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Abstract 
The parsimonious three-dimensional capitalism, democracy, rule of law (CDR) 
growth model shows that real per capita gross domestic product (GDP) ad-
justed for purchasing power parity (GDPppp) is explained almost entirely by 
only three intangible variables. It is global time invariant. That is, after ad-
justing for factors of production, capital to GDPppp conversion is the same 
everywhere in the world, determined by the physical and chemical laws of 
nature. This paper extends the three-dimensional depiction of the CDR eco-
nomic growth model to a four-dimensional depiction on a bubble graph, 
where the bubble size represents GDPppp. The scientific long run expected 
value of GDPppp growth rate and the limits to growth are derived for the first 
time. The CDR model is the first and only scientific economic growth model. 
It places growth economics on a sound scientific footing. 
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1. Introduction 

We know from Ridley (2020a, 2020b) that economic growth is determined by 
the policy variables capitalism, democracy, rule of law (CDR) model. When nat-
ural resources and geography are added to the model, it explains approximately 
90% of real per capita gross domestic product (GDP) adjusted for purchasing 
power parity (GDPppp). The CDR model comprises policy variables C, D and R, 
and the natural variable N. The model is referred to as the CDR model because 

How to cite this paper: Ridley, D., & 
Llaugel, F. (2022). Generalized Four-Dimen- 
sional Scientific CDR Economic Growth 
Model: Expected Value, Average, and Lim-
its to Growth. Theoretical Economics Let-
ters, 12, 924-943. 
https://doi.org/10.4236/tel.2022.123050 
 
Received: April 13, 2022 
Accepted: June 27, 2022 
Published: June 30, 2022 
 
Copyright © 2022 by author(s) and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/

  Open Access

https://www.scirp.org/journal/tel
https://doi.org/10.4236/tel.2022.123050
https://www.scirp.org/
https://doi.org/10.4236/tel.2022.123050
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/


D. Ridley, F. Llaugel 
 

 

DOI: 10.4236/tel.2022.123050 925 Theoretical Economics Letters 

 

only the policy variables C, D and R can be changed while N is determined by 
nature. The CDR model is global time invariant. 

Entrepreneurship is the process of starting a business, typically a startup 
company offering an innovative product, process or service. The true source of 
wealth is entrepreneurial capital. Capital comprises intangible exogenous human 
entrepreneurial ideas of imagination and creativity, and capital stock of know-
ledge (skills and memory), and tangible endogenous machinery, recordings, 
computers, etc. A capitalist is one who attempts to maximize one’s earnings in 
return for one’s efforts. Therefore, every rational person is a capitalist. Capital-
ism is a method of organizing capital for the purpose of profitable investment. 
Rule of law is an intangible exogenous catalyst that creates stability for attracting 
capital. Democracy is an intangible exogenous catalyst that creates new pathways 
for the optimal deployment of capital. Total capital is converted into production 
of capital stock, goods and services, which after consumption, depreciation and 
obsolescence, contributes to wealth. Since capital stock is subject to continuing 
depreciation and obsolescence, entrepreneurship must be the true source of new 
wealth creation. Money is a method of accounting for wealth, not the source of 
wealth. But money and finance are accelerants for promoting a good entrepre-
neurial idea. The CDR index is a combined weighted average of capitalism (C), 
democracy (D) and rule of law (R) that jointly with natural resources and geo-
graphy explain almost all economic growth. It is most impressive how straight 
the GDPppp vs CDR line is (see Appendix). Also impressive is the small num-
ber of variables posited for explaining GDPppp. This is in keeping with the par-
simonious principle of Achem’s Razor. We acknowledge this as the CDR scien-
tific law. High CDR countries are where ideas go to fly. Low CDR countries are 
where ideas go to die. 

The novelty of this paper is we extend the Ridley (2020a, 2020b) three-di- 
mensional depiction of the CDR economic growth model (see Appendix) to 
four dimensions by use of bubble graphing, where the bubble size represents 
GDPppp. One can observe the evolution of GDPppp as C, D, and R develop. 
This depiction will show once again that after adjusting for factors of production, 
capital to GDPppp conversion is the same everywhere in the world, determined 
by the physical and chemical laws of nature. This is the first ever scientific deri-
vation and computation of the expected value, divergence, curl, and limit to sin-
gle year economic growth. 

The remainder of the paper is organized as follows. The next section is a re-
view of related literature. This is followed by data tabulation and analysis. Re-
gression is then used to parameterize the CDR model, from which we derive the 
theoretical expected endogenous growth and limits to growth. Finally, we draw 
conclusions and make suggestions for future research. Because of the novelty of 
the CDR model, and its unique definitions, a clarifying nomenclature is pro-
vided at the end of the paper. 
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2. Related Literature 

Several economic growth models have been proposed. The prominent models 
include the basic growth models, neo-classical growth models, endogenous 
growth and an exogenous-endogenous growth model. 

Basic growth: The Aggregate Production Function Equation model is an ag-
gregate formulation that is better suited for a microeconomic application. The 
Saving Equation model assumes that savings is a fixed percentage of income. 
This assumption fails to be correct over any length of time or across countries. 
The Relation between Saving and Investment model precludes foreign trade and 
borrowing. The Change in Capital Stock over Time model incorporates increase 
in capital over time due to investments and decrease due to depreciation. The 
Labor Supply Equation model of Harrod (1939) and Domar (1946) is an aggre-
gate formulation of the microeconomic Leontief (1906-1999) production func-
tion. It is a Keynesian model of economic growth. It is used in development 
economics to explain an economy’s growth rate in terms of the level of saving 
and of capital. It suggests that there is no natural reason for an economy to have 
balanced growth. The central focus of the Capital-Output Ratio model is on the 
role of capital accumulation in the growth process. 

Neo-classical: The Solow (1956, 1957) model is an aggregate formulation of 
the microeconomic Cobb & Douglas (1928) production function. The Meade 
Model (Meade, 1962) is a production function in which the inputs of capital and 
labor are extended to include land and time trend in technological change. Un-
like the neo-classical assumption of ready substitution between capital and labor, 
in the Kaldor (1957) model all technological change is accompanied by new in-
vestment. 

Endogenous: The AK Model (Romer, 1986) is one where there are no dimi-
nishing returns. This is unlike steady state classical economics (Ricardo, 1817, 
1821; Malthus, 1798) and neo-classical economics. 

Exogenous-endogenous: The aforementioned models suffer several deficien-
cies, not the least of which is their low level of accuracy for predicting GDPppp. 
Ridley and Ngnepieba (2018) gave a mathematical proof that the aggregate pro-
duction function is ill-conceived and incorrect in that it is a fallacy of composi-
tion to think that we can simply jump from microeconomic production function 
conceptions to an understanding of aggregate production by society as a whole 
(Cohen and Harcourt, 2003). The exogenous-endogenous CDR model was de-
veloped by Ridley (2020a, 2020b). The CDR model explains nearly all (90%) of 
GDPppp and is therefore the most accurate. This model yields the CDR index 
that can serve as a guide to economic planners and governments for under-
standing GDP creation. Only the CDR model incorporates exogenous entrepre-
neurial human capital ideas of imagination and creativity. Low CDR index 
countries are doomed to impecuniosity. High CDR index countries are destined 
for pecuniosity. This model is the focus of this paper. 
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3. Data 

The cross-country data for GDPppp, Capitalization, Democracy and Rule of law 
are given in Table 1. The data for Natural resources rents and Latitude are given 
in Table 2. These data are for 79 countries for which a complete set of data is 
available. Other countries have populations less than one million or simply do 
not report data. Year 2014 are those given in Ridley (2020a, 2020b) and allows us 
to make comparisons.  

Figure 1 is a four-dimension bubble graph that displays the policy variables C, 
D, R and the corresponding GDPppp. The sizes of the bubbles are set to GDPppp. 
As the size increases the bubble color goes from dark blue, to light blue, to green, 
to yellow, to red, to dark red. As C, D and R increase GDPppp (bubble size)  
 

 

Click on the bubble graph and wait to see 3 animations (https://sites.google.com/view/cdr4d/home). Scroll down to see how 
GDPppp evolves contemporaneously with CDR. 

Figure 1. Four-dimensional bubble graph: C, D, R and GDPppp (bubble size). These data are for year 2014. Panel data were ana-
lyzed for years 1995-2016 and the results were the same, that is global time invariant. For additional comments on the countries 
listed see Ridley (2017a, 2017b). 
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Table 1. GDPppp and policy variables: Capitalization per capita (C), Democracy (D), Rule of law (R) by country. 

Country Code 
Real per capita 

GDPppp 
C D R Country Code 

Real per capita 
GDPppp 

C D R 

Argentina AR 22,302 580.43 0.33 0.18 Latvia LV 23,793 565.55 0.60 0.67 

Armenia AM 8164 44.07 0.21 0.26 Lebanon LB 18,052 1751.03 0.19 0.08 

Australia AU 46,550 53584.03 0.88 0.90 Lithuania LT 27,259 1372.20 0.76 0.69 

Austria AT 46,640 12188.54 0.82 0.79 Macedonia MC 13,398 270.19 0.38 0.53 

Bangladesh BD 3391 165.69 0.14 0.01 Malawi MW 1112 44.77 0.26 0.17 

Belgium BE 43,139 26539.64 0.92 0.86 Malaysia MY 25,145 15431.16 0.29 0.62 

Bolivia BO 6224 404.64 0.37 0.22 Mauritius MR 18,689 5685.50 0.67 0.64 

Botswana BW 17,050 2142.49 0.58 0.74 Mexico MX 17,950 4294.12 0.32 0.21 

Brazil BR 16,155 5979.46 0.45 0.44 Mongolia MN 11,919 421.25 0.62 0.40 

Bulgaria BG 17,926 919.91 0.51 0.46 Morocco MA 7813 1574.20 0.15 0.37 

Canada CA 44,967 56025.51 0.91 0.91 Namibia NA 10,656 560.66 0.55 0.59 

Chile CL 23,057 17223.32 0.77 0.81 Netherlands NL 47,960 38314.19 0.94 0.92 

China CN 13,224 2688.93 0.05 0.23 Nigeria NG 6054 301.57 0.22 0.09 

Colombia CO 13,480 5399.56 0.28 0.27 Norway NO 67,166 48513.76 0.96 0.96 

Cote d’Ivoire CI 3101 357.39 0.23 0.14 Oman OM 43,847 6930.39 0.18 0.50 

Croatia HR 20,947 5094.98 0.63 0.54 Panama PA 19,546 3288.36 0.36 0.28 

Denmark DK 44,625 39398.30 1.00 1.00 Peru PE 11,860 3258.84 0.42 0.32 

Dominican 
Republic 

DO 14,014 13.90 0.40 0.15 Philippines PH 6974 2568.10 0.41 0.31 

Egypt EG 10,918 654.20 0.13 0.24 Poland PL 25,247 4618.28 0.74 0.73 

El Salvador SV 8060 1647.52 0.47 0.38 Portugal PT 27,069 6315.20 0.78 0.76 

Estonia EE 27,880 1777.74 0.85 0.78 Romania RO 19,744 799.46 0.49 0.45 

Finland FI 40,661 28851.42 0.99 0.99 Russia RU 24,449 5969.56 0.03 0.10 

France FR 40,538 28263.03 0.79 0.77 Saudi Arabia SA 52,311 11578.32 0.09 0.56 

Germany DE 46,216 18246.11 0.90 0.88 Serbia RS 13,378 1047.25 0.50 0.41 

Ghana GH 4137 113.86 0.65 0.55 Singapore SG 83,066 74819.51 0.31 0.94 

Greece GR 25,954 4137.24 0.44 0.42 Slovakia SK 28,279 850.02 0.71 0.60 

Hungary HU 25,019 2107.85 0.64 0.63 Slovenia SI 29,867 3128.31 0.73 0.68 

India IN 5808 983.17 0.46 0.33 South Africa ZA 13,094 11141.60 0.53 0.49 

Indonesia ID 10,651 1533.69 0.35 0.19 Spain ES 33,835 21435.36 0.72 0.72 

Iran IR 17,443 1782.01 0.00 0.05 Sweden SE 46,219 56900.32 0.97 0.97 

Ireland IE 51,284 23517.71 0.87 0.83 Switzerland CH 58,149 129905.37 0.95 0.95 

Israel IL 33,136 17538.37 0.68 0.71 Thailand TH 15,579 5870.03 0.17 0.29 
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Continued 

Italy IT 35,131 7917.84 0.69 0.47 
Trinidad and 

Tobago 
TT 32,170 11236.39 0.54 0.35 

Jamaica JM 8610 2346.64 0.56 0.36 Turkey TR 19,698 3921.40 0.27 0.51 

Japan JP 37,519 29027.52 0.81 0.85 Uganda UG 1939 209.26 0.10 0.04 

Jordan JO 11,971 2829.24 0.24 0.58 Ukraine UA 8681 484.20 0.08 0.03 

Kazakstan KZ 24,108 1332.28 0.01 0.12 
United 

Kingdom 
GB 39,826 46384.17 0.86 0.87 

Kenya KE 3099 312.66 0.12 0.00 United States US 54,370 57811.63 0.83 0.82 

South Korea  KR 34,355 22903.26 0.59 0.65 Vietnam VN 5656 354.99 0.04 0.13 

Kyrgyzstan KG 3262 27.46 0.06 0.06       

Data sources: GDPppp (constant international$ for 2014, reported by the IMF): http://www.imf.org/external/data.htm. Population:  
http://data.worldbank.org/indicator/SP.POP.TOTL. Capitalization (US$ mundi):  
http://www.indexmundi.com/facts/indicators/CM.MKT.LCAP.CD/rankings. Democracy rank:  
http://democracyranking.org/wordpress/rank/democracy-ranking-2014/. Corruption rank:  
https://www.transparency.org/research/cpi/. Democracy rank & corruption rank for Bermuda and Honk Kong were set to that for 
United Kingdom as the governing country. Barbados (high CDR) and Equatorial Guinea (high GDPppp) are too small for atten-
tion by the reporting agencies. 
 
Table 2. Nature variables: per capita Natural resource rents (N) and Latitude (L) by country. 

Country Code N L Population Country Code N L Population 

Argentina AR 847.476 0.3778 43,590,400 Latvia LV 642.411 0.6333 1,971,300 

Armenia AM 318.396 0.4444 2,998,600 Lebanon LB 0 0.3722 5,939,993 

Australia AU 3584.35 0.3000 24,007,900 Lithuania LT 272.59 0.6222 2,888,582 

Austria AT 186.56 0.5244 8,699,730 Macedonia MC 495.726 0.4611 2,069,172 

Bangladesh BD 115.294 0.2667 159,939,000 Malawi MW 155.68 0.1478 16,832,910 

Belgium BE 43.139 0.5661 11,306,030 Malaysia MY 2514.5 0.0256 30,868,700 

Bolivia BO 1002.064 0.1889 10,985,059 Mauritius MR 0 0.2241 1,262,879 

Botswana BW 545.6 0.2444 2,141,206 Mexico MX 1382.15 0.2556 122,273,500 

Brazil BR 985.455 0.1111 205,679,000 Mongolia MN 3945.189 0.5110 3,069,300 

Bulgaria BG 358.52 0.4778 7,202,198 Morocco MA 289.081 0.3556 33,337,529 

Canada CA 2338.284 0.6667 35,985,751 Namibia NA 202.464 0.2444 2,324,400 

Chile CL 3712.177 0.3333 18,191,900 Netherlands NL 479.6 0.5811 16,991,200 

China CN 740.544 0.3889 1,375,040,000 Nigeria NG 944.424 0.1111 186,988,000 

Colombia CO 1388.44 0.0444 48,541,200 Norway NO 7186.762 0.6889 5,213,985 

Cote d’Ivoire CI 260.484 0.0889 22,671,331 Oman OM 17012.636 0.2333 4,370,794 

Croatia HR 356.099 0.5011 4,225,316 Panama PA 97.73 0.1000 3,814,672 
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Continued 

Denmark DK 758.625 0.6222 5,707,251 Peru PE 1150.42 0.1111 31,488,700 

Dominican 
Republic 

DO 70.07 0.2111 10,075,045 Philippines PH 223.168 0.1444 102,855,400 

Egypt EG 1190.062 0.3000 90,464,200 Poland PL 454.446 0.5778 38,484,000 

El Salvador SV 137.02 0.1500 6,520,675 Portugal PT 135.345 0.4367 10,374,822 

Estonia EE 780.64 0.6556 1,311,759 Romania RO 434.368 0.5111 19,861,000 

Finland FI 528.593 0.7111 5,500,146 Russia RU 4596.412 0.6667 146,519,759 

France FR 40.538 0.5111 64,513,242 Saudi Arabia SA 24272.304 0.2778 32,248,200 

Germany DE 92.432 0.5667 81,459,000 Serbia RS 441.474 0.4900 7,114,393 

Ghana GH 728.112 0.0889 27,670,174 Singapore SG 0 0.0136 5,535,000 

Greece GR 51.908 0.4333 10,846,979 Slovakia SK 141.395 0.5378 5,424,058 

Hungary HU 150.114 0.5222 9,849,000 Slovenia SI 89.601 0.5111 2,069,762 

India IN 342.672 0.2222 1,284,960,000 South Africa ZA 1204.648 0.3222 54,956,900 

Indonesia ID 809.476 0.0556 258,705,000 Spain ES 33.835 0.4444 46,423,064 

Iran IR 5128.242 0.3556 79,036,200 Sweden SE 508.409 0.6889 9,851,017 

Ireland IE 51.284 0.5889 4,635,400 Switzerland CH 0 0.5222 8,306,200 

Israel IL 132.544 0.3478 8,463,500 Thailand TH 716.634 0.1667 65,246,562 

Italy IT 70.262 0.4722 60,679,836 
Trinidad and 

Tobago 
TT 11066.48 0.1222 1,349,667 

Jamaica JM 120.54 0.2017 2,723,246 Turkey TR 118.188 0.4333 78,741,053 

Japan JP 0 0.4000 126,810,000 Uganda UG 252.07 0.1111 34,856,813 

Jordan JO 227.449 0.3444 9,531,712 Ukraine UA 842.057 0.5444 42,774,605 

Kazakstan KZ 7594.02 0.5333 17,670,900 
United 

Kingdom 
GB 398.26 0.6000 65,097,000 

Kenya KE 105.366 0.0111 47,251,000 United States US 706.81 0.4222 322,916,000 

South Korea  KR 0 0.4111 51,541,582 Vietnam VN 588.224 0.1778 91,700,000 

Kyrgyzstan KG 326.2 0.3256 6,008,600      

Data sources: Total natural resources: http://data.worldbank.org/indicator/NY.GDP.TOTL.RT.ZS. Latitude: La Porta et al. (1999). 
 
tends to increase. The two largest go to Singapore (SG) and Norway (NO) re-
spectively. The capitalizations for Singapore (SG) and Switzerland CH) are atyp-
ically very large. Switzerland is unique in its policy with respect to the attraction 
of capital. The highest goes to Singapore. Singapore is described as a benevolent 
dictatorship with a low D rating. Its high C and R ratings more than make up for 
that in determining GDPppp. Its low D rating sets it off the trend in Figure 1. 
The lowest GDPppp’s go to Malawi (MW) ($1112) and Uganda (UG) (1939). 
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4. Analysis 

The variables in the CDR model are defined as follows: 
g = (GDPppp − lowest GDPppp)/(highest GDPppp − lowest GDPppp) 
GDPppp = Per capita real gross domestic product adjusted for purchasing 

power parity 
C (Capitalism) = (per capita total market capitalization − lowest per capita 

total market capitalization)/(highest per capita total market capitalization − 
lowest per capita total market capitalization) 

D (Democracy) = (lowest democracy rank − democracy rank)/(lowest de-
mocracy rank − highest democracy rank) 

R (Rule of law) = (lowest corruption rank − corruption rank)/(lowest corrup-
tion rank − highest corruption rank) 

N (Natural resources) = (per capita total natural resource rents − lowest per 
capita total natural resource rents)/(highest per capita total natural resource 
rents − lowest per capita total natural resource rents). 

L (Latitude) = (Latitude − lowest latitude)/(highest latitude − lowest latitude) 
These transformations standardize the variables and ensures upper and lower 

bounds on 0 ≤ g, C, D, R, CDR, N, L ≤ 1. Data for these standardized variables 
are listed in Table 1 and Table 2. See Ridley and de Silva (2019) for more on the 
relationship between corruption and rule of law. Democracy and corruption are 
rank ordered, where the highest = 1 and the lowest = the number of countries. 
The inverse transformation of g is GDPppp = g(highest GDPppp − lowest GDPppp) 
+ lowest GDPppp where lowest GDPppp = $1,112 and highest GDPppp = 
$83,066. 

4.1. Parametric Derivation of the Theoretical Expected  
Endogenous Growth in g 

The CDR model comprises policy variables C, D and R, and the natural variable 
N. Government can change C, D and R, so the model is referred to as the CDR 
model. N is fixed by nature and cannot be changed. Initially, it was thought that 
N contributes highly to GDPppp. It turned out that N contributed only 6% to 
GDP making it much less important than ordinarily considered to be. See the 
fitted model below. Furthermore, a purpose of CDR is to determine national 
policy regarding what can be done to raise GDP, and N cannot occur by policy. 
Therefore, N can be dropped from the model without loss of generality. Still, the 
following parametric derivation of the theoretical optimal endogenous growth in 
g includes N for purpose of accuracy in accounting. 

The CDR statistical model for GDP is 

0 C D R CDR Ng C D R C D R Nβ β β β β β ε= + + + ⋅ ⋅ + ++  

where all variables are standardized by linear transformation to ensure upper 
and lower bounds on 0 ≤ g, C, D, R, CDR, N ≤ 1. Democracy and corruption are 
rank ordered, where the highest = 1 and the lowest = the number of countries. 
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Note that N can be dropped for policy making, leaving just CDR. 
The estimated ordinary least squares (OLS) model is  

( ) ( ) ( ) ( ) ( )

2ˆ , 83%

6.6 1.7 2.6 4.5 5.6
59% 5% 1

1.53 0.14 0.23 1.21 0.

0% 3% 6

38

%

i i i i i i i i adjC D R C D R N Rg

t
p

= + + − ⋅ ⋅ + =

=

=

 

The t statistics indicate that all variables are statistically significant. The partial 
correlations (p) are the contributions of each variable to 2

adjR . The largest con-
tribution to explaining g comes from C (59%). The next largest (10%) comes 
from R. The next largest (5%) comes from D. The next largest (3%) comes from 
C∙D∙R. The negative coefficient associated with the C∙D∙R term represents the 
interaction between C, D and R. It is a friction coefficient that subtracts from 
growth. The friction is debilitating when there is excessive unnecessary democ-
racy due to too much discussion and or excessive unnecessary rule of law due to 
overregulation. Natural resources N contribute 6% and the intangible CDR pol-
icy contributes 59 + 5 + 10 + 3 = 77%. That is, CDR policy contributes 77/6 ≈ 13 
times more than natural resources. This reinforces the importance of not relying 
on natural resources, and focusing on CDR. That is, on how a country is ma-
naged. 

Di, Ri, and Ni are exogenous variables. It is obvious that GDPppp cannot in-
fluence natural resources so Ni is exogenous. Di and Ri are catalysts and therefore 
must be exogenous. To understand this, recognize that as catalysts they increase 
the production of GDPppp without taking part in the process. Assume for ex-
ample that at the beginning of the year there is a starting amount of raw mate-
rials. Raw materials are used up throughout the year. Therefore, there will be less 
raw material at the end of the year. But Di and Ri are not used up by the process. 
They are the same before and after the process. They are not affected by the 
process. Therefore, they are exogenous. 

Ci comprises exogeneous human ideas of imagination and creation, and en-
dogenous capital stock of knowledge, machines, recordings, etc. For that reason, 
the above CDR model is biased. Therefore, it is necessary to separate the ex-
ogenous and endogenous components of capital. Using latitude measured in Li 
units as the instrumental variable for purging endogenous capital from Ci (Li is 
correlated with Ci and uncorrelated with iε  and obviously exogenous since 
GDPppp cannot influence latitude), the estimated model for Ci is 

( ) ( ) ( ) ( ) ( )

2, 95%

3.7 4.6 6.4 27.1

ˆ 0.04 0.07 0.16 0.22 1.11 0.0

0.61

2i i i i i i i i adjC L D R C D R N

t

R− − + + ⋅ ⋅ =

=

−=
 

The t statistics indicate that apart from N all variables are statistically significant. 
The estimated 2nd stage least squares model for estimating g from exogenous 

new idea human capital entrepreneurship ( ˆ
iC ) is 

2ˆ ˆ1.30 0.12 0.28 0.98 0.39ˆ , 74%i i i i i i i i adjC D R C D R Ng R= + + − ⋅ =⋅ +  

Therefore, the fraction of total capital that is exogenous entrepreneurship cap-
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ital = 1.30/1.53 = 0.85 = 85%. Alternatively, the contribution from capital stock 
is the reduction in 2

adjR  of 0.83 − 0.74 = 0.09 per unit or 9%, and the contribu-
tion of total capital to 2

adjR  is 0.59. So, the contribution from exogenous entre-
preneurship capital is (0.59 − 0.09)/0.59 = 0.85 = 85%. And, capital stock from 
old ideas that occurred earlier amounts to 15%. See Ridley and Khan (2019) for 
more on decoupling entrepreneurship capital from capital stock. 

The CDR model is designed to get at what a country can do to raise its g. It is 
limited by data availability for exact computation of average world g. C does not 
include non-publicly traded private market capital. Those data are not available 
and will never be available. Still, let us see what CDR predicts for annual g. All 
the variables in the CDR model are based on per unit values. Therefore, the re-
gression coefficients are the growth in ˆig  per unit. So, the purely endogenous 
growth in g is the expected value of the contribution from the endogenous capi-
tal ( ˆ

i iC C− ) plus the unbiased 2 stage least squares (2SLS) contributions from 
ˆ, ,i i i i iD R C D R⋅ ⋅  converted to endogenous g via the dot product with the un-

biased regression coefficients.  
That is, expected endogenous growth in  

( ) ( )( )0 ˆ ˆ
ˆ ˆ ˆ ˆ ˆ ˆ ˆ1 2 C D R NDC C Rg β β β β β β β+= − + + + + , where β̂  denotes estimate of  

β  and (1/2) is the mean of the range [0, 1]. When calculated from the original 
regression coefficients prior to rounding, ˆ 1.534346Cβ =  and 0.0005ˆ 1ig = − +

ˆ ˆ1.295617 0.116963 0.275395 0.98133 0.388146i i i i i i iC D R C D R N+ + − ⋅ ⋅ + . 
Expected endogenous growth in g = (1/2) (−0.00051 + (1.534346 − 1.295617) 

+ 0.116963 + 0.275395 − 0.98133 + 0.388146) per unit = 0.018698 per unit ≃ 
1.8%. 

A parametric integral derivation of the theoretical maximum endogenous 
growth in g is given below. 

We mention in passing an interesting observation that this equates to 21
4

e , 
where e is the Napier’s constant (Euler’s number) and base for the natural loga-
rithm. While some countries might grow faster than 1.8% others will grow slow-
er than 1.8%. As it turns out this theoretical 1.8% is numerically equal to what 
economists have observed empirically as the steady state rate to which countries 
converge as they develop. The developed country per capita g dominance of the 
world might explain the world proximity to 1.8%. The standard deviation of ˆig , 

ˆ 0.208513
igσ =  per unit. The standard deviation of the mean of g,  

790.208513 0.02346 2.3%
igσ = =  . The plots of the residuals îε  versus ˆig  

from the regression (Figure 2), their histogram (Figure 3) and a chi square 
goodness of fit test, show that they are approximately random and normally dis-
tributed. Therefore, the 95% confidence interval (CI) for the estimate of mean 
growth in g is  

( ) ( ) ( )CI 1.8 % 1.8 1.96 2.3 % 2.7%,6.3%
igzσ= ± = ± × = − . 

As best we can tell this derivation of annual endogenous growth rate in g ex-
plains the previously observed but unexplained 1.8% and brings that mystery to  
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Figure 2. Plot of residuals vs. fitted values of g. 
 

 

Figure 3. Histogram of residuals. 
 
an end. This statistical account is not a scientific explanation per say. But one 
might speculate that the growth in g is matched to the growth in human popula-
tion. That is, each child brings its own wealth into the world. A child is an asset 
not a liability. Furthermore, the child’s discoveries that are exogenous entrepre-
neurial capital can add to the endogenous growth rate of 1.8%.  

See Ridley and de Silva (2019) for a complete set of diagnostic evaluations of 
the aptness of this CDR model. 

4.2. Parametric Integral Derivation of the Theoretical Average g 

Consider a spatial analogy and depiction where Ci, Di and Ri exist in the sphere 
of influence S in Euclidean space. The purely endogenous element of g is the 
contribution to flow of gross domestic product through S from the endogenous 
capital ( ˆ

i iC C− ) plus the unbiased 2SLS contributions from ˆ, , ,i i i i i iD R C D R N⋅ ⋅  
converted to endogenous g via the dot product with the unbiased regression 
coefficients. ˆ

iC  is exogenous capital and is characteristically different from en-
dogenous capital. Consider g constructed from [ ], , 0,1i i iC D R ∈  for all coun-
tries on the sphere (the globe) enclosed by S with a positive orientation with the 
unit normal vector n  on the surface S (Figure 4). Consider also a vector field  
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Figure 4. Subset of volume of g for all countries on a spherical globe. Source: Own sche-
matic. 
 
F


 (C, D, R) whose components are continuously differentiable. We are inter-
ested in the flux of F



, flowing globally out of the sphere from the aggregate 
production systems that create g. Some of g is divergent flow (Gauss, 1777-1855) 
out of S and some is circular curl (Maxwell, 1831-1879) around the C, D and R 
axes. The adjacent elements of the neighboring fluxes inside the sphere cancel, 
leaving a positive total on the boundary. As , , 1i i iC D R ≤  are set to the values 
corresponding to a particular country the total for the globe is the one year g for 
that country. [ ], , 0,1i i iC D R ∈  corresponds to the average annual flow from a 
hypothetical globe of countries.  

The integral of the purely endogenous contribution to the subset of g corres-
ponding to a simple closed CDR space n  (where n = 3), contained in a 
piecewise smooth boundary of the unit radius sphere and volume g is given by  

( ) ( ) ( )d d d
S S V CDR

n V C D R⋅ = ⋅ = ⋅ = ⋅ ∂ ∂ ∂∫∫ ∫∫ ∫∫∫ ∫∫∫F S F S F F
   





 

∇ ∇  

By extension, and for computational accuracy, we include [ ]0,1iN ∈  in the 
integral of the purely endogenous contribution to subset g of a closed CDRN 
hyperspace 4 , also contained in a piecewise smooth boundary. The coeffi-
cients from the least squares equation for ˆig  form the parametrization of F



, 
and F



 flows outward in all four vector component directions ( i


, j


, k


, l


, 
positively aligned with C, D, R, and N). 

Divergence: 
Setting ( ) ˆ0 ˆ

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ
Ci C i D i R i i i i N iCDRC D R C Dg R Nβ β β β β β β= + − + + + ⋅ ⋅ +=F



 
The flow rate of g though an infinitesimal point of the surface S is given by the 

divergence  

i i i iC D R N⋅ = ∂ ∂ + ∂ ∂ + ∂ ∂ + ∂ ∂F F F F F
    

∇  

where ˆ
ˆ ˆ

C CiC β β∂ ∂ = −F


, ˆ
ˆ ˆ ˆ

i D i iCDRD C Rβ β∂ ∂ += ⋅F


,  

ˆ
ˆ ˆ ˆ

i R i iCDRR C Dβ β∂ ∂ += ⋅F


, ˆ
i NN β∂ ∂ =F



. 
The average of all flows of g from all points of the surface of the global surface 

representing the production of the world economy is the flux integral 
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( )

1 1 1 1

0 0 0 0
1 1 1 1

ˆ ˆ0 0 0 0

11 1 1
ˆ ˆ ˆ0 0

ˆ

0 0

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

N R D C

C D i i R i i NCDR CDRN R D C

C

C i i D i i i i R i i i i N iC CDR CDRN R D C

C

C D R N

C D R N

D

C R C D

C C C C R C C NC D C C R

β β β β β β β

β β β β β β β

= = = =

= = = =

=

= = = =

⋅

= − + + ⋅ + + ⋅

∂ ∂ ∂ ∂

∂ ∂ ∂ ∂

  ∂ ∂

+

= − + + ⋅ + ⋅

=

∂+ +

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫

F


∇

( )1 1 1
ˆ ˆ0 0 0 ˆ

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ
C D i i R i i NCDR CR D C DRN

C R C DD R Nβ β β β β β β
= = =

∂ ∂− + + ⋅ + + ⋅ + ∂∫ ∫ ∫

 

( )

11 1 2
ˆ ˆ ˆ0 0 0

1 1
ˆ ˆ ˆ0 0

2
ˆ ˆ ˆ

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ2

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ ˆ ˆ

2

ˆ ˆ ˆ2 2

D

C i i D i i i i R i i i N iC CDR CDRN R D

C D i i R i NC CDR CDRN R

C i i D i i i R i i iC CDR CDR

D D D C R D D C D D

C R C

R R R C R R

R N

R N

R C

β β β β β β β

β β β β β β β

β β β β β β β

=

= = =

= =

= − + + ⋅ + + ⋅ +

= − + + ⋅ + + +

= − + + ⋅ +

  ∂ ∂

+



+

∂ ∂

∫ ∫

∫ ∫

( )

11

0 0
1

ˆ ˆ ˆ0
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ2 2

R

N iN R

C D i R i NC CDR CDRN

N

N

R

C Cβ β β β β β β

=

= =

=
= − + + + + +

  ∂ 

∂

∫

∫

 

1

ˆ ˆ ˆ 0

ˆ ˆ ˆ

ˆ ˆ

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ2 2

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ2 2
ˆ ˆ ˆ ˆ ˆ ˆ ˆ

N

C i i D i i i R i i i N iC CDR CDR N

C D i R i NC CDR CDR

C D R i NC CDR

N N N C N N C N N

C C

C

β β β β β β β

β β β β β β β

β β β β β β

=

=
 = − + + + + + 

− + + + + +

− + + + +

=

=

 

Consider the case when ˆ
iC  is set to the value estimated from the above 2SLS. 

That is, when 85% 0. 5ˆ 8iC = = . The endogenous capital = 15% and the endo-
genous g is 

( )1.534346 1.295617 0.116963 0.275395 0.98133 0.85 0.388146
0.18511

= − + + − +

=
 

The inverse transformation of g is  
GDPppp = g(highest GDPppp − lowest GDPppp) + lowest GDPppp 
Where highest lowest GDPppp = $1,112 and highest GDPppp = $83,066 
Average GDPppp = 0.18511 ($83,066 − $1,112) + $1,112 = $16,282.50 
This flow is close to the average flow obtained from the observed data in Ta-

ble 1 and Table 2.  
Total gross domestic product divided by total population = (22,302 × 

1,971,300 + 8164 × 5,939,993 +…+ 5656 × 91,700,000)/(1,971,300 + 5,939,993 
+…+ 91,700,000) = $16,940.34. 

Different flows would result from different combinations of C, D, R and N. 
Curl: 
The curl of the circulations in the positive D-R, C-R and C-D planes represent 

what is analogous to turbulence. They are inefficiencies relative to the desired 
outward flow. These are the results of such activity as circulating ideas that gain 
no traction for whatever reason. Ideas and activities going in circles if you will. 
They involve an over democratized process of excessive discussion and over-
thinking. Over democratization results in unnecessary delays and loss of oppor-
tunity. There is also the possibility of excessive regulation. Overregulation results 
in the prevention of opportunity. 

Consider the three-dimensional curl of F


. The variable iN  does not appear 
in the interactive ˆ

i i iC D R⋅ ⋅  term so, there is no curl involving N. 
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( ) ( ) ( )
C D R

i i i i i i

C D R

D R C R C D

= × = ∂ ∂ ∂ ∂ ∂ ∂

= ∂ ∂ − ∂ ∂ − ∂ ∂ − ∂ ∂ + ∂ ∂ − ∂ ∂

i j k
CurlF F

F F F

F F i F F j F F k

  

 

  

       

∇
 

Once again setting ( )0 ˆ ˆ
ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ

i C i D i R i RC i i iCDC Dg R C D Rβ β β β β β= + − + + + ⋅= ⋅F


ˆ
N iNβ+  

( ) ( )
( )

ˆ ˆ

ˆˆ

ˆˆ
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ ˆ
D i i R i i C R i iCDR CDR CC DR

C D i iCC DR

C R C D C D

C R

β β β β β β β β

β β β β

+ ⋅ − − ⋅ − − − − ⋅=

+ − − − ⋅

i j

k

 



 

( )
( )
( )

0.11696 0.98133 0.275395354 0.98133

1.534346 1.295617 0.275395

ˆ ˆ

ˆ0.98133

ˆ0.9

354

1.534346 1.295617 0.11 816963 33

i i i i

i i

i i

C R C D

C D

C R

= − − +

− −

− −

− +

+ +

CurlF i

j

k







 

Consider C = D = R = 1 for all countries, ˆ 0.85iC = , then 

( ) ( )( )
( )( )

( )( )

0.11696 0.98133 0.275395354 0.98133

1.534346 1.29561

0.85 0.85

0.98133 0.87 0.275395354

1.534346 1.295617 0

5

. 0.98133 0.85116963

= − − +

− −

−

− +

−+ +

CurlF i

j

k







 

0.16 0.80 0.96− − +=CurlF i j k
  

 

The divergence of 0.16 0.80 0.96 0= ⋅ = − − + =CurlF CurlF
 

∇ . 

Ideally, we would like there to be no curl ( 0 0 0+ +i j k
  

). In practice however 
and in this example, there are inefficiencies due to the curl of positive and nega-
tive circulations. The sum of these curls is zero, resulting in no contribution to 
production as measured by flow out of S. 

The smallest curl (−0.16) is around lines parallel to the positive C axis. This 
suggests negative D-R interactions. This suggests overthinking and overregula-
tion that cause delayed decision making and lost or blocked opportunity. The 
next curl (−0.8) is around lines parallel to the positive D axis. This suggests neg-
ative C-R interactions. This suggests overregulation or inappropriate regulations 
that prevent capital attraction, and block opportunity. The next curl (0.96) is 
around lines parallel to the positive R axis. This suggests positive C-D interac-
tions. This suggests overthinking with regard to the deployment of the stock of 
fixed endogenous capital. Efficiency is also limited by the laws of science as is 
common for physical and chemical processes. These curls represent investment, 
and inefficiencies that combine to cancel what might otherwise have been con-
tribution to production as measured by flow out of S. 

4.3. Parametric Integral Derivation of the Theoretical Maximum  
Endogenous Growth in g 

The integral of the purely endogenous contribution to subset g of a simple closed 
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CDR space n  (where n = 3), contained in a piecewise smooth boundary of 
the volume g: 

endogenous contribution to
CDR

g C D R∂ ∂= ∂∫ . 

By extension, and for computational accuracy, we include [ ]0,1iN ∈  in the 
integral of the purely endogenous contribution to subset g of a closed CDRN 
hyperspace 4 , also contained in a piecewise smooth boundary: 

( )( )
( )

1 1 1 1
ˆ00 0 0 0 ˆ

2
ˆ

11
ˆ00 0

endogenous contribution to
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∫

∫
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Consider the case when ˆ
iC  is set to the value estimated from the above 2SLS. 

That is, when 85% 0. 5ˆ 8iC = = . The endogenous capital = 15% and the endo-
genous contribution to g: 

( )

1.534346 1.295617 0.116963 0.2753950.00051
2 2 2

0.98133 0.85 0.388146

0.3 3
4

0
2

%

−
− +

=

+ +

−
+ +

=



 

This result is a theoretical maximum conversion of C, D, R, N contributions 
to g in one year. The high value 0.3 per unit = 30% is due to the negative CDR 
friction component being reduced by dividing it by 4, while the C, D, R, N 
components are divided by only 2. It implies that if the democratic deci-
sion-making process can be sped up while considering all points of view, the 
deployment of C can be such that the annual endogenous growth rate in g is 
30%.  

This is the theoretical largest one-year growth rate. The number is surprising-
ly large. But very large changes have actually occurred in the past. The biggest 
actual annual drop in GDP in the history of the United States of America (USA) 
occurred in 1932. The economy contracted (−12.9%) during the worst year of 
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the great depression. The highest numbers since 1929 for the USA were 17.7% in 
1941, 18.9% in 1942, 17.0% in 1943. In 1994, GDP per capita in Armenia was 
$400. Rapid economic growth occurred in the country in the 2000’s due to a 
boom in construction. GDP per capita reached $4010 in 2008. That is a 14-year 
annual growth rate of approximately 18%. The world’s highest change occurring 
so far was 25% in Libya in 2017. This year 2022, the USA and its North Atlantic 
Treaty Organization (NATO) and other worldwide partners applied the maxi-
mum possible sanctions to Russia and the value of the ruble and GDP fell 30%. 

4.4. Discussion 

It is recognized that below a certain growth (value unknown) in g, the economy 
remains stable. When the system is perturbed, the related endogenous economic 
variables act and interact so as to return the economy to its equilibrium condi-
tion. Economics has no precise definition of overheating. But it is also recog-
nized that sustained high growth in g, due to some exogenous government poli-
cy intervention say, can lead to the condition where there is more demand for 
goods and services than can be supplied by the economy. This can lead to price 
inflation, reaching a point where a reduction in g does not by itself correct the 
condition and end inflation. This condition of instability is referred to as over-
heating. The above theoretical maximum single year endogenous percentage 
growth rate in g may be plausible for infinitesimally small changes in C, D, R, N. 
However, due to physical limitations, the economy would begin to overheat long 
before the sustained growth rate in g approaches this value. We do not expect it 
to be a practical sustainable rate because it is so much higher than the parametr-
ically derived long run theoretical statistical expected endogenous growth rate in 
g of 1.8% calculated above.  

5. Conclusion 

The theoretical expected rate in GDPppp is 1.8%. Underdeveloped countries 
may have lower and even negative growth rates. Developing countries may have 
a higher growth rate while they catch up, especially since the base for computa-
tion is low. As the country develops the growth will approach 1.8%. For exam-
ple, such are the cases of Canada, Germany and the United States of America. To 
raise GDPppp a country must raise its CDR profile. It is well known that 10% of 
the people in the world are rich and getting richer while 90% are impecunious. 
Efforts to raise the CDR profile of those countries that remain poor are perfunc-
tory at best. 

The fraction of capital in the economy that is exogenous human ideas of crea-
tivity and imagination is 85%. The endogenous fraction is 15%. The world aver-
age expected GDPppp for year 2014 (selected to permit comparisons to other 
research on the same data) in this study was $16,282.50. This flow was accompa-
nied by inefficiencies due to unproductive circulations of effort on account of 
overthinking and overregulation. The CDR model is global time invariant, 
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therefore the average can be calculated for any year for which the maximum and 
minimum GDPppp are known. For the first time, this paper shows that there is a 
maximum limit to endogenous growth of 30% that can occur in any one year. If 
this limit were to be approached in more than one successive year, instability 
would occur before long. We end by noting that the growth rate in GDPppp 
where economic instability begins has never been formally calculated in the field 
of economics. A study on the dynamics of instability would be a most worth-
while endeavor. 
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Nomenclature 

Capital (source): See human capital. 
Capitalist: One who deploys one’s personal capital so as to maximize one’s 

benefit. 
Capital stock: Fixed installed capital less depreciation and obsolescence plus 

skills and knowledge acquired from entrepreneurs and taught to others. 
Capitalism: Mechanism for the collection and assembly of capital. 
Catalysis: The creation of alternative pathways to enable a process. 
CDR index: The vector inner product (dot product) of the global constant 

[1.53 0.14 0.23 -1.21] and the country [C D R C∙D∙R]. 
Collaboration: The plan and execution thereof by participants for their inten-

tional mutual benefit of shared goals, objectives, and rewards. 
Company: The instrument of capitalism for the profitable investment of capi-

tal. 
Cooperation: A plan and execution thereof by participants, each with their 

own personal self-interest and economic gain in mind yet yielding unintended 
mutual benefits. 

Democracy: Private work force idea participation and periodic election of 
public representatives (catalyst for the process of generating G from capital). 

Economic development: The improvement in infrastructure and social well-
being. 

Economic growth: The improvement in per capita real gross domestic product 
adjusted for purchasing power parity. 

Endogenous: Generated from within a system. 
Entrepreneurship: The process of starting a business, typically a startup com-

pany offering an innovative product, process or service. 
Exogenous: Generated from outside a system. 
Gross domestic product: The monetary value of all the finished goods and 

services produced within a country’s borders in a specific time period (economic 
growth = change in GDP). 

Growth in Wealth: Gross domestic product less consumption, depreciation 
and obsolescence. 

Human capital: Capital human ideas of imagination and creativity and skill 
(not including physical corporeal labor). 

Human labor: Physical corporeal labor (not including capital human ideas of 
imagination and creativity or skill). 

Limited liability: Limitation of loss to capital invested. 
Natural resources rents: Surplus value of natural resources after all costs and 

normal returns are accounted for. 
Normal distribution: A distribution containing a most frequently occurring 

typical score at its peak (center) and atypical scores with lower and lower fre-
quency as they occur further and further away from the mean. 

Property rights: Property is a legal expression of an economically meaningful 
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consensus by people about assets, how they should be held, used and exchanged. 
Rule of Law: Reverse of corruption (protection of shareholder and other 

property rights) (catalyst for the attraction of capital). 
Shareholder: An owner of shares in a company. 
Virtue: Self-governing human property that promotes fairness and justice 

without the need for central government. 

Appendix 

 
 

Year 2014 G vs CDR Index for 79 countries (line). Bubble size (21 countries) 
is the square root of population. This model was re-estimated for panel data and 
individual years 1995 to 2016 with similar results. For additional comments on 
the countries listed see Ridley (2017a, 2017b).  
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