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Abstract

In this article, I use the direct method to study two general functional inequa-
lities with multivariables. First, I prove that the g(4)-function inequalities
(1) and (2) are additive in (al;az) -homogeneous F-spaces. After that, I con-
tinue to prove that the ¢ (/1) -function inequality (1) and (2) are quadratic in

the (ay;a,)-homogeneous F-space. That is the main result in this paper.
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1. Introduction

Let X and Y be a normed spaces on the same field K, and f:X—>Y.Iuse
the notation |||| for all the norm on both X and Y . In this paper, I investisgate
some additive-quadraic A -functional inequality in (o;;a, )-homogeneous F-
spaces.

In fact, when X is a o, -homogeneous Fspaces and that Y is a a,

-homogeneous F-spaces, I solve and prove the Hyers-Ulam-Rassias type stability
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of two forllowing additive-quadratic ¢ () -functional inequality.
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and when I change the role of the function inequality (1), I continue to prove the

following function inequality.

kX +y 1 k KXi+Yy, 1 &
2kf T Z. |+ 2kf =N
[z( )2 2le J] [11(2 )2 2k =t J]

j=1 i=t 2 j=1 = Y (2)
KX+ Y, EXtY
SWH; e da (5503
koo(X+y) & k
-2) f -2 f(z)-2f(-7)
j=1 2k j=1 j=1 v
H={h:C\{0} > C,h(4)=4] (3)

where geH.

The stability problem of functional equations originated from a question of
Ulam [1] concerning the stability of group homomorphisms.

The functional equation

f(x+y)=f(x)+f(y) 4)
is called the Cauchy equation.

In particular, every solution of the Cauchy equation is said to be an additive
mapping. Hyers [2] gave a first affirmative partial answer to the question of Ulam
for Banach spaces. Hyers’ Theorem was generalized by Aoki [3] for additive
mappings and by Rassias [4] for linear mappings by considering an unbounded
Cauchy difference. A generalization of the Rassias theorem was obtained by
Gavruta [5] by replacing the unbounded Cauchy difference by a general control
function in the spirit of Rassias’ approach.

The functional equation
f(x+y)+f(x-y)=2f(x)+2f(y) (5)
is called the quadratic functional equation. In particular, every solution of the

quadratic functional equation is said to be a quadratic mapping. The stability of

quadratic functional equation was proved by Skof [6] for mappings f:E, > E,,
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where E, is a normed space and E, is a Banach space. Cholewa [7] noticed
that the theorem of Skof is still true if the relevant domain £ is replaced by an
Abelian group.

Recently, the I has studied the additive function inequalities or quadratic
function inequalities of mathematicians around the world see [1]-[24], on spaces
as complex Banach spaces, non-Archimedan Banach spaces or homogeneous
F-space let me give two general additive-quadratic functional inequalities and
show their solutions exist on (e, a, ) -homogeneous F-space.

In this article, I successfully built quadratic functional inequalities with the
number of variables more than 3 on F-homogeneous space and I showed their
solutions. This is a great step forward in the field of functional equations.
Application to solve problems in many spaces with no limit on the number of
variables.

The paper is organized as followns: In section preliminarier I remind a basic
property such as I only redefine the solution definition of the equation of the
additive function and F*-space.

Section 3: is devoted to prove the Hyers-Ulam stability of the addive g(4)
-functional inequalities (1) when when X isa ¢ -homogeneous F-spaces and
that Y isa a,-homogeneous F-spaces.

Section 4: is devoted to prove the Hyers-Ulam stability of the addive g(4)
-functional inequalities (2) when when X isa o, -homogeneous Fspaces and
that Y isa a,-homogeneous F-spaces.

Section 5: is devoted to prove the Hyers-Ulam stability of the quadratic g(4)
-functional inequalities (1) when when X is a ¢ -homogeneous F-spaces and
that Y isa «,-homogeneous F-spaces.

Section 6: is devoted to prove the Hyers-Ulam stability of the quadratic ¢(4)
-functional inequalities (2) when when X is a ¢, -homogeneous Fspaces and

that Y isa «,-homogeneous F-spaces.

2. Preliminaries
2.1. F*-Spaces

Let X be a (complex) linear space. A nonnegative valued function |||| is an
F-norm if it satisfies the following conditions:

1) ||X|| =0 ifandonlyif x=0;

2) |4x|=|x| forall xeX andall A with |1|=1;

3) |x+y[<|x|+]y]| forall x,yeX;

4) |4X|—0, 4, —0;

5) |4X|—0, x,—0.

Then (X,||||) is called an F*-space. An F-space is a complete F*-space. An
F-norm is called f-homgeneous (S >0) if ||tx|| = |t|ﬁ ||X|| for all xe X and for
all teC and (X,"”) is called a-homogeneous F-space.

2.2. Solutions of the Inequalities

The functional equation The functional equation

DOI: 10.4236/0alib.1110970

3 Open Access Library Journal


https://doi.org/10.4236/oalib.1110970

L. V. An

f(x+y)=f(x)+f(y) (6)

is called the Cauchy equation. In particular, every solution of the Cauchy
equation is said to be an additive mapping.

The functional equation
f(x+y)+f(x—y)=2f(x)+2f(y) (7)

is called the quadratic functional equation. In particular, every solution of the

quadratic functional equation is said to be a quadratic mapping.

3. Hyers-Ulam-Rassias Stability Additive (4 )-Functional
Inequalities (1) in a-Homogeneous F-Spaces

Now, I first study the solutions of (1). Note that for these inequalities, when X is
a o, -homogeneous F-spaces and that Y isa o, -homogeneous F-spaces. Under
this setting, I can show that the mapping satisfying (1) is additive. These results are
give in the following.

Where: «, 0y e R and o, <1.

Lemmal.Let f:X—>Y beanodd mapping satilies

X-+yj

k k . . k
f ! +>z |+ f >z
e

Y (®)
KX+ Y k KX +Y 1 &
<|A| 2kf ) Ly — 2kf ) U
[ [z (2 ZJ [z (%) zkézl]
_ k J+yJ _Xj+y1 _ _ _
3?( k j 2 ( 2 j 2 f(z) -2 )J

for all X;,Y;,2; € X for j=1-n,ifandonlyif f:X—>Y isadditive.
Proof Assume that f:X —>Y satisfies (8).
We replacing (x1,~--,xk,yl,m,yk,zl,m,zk) by (O,‘--,0,0,---,0,0,---,0) in
(8), we have

(4 ~2) £ (@) <[a (2)f" |2kt (0)] <0
therefore
So f(0)=0-
Next replacing (Xl,-..,kayl,...,yk:Zl,-..,Zk) bY (kX,---,kX,kX,---,kX,X,"'vX)

in (8), we have
Thus

| (2kx)—2kf (x)[ <0

X 1
f(ﬁ)_ﬁf(x) 9)

forall xe X .

DOI: 10.4236/0alib.1110970

4 Open Access Library Journal


https://doi.org/10.4236/oalib.1110970

L. V. An

From (8) and (9) I infer that

forall x;,y;,z; e X for j=1—n,andso

ij+y‘+zk:zj Zk:‘ Yi zk:z =2§k:f 4% (11)
j=1 j=1 2k j=1 2k

j=1

forall x;,y;,z;eX for j=1-n.
Next we replacing (X, -+, X, Y1, Yi» 24,2 Z ) by
(kx,---,kx,kx,---,kx,z,---,Z) in (11), we have
f (kx+kz)+ f (kx—kz) = 2kf (x) (12)
forall x,ze X.
Now letting p=kx+kz,q=kx—kz when thatin (12), we get

o[ Pra) o 1 _
f(P)+f(Q)—2kf( o j—Zk o f(pra)=f(p+a) (13)

for all p,qe X. So fis an additive mapping. as we expected. The couverse is
obviously true. [
Corollary 1. Let f:X—>Y bean even mapping satilies

[$50ege 0 )

=1 =1 =

S (k) 2k
S e

for all X,y 2;€X for j=1-n,ifandonlyif f:X—>Y isadditive.

Note! The functional equation (14) is called an additive A-functional equation.
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o .
Theorem 2. Assume for r>-—%, @ be nonngative real number, and Suppose
*

f:X—>Y Dbeamapping such that

(b )
Al e g

< g(/l)[Zkf (Jﬁl )ijl){j +—ész+2kf {]ﬁl )E’?;){’ - 21k gz,] (15)
S e |

LS r r
+¢9[Z| j ; j
j=1

for all x;,y;,z;e€X for all j=1—n. Then there exists a unique additive
mapping ¢: X —>Y such that

HONICE

i 19

forall xe X.
Proof Assume that f:X —Y satisfies (15).
We replacing (Xl,---,xk,yl,---,yk,zl,---,zk) by (0,---,0,0,---,0,0,---,0) in
(15), we have
(4 =2) £ (0)] <|2ka (1) f (0)]
therefore

(|4k =2 ~[okg (2) )£ (0)]

So f(0)=0.
Next replacing (X, X, Ypo Vi Zioee1 ) by (KX -+, k¢ k-« Kk, X, -+, X)
in (15) we have

|f (2kx) = 2KF (x)] < (2k ™ +1) 0 x| (17)

forall xe X. Thus
X 2k 41

|1 00-2u 5 < e a9
forall xe X.

%) f L —(2k)" | X

m- J f X ]+1f X- 19

i)

2kalr+1 1 m- 2k ]

92

Co(2k)™ T (2) “1”
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for all nonnegative integers p,| with p>1 andall xe X.It follows from (19)

that the sequence {(ZK)n f [ﬁ} is a cauchy sequence for all x e X. Since

Y is complete, the sequence {(ZK)n f[(Z)k()n ]} coverges.

So one can define the mapping ¢: X —>Y by

#(x) = lim (2k)" f[ X }

n—o (Zk)n

for all x e X. Moreover, letting | =0 and passing the limit M —> in (19),
we get (16).

Form f:X—>Y iseven,the mapping ¢: X —>Y iseven.

It follows from (15) that

k 1 k 1

a2

<lim(2k)™"|g ()|

n—ow

]
1
8
—~
N
=~
~—
R
>
3

_3zk:f[xj2+kyj] Zk:f[_xj;kyj}if(zi)‘if(‘zi)

=1

forall x;,y;,z; e X forall j=1-n.
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forall x;,y;,z; e X for j=1—n,SobyLemma I it follows that the mapping
¢: X —>Y isadditive. Now we need to prove uniqueness, Suppose ¢': X —>Y

is also an additive mapping that satisfies (16). Then we have

00-¢ -2 | )nj—qy[(w]
[ 4(2@”%[(2@"]]
(21)

¢ —

2k)”

2-(2k)“"( 2k"1”1+1)
a1nr( ar 2k az)

which tends to zeroas N—>© forall xe X . So we can conclude that
¢(x)=¢'(x) for all xeX. This proves thus the mapping #:X —>Y is a
unique mapping satisfying (16) as we expected.
Theorem 3. Assume for r <22 , 0 be nonngative real number, and Suppose
o

f: X >Y Dbeamapping such that
k X + k KX+ k

H ' y‘+Zz }f[z oA zzj]
j=1 i

—z]z;(“ﬂ S ()3 1()

(1A o[- “y’j if(a)—if(—z,-)]

j=1
k r
+6 i
j=1

for all x;,y;,z;eX for all j=1—n. Then there exists a unique additive

mapping ¢: X —>Y such that
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2k
(2k)"’2 —(2k)™

[F()-¢(x)] < ol (23)

forall xeX.

Proof Assume that f:X —Y satisfies (22).

We replacing (X, X, Y1, Yi» 21, 2 ) by (0,--+,0,0,---,0,0,---,0) in
(22), we have

(4 =2) £ (0)] <|2ka (2) f (0)]
therefore

(J#k =2 ~[2kg (1) )| £ (0)]

So f(0)=0.
Next replacing (X, X, Yio s Yir Ziee+1 ) by (KX -+, k¢ k-« Kk, X, -+, X)
in (22) we have

|f (2k) = 2KF (x)] < (2K +1) 0 x| (24)
forall xe X. Thus
Hf(x)_z_lkf(ZKX H 2L (25)
forall xe X.
l | 1 m
f((2k f((2k
g (@9 )= (@0
m-1 1 i 1 J+1
< S l——f((2k)" x)-——= f((2k 26

2ka1r+l +1 m—l 0‘1”
<

«92 az, [

B (ZK)M2 i 1

for all nonnegative integers p,| with p>| andall xe X. It follows from (26)

1
that the sequence {(

2k)"

1 n
Since Y is complete, the sequence f((2k) x); coverges.
p q { ) ((2¢) )} g

((2k)n X)} is a cauchy sequence for all xe X.

So one can define the mapping ¢: X —>Y by

#(x):= ((2¢)"x)

> (2k)"

for all x e X. Moreover, letting 1 =0 and passing the limit M— in (26),
we get (23).
The rest of the proof is similar to the proof of Theorem 2. []
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4. Stability Additive g(A)-Functional Inequalities (2) in

(al ,Qy ) -Homogeneous F-Spaces

Now, we study the solutions of (2). Note that for these inequalities, when X isa
o, -homogeneous F-spaces and that Y is a «,-homogeneous F-spaces. Under
this setting, I can show that the mapping satisfying (2) is additive. These results are
give in the following.

Lemma4.Let f:X—>Y beanodd mapping satilies

kK X +Y, 1 & KX Y 1 &
2kf[z ! 2J+§.121J+2kf[z L= _ﬁ-lz‘}
j= = i=

(24 2 (2K)
_3g f [XJ’ +kylj-121 f [—X';kyjj—é f (zj)-g f(-z,)

forall x;,y;,z; e X for j=1-n,ifand onlyif f:X—>Y isadditive.
Proof Assume that f:X —Y satisfies (27).
We replacing (X, X, ¥y, Yi» 23,5 %) by (0,---,0,0,---,0,0,---,0) in
(27), we have

|2kt (0)] <|a () |(4k-2) £ (0)
So f(0)=0.
Replacing (Xi,-n,xk,yl,---,yk,zl,---,zk) by (2kx,---,0,0,---,0,0,-~-,0) in
(27), we have
Thus
X
akf | — |-2f <0
e ()21
X 1
fl —|=—Tf 28
(2kj 2 (%) (28)
forall xe X.

From (27) and (28) we infer that

IN
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D oMRA PR FRD Rl (29)
+ Z. |+ — 7.
2o &l 2o &l

forall x;,y;,z; eX for j=1—n,andso
Xi i

k k . . k k
e U le
j=1 j=1 j=1 2k j=1 j=1

for all x;,y;,z; €X for j=1->n, as we expected. The couverse is obviously
true. [J

Corollary 2. Let f:X —Y be an even mapping satilies

(30)

=1

forall x;,y;,z; eX for j=1-n,ifand onlyif f:X—>Y isadditive.

Note! The functional equation (30) is called an additive A-functional equation.

a
Theorem 5. Assume for r>—%, 6 be nonngative real number, and Suppose
o

f:X—>Y beamappingsuchthat f(0)=0 and

k . . k k
2kt [ZX’ Y, +i221}+2kf [Z

iz (2k i1 i (2K ) T2k = ]

K X. . k K X. . k
AL D '+y’+ z, |+f1 Y ’+y’—sz (31)
"k & =T ok -

for all X;, Y2 € X for all j=1-—>n. Then there exists a unique additive
mapping ¢:X =Y such that

DOI: 10.4236/0alib.1110970 11 Open Access Library Journal


https://doi.org/10.4236/oalib.1110970

L. V. An

(26)°"
(2k)™ —(4k)™

|t (x)-g(x)] <

o) (32)

forall xe X.
Proof Assume that f:X —Y satisfies (38).

We replacing (Xi,---,xk,y1,~~-,yk,zl,--~,zk) by (0,--~,0,0,---,0,0,---,0) in
(38), we have

|2 (0)| <]A |(4k-2) f (0)]
therefore
(J4c=2r ~fo1" )| (0)] <0
So f(0)=0.
Replacing (X, X, Yo+ Yo Zi-5 2 ) by (2kx,--+,0,0,---,0,0,---,0) in

(38) we have

< (2k)" 0] (33)

Y

H4f (%j—% £(x)
H4kf (%j— £(x)
o GG

ar m71(4k)a2j r
<(2k)™ k20 —|[x
2 e

forall xe X. Thus

<(2k)™ k20X (34)

forall xe X.

(35)

for all nonnegative integers p,I with p>I| andall xe X. It follows from (35)

X
that the sequence {(4k)n f [(27)”]} is a cauchy sequence for all x e X. Since

Y is complete, the sequence {(4k)n f[ﬁ]} coverges.

So one can define the mapping ¢: X —>Y by

#(x) = lim (4k)" f[ X }

n—o (Zk)n

for all x e X. Moreover, letting | =0 and passing the limit M —> in (35),
we get (39). Form f :X —> Y iseven, the mapping

XY
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is even. It follows from (38) that

+1lim (4k):r 9[2”

" (2K)

forall x;,y;,z; e X for j=1-n,SobyLemma 4.1 it follows that the mapping
¢: X —>Y is additive. Now we need to prove uniqueness, Suppose ¢': X —>Y

is also a quadratic mapping that satisfies (39). Then we have
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boo-s ol 2o

<o) (|l ()
(2k) (2k)

< )

(Zk)“lm((Zk)““ (4k)“ )

(4k)azn k ar
which tends to zero as N —>®© forall xe X . So we can conclude that
#(x)=¢'(x) for all xeX. This proves thus the mapping #: X —>Y is a
unique mapping satisfying (39) as we expected. []

J (37)

o

20
Theorem 6. Assume for r < —2
a4

, 0 be nonngative real number, f (0) =0

and Suppose f:X —>Y bea mapping such that

PEr ko) st

3 & X; Y 1 & X +Y; 1 & 1 &
N AT AN LA L N (2 ) e (=2
ZKZ ( 2k }FZKZ ( 2k ] 2kJZ:; (ZJ) ZKZ ( ZJ)

g(i)(f(iT+jk_lzjj+f(i%—izj] (38)

k
+6
j=L

for all X;, Y2, € X for all j=1-—n. Then there exists a unique addtive

mapping ¢: X —>Y such that

If(x)-¢

(2k)™
N e )

forall xe X.

The proof is similar to theorem 5.

5. Hyers-Ulam-Rassias Stability Quadratic g(4)-Functional

Inequalities (1) in (a;,,)-Homogeneous F-Spaces

Now, we first study the solutions of (1). Note that for these inequalities, when
X isa o -homogeneous F-spaces and that Y isa «,-homogeneous F-spaces.
Under this setting, we can show that the mapping satisfying (1) is quadratic. These
results are give in the following.

Lemma7.Let f:X—>Y bean even mapping satilies
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forall x;,y;,z;eX for j=1-n,ifandonlyif f:X—>Y isquadratic.
Proof Assume that f:X —Y satisfies (40).
We replacing (Xl,---,xk,yl,---,yk,zl,---,zk) by (0,---,0,0,---,0,0,---,0) in
(40), we have

-2 1 @) <l s 0] <o
therefore
So f(0)=0
Next replacing (Xl,m,xk,yl,---,yk,zl,---,zk) by (kx,---, kx, kx, -+, kx, X, -, X)

in (40), we have
Thus

| (2kx)—2Kkf (x)[ <0

X 1
f(ﬁj_ﬂf(x) (41)

forall xe X.
From (40) and (41) we infer that

X +Y, & J (
+>z |+ f
H (11 2k JZ;J i

(M0 S () ()

j=1

hy. ok
X, +Y, _zzjj

=1

M
N
~

1]
5N

for all X, Y25 €X for j=1—->n,andso

DOI: 10.4236/0alib.1110970

15 Open Access Library Journal


https://doi.org/10.4236/oalib.1110970

L. V. An

kX-+y- k kx+y k LS X +Y. k
f J J . J j =2 f J ] 2 f .
(B g (Bt R M )

j=1 j=1 j=1
(43)
forall x;,y;,z; e X for j=1l-n.
As we expected. The couverse is obviously true. []
Corollary 3. Let f:X—Y be an even mapping satilies

(g (55
_zjz_;f[ ) J >1(5)- ]Z:f( )

44

Xty 1 XY 1 (4
()Zkf ] 2J Sr ot | T ; zj__ Z
j=1 (Zk) 2k =1 =1 (Zk) 2k -1

i i

i1

for all X,y 2;€X for j=1-n,ifandonlyif f:X—>Y isquadratic.
Note! The functional equation (44) is called an quadratic g(A)-functional
equation.

2a,
o

Theorem 8. Assume for r> , 6 be nonngative real number, and

Suppose f:X—>Y bean even mapping such that

B [Xj;kyjj—zk: f [-Xi;kyj j—zk) f (zj)—i f (—zj)J

=1
;
j

for all x;,y;,z;e€ X forall j=1—n. Then there exists a unique quadratic

K r
+0(Z| j
j=1

mapping ¢: X —>Y such that
f r— (46)
1= o
forall xe X.
Proof Assume that f:X —Y satisfies (45).
We replacing (X, %, Yy, Yo 4, ) by (0,--,0,0,---,0,0,---,0) in
(45), we have
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|(4k=2) 7 (0)] < [2ka (2) £ (0)]
therefore
(Jak =2 ~[2ka (2)* )| (0)]

So f(0)=
Next replacing (X, X, Ypo Vi Zieon Z ) by (KX, ko k-« K, X, -+, X)

in (45) we have

|F (2k) = 2KF (x)| < (2K +1) 0 x| (47)
forall xe X. Thus
X 2k 41 a4 1
Hf(x)—Zkf (2] Ol (49)
forall xe X.
2k) f| 2 = 2k)" £ | 2
(2) [(ZK)']( ) [(2k)mj
2Ky £ =X = (ak) | X 49
<)@ [(zkrj( ) ((2@'”} w

- 2kalr+1+1 _1(2k 062]
- (2k)alr alrj || ||

for all nonnegative integers p,| with p>| andall xe X. It follows from (49)

that the sequence {(ZK)n f { ]} is a cauchy sequence for all x e X. Since

(2k)

Y is complete, the sequence {(Zk)n f [(;;)n ]} coverges.

So one can define the mapping ¢: X —>Y by

. n X
o(x)=lim(2k) f .
(9= lim(@e |
for all xe X. Moreover, letting | =0 and passing the limit M—> in (49),
we get (46).
Form f:X—>Y iseven,the mapping ¢:X —>Y iseven.
It follows from (45) that

3 Xj+yi Kk k
2o 22| Sole)-Se(-w)

: won 1 o&X+y; 1 &
-t || E S e

DOI: 10.4236/0alib.1110970 17 Open Access Library Journal


https://doi.org/10.4236/oalib.1110970

L. V. An

1 o&x+y;, 1 ¢ (1 x4y,
it i 2, |- f ehal]
[<2k>"§ x (@) B ] 2 {(ZK)” 2 J

<lim(2k)*"|g(2)* |2

n—oo

X +Y, 1 kz.
( k)" 37 (2)° ('0"“121]}
XJ+yJ

1 k k 1 X5+,
T _<2k>““jz—fi"3jz-lf[<2k>“ T J

k 1 X+Y; k 1 K 1

E]
{
8
—~
N
=~
~—
R
E

for all X;,Y;,2; € X for j=1-n, So by Lemma 7 it follows that the mapping
¢:X—>Y isquadratc. Now we need to prove uniqueness, Suppose ¢': X —>Y

is also an additive mapping that satisfies (46). Then we have

090 =0 ¢[<2:>”}¢{<z:>“]

=29 [ ¢ 2k>“J ' ¢'[<2k)”]_ f [(zkrj

2k)“2” kal”l+1
alnr( a1r 2k 0‘2) " "

J (51)
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which tends to zeroas N —> o forall xe X . So we can conclude that
¢(x)=¢'(x) for all xeX. This proves thus the mapping #:X —>Y is a

unique mapping satisfying (46) as we expected.

a .
Theorem 9. Assume for r<—2=, & be nonngative real number, and Suppose
21

f:X—>Y Dbeamapping such that

k r r
+‘9[Z”XJ j J
j=1

for all x;,y;,z; € X for all j=1->n. Then there exists a unique quadratic
mapping ¢:X =Y such that

okt
[F()-4(x)] < r oIxI (53)

forall xe X.

Proof Assume that f:X —Y satisfies (52).

We replacing (X, X, Y1+ Yo 21, 2 ) by (0,--+,0,0,---,0,0,---,0) in
(52), we have

(4K =2) £ (0)]| <2k (2) f (0)]
therefore

(J4k -2 ~[2kg (1) )| £ (0)]

So f(0)=0.
Next replacing (X, X, Yio - Yir Zioe1 ) by (KX -+, ko k-« kX, X, -+, X)
in (52) we have

£ (2k) —2KF (x)] < (2K +1) 0 x| (54)
forall xe X. Thus
ka r+1
HESC B &

forall xe X.

DOI: 10.4236/0alib.1110970

19 Open Access Library Journal


https://doi.org/10.4236/oalib.1110970

L. V. An

%), f((2v) x)—( 1 g ((24)"x)

m-1

1 j 1 j+l
s; Wf((Zk) x)—wf((Zk) )

2k 11 g (2k)™"

O

(56)

for all nonnegative integers p,I with p>l andall xe X. It follows from (56)

that the sequence {( i - ((Zk)" X)} is a cauchy sequence for all x € X. Since
2

1 n
Y is complete, the sequence f((2k) x)} coverges.
P q { ) ((2¢) )} g
So one can define the mapping ¢: X —>Y by
2k

for all x e X. Moreover, letting | =0 and passing the limit M —> in (56),
we get (53).
The rest of the proof is similar to the proof of Theorem 5. []

¢(x):—

6. Stability Quadratic A-Functional Inequalities (2) in
(051 , az) -Homogeneous F-Spaces

Now, we study the solutions of (2). Note that for these inequalities, when X isa
o, -homogeneous F-spaces and that Y is a «,-homogeneous F-spaces. Under
this setting, we can show that the mapping satisfying (2) is quadratic. These results
are give in the following.

Lemma 10. Let f:X—>Y be an even mapping satilies

K X, l K KX +Y; 1 &
[,Z:( )2 2k11 J {Z( )z EJZ_;Z]J

forall x;,y;,z;eX for j=1-n,ifandonlyif f:X—>Y isquadratic.
Proof Assume that f:X —Y satisfies (57).
We replacing (Xl,---,xk,yl,---,yk,zl,---,zk) by (0,---,0,0,---,0,0,---,0) in
(57), we have
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2kt (0)] <] (7)) |(4k-2) f ()]
So f(0)=0.
Replacing (xl,---,xk,yl,---,yk,zl,---,zk) by (2kx,---,0,0,---,0,0,---,0) in
(57), we have
Thus
X
akf | — |-2f <0
e ()21
X 1
fl—|=—f 58
(2kj TR (58)
forall xe X.

From (57) and (58) we infer that

k k k
[
=t ~ 2%k X

_22 f (X,;ky,)_i f(2,)-31(-2,)

j=1 j=1

Y

forall x;,y;,z; eX for j=1-n,andso
K K ok K RV k
DD R D e g LA
a 2k - - 2k =t

for all x;,y;,z; e X for j=1->n, as we expected. The couverse is obviously
true. [J

Corollary 4. Let f:X — Y be an even mapping satilies

kX +Yy, 1 & kKX +Y, 1 &
2kf L 2y =Nz |+ 2kf =Ny
[§ i 2@’} {Jz—l<2k)2 2@‘]
K S X +V; [ K
a3 [ Zf(— V) S (2) -3 ()
j=1 Zk j=1 2k j=1 j=1 (60)
KX +Y & KX Y, &
f L N7z |+ f I 1Nz
)[ e

:g(ﬂ,
k

23
=

j=

=1 j=1

RS UBAE)
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for all X;,Y;,2; € X for j=1-n,ifandonlyif f:X—>Y isquadratic.
Note! The functional equation (60) is called a quadratic g(/l) -functional
equation.

20,
o

Theorem 11. Assume for r >

, 0 be nonngative real number, and

Suppose f:X—Y beaeven mapping such that f(0)=0 and

X by 1 (X HY, 1
2kf S =N =N
[, (2 >2 TR J [2(2)2 TR J

kK K kx_+y_ kK
f ) +f L 1 N7 (61)
U,_l X _1] @ T EJ

j=1
k
+6
j=1

for all x;,y;,z; € X for all j=1->n. Then there exists a unique quadratic

mapping ¢:X =Y such that

[f(x)-g(d) <

(2|<)“1r

62
i e

forall Xe X.

Proof. Assume that f :X — Y satisfies (61).

We replacing (X, X, Y1, Yi» 23,5 %) by (0,---,0,0,---,0,0,---,0) in
(61), we have

21 (0)] <[ (4)[* |(4k ~2) £ (0)]
therefore
(jak =2 -2 (4)]"* )| £ (0)] <0
So f(0)=0.
Replacing (xl,---,xk,yl,---,yk,zl,---,zk) by (2kx,---,0,0,---,0,0,---,0) in
(61) we have

< (2k)* o|x] (63)

X 1
A4f| —|-=1f(x
(G,
forall xe X.Thus

H4kf (%]— f(x)

<(2k)™ k2 0|x]| (64)

forall xe X.
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H“k)' f [(2@' ]_W f [(2@"“}
<o e (]

or m_1(4k)a2j r
<(2k)™ k*2@0 —|IX
@ ko

(65)

for all nonnegative integers p,I with p>I| andall xe X. It follows from (65)

(2k)n ]} is a cauchy sequence for all x e X. Since

that the sequence {(4k )n f [

Y is complete, the sequence {(4k)n f[(z%)n]} coverges.

So one can define the mapping ¢: X —>Y by

. X
#(x):=lim(4k)" f| ——
(0= tm(4e) 1|
for all x e X. Moreover, letting | =0 and passing the limit M —> o in (65),
we get (62). The rest of the proof is similar to the proof of Theorem 8. []
&,
o

Theorem 12. Assume for r <

, @ be nonngative real number, f (O) =0

and Suppose f : X —>Y beamapping such that

g(i)(f(zk: jzkyj +isz+f[iX12+ky" —izj] (66)

k
+9(Z”xj
j=1

r k
+Z||y,-
=t

r k
+Z||zj
-1

for all x;,y;,z; € X for all j=1-—n. Then there exists a unique quadratic
mapping ¢:X =Y such that
(Zk)all' .
f(X)-g(X)| S ————0|x]| . (67)
|| ( ) ¢( )" (4k)a2 —(Zk)alr " "

forall xeX.

The proof is similar to theorem 8 and 9.
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7. Conclusion

In this article, I construct two general functional inequalities with multivariables

on homogeneous space and show that their solutions are additive-quadratic

maps.
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