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1 Introduction
We consider the following stochastic reaction—diffusion equation with multiplicative

noise:

g—’:—Au+f(u):g(x)+buo ‘il—vf, xel,t>0,
u(®)|pu =0, t=0, (1.1)

u(x,0) = ug(x), xel,

where U C RN (N > 3) is a bounded smooth domain, b is a positive constant and g €
L2(U). “o” denotes the Stratonovich product and W (¢) is a two-sided real-valued Wiener
process on a probability space which will be specified later. The nonlinearity f € C}(R,R)
satisfies the following conditions:

f0)=0,  f(s)=-1 (1.2)

—cy + c1lsl? < f(s)s, (1.3)
and

|f(s1) = f(52)] < csls1 —sal(1+ Is1 P72 + [s2/77), (1.4)

where ¢, ¢, ¢3, [ are some positive constants and p € [2, 00).
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As an important mathematical model, stochastic differential equations can describe
many different physical phenomena when random spatio-temporal forcing term is taken
into account. Some of the key problem for this kind of equation are to establish the ex-
istence and regularity of random attractors. The concept of random attractor was intro-
duced in [1, 2], with notable development given in [3—14]. As applications, most other
authors extensively investigated the existence of random attractors for some stochastic
reaction—diffusion equations; see [15—-32] and the references therein.

For instance, provided that g = 0 in (1.1), some significant results have been achieved.
For instance, Coaraballo and Langa [24] obtained the existence of finite dimensional ran-
dom attractor in L*(U) when f(u) = —Bu + u>. Li et al. [25] used the quasi-continuity and
omega-limit compactness introduced in [15] to obtain the (L*(U), L?(U))-random attrac-
tor for the problem (1.1), where f(u) is a polynomial of odd degree with a positive lead-
ing coefficient. Assuming that f(«) = —Bu + u> and b = h(t) in (1.1), Fan and Chen [27]
gave a new method (without transformations) to study the existence of an L?({/)-random
attractor. When the nonlinearity f(u) satisfies the polynomial growth of arbitrary order
p > 2, Wang and Tang [29] showed the existence of (L?(U), H}(U))-random attractor for
the problem (1.1) exploiting the method of the deterministic systems introduced in [33].
When g # 0, Zhao [28] proved the existence of H} (U)-random attractors for (1.1) by using
the quasi-continuity ([15]) along with the compactness of an omega-limit set.

Inspired by the above papers, we will continue studying the asymptotic behavior for
the stochastic reaction—diffusion equation with multiplicative noise. Especially, we are
interested in understanding the integrability and continuity of the solutions of Eq. (1.1)
with the forcing term g # 0.

On the one hand, we know that obtaining certain higher-order integrability and regu-
larity are significant for better understanding the dynamical systems. When b = 0 and the
forcing term g belongs to L2(U) or H~}(U), the solutions of the equation in the determin-
istic system are at most in H>(U) N L%*~2(U) or H}(U) N L (U) and have no regularities.
As regards the stochastic system, if the initial data uy and forcing term g belong to L*(U),
then the solution u with the initial data #(0) = uo belongs to L*(U) N Hj(U) N LP(U) only
and has no higher regularity because of the random noise term. Compared with the case
g =0 mentioned above (from [25]), the case g # 0 is even more complicated. The reason
is that the regularity and integrability of the solutions depend not only on the growth ex-
ponent p, but also on the regularity and integrability of g. Therefore, a natural question is:
can we get some higher integrability when g # 0?

On the other hand, comparing with verifying the (norm-to-norm) continuity and
asymptotic compactness, it is easy to check the quasi-continuity and the flattening condi-
tions for most of the dynamical systems, especially in the space H}(U) and LP(U) (p > 2);
see [34, 35] for details. For the deterministic autonomous reaction diffusion equations, the
authors [36] first proved the continuity of solutions in Hj () for any space dimension N
and any growth exponent p > 2 by the method of differentiating the equation. However,
for the stochastic case, since the Wiener processes W (¢) are continuous but are not differ-
entiable functions in R, we cannot use such a method to obtain the continuity in H3 (/).
Thus, for any space dimension N and any growth exponent p > 2, we address the question
whether or not we can obtain the continuity of solutions in H}(U) by some new kinds of

estimates.
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In order to answer the above two problems, we follow the ideas from [21] to obtain our
main results, in which the authors investigated the high-order integrability of difference
of solutions and existence of random attractors for the reaction—diffusion equations with
additive noise.

The remainder article is arranged as follows. In Sect. 2, we first recall some definitions
and known results about the pullback random attractors, then we give the well-posedness
of a solution and the existence of random attractors in L>(U). In Sect. 3, we establish the
higher-order integrability of the difference of the solutions near the initial time and get the
continuity of solutions in Hj (U). Furthermore, as an application of above continuity and
higher-order integrability results of solutions, we show (L2(U), L?(U)) and (L*(U), Hy(U))
D-pullback random attractors for the problem (1.1).

2 Preliminaries

Throughout the paper, we denote the norm of a Banach space X by || - || x. For the sake of
convenience, we denote the norm of L"(U) (r > 1, r #2) by || - ||lz7@). The inner product
and norm of L(U) will be written as (-,-) and || - ||, respectively.

2.1 Random dynamical system
In this subsection, we collect some definitions and known results regarding pullback at-
tractors for random dynamical systems from [1-5, 7, 8, 17, 18, 21, 37].

Next, let (X, - |lx) be a separable Banach space with Borel o-algebra B(X). We use
(2, F,P) and (X, d) to denote a probability space and a completely separable metric space,
respectively. If Y and Z are two nonempty subsets of X, then we use disty(Y,Z) to de-
note their Hausdorff semi-distance, i.e., disty (Y, Z) = sup,y infzez ||y —zllx forany Y C X,
ZCX.

Definition 2.1 Let 0 : R x £2 — 2 be a (B(R) x F, F)-measurable mapping. We say
(82, F, P, (6;)ccr) is a metric dynamical system if 6, is the identity on £2, 6,,; = 6; o ; for all
t,seR,and ;P =P forall t € R.

Definition 2.2 Let (£2, F,P, (0;);cr) be a metric dynamical system. If the cocycle map-
ping @ : R* x 2 x X — X satisfies the following properties:
(i) @:R* x £ x X — X satisfies (B(R*) x F x B(X), B(X))-measurable;
(ii) @(0,w,%) =%, Vo € 2,x € X;
(iii) D (¢, 050, P (s,w,%)) = D(t +s,w,%),Vs,t e R*, x € X, w € £2,
then @ is called a random dynamical system. Furthermore, @ is called a continuous ran-
dom dynamical system if @ is continuous with respect to x for t > 0 and w € £2.

Definition 2.3 A set-valued map K : £2 — 2% is called a random set in X if the mapping
w > dist(x, K(w)) is (F, B(R)) measurable for all x € X. A random set K : £2 — 2 is called
a random closed set if K(w) is closed, nonempty for each w € £2.

Definition 2.4 A random set K : 2 — 2¥ is called a bounded random set if there is a

random variable r(w) > 0, w € §2 such that

diam(K (w)) = sup{|lxllx : x € K(»)} < r(w), forallwe £2.
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A bounded random set K := {K(w)}pep is said to be tempered (£2, F, P, (6;);cr) if for P-
ae wEeE 2,

lim e diam(K(0_;»)) =0, forall 8> 0.
t—>+00
Definition 2.5 Let D be a collection of random sets in X. Then a random set K € D is
called a D-pullback absorbing set for a random dynamical system (0, @) if for any random
set D € D and P-a.e. w € £2, there exists T = Tp(w) > 0 such that

?(t,0_,0,D(0_0)) € K(w), forallt>T.

Definition 2.6 Let D be a collection of random sets in X. Then @ is said to be D-pullback
asymptotically compact in X if for all P-a.e. w € §2, the sequence

{cb(t,,, 0_t,,%y) }Zl has a convergent subsequence in X
whenever ¢, — oo and x,, € K(6_;,w) with K(w) € D.

Definition 2.7 Let D be a collection of some families of nonempty subsets of X. Then
A = {A(w)}wese € D is called a D-pullback attractor for a random dynamical system @ if
the following conditions (i)—(iii) are fulfilled:
(i) A is a compact random set, that is, w > dist(x, A(w)) is measurable for every x € X
and A(w) is nonempty and compact in X for P-a.e. w € §2;
(i) A isinvariant, that is, @ (¢, w,A(w)) = A(6;w), for P-a.e. w € §2 and every ¢ > 0;
(iii) for every D = {D(w)}wes €D,

lim distx(® (¢,0_,0,D(0-,0)),A(w)) =0, P-almost surely,
t—>+00
where disty is Hausdorff semi-metric given by distx(Y, Z) = SUp,.cy inf,ez |ly — z|lx
forany Y € X and Z C X.

Theorem 2.8 ([3]) Let D be an inclusion-closed collection of some families of nonempty
subsets of X. Suppose that ® be a continuous random dynamical system on X over
(82, F, P, {0¢}ier). If there exists a closed random absorbing set K € D and @ is D-pullback
asymptotically compact in X, then @ has a unique D-random attractor A € D,

A) =(J (600, K(O0), wef.

§>0 t=s

2.2 Well-posedness of random dynamical system generated by (1.1)
We consider the probability space (§2, F,P), where

2 ={w e C(R,R),w(0) = 0}.

F ais Borel o-algebra induced by the compact-open topology of §2 and PP is the corre-
sponding Wiener measure. Then we will identify w(£) with W (¢£), that is,

W(t) = W(t,0) = w(t), teR.
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The time shift is simply defined by
Oiw(-) =w(-+t) —w(t), forallwe 2,teR,

then (£2, F, P, {6;}:cr) is a metric dynamical system.
Now we convert the problem (1.1) into a deterministic system with a random parameter.

For this purpose, we consider the Ornstein—Uhlenbeck process

0
z(6,w) = —/ e'(Ow)(t)dr, teR,

{o¢]
and it solves the It6 equation
dz + zdt = dW(¢). (2.1)
From [16, 38], it is known that the random variable z(w) is tempered, and there exists a 6;-

invariant set £2 C 2 of full P measure such that for everyw € 2, t > z(f,w) is continuous
in t and

1 t
|Z(9tw)| _ 0, hm _f Z(Osw) dS = 0‘ (2.2)
0

t—=+o0 ]| t—+oo t
Furthermore, there is a tempered random variable r;(w) > 0 such that
|2(6)] < € 1y (). (2.3)
Setting a(w) = e™%4), it is clear that both a(w) and a~!(w) are tempered, a(6,0) is con-

tinuous with respect to ¢ for P-a.e. w € §2. Thus, applying Proposition 4.3.3 in [5], we find

that there is a %—slowly varying random variable r;(w) > 0 such that

<a(w) < rn(w), (2.4)
ry(w)

where r,(w) satisfies, for P-a.e. € £2,

M

A
e’Tlmrz(a)) < r(6iw) < eTmrg(a)), teR. (2.5)
From (2.3)—(2.5), we have
A A
3—71”‘;«2‘1(0)) < a(b0) < eV ry(w), forP-ae we 2,teR, (2.6)

where 1, is the first eigenvalue of —A with Dirichlet boundary condition.
Choosing r(w) = max{r; (), r2(w)}, we will, respectively, convert (2.3) and (2.6) into the

forms

|2(6,0)] < 7 r(w) 2.7)
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and

A A
e 71 w) < a(@o) <e?r(w), forP-ae we 2,teR, (2.8)

where r(w) is also tempered.

Next, in order to show that the problem (1.1) generates a random dynamical system, we
let v(t) = a(6;0)u(t) and a(f;w) = e?*®), Then, applying (2.1), we will convert (1.1) into
the following deterministic equation with random variable:

¥ Av+ao)f (@ (Gw)v) = a(B,w)g®) + bz(B,0)v, xel,t>0,
v()lou =0, t>0, (2.9)
v(0, w) = vp(w) = a(w)uy.

From [25], it is well known that for P-a.e. w € £2, for all vo(w) € L*(U) and g € L*(U), the
problem (2.9) satisfying the condition (1.2)—(1.4) has a unique solution,

v(-, w,v0) € C([0,00), L*(U)) N L¥([0, 00), L7 (U)) N L*([0, 00), Hy (U)).

Furthermore, v(¢, w, vo) is continuous with respect to vy in L2(U) for all ¢ > 0 and P-a.e.
w € 2. Thus, we know that u(f) = o~ 1(0,0)v(¢) is a solution of (1.1) with ug = a~H(w)vy.
Denote the mapping @ : R* x £ x L2(U) — L*(U) by

D (t,w,ug) = u(t,w, ug) = a‘l(etw)v(t, a),a(a))uo),

then @ (¢, w, ug) satisfies conditions (i)—(iii) in Definition 2.2 and is continuous. Therefore,
@ is a continuous random dynamical system.

2.3 Random attractor in L2(U)
In this subsection, we give some estimates of solutions to obtain our main results.

Lemma 2.9 Assume that g € L*>(U) and (1.2)—(1.4) hold. Let D € D and uy € D(w). Then
for P-a.e. w € 82, there exists Tp(w) > 0 and the tempered functions p;(w) >0 (i = 1,2,3)
such that the solution v(t,w,vo(w)) of (2.9) with vo(w) = a(w)u(w) satisfies, for all t >

TD((D)’
[ v(t, 610, v0(0-1)) |* < pr(); (2.10)
t+1
/ Hv(s, 0_i_1, vo(G_t_lw)) ”ip(u) ds < py(w); (2.11)
t
and
t+1 3
f || Vv(s, O_i 1, VO(Q_Ha))) || ds < p3(w). (2.12)
t

Proof Taking the inner product of (2.9) with v in L(U/), we find that

d
%E VI + 1VVI? = —(a@o)f (o Orw)v),v) + (a(b:0)gx), v)

+ (bvz(6,w), v). (2.13)
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By using (1.3), we have
(2O )f (a7 Br0)v),v) = 01a2’p(9ta))||v||1zp(u) — o |U|o?(B,w). (2.14)

At the same time, applying Holder’s inequality and Young’s inequality, we conclude that

o (Qta))

(2(6r0)g(x),v) < ———ig||* + Wwﬁ (2.15)

and
|(bvz(6,),v)| < blz(6,w)] VI, (2.16)

where 1; is the first eigenvalue of —A with Dirichlet boundary value in (2.15).
Thus, (2.13)—(2.16) imply that

d
p IVIZ + 211 VI? + 261> P (6:0) VI

2
<20, |U|o*(b,0) + ”‘i—”a (O:) + A [VI1* + 2b|2(0,0) | |VI1>. (2.17)
1

Using the Poincaré inequality | Vv||> > A ||v]|? in the above result, we have

d
I IVIZ + (A1 = 26|2(6:0) ) IVII> + 2107 @) 1VI1] 5 1)

gl 5
1

< 2¢|U|0?(0,0) + = (0,0). (2.18)

Then, applying Gronwall’s lemma, we get

V(8 0, vo(@) ||* < & o erel de=rary 2

t
+ 2C2|U| / ebeSt |Z(9ra))\dT+)»1(S—t)a2(95w) ds
0

2 t
+ ”i” / €2b/5t |z(0r w)| dr+k1(s—t)a2(esw) ds. (219)
1 0

Substituting w by 6_,w for above inequality and using (2.8), we find that
“ V(t, 0_sw, V0(97t0))) || ? < ebeot |2(0r—rw)| dT—21t || vo(6_,) “ ?

t
+2¢,|U] / ebeSt |z(¢9r—zw)|dr+kl($—t)a2(95_tw) ds
0

2t
. llgll /ezbf;\z(ef_tcu)\dr+)\1(s—t)a2(9S7tw)ds

A1 Jo

< IOty 0 o) |

2
( 2|u|+”§_”) )/ bes IZGTa)\drds
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0
It is obvious that 22/~ [Z¢ro)ldr jg tempered, that is, there exists a random variable r3(w)

0
such that e/~ Z¢ro)ldz < r3(w). In fact,
Bt 2b[ l2Bro)ldT _ Bt 2bt-%; [§ £ 20 )| dv < g Pledht A =e’%
from (2.2) and z(6;w) is tempered, where S is a positive constant. Notice that D(w) € D is

tempered, then vo(6_;w) € D(0_;w) is also tempered. Moreover, it follows from the prop-
erties of the Ornstein—Uhlenbeck process that

0
0
/ b )i Zbzoldr go o)
-0

Hence, combining with the above results, we set

2 0 )
p1(©) = e 1r3() o) | + <2cZ|LI |+ _||§” )rz(w) / I e g,
1 —00

then (2.10) holds.
Next, we will prove that (2.11) holds. Integrating (2.17) over [¢,¢ + 1] with respect to ¢
and replacing w by 6_,_;w, we obtain

t+1
/ o> P (Os_0) || v(s) Hiﬂ(w ds
t

1 t+1 )
<2l / (2l 0] ) ds). o0

Since
t+1 0
/ @* P (Os-p10) | v(s) ”ip(u) ds =/ P(Osw) [vls + £ + I)HZ’(U) ds
t
> 2 p(w)/ ||v(s+t+1)||Lp(u

+1
> (Hw)e )™ / [905) 2 . (2.21)

we can get

[ 1l
(r@)e? g
< 7;" w;ﬁ (Hv(t)” + (202|L[| g1 >/_1 2(95a))ds)
(r(w)e? -2
+ —_—

t+1 0
<k1 / ||v(s) ||2 ds + Zb/ |z(6‘sa))| ||V(S +t+1) ||2 ds)
2¢1 t -1

< 7<(1 + A1+ 2be%r(w))p1(a)) + <2cz|L[| 4§ ) ’\‘rz(a))),

1

Page 8 of 28
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by using (2.7), (2.8), (2.10) and combining (2.20) with (2.21). So (2.11) holds if we choose

)\71 -2 1
0 (w) = W ((1 + A1 + 2be? r(w))pl(a)) + (202|U| 4§ ) 1y (w)).

Finally, taking ¢ > Tp(w) and s € (¢, ¢ + 1), integrating (2.17) from s to £ + 1, it follows that
9 t+1 )
[v(e+ 1)])? +2 / V()|
< v+ ( el + 181 ) f (6 ) dt
S
t+1 ) t+1 )
+ 2 / [v(x)||" dr +2b / |2(0; o) ||v(r)]" dr. (2.22)

Again integrating (2.22) over [t, ¢ + 1] with respect to s and replacing w by 6_;_;w, we infer

that
t+1 9 1 t+1 9 ”g” 2
/ || Vv(t)” dr < 5[ ||V(s)|| ds + ( S| U | + )/ O, 1w)dt
t t t

)\1 t+1 9 t+1 9
v 2 / V(@) dr + b / |2(0r—110)| | V()|
t

t+1
< %/ ||V(S)||2dS+ (62|U| Il )/ (0, w) dt
¢ rM o) Ja

}"l t+1 9 0 9
e e de/ l2(0:0)| |z + ¢+ D de
t -1

1+ 2
< < T + 2beir(w))p1(a)) + <C2|U| + M)e’\lrz(a))
2 20

by using (2.7), (2.8) and (2.10). Thus, let

o3(w) = (1 +2k + 2be?2 r(w))pl(w) + (cz|L[| + ||g||12> e'r(w),

then (2.12) holds. O

Lemma 2.10 Assume that g € L*(U) and (1.2)—(1.4) hold. Let D € D and uo(w) € D. Then
for P-a.e. w € 2, we have Tp(w) > 0 such that the solution u(t, », up(w)) of (1.1) satisfies,
forallt> Tp(w),

| (t,0-00,u6(0-)) | * < (@) o1 () (2.23)
and

| Vau(t,6_ 0, 10(6_)) |* < pale). (2.24)
Proof Combining (2.10) with v(¢, w, vo(w)) = a(0:w)u(t, w, up(w)), we have

|u(t,6-10,u0(6_10)) |* = || @)V (8, 0_0, vo(6_@)) |* < (@) p1 ().

Page 9 of 28
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Now, multiplying (2.9) by —Av and integrating over U, we find that

%%uvwﬁ + 1AV + («@o)f (a7 B,0)v(D)), - Av)

= (a(6,w)g(x), —Av) + (bzv, - Av).

By using (1.2), Holder’s inequality and Young’s inequality, we have

(a(Ow)f (a7 Bro)V(t)), —Av) = =1 V||,

o2 (0,0)

|(¢(Brw)g(x), -Av)| < Tllgll2 +Av)?,

and
|(bev, ~Av)| < bl Vv].

Thus, it follows from (2.25)—(2.28) that

d o?(6,w)
d—tHVVH2 < 2||VV|[* + 2bl2] | Vv||* + Tt lgll.

Now, taking ¢ > Tp(w) and s € (¢, £ + 1), integrating (2.29) from s to ¢ + 1, we get

t+1 t+1
[vvie + | <21 / | Vv dr + 26 f |2(6,0)| | V(0) | dx

2 t+1
+ ”gT"/ o2 (O:w)dt + || Vu(s)|”.

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

Integrating (2.30) over [£, ¢t + 1] with respect to s and replacing w by 6_;_; w, we deduce that

V(e + 1,6 10,v0(610)) ||

t+1
<1+ 21)/ |Vv(s,6-t10,v0(0-r10)) szs
t
2 t+1
+ M/ az(er,mw) drt
2 )i

t+1
+ Zb/ |z(9,_t_1a))| HVV(I,G_Ha), V0(9_t_1a))) ||2dt
t

2 [0
<1 +2)ps3(w) + @/_ (0, 0)dt

1

0
+ Zb/ |20 )| | V(T + £+ 1,0_ 10, v0(0_-10)) ||2dr
-1

eA

< (1204 2bor(@)) p3(@) + 5P (@) g

by using (2.7), (2.8) and (2.12). Choosing

Al
pa(@) = (1+ 21 + 2b/er(e)) p3(e) + %rz(a))||g||2,

Page 10 of 28
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and combining with
v(t) = a(t)u(t),
we complete the proof. O

Combining the boundedness of solutions in H}(U) given in Lemma 2.10 with the
Sobolev compact embedding H{ (1) <> L*(U), it is easy to obtain the compactness of so-
lutions in L2(U). Thus, by Theorem 2.8 we obtain the following result.

Lemma 2.11 Assume that g € L*(U) and (1.2)—(1.4) hold. Then the continuous random
dynamical system @ generated by (1.1) has a unique D-random attractor A, that is, for P-

a.e. w € 2, A is nonempty, compact, invariant and D-pullback attracting in the topology
of L*(U).

3 Uniform estimates of solutions

In this section, the estimates on the higher order integrability for the difference of solutions
near initial time will be given. At the same time, we also prove other corresponding results.
For the sake of convenience, we choose C as the positive constant which may be different

from line to line or in the same line in our paper.

3.1 Higher order integrability near initial time

Theorem 3.1 Assume that (1.2)—(1.4) hold, and b > 0 and uy; € D(w) (i = 1,2) is the initial
data. Then, forany T >0, any k = 1,2,... and P-a.e. w € $2, there exist positive constants
Mi(w) =M k,b,N, T, r(w), r3(w), A, ||uo;|l), such that

N k
N-

th||tbku(t)n (; <Mi(w), foralltel0,T),
N-2) (U)

and

T b Q(L)kﬂ 1%
/ < / P ()| dx) dt < My (),
0 u

where u(t) = @ (t, w)ug1 — D (¢, w)ugy and

1+NL
———— fork=2,3,.... (3.1)

1 1
b1:1+§, b2=1+§+1 and bk”:bk+2(NL)k+1

Proof We see that u(¢) satisfies the equation
4 AL+ f(ur(8) — fua(t) = biro G, (x,£) e U x (0,7T),
u(t)pu =0, t=0, (3.2)

(0, ) = ug (w) — up(w),

where u;(t) = @ (¢, , ug;(w)) (i = 1,2) is the solution of Eq. (1.1) with initial data u,.
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Due to v(t) = a(6,0)u(t) with a(6,w) = e 7%%®), we convert Eq. (3.2) into the equation

- AV + a(0,0)(f(ur(t)) - f(u2(8))) = bzv,  (x,8) € U x (0, T),
v(t)lou=0, t=>0, (3.3)
(0, w) = vo1 (@) — voa(w).

Our proof will be completed in two steps.
We can justify the following estimates by means of the Faedo—Galerkin approximation

procedure.
e For the case k = 1. Taking the inner product of (3.3) with ¥ in L?(U), we find that

d
%% V11> + VVI* = —(a(Br00) (f (u1(2)) = f (u2(2))), V) + blel|VII*, £€(0,T).  (3.4)

By using (1.2), we have the following estimate:

—(@(0:0) (f (u1(0)) — f (a(8))), V) < LIVII>. (3.5)
It follows from (3.4) and (3.5) that

d _ _ _ -

EIIVII2 + 2] VVII? < 207)1* + 2] | 7I]°.
By Gronwall’s lemma, we conclude

||17(t) ”2 < ezltezbfg |2(0r )| dT ” 7(0) ”2 (3.6)

't
It is obvious that 22 /o [ZereldT jg tempered, that is, there exists a random variable ry(w)

such that e2¢/o l2@ro)ldr < ra(w). In fact,

o Bt I3 200 dr _ y=pt 2bt-1 [ 12(6:0) Ee—ﬂtebe% -8t

—e ,

from (2.2), where B is a proper positive constant.
Then, (3.6) is equivalent to the following form:

[90)]? < @) |(0)|°, Ve elo,T1. (3.7)

Furthermore,

T
[ Ivso)*as

1
< [0 +1/ 765 ds+b/ 2l 765) | s
%“V(O)” +lr4(a))/ 213 V(O)H ds + br(w)ra( w)/ eZeZIS”V(O)” ds
QLT
< 2O + 1@ O + o) L s

= C(Lb, T, r(w), ra(w)) ||V(0)|| (3.8)

Page 12 of 28
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And then it follows from ||| 2~

So,

< ¢||V¥|| (c is the embedding constant) that
/ || s) || oW ds< cC(l, b, T,r(w),7s w)) ||v(()) ||

(3.9)
T

/ ”sblv(s)”“%(u) ds:/ 2, ”V(S) ” . ds
0

N-2(U)
T
< T2b1/0 H]_/(S)”ZAZ[NZ “

< C(L,b,¢,by, T, (@), ra(@)) | 70| . (3.10)

Taking the inner product of (3.3) with [¥|¥=272 . ¥ in L?(1/) again, we obtain

N-2d 21 / X

Vi) | N2 d
o @O, e [T
N
(+blz]) [v(0)| Ry

it follows that

H 1het

2(N+2)
LN- 2(u

/va(t)p%\ dx
u

AN + blz))
<
=T N-2

A
[7@) "%
LN-2

Multiplying both sides of (3.11) with ¢t3-2, for a.e. t € (0, T'), yields
3N d 3N 2(N +2)

tN-2 — + tN-2

)

(3.11)

f;v|a(t)|%| dx
u
it (t>||”

At the same time, we see that
d. . . 2N
Sl / #8550 2

Therefore, for a.e. t € (0, T), we have

b1, %
21l %,

u
- 2N(l + b|z])

N-2

15(0)| 2 2 dx
3
+

e
N-2

b o, 1\2]]:[2
”t "(t)” 2N
LN-2

1| b1 = 25
e 5,

~2(U)

Page 13 of 28
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< C(,N,b)(1 +|2(0,0)| + £7) | £719(2) ||§i_2(u)

<CUN,b)(1+etr(w) + ) |90 | Y5 (3.12)
LN=2 (1)
where C(/,N,b) = max{f[—]fé, %, A?;—]_Vz}. Thus, fora.e. £t € (0, T),
d by - 2 14 by - 2
t—| 90| % < CUN,b)(t + te2r(w) + 1) || 9(0) | Vo
dt N-2 (1) LN=2 (U])
< CUN,B)(T + Teb r(w) + 1) |70 | 75, (3.13)
LN-2 (1)
and
d d =
t%”tblf/(t)”i%(u)— d—( |tb1 t)|N2dx>
N NP1 d N
= by s @ g N-2
N </ |t v(t)| dx) T ||t V(t)”“%(u)
N-=-2 N NP1
<— </ |tb117(t)|“"2dx)
N \Ju
T 2N
C(L,N,b)(T + TeZ r(w) + 1) |90 | V2
LN-2 (1)
< C(LN,b)(T + Te? r(w) + 1)E |50) |12 2 (3.14)
= ) ) N LN ) .
For any fixed ¢ € (0, T), integrating (3.14) from 0 to ¢, we have
! d by -, 2 b1+ 2 t b=, 2
/0 sy ds=el Oy, - /0 5007 s, ,
< CUN,B)(T + TeF rlw) + 1) 222
t
||sb1v H N ds.
LN-2(U)
Then, using (3.10), we have
_ T
thblv(t)Hi%(u) < (C(l,N,b)(T+ Te? r(w) + 1) + 1)
/ |5b1 v(s) || 2N
< (CUN,b)(T + Te7r(a)) +1)+1)
C(Lb,c, by, T, r(w), r4()) ]| 70|
and
(3.15)

TN /
N2 [0 VR < Mj(w),
LN-2
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where

N

M) = (CU,N,b)(T + Te? r(e) + 1) + 1) 2

(C(Lb T, ¢, by, (@), 14(@))) V22 [7(0) | 2.
Hence, fora.e. £ € (0, T), we get

]\% b1~ 1\2]]_\[2 _ ]\% by -1 = ]\%]—\[2
e | a| V3 = e | e (009 | Nk
LN-2 (U) LN=2(U)

< (@(6.0)) 2 M (0)

< (e4H(@) T2 M} () = M} () (3.16)

from (2.8), (3.15) and ¥(£) = a(0,;w)u(t).
Multiplying (3.12) by 32 and combining with (3.15), we have

o 2 || +t%72(NN+2)/U‘V]tblfz(t)‘f‘%]zdx

-t glesolfy 2D et s
22U N u

< C(,N,b)(t¥ + tR2 el r(w) + £N2 1) W2 ||tb117(t)“2‘2’§2,\,2

=

el r(w) + tl%’l)M/l(a)). (3.17)

|

< CUN,b)(EX2 + ¢

Integrating (3.17) over [0, T] with respect to ¢, we see that

T
kil / / V[ 5(0)|V2 P dxd
0 u

OIN (T 2N
Sy AR Gl B

t

+C(le)M/(a))/ (t72 + tN7 3 p(w) + tX2 ) dit

N- 2_1
< 2M( w) / ¥ dy
+C(le)M’(w)/ (t¥2 + e e r(w) + £827) dt
< C(LN, b, T, 7)) M (). (3.18)

At the same time, combining with ||17||L%(U) < ¢||Vv|| with (3.18), we conclude

T N 2N e T N
/ </(|tb2f/(t)|N‘2)N‘2 dx) dtfc/ /|v|t’f1*la(t)|N-2| dxdt
0 u 0 u

< C(l, N,b,T,c, r(a)))M’1 (). (3.19)

Page 15 of 28
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Hence, for a.e. t € (0, T), we get

T N 2N N
/(/(|tb2a(t)|N-2)N-2dx) dt
0 u
T N N 2N NP
:f (a(&,a)))ﬁ(/(|tb21‘»(t)]m)ﬁdx> dt
0 u

< (17T72(0)) 2 C(LN, b, T, ¢, r(w)) M} ()

< C(LN,b, T,c, 1, r(w)) M} () = M} () (3.20)

from (2.8), (3.19) and ¥(t) = a(0;w)u(t).
Set M; (w) = max{M/ (w), M}’ (w)}, we show that (4,) and (B;) hold from (3.16) and (3.20).
e Assume that (Ax) and (By) hold for k > 2. Next, we will prove that (A1) and (Bg;1)
hold.

Taking the inner product of (3.3) with |17|2(1% fri2 g

-y, we find that

N-_2 k+1 d Lz)kﬂ 2(%)/@1_1 B (%)ku )
2( N ) ||"(t || NAz)k+1(u)+W/U|V|V(t)| | dx

)k+

N
< (o) Ol

that is, for a.e. £ € (0, T)

2 ke 2(5 )k+1 1 (ke
S +27/|V|v<t>| M g
AN=2 (%] u

(N_—)k+1
20+ blal) - 2y
= 2yt |7 ('f)|| i) m(u)- (3.21)

Multiplying both sides of (3.21) with 202" bkt follows that

4 ot )kl )k+1 ( Y+l
(L)L, s
e o ) e [l
2(I + blz|) ket
5@” £ty t)” B N @)
k+1 Z(L)kqbk 1 2(N 2) +1
+2<m) U (t)” v W)
that is,
s k+1 _
R s e IR
N-2 o)
< C,N.k,b)(1+ |2(6r0)| + t'l) ||f"k”9(t)||i(zfz);+l w -

where C(I,N,k,b) = max{(NTjﬁ m 22")k+1 ,2(NN2)k+1bk+1}
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Firstly, from (3.22) we deduce that, for all ¢ € [0, T,
Az

IItbk*1 vl ol W e

)

N-2

— d b1y 2(%)k+1 R
_tdt</u|t V(t)| dx

N2 g
=tM< / Itbk+lv(t>|2“5v-2)k“) N 1||t"k+1 O3
N \Ju @

k

N
bics1 N )
CUN,k,b)(T + Te? + 1) || e%13(z) H eyl gy (3.23)

Integrating (3.23) over [0,¢], for all ¢ € [0, T], we have

- < (CU,N,k,b)(T + Te? +1) +1)

b 2
oS =
)

/ LRl NLM 2 (3.24)

Using (2.8) and (By), we also find that

r 2
/0 ||tbk+1 V(t)”LZE\]NLi)kH(u) dt

L

T
B e T
0 )

MT 2 (g K b o)k
(e 1 (%2 [ Ht kelgy(t P N )k“(u)dt

< (177(0) ¥ My(w). (3.25)
So, from (3.24)—(3.25) we obtain

2A )k T
N-2 <(CU,N,k,b)(T + Te? +1)+1)

biot 5
]| 2150 | 2k gy =

L

(TP @) ¥ My(w). (3.26)

In addition, we can get

T2, WS ] b (o)
(6 r ((1))) t”t M(t)” (L k+1
N-2 )

k

< t] i) || NL; (3.27)
72

)k+1 w
by using (2.8) and v(t) = «(6;w)u(t). Thus, from (3.26) and (3.27), we arrive at

thl”“lu t)|| ()" <(CU,N,k,b)(T + Te? +1)+1)

N )k —
2( +1 W

(TP @) M),
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which implies that

ot
()

N

< [(CUN,kB)(T + T +1) + 1) (172 (@))* 52 a7
(@) (3.28)

Secondly, after obtaining (3.28), we will prove (Bx,1) by (3.22). Multiplying both sides of
(3.22) by N , we find that

|2 %)kﬂ

AR H tbk+1v(t)} Al ot
N=27 ()

M

».

+22(L2)k+1_1 / bk+l+2(ﬂ

7/<+
Gy [, IVl o 1|2dx

<

< CULN,k,b)(t + t]z(0,0)] + )27 ||tb’<+1v(t)||2(N 2y (3.29)

+1

<u>'
Then, applying (2.8), (3.28) and the definition of by, we obtain

N \k+1
2§N=)

t1+ “ tbk+1 V(t) H (L k+1
N2 ()

2 N k+1_1 Nkl
s
N 2 u

< CULN kbt + tebr(@) + 1) (17 P(@) 2 MY, ). (3.30)

Integrating (3.30) over [0, T'] and applying (3.28), we obtain that
k+1 _ 1 T N vkl
2% / / |V]erervo) 27 dede
syt Joo Ju

N )k+1

< CU,N, k,b)(¢"7 P (w)) 72

IN-2 (T _
i / N2 | Peave) | TN dt
N-2Jo X2 w

< CUN, &, B)(e1Tr(@) 2 (T2 + T+ (27T + 4)r(w)) MY, (@)
2N -2 N_yk+
+ oy T(E P (@) 7 MY, (@)

C(I’Nr k’ b; )"1; T: I"((A)))M;(/+1(Cl)),

which, combining with (/;, 7| 2 dw) W < ¢ [,;IVV|* dx, leads to

T . o T .
/ (/|tbk+217(t)|2(%)k2dx>NZdtSC/ f}v|tbk+2v(t)|%)“{2dxdt
0 u 0 u

<C(LN,k,b, 11, T, ¢, r(w)) My, (). (3.31)
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Similar to (3.20), from (3.31) we also obtain

N
+ N=2
/ ( / |2 [ Nz)“dx> dt
L/ﬂl b ) %
A2 (9,0) ]tmv(t)\ N dt
0

< (172(0) ¥ C(LN K, by, T 1(@0) M,y (@). (3.32)

Set
M (@) = max{MkH,( T 2(a))) NL)MC([,N,/(, b,kl,T,c,r(w))M,ZH}.

Therefore, (3.28) and (3.32) show that (A1) and (Bx,1) hold, respectively. We finished
the proof. d

Theorem 3.2 ((L?,1>*?) attraction) Assume that (1.2)—(1.4) hold and b > 0. A € D is the
(L?,L?) D-pullback random attractor obtained in Lemma 2.11. Then the random set A € D
is also D-pullback attracting in the topology of L**° for any § € [0,00), that is, for every
random set D € D,

lim dist;2:5 (¢ (£ 6_c0, D(0_,)), A(w)) =0, P-almost surely, (3.33)

t—>+00

where dist;s:2 means that

dist;2+5 (A, B) = sup i 1nf lla = bl 25

acA b

for any two subset A, B in L*>(U).

Proof The proof is similar to the proof of Theorem 4.5 (from [21]), so we omit it. O

3.2 [P-Pullback attracting set
In this subsection, we will make uniform estimates for the solutions of Eq. (1.1) so that we

prove the existence of a bounded random absorbing set in L?(U) (p > 2).
Lemma 3.3 (Random absorbing set in L?) Assume that (1.2)—(1.4) hold and b > 0. Then

there exists a random absorbing set B € D such that for any random set D € D and P-a.e.
w € 2, we have Th(w) > Tp(w) such that

@ (t, 9_tw,D(9_ta))) C B(w), forallt> Té(a)), (3.34)
and

B(w) is bounded in L* (U).
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Proof Taking the inner product of (2.9) with |v|P~2v in L2(U), we find that

1d

~ M+ (=) /u VP2 VP dx

~ (@) (  (O0)v), VP 2V) + (bvz, [vIP~v)
+ (a(Opw)g(x), [VIP V). (3.35)
Using (1.3), Holder’s inequality and Young’s inequality, we have
(@ (@) (¢ Grv), [VPv) = caa® P (B IVI 15,5 ) = 51U (Br0), (3.36)

12 2(

where ¢4, ¢5 are positive constants, and

1 c
(€(B)gl), P v) < S—aBo) gl +  a* P @) IVI5 5, (3.37)
4

and
(bvz, IvIP2v) < blzllIvIGp - (3.38)

From (3.35)—(3.38), we get

d Ca
2l + S GV,

| < espllle?(Ow) + 2-a? () g
2C4.

+bplz| V115 1) (3.39)

Now, choosing ¢ > Tp(w) (Tp(w) to be the positive number in Lemma 2.9 and integrating

(3.39) over (s, ¢ + 1) with respect to ¢, we obtain

[v(z+ Lo vo(@) [y = (s @ vo@) [

2 t+1
+ <c5p|L[| + %) / o (0, w)dt
S

t+1
+ bp/s \z(@za))| Hv(r,a), vo(a))) ||1;,(u) drt. (3.40)

Next, integrating (3.40) over (¢, ¢ + 1) with respect to s, we have

t+1
(e 10900 [y = [ Il 3000) [

2 t+1
+ <c5p|LI| + pgi' ) / o (0, w)dt
t

t+1
+bp/t }z(@w)”}v(r,a), vo(w)) “iﬁ(u) dr.
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Replacing w by 6_;_;w and using (2.8) and (2.11), we conclude that
lv(t+1,60_ 10, vo(0-_s10) HII’,P(U)

t+1
5/ [v(s,6--10, v0(0-10)) [ A
t

2 0
+ <C5p|L[| + M)/ of (0, w)dt

2C4 1

0
+ bp/ |z(9,w)| ”V(‘L’ +t+1,0 0, V0(9_t_1a))) ||fp(u) dr
-1

2 0
smw+Gmw+ﬂﬂjmw/e4”m
2¢4 -1

t+1
+ bpe% r(w) f [v(t, 0100, vo(O_-10)) “ip(u) dt
t

pligl?

< ;o) + (Csplul +
264,

2 2
) &7 () + bpe? r(w) pa(®),
yZ5

that is,
vt + 1,010, VO(Q—t—lw)”Zﬂ(u) < pa(w). (3.41)
Then, from (3.41), for t > T)(w) > Tp(w),

ll(t + 1,610, u0(0-t10) 1]

= [la™ (O1)(t + 1,0_10, vo(0_10) I 1y,

pr
<e?2 r’(w)ps(w),

pAr

where p5(w) = e 2 r’(w)ps(w), that is, for w € £2,
B(®) = {u e W) : |ull2p gy < ps(@)}.
Therefore, B(w) is a random absorbing set for @ in L?(U). a

Theorem 3.4 Assume that (1.2)—(1.4) hold. The (L?, L*) D-pullback random attractor A €
D is also a (L2, L7) D-pullback random attractor, that is, A(w) is compact in LP(U) for P-
a.e. w € 82, A is ®-invariant and D-pullback attracting every random set D € D in the
topology of L (U).

Proof Using the interpolation inequality, Theorem 3.1, (2.4), (2.8) and (3.7), we have the
following inequality:

” ¢(t; w, Mn((l)) - @(t! , Mo(w) ”iP(u)

<1960, un(0) - Dt 0, 1o (@)% 5 4
L7 N=27 " (U)

Nt 0, un(w) - (8, 0, uo(@) ]|
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220
2<N2 ()

- 20
= 29) T e)q@tr,ZH (CU)I”Z (w)eZIHt ” V(O) “
( )"0

< LT A5 () ()| (@) = (@) |7,
where ry is given by Theorem 3.5.

From the above result and Lemma 3.3, it is obvious that the (L2(1), L?(1I)) D-pullback
random attractor A € D is compact in L?(U) for P-a.e. w € 2. O
3.3 Continuity of solutions in H)(U)

Theorem 3.5 Assume that (1.2)—(1.4) hold. If {u,(w)};° are bounded in LP(U) and
(@) — up(w) in LX(U) as n — oo, then, P-a.e. w € 2, for any t > 0,
D (t, 0, un(®)) > @ (¢, 0, up(w)), in Hy(U) as n— oo. (3.42)

That is, the following estimate holds:

”q)(t’ , u,,(a))) - (t , Uo a))) ”Hl(u

< Mt Z(w)C(c3,p,9 t,r0, 11, p1(w), M(a)) Mkofr3(a)

%), (3.43)

Q(L)ko
where 6 € (0,1) is the exponent of the interpolation inequality || - || ap-s < | - |5 N 2

with ko € N satisfying 2( )k0 >4p - 6,and ry = (35 N 2 26 +(2-20)by,.

Proof 1f we set i1,(£) = @ (¢, w, u,(w)) — (¢, w,up(w)) (n=1,2,...), then i,(¢) satisfies the
following equation:

B — Aity + f(n(8) = f((0)) = bita(t) o GF,  (x,8) € U x (0,2),
n( Nouw=0, t=0, (3.44)

11,(0) = uy(w) — up(w),

where u,(t) = @ (¢, w, u,(w)) (n=1,2) and u(t) = @ (¢, w, up(w)).
Thanks to v,(t) = a(f;w)u,(t) and a(8;0) = e %%, we may convert Eq. (3.44) into the
following equation:

3V” — AV, + a(0,0)(f (@ (0;0)vu(8) — f (7 (Br)v(2))) = bz,
( x,t) € U x (0,¢),
Vu(O)lou =0, >0,

1_/71(0) = Vn(a)) - VO(CU);

(3.45)
where v,(t) = @ (t,w, v,(w)) (n =1,2) and v(£) = (¢, w, vo(w)).
Firstly, it follows from (3.39) and (3.41) that
c
% [ 0w w2
2 Jo

12
g (] (%nguz +c5p|U|) /0 o (6,0) ds
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t
+bp / |20s)| [Va(©) [ 1) s
0

P p 2eM!t
< ||Vn(0)||w<u)+<2—C4||g||2+65p|U|) @
+ bpe2 r(w) ps(@). (3.46)

Combining (3.46) with the inequality

Lt [l

<4 ta“wswww(s)llié’;i(wds,
we obtain
[ 101
< C(p,carcs,t, 21, 1L IEIP) (Vi (O] ) + 7 (@) (347)

Therefore, we also obtain a similar estimate about v(¢), that is, we have the following
result:

/O [v(S) [ o 0y s + / V() | 202 0y s < (@), (3.48)

where M(w) depends on p, c4, ¢s, t, A1, |U]|, r(w), g%, ”Vn(o)”IZp(u)

In addition, using (3.7), we get

t 2t _
/ |7a(s)|* s < = 1r4(a))||17,,( vt > 0. (3.49)
0
Using (3.8), forall £ > 0,
Blom (12 L 2 T ! BN
[ Ivaeds < S+t [ [50) ds+b [ Jeteo] 50 s (350)
0 0 0

Next, taking the inner product of (3.45) with —Av,,, we find that

1d
E d_ Vv, ”2 +[|Av, ||2 (a(gtw)(f(a_l(etw)vn(t)) + (bzv,, —Avy)

—f (e (Br0)V(D))), AVY). (3.51)
Using the conditions (1.2)—(1.4), the Holder inequality and the Young inequality, we have

| (@) (f (¢ Gr)vu(®) —f (@  Becw)u(8))), AV,

<a [ BllanI(s ot o) ds
u

S .
< cs(e?'r()’ 2/ Pl AV, (L + vl + [V]P~2) dx
u
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AL
< c3(e 7 7(@)" 7 Tullpar-s | AT CR) (1 + 1Vl s + V1255 )

c? _ _
) ("’)(n vl 224+ v

1 -
<c(e?'r(w) i Vall s

12p-3
AV 2
NI (3.52)
2
and
_ _ Pz AV,
(b2 -a7)| = 22 5, o 122 (353)
2 2
From (3.51)—(3.53), we obtain
M, 24 W4 -
—||VVn||2 <C3( i )17 CZ(P)” n||L121p—3(u)||vn”i4p—6(u)
M 2p-4
+&3(e7 (@) @IV ) 19l as 0
+ b2z |91 (3.54)
Due to 2(%)" — o0 as k — 0o, we set kg = [log%&p —3)] + 1 € N such that
N\
2l —— 4p — 6.
(73)
Exploiting the interpolation inequality, we have
1Vl pap-6 < ”Vn” %o 1,11%,
v )
where 6 € (0,1) depends on p, k.
Thus, we conclude that
dV' 2_ 2 )‘Tlt()ZpZL ) 2p—4 2p—4
%” vll” < (13(8 r w) (p (” n”sz st ”V”sz-s(u))
: ||V,1||2 hd N o 17.1% + 61212 |9,11%,  for a.e. (0,¢). (3.55)
N=27 " (U)
Set
N 2-20
o= (_)— (2-20)b,.
N-2 2(N72)
Multiplying both sides of (3.55) with £0, we get
1 2p—4 2 2,
—||wn||2 < (e r(@) T CO) (Ivall 5 sy + Va5 1)
2-20
(2 b5 12RO VR o 20
(tN 2 ”t o0y, “LZ(A%)/(O(U)) N2 vl
+00% 2 ||Va 1%, (3.56)

where by, is given by (3.1).
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Moreover, due to Theorem 3.1, we know that there exists a constant M, (w) such that

2-20

2

(2o, )
N2 @)
< (€T rMy @)™, n=12...,5€[0]. (3.57)

So, for n=1,2,..., from (3.56)—(3.57) we obtain the following estimate:

p-0-1

d
[V < G @) CEME vl 55 ) [76)

26
L2r-3( ”

+ (@) COME ) 5 |70

+ 57082 |2(6,0) [ [ (s) | (3.58)
Next, multiplying both sides of (3.58) with s, for a.e. s € [0, ], we find that

p—6-1 2p—4

d _
s 2 VIO < (e @) M tvas) | s g [ 76) [

+ (P @) COME V)5 s 0 |76

+ 1705 |2(6,0) | [ 7 (s) |- (3.59)
Integrating (3.59) over [0, ¢] with respect to s, for 7 =1,2,..., we have
£ 9w, )]
<A1 )"" T oM / T2 [0 |
+ (1P ) CloIMg / IV 55 72| d
raeroen 97| ds + b2t (w) /0 17| ds
=L+5L+1; (3.60)

Note that we can obtain that

[ 1m0 o1 as

([l ([ Trorew) @on)

by the Holder inequality for /;. Combining with (3.48), (3.49), (3.61) and the interpolation
inequality, we have

[+ IO ) 10

t p—3
([l [ ol g)
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1
([ a)™

< ([ 11 o s

- [l o) as)
2002p-3)t _ |

'mfﬂw [7a(0)[*

200p-3)t
< C(p,0, p1(w), M(w), r4(w))w [7.00) [
So
I < 3t (@) COIMEY C(p, 0, pr(@), M), ra())

Q2l002p-3)t _

T =3 H (0) ” (3.62)

For the estimates of I, I3, applying (3.49)—(3.50), we deduce that

b <1+ (% [5n @17 + ¢+ bef ) [ 15,9 szs)

21t

-1 _
57 7@ 74(0) ||2> (3.63)

1
<(1+ry)t° (5 ||17,,(0)||2 + (l + be%r(a))) ¢
and
eth 9
I3 < tl”‘)bze‘ﬂ(a))gm(a)) ||17,,(0)|| . (3.64)
Thus it follows from (3.62)—(3.64) that (3.60) holds. That is,

||V17n(t) ||2 < C(es,p,0,t, ro,kl,pl(w),M(w),Mko, 2). (3.65)

Applying v,(¢) = a(0,w)u,(¢) and (3.65), we can get

|Vin(@)|” = |V (e " )7u(®) |* < 1% (@) | VIu(e) |

< "' (w)C(c3,p, 0, £, 70, M, p1(w), M(w), Mg, r4(@), || 72(0 )||2).
Thus, we finish the proof of (3.43), which implies that (3.42) holds. O

Theorem 3.6 ((L?, H}) attraction) Assume that (1.2)—(1.4) hold. A € D is the (L*,L*) D-
pullback random attractor obtained in Lemma 2.11. Then, the random set A € D is also
D-pullback attracting in the topology of Hi(U), that is, for every random set D € D,

lim dlstH1 (¢(t, O_tw,D(G_ta))),A(a))) =0, P-almost surely. (3.66)

t—>+00
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Proof Based on Theorem 3.1 and Theorem 3.5, we can utilize the same approach with
Theorem 5.5 of [21] and obtain this result. So we omit it. (]

Combining Theorem 3.5 with Theorem 3.6 and the existence of the absorbing set
(Lemma 2.10) in Hj(U), we easily find the existence of a (L%, H}) D-pullback random at-
tractor.

Theorem 3.7 The (L% L?) D-pullback random attractor A is also a (L*, H}) D-pullback
random attractor.
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