a finite linear combinations of (q, r, s)

-atoms, then

< (e

[44]

Xa, f= i/lnan ,
"ﬂfon

* apa
n'n'n

ste f

N
sup @ =infq|>]
p>0 7‘4in,r,s n=0

where the infimum is taken over all finite atomic decompositions of f using

(9,a,r,5) -atoms and

n

g 85|Vl !
o) =infq> Zo|  f=2 A
inrs n=0 ||zQn

]

q ]

q
n'n

where the infimum is taken over all finite atomic decompositions of f using
(g,r,s)-atomsand O0<n<1 if r=ow and O<p<q if max{p1}<r<oo.
t

5. Intrinsic Square Function and Its Commutator
Let 0<y<1. We denote by C, the family of functions y defined on R
such that supp(y) = B(0,1), IRC‘ w(x)dx=0 and

VX, X eRY, |y (x)—w (X)|<|x=xT,

where y, (X)= t"dl//(t"lx) and R =R"x ]0,+%[. The notation B stands
for the closure set of B.

Let /'be a measurable function. The intrinsic square function S, f (of order
y ) of fis defined by:

u/eCy

Sy(f)(x){.[wx)[suph *l//t(y)@ c:ﬁt}z

for all xeR®, where F(X) = {(y,t) € Ri” :|y — X| < t} is the cone of aperture
1. We have the following result.
Proposition 13. Let 0<y <1, 0<q<1l and q<a < p<w. The operator

S, can be extended into a bounded operator from HOPD) g (L9,0P)".

Proof Let s> [d (%—1” be an integer, ¢ € S(Rd ) such that

.[]Rd #(x)dx=1 . We consider f=3! 2a eHP mC(Rd) , where

in,o,s

{(an,Qn )}izo is a sequence of elements of A(q,a,,s) and {/1”}::0 a se-
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quence of scalars. We put Q, = 2./d Q, forall ne{0,1,---, j} and denote by

X, and £ respectively the center and the side-length of Q,.We have
q

i g j
s, (f )||:’M < ZOM”' S, ()20 |+ Z(;|/1n| S, (a,) Zuong, (28)
n= q,pa M= q9,p.a
For the first term on the right hand side of (28), we notice that for 0<7<q,
11
o
Q.

| <ctrrmlall <c(rrma)

(52 2,)

since A(q,a,%,5)c A(q,a,r,s) and S, is bounded on Lr(]Rd),for r>1

n
(see [12]). Therefore
LA

" <c(rdomy) z[—} %o

n=0 "7(0n

a

apa
nnn

< P < —<o0. It remains to estimate
n

thanks to Proposition 10, since 1< kl
n n
d yeC, . Wehave
1
2 dydtj2

5,000 S, ol () 25

Let (y,t)eT'(x). We assume that Q NB(y,t)=Q since otherwise

the second term. Let x e R \Q, an

S,(a,)(x)=0. It is easy to see that B(y,t)=B(x,2t) and tZTfn. Since
a, (Z)| <M, (z) and M,a, (z)< M;zan (X) for zeB(x,2t),wehave

1
+0 2 dydt )2
|S}’ (an )(X)| 57 ( gﬂn.[B(x,t)(J.QnmE(y,t) M¢a” (Z)dZ) t3d+1)

1
- . 2 dydt \2
(18 Loy 1] 22

1
* +00 dydt 2
/Sy M¢,2an (X)[ﬂ Uf”" J-B(x,t) t3d+1j

Sy,d M;,Zan (X)
Additionally, we have the following estimate
(im(lon)(x)) (29)
”ZQn

M;,a,(x)<C(d,s,¢)

a

d+s+1
i . This allows us to say that

where V=

(im(%n )(X))v

1S, (a0)(X)] 20,6, () <C(d,5:6,7)
"ZQn

o
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forall ne{0,1,---, j}, so that

) - o .
Hi|ﬂ«n| Sy (an) le\Qn <D i|ﬂ“n|((ﬂ
n=0 q,p.a n=0 ||;(Qn }
1|
Al ) V
<Dl > gm["| n| } 5
n=0 /’KQn ;
qv, pv,va
1 \2
2z Vv
<D zj“{ |j’n| J Zo,
n=0 ||ZQn ;
qv, pv,var

IN
)
I-
e
N |—
DS
N}
N—
i
=

3 |o

<72
<R

where D =C(d,s,¢,,7). Finally we have
"Sy ( f )"q'p,a Sr‘d,rz,%w ”f

The density of H{""* ~C (Rd ) in H*P) gives the result. O

in,o0,s

) Stdnrss ” f "H(q""‘*) :

This result generalized the analogue established in the context of Fofana’s
spacesin [13] when 1<q.

Our next result deals with the boundedness of the commutator operator asso-
ciated to this intrinsic square function. Let 5 be a locally integrable function. The

commutator of band S, is defined by

1

2 dydt |2

(55,1006~ T, 0l o092y~ )| 25

4

For the case of Lebesgue spaces and Fofana spaces, the boundedness of the
commutator has been obtained under the assumption that & belongs to BMO.

We recall that the space BMO consists of functions f eLj, satisfying

”f"BMO <o where

B:ball

1
[l = sup @Mf (X)= fadx

with f, denoting the average over Bof £ ie. f, = EIB f(x)dx.

We say that a locally integrable function b belongs to BMO® := BMO* (Rd )
if there exists 0< g <d such that for all cubes Q:=Q (XQ , EQ) of RY,

|b(x)—bQ|£C(€51|x—xQ|)#b (30)
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forall x¢Q (Cisa positive constant which does not depend on Qand x).

1
Proposition 14. Let 0<y <1, 0<g<l, qfa<p<w, sz{d(——ljJ

q
be an integer and b e BMO® . Then [b, SJ is extended to a bounded operator
from H*P to (Lq A )a .
Proof et $e S(Rd ) such that .[]Rd #(x)dx =1. Let

f=>") Aa,eHir mC(Rd), with {(an,Qn )}LO a sequence of elements
of A(g,a,%,s) and { n},j]zo a sequence of scalars. We put Q, :=2:/dQ, for
all ne{0,1,--,j} and denote by X, and /  respectively the center and the

side-length of Q,. We have:

"[b’ Sr]( f )||:pa <

Xpd G,

q
)ZQH‘ 12
q.p.a

g.p.a

(31)

Fix 0<#n<q. Since [b, SJ isboundedon L™ for r>max{l p},wehave

S

S ([65, )@z )

(W], |
J
<C(r,7.m.d, b0 [" 4 ];(Qn :
Qn

P
n

sTa

Pa
n'n

I |
SREN

thanks to Proposition 10.
Let us now estimate the second term on the right hand side of (5). Let

xeR%\Q, . Using the same arguments as in the proof of Proposition 13, we ob-

tain
‘[6,5] ‘Sy @/JB Qntyt)|b( (2] M2 (x Z?s)sdfj
Sl bt 2]
(18 ol 2150 0, 0] 24
=E+F.

Since 4, <d, be BMO’ and tzgﬁn, it comes that €;1|X—Xn|<4t€;1
and then

o0 . dyd
€ < ([, fy (1Dl (], M ()] | .

1

« _ +o0 dt 2
<C(d, 1, ) M; ,a, (x) L5 Uff Wj
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With regard to the term F, we have

1
. o dt )2
F <l B0, 0012 [, 2

< "b"BMO C (d )M;,Zan (X)

Therefore,
‘[b' Sy}(an)( )‘ < C(d Vi by "b"BMO) ¢2a ( )
Now
m X ’
M, (x)<C(d, s,¢)m,
7.
d+s+1 ) .
where V= according to relation (29); so

(m(lon )(X))v

“:b' Sr](an )de \Q, (X)‘ <C (d"ub ! s'¢'7’"b"BMO)

||ZQ" ot
forall ne {0,1,~~~, j} . Hence there exists ¢:=C (d,yb , S,¢,7,||b BMO ) , such that
v
[ I o
e gpe [0 "ZQ .
a.p.a
i |a
<c nzo |;|( n| Za,
IRl g.p.a
thanks to Proposition 1. It comes that
ALl
i
‘ Zra\q, s¢ ;)("Z - ] X,
9.p.cx - Qn || o
T

Finally

7

1
n
4|
§{um ]

H[bs] qua (V. sy, 4,7.1.d.b)

qpa
n'n'n
<C(r, ty, 4, 7,1,d,b) ||f||H(q,p,a).
The result follows from the density of "% mC(Rd) in HOP 0

6. Conclusion

In this article, we have defined Fofana spaces of Hardy type and given their
atomic decompositions. These decompositions allowed us to control some in-

trinsic square functions as well as their commutators with functions in BMO¥, a
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proper subspace of BMO. We are certain that this subspace can be improved if
we do not consider the BMO space. Moreover, we assert that a similar control
can be given for the commutators of the Calderon-zygmund operators and the
elements of BMC¥. This is a work in progress and will be the subject of a forth-

coming article.
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