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Abstract

In this paper, we have introduced some concepts about topological dynamical
systems and proved some new corollary and theorems of transitivity of a the-
ta irresolute function defined on topological space.
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1. Introduction

In this paper, we have investigated and introduced some new definitions of tran-
sitivity in topological space. To study the dynamics of a self-map f: X — X
means to study the qualitative behavior of the sequences { fr (X)} as 1 goes to
infinity when x varies in X, where f " denotes the composition of fwith itself n
times:

By a topological system I mean a pair (X, ), where X is a locally compact
Hausdorff topological space (the phase space), and f : X — X isa continuous
function. The dynamics of the system is given by X, =f(X,),% € X,neN
and the solution passing through x is the sequence { f(x, )} where neN.

Let Xxe X , then the set {X, f(x), f? (X),} is called an orbit of x under £
and is denoted by O; (x), so O; () is the set of points which occur on the
orbit of x at some positive time, and the sequence X, f (X), f?(x),-- is called
the trajectory of x. Any point with dense orbit is called a transitive point. A point

which is not transitive is called intransitive.
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Topological dynamics is concerned with the behavior of iterations of a conti-
nuous map f from a space X into itself. Suppose for some xe X , sequence
X, f(x), f2(X),-+ converges to some point say X, € X , then we must have

f (X, ) = X, » because £is continuous. Such points we call as fixed points. We say
that the point x is attracted by the fixed point x,;. The set of all points in X at-
tractedby X, is called the stable set or the basin of attraction ofthe fixed point
X, and is denoted by W, (X,). A fixed point X, is said to be attracting if its
stable set is a neighborhood of it.

A point xe X is said to be periodic if there exists a positive integer ne N
such that f" (X) = X. The set of all periodic points of the map fis denoted by
per(f).

A point X€ X s called a 6-adherent point of A4 [1], if ANCI (U ) #¢ for
every open set U containing x. The set of all §-adherent points of a subset A of X
is called the @-closure of A and is denoted by Cl,(A). A subset A of Xis called
G-closed if A=CI ,(A). Dontchev and Maki [2] have shown that if 4 and Bare
subsets of a space X, then Cl,(AUB)=Cl,(A)UCl,(B) and that
Cl,(AnB)=Cl,(A)NCl,(B). Recall that a space (X, 7) is Hausdorff if and
only if every compact set is f-closed. The complement of a &-closed set is called a
G-open set. The family of all £-open sets forms a topology on X and is denoted
by 7. This topology is coarser than rand that a space (X, 7) is regular if and
only if r=7 [3].

2. Basic Definition and Theorems

Definition 2.1 [4] By a topological system I mean a pair (X, f), where Xisa
locally compact Hausdorff topological space (the phase space), and f:X — X
is a continuous function. The dynamics of the system is given by
X1 = (X)X € X,neN and the solution passing through X, is the se-
quence {f (X, )} where neN.

Definition 2.2. 1) Let X e X , then the set {X, f (X), f2 (X),} is called an
orbit of x under fand is denoted by O; (X), so O;(X) is the set of points
which occur on the orbit of x at some positive time, and the sequence
X, f (X), f? (X),--- is called the trajectory of x.

2) Let X be a topological space, f:X — X, {f” (% )}::0 be a sequence in
X, and let xe X . Then {f" (% )} converges to x if for all open sets U con-
taining x, there exists an integer N such that f"(x,)eU for all n >N, Note
that if this sequence is convergence then it converges to a fixed point, say y; ie.

f(y)=y.

Any point with dense orbit is called a transitive point. A point which is not
transitive is called intransitive.

Definition 2.3. 1) (Transitivity) Let X be a topological space with no isolated
point. Then the function f:X — X is said to be transitive if for any two open
sets Uand Vin X, there is a point XxeU and an n> 0 such that f" (X) eV.It
is easily to show that if fis transitive then for every pair U; V of non-empty open
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sets, there exist a positive integer n such that f" (U )ﬁV 0.

2) Let X be a topological space, the function f:X — X, is said to be topo-
logically mixing if for every pair U, V of non-empty open sets, if there exist N
such that f"(U)nV #¢ forall n>N.

Definition 2.4. (topological weak mixing) Let X has no isolated point. g is
topologically weakly mixing, if the product of two functions gxg is topologi-
cally transitive.

Proposition 2.5. Every topological mixing function implies topological weak
mixing. But the converse is no necessarily true.

Proof: It is easily to prove the foregoing theorem.

Definition 2.6. A map fis said to be transitive (resp., 6-transitive [5]) if for
any non-empty open (resp., -open) sets Uand Vin X, there exists ne N such
that f"(U)nV =¢.

Theorem 2.7 [5]. Let X be a non-empty locally #-compact Hausdorff space.
Then the intersection of a countable collection of f-open 6-dense subsets of X'is
G-dense in X.

Corollary 2.8. A subset A of a space (X , Z') is @-dense if and only if
AnU #¢ forall U er” otherthan U =¢.

Two topological spaces (X , T) and (Y,Z’l) are called homeomorphic if
there exists a one-to-one onto function f:(X,z)—(Y,7;) such that fand

f~' are both continuous.

Note that any homeomorphic spaces have the same dynamics, if we have any
notion about first space then we have the same notion about the other one.

A map h:X —Y isahomeomorphism if it is continuous, bijective and has
a continuous inverse.

A function f:X — X is called G-irresolute [6] if the inverse image of each
G-open set is a G-open set in X.

A map hiX =Y js 6r-homeomorphism if it is bijective and thus invertible
and both Aand h™ are @-irresolute.

Theorem 2.9. Let (X, f) be a topological system where X is a non-empty
6-compact topological space and f:X — X is f-irresolute map and that Xis
separable. Suppose that fis topologically é-transitive. Then there is an element
xe X such that the orbit O; (x) ={X, f(x), £2(x), -, f" (X),} is O-dense
in X.

Proof:Let B={U,},i=12,3,--- be a countable basis for the f-topology of

X. For each 4 let O, :{XGX (" (x) eV, forsomenzo}

Then, clearly O, is f-open and &-dense. It is f-open since fis f-irresolute, so,
O = 0 f(U,) is Gopen and Edense since fis topological € transitive map. Fur-
i=1

ther, for every G-open set V; there is a positive integer 2such that f"(V)nU; # ¢,

since fis @transitive.

Now, apply theorem 2.7 to the countable f-dense set {O;} to say that ﬁoi
i=0
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is @-dense and so non-empty. Let Yy e ﬂOi . This means that, for each j there is
i=0

a positive integer 1 such that f"(y)eU, for every i By Corollary 2.8 this im-
plies that O; (X) is f-dense in X.
Definition 2.10. The function f : X — X, is strongly transitive [7] if for any

S
nonempty open set U< X, X = U fk(U) for some s > 0. It is easily seen
k=0

that X =(Jf*(U) for any nonempty open set U c X if and only if

k=0

) f % (x) isdensein Xforany xe X .
Uf*(x) y
k=0

We may consider that, the last statement of the foregoing definition as lemma,

because we can use this statement to prove the following corollary.

Lemma 2.11. X = U fk(U) for any nonempty open set U < X if and
k=0

only if U f* (x) isdensein Xforany xeX .
k=0

According to the definition 2.10 and lemma 2.11, we have the following im-

portant corollary.

Corollary 2.12. If | J f™(x) is dense in Xforany xe X , then the function
Dt

f: X — X, is strongly transitive.

3. Conclusion:

There are the following results:

Proposition 3.1. Every topological mixing function implies topological weak
mixing. But the converse is no necessarily true.

Theorem 3.2. Let (X, f) be a topological system where X is a non-empty
6-compact topological space and f:X — X is f-irresolute map and that Xis
separable. Suppose that fis topologically f-transitive. Then there is an element
xe X such that the orbit O; (x) ={X, f(x), £2(x), -, f" (X),} is O-dense
in X.
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