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Supplement to amt-2015-338
SA1 Coordinate system and conventions

Miiller matrices describe the effect of optical elements on the Stokes vector with respect to a
coordinate system and using a set of definitions about signs and directions. Different sets of
definitions can be found in the literature as discussed in detail in Muller (1969); some of
which are even inconsistent. The discussions led to the so-called Muller (or Muller-
Nebraska-) convention, which we follow in this paper (see also Hauge et al. (1980)). We use a
right-handed Cartesian coordinate system (see Fig. 8), in wich angles are defined counter-
clock wise, i.e. from the x- to the y-axis, when looking against the z-axis. The local z-axis
points in the propagation direction of the light. We define the reference coordinate system of
the lidar setup by the orientation of the polarising beam-splitter (PBS) in the receiving optics.
Light polarised with its E-vector on the x-axis, i.e. parallel to the incident plane of the PBS in
Fig. 7, is mostly transmitted by a usual PBS, while light with polarisation in y-direction, i.e.
perpendicularly polarised to the incident plane, is mostly reflected. The incident plane is
spanned up by the direction of light propagation (z-axis, propagation vector k) and the normal
of the reflecting surface, which means that the incident plane in Fig. 7 is the x-z-plane). The
parallel and perpendicular polarisations are also called the p- and s-polarisation, respectively.
The orientation of linearly polarised light is defined by the orientation of the plane of
vibration, which contains both the electric vector E and the propagation vector k.
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Fig. 7 Definition of the reference coordinate system with respect to the incidence plane of the
polarising beam-splitter.

Other Miiller matrix measurement configurations may have other arrangements for the
coordinates. All choices, however, are arbitrary, and lead to different Miiller matrices
(Chipman 2009b). There is no preferred set of definitions in the literature. According to our
choice of orientation, the diattenuation parameter D ist defined as
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In order to keep the results of the Miiller matrix calculations consistent when adding
reflecting surfaces as mirrors and beam-splitters in the optical setup, a right-handed xyz-



coordinate system is used with the z-axis in the direction of the light propagation. The vertical
(perpendicular) polarised light has its E-vector in y-direction,
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Fig. 8 Reflection of a Stokes vector.

S.2 Stokes vector and Miiller matrix

The Stokes vector and the Miiller matrix are one representation of the state of polarisation of
light, which is a based on measurable quantities. The Stokes vector describes the polarisation
state of a light beam, and the Miiller matrix describes how the Stokes vector changes when
passing through an optical volume, which can be an optical element or an atmospheric path
with scattering, absorbing and refracting properties. A Stokes vector can be determined by six
measurements of the flux / with ideal linear and circular polarisation analysers at different
orientations before a detector (Chipman 2009a; Ch. 15.17):

I”  parallel (horizontal) linear polarizer (0°)

I’ perpendicular (vertical) linear polarizer (90°)

I*  45° linear polarizer

135 o1; . (S.2.1)
I 135° linear polarizer
I®  right ciruclar polarizer

I"  left ciruclar polarizer
The Stokes vector is defined as
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Right-circularly polarised light is defined as a clockwise rotation of the electric vector when
the observer is looking against the direction of light propagation (Bennett 2009a). Another
representation, the so-called modified Stokes column vector (Mishchenko et al. 2002), uses
the horizontally (parallel, p) and vertically (perpendicular, s) polarised fluxes /, and I as the
first two Stokes parameters. They can be transformed from the Stokes vector with a
transformation matrix



I, 1 05 05 0 0)17
1 05 -05 0 0 I, =05(1+
A2 Q|_1,=05(1+0) (5.23)
U U 0 0 1 0||U I,=05(1-0)
Vv 4 0 0 0 L)N\V
and vice versa
1 I, I 1 0 0)1,
0 s I -1 0 0] 1,
=A"| = ' S.2.4
U U 0 0 1 O0|U ( )
4 Vv 0 0 0 1)\V
For fully polarised light, the Stokes parameters fulfil the equation
I'=0"+U*+V1? (S.2.5)
and for full linearly polarised light
12 — Q2 + U2 (S.2.6)

S.3 Depolarisation

Depolarisation is closely related to scattering and usually has it origins from retardance or
diattenuation which is rapidly varying in time, wavelength, or spatially over an optical device
(Cornu-, Lyot-, or wedge-depolariser). Depolarisation causes a loss of coherence of the
polarisation state (Chipman 2009a). The polarisation vector Ir reflected by the atmosphere
F(a) with linear polarisation parameter a from a generally polarised laser I, is (van de Hulst
1981; Sect. 5.32) (Mishchenko et al. 2002; Sect. 4).

1 0 0 0 i i
I,.(a) _ F(a)|M,I,) _|0a 0 0 |lgs\_| a4 S3.0)
FE,T.I, FT.I, 00 —a 0 |u —au, 7
0 0 0 1-2a)v, (1-2a)v,
The linear depolarisation ratio is defined as
Ry—F, _1-a 1-6
= = =a=—2 (S.3.2)
F,+F, l+a 1+6

With a linearly polarised laser with intensity 7, and linear polarisation parameter a; and
rotational misalignment «, i.e. without emitter optics, the laser light reflected by the
atmosphere with linear polarisation parameter a is

1 0 O 0 1 1
I, (a,0,a,) _ F(a)|IL (a,aL)> _ 0 a 0 0 |la,c,, _| aaicy, (533)
F.I, FI, 0 0 —a 0 |as,, -aa,s,, o
0 0 0 1-2a 0 0

It is obvious that the lasers a, and the atmospheres a cannot be discerned in the resulting
Stokes vector, and the measured, combined polarisation parameter is

a’ = aa, (S.3.4)



The linear depolarisation ratio ¢’ resulting from a’ can be retrieved with Eq. (12)

, 1=a’" 6+9,

5= _
l+a” 1+069,

(S.3.5)

For a small linear depolarisation ratio J, of the laser beam, the resulting linear depolarisation
ratio of an atmospheric measurement is about the sum of the lasers and the atmospheres linear
depolarisation ratios

0, <1=>06"=6+96, (S.3.6)

If 0, is unknown, the uncertainty will cause an absolute error of the finally retrieved
atmospheric linear depolarisation ratio.

S4 Retarding linear diattenuator

The diattenuation magnitude D* of an optical element, usually simply diattenuation, is
calculated from the maximum and minimum transmitted intensities / (or transmittances 7))
(Chipman 2009b), measured by rotating a linearly polarising analyser in front of the element:

D*_Imax_[min _Tmax_Tmin S4 1
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The diattenuation magnitude D* is always positive, and if D* is deduced from the reflectances
T¥ and T’ of an optical sample as in Eq. (17), Eq. (S.4.1) becomes (Lu and Chipman 1996)

*
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S.4.2
) +T; (5.4.2)

In order to avoid sign changes in the equations between the cases where 7¢’ < Tx* and T¢” >
T, we use instead the diattenuation parameter Ds (Eq. (S.4.3); see Chipman (2009b)), where
it is named d, or d;), with which all equations can be expressed together for the transmitting
(subscript S = 7) and the reflecting (subscript S = R) part of a polarising beam-splitter.

TP —T: TP =T
TP +T5° TP 4T

Dse{D,,D,}, D, = (S.4.3)

T

The transmittances for unpolarised light are shown in Eq. (S.4.4), and some often occurring
expressions in Egs. (S.4.5) and (S.4.6).

_ T’ +T, _ T’ +T;

T, = - T, = > (S.4.4)
1-D,=T;/T,, 1+D, =T"/T,, 1-D, =T; /T, 1+ D, =T" /T, (S.4.5)
" 1-D, T 1-D

R _ R Ar 17D (S.4.6)

T’ 1+D,” T/ 1+D,

The optical elements considered here are non-depolarising, linear diattenuators Mp, with
linear diattenuation parameter D, and average transmission 7, for unpolarised light,
combined with linear retarders Mg, (linear retardance 4o, cos4o = co , sindp = so ). The optical
elements with possibly considerable diattenuation and retardation are dichroic beam-splitters,
which are used to separate the wavelengths and to analyse the state of polarisation of the



collimated beam in the receiver optics. They are used in transmission and reflection. The
matrix of the transmitting part is Eq. (S.4.7) (see Egs. (14, 15))

'+1;, TP -T; 0 0
iy =T TP +T; 0 0
720 0 0 OJTIT; cos A, 2T/T: sinA, |
0 0 =2JTFT; sinA, 24 TT; cos A, (S4.7)
1 D, 0 0
D, 1 0 0
=T,
0 0 Zc, Zs,

0 0 —Zs, Zec,

2TIT:

Zr =y NI D e = cosd, sy =sindy, A= 07 —o; (S4.8)

with the short-cuts in Eq. (S.4.8), the intensity transmission coefficients (transmittance) for
light polarised parallel (77°) and perpendicular (77) to the plane of incidence of the PBS, the
diattenuation parameter Dr (see Suppl. S.3), and the average transmittance 77 for unpolarised
light. A7 is the difference of the phase shifts of the parallel and perpendicular polarised
electrical fields. The Miiller matrix for the reflecting part of the PBS (see Eqgs. 16,17)
includes a mirror reflection (Suppl. S.6):

1 D, 0 0 100 01 D, 0 0
Mo=T D, 1 0 0 _r 01 0 oD, 1 0 549
0 0 —Z,op —Zgs, 00 -1 00 0 Zgc, Zs,
0 0 Zs, —Zgcp 00 0 —1)l0 0 -Zs, Zc,

with the corresponding intensity reflection coefficients (reflectance) for light polarised
parallel (7%") and perpendicular (7%°) to the plane of incidence of the PBS and

2TIT:
Z,= L RR

AT =\J1-D;, c, =cos 4, s, =sin4,, A, =l —; (S.4.10)

In order to simplify the derivation of the equations, we write in the following for both, the
reflecting and transmitting matrix of the polarising beam-splitter, M (subscript S for splitter)
where appropriate.

Z,e{-Z,.Z,}, My e{M M, }, [, e{l,.I,} (S.4.11)

Miiller matrices as in Egs. (S.4.7) and (S.4.9) can be decomposed in matrices of a pure
diattenuator M, and a pure retarder M,..:

1 D, 0 0Y10 0 0 1 D, 0 0
) by 1 0 0lfor 0 of D, 1 0
Mo=MM.=1ol 6" 0 2, 01[00 ¢, 5,|77°| 0 0 Zye, Zs,| S*12
0 0 0 Z,){\0 0 =s, ¢, 0 0 —Zss, Z,c,

As both are linear, they commute (Eq. (S.4.13). They have a block-diagonal structure.



MO = MDMret = MretMD (8413)

Among such optical elements are A/4 plates (Suppl. S.10.16), A/2 plates (Suppl. S.10.13),
dichroic beam-splitters, polarising beam-splitters, polarising sheet filters , aluminium and
dielectric mirrors, and also uncoated glass surfaces under oblique incident angles. For further
information see Azzam (2009); Bennett (2009a,b); Chipman (2009b,a)

S.5 Rotation

S.5.1 Rotation about the direction of light propagation

Some confusion can arise because rotation about the optical axis can be done on a Stokes
vector, on the coordinate system (coordinate transformation), and on an optical element while
keeping the reference coordinate system. The first two rotations don't change the state of the
circular polarisation, while a rotated optical element can do that. Additional confusion arises
because often in the literature and in textbooks the vector and coordinate rotations are mixed,
or the derivation of the presented final equations from first principles are not provided, and
sometimes the explanatory text is misleading or inconsistent. We follow the notations in
Mishchenko et al. (2002); Chipman (2009b). Rotations are anti-clockwise, from the X-axis
towards the y-axis, seen against the direction of light propagation (z-axis).
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Fig. 9 Rotation of the xy-coordinate system (left) and of a vector (right). The z-axis, i.e. the
direction of light propagation, points out of the paper plane.

A Stokes vector which is physically rotated by an angle ¢ while the coordinate system is fixed
becomes (Mishchenko et al. 2002; Ch. 1.5)

1 1 0 0 0V 1 I
0 ¢ —s 0 c —s,,U
I(¢)=R(9) (Q] =l o o Q|25 (S.5.1.1)
Sp € OJU $,,0 +¢,,U
V 0O O 0 1 \V V
with the abbreviations
C,, =C082¢, 8,,=sIn2¢ (S.5.1.2)

and the rotation matrix R(¢)



1 0 0 0
0 c —S 0
R(0) = 29 29
() 0 s o 0 (S.5.1.3)
0 0 0 1
1 0 0 0
0 —c S 0
R(90°+¢) = ¥ T2 S.5.14
( ¢) 0 —S55  ~Cyy 0 ( )
0 0 0 1
1 0 0 0
. 3 . B 10 —xs,, —xc,, 0
R($45°+¢)=R(x45°+€) =R(x,€) = (S.5.1.5)

0 xc,, —xs,, 0
0 0 0 1

With these definitions a formula for one rotation can easily be converted to other angles with

b - 0°+¢ T +45°+ ¢
R(¥) - R(¢) & R(x45°+¢)
1 0 0 0 10 00 1 0 0 0
0 ¢y =S, 0 0c, -s,, 0 0 —xs,, —xc,, 0
0 sz: c: 0| o s; c; ol o xc; —xs; 0 (S.5.1.6)
00 0 1 00 0 1 0 O 0 1
Cov - Cae A —XS,,
Saw - S2e A XC,,

Please note, that in Mishchenko et al. (2002; Ch. 1.5) the equations describe a rotation of the
Stokes vector, while the text specifies the transformation as "rotation of the two-dimensional
coordinate system". The two transformations are called "alibi" and "alias" transformation
(Steinborn and Ruedenberg 1973), respectively. The Stokes vector rotates contra-variantly
under the change of the basis. If we rotate the coordinate system (alias transformation) by an
angle ¢ (see Fig. 9), the original Stokes vector I appears in the rotated coordinate system

under the angle —¢, and the Stokes vector I' in the rotated coordinate system is Eq. (S.5.1.7).

I’ 1 0 0 0)1 1
’ 0 ¢ s,, O C,; O+s,,U
I'= Q, =R(-¢)I= 0 S DO | €0 Ot (S.5.1.7)
U 0 —s,, ¢ O)U $,,0 +¢,,U
v’ 0 O 0o 1)V V

The rotation of the polarisation of a Stokes vector can be accomplished by means of a A/2
plate (HWP), which is a 180° linear retarder. An ideal HWP can be derived from Eq. (S.5.2.3)
by setting 4p=180°, Dp=0=Zo=1and Wpo=2,and Tp = 1:



1 0 0 0 1 0 0 0

0 1-2s,,° 2s,,c 0 0 c s 0
MHWP(¢): 2¢ 2¢ 2¢2 — 0 4¢ _4¢ 0 —
0 2s,c,, 1-2¢,, 0 S4p ~Cay
0 0 0 -1) \0 0 0 -l
(S.5.1.8)
1 0 0 O
01 0
=R(2
(2¢) 0 0 -1 0
0 0 0 -1

A HWP rotates a Stokes vector by twice the own rotation and additionally changes the
direction of the circularly polarised component. For a rotation of ¢ = 90° the HWP acts as a
mirror but without changing the direction of light propagation. Real HWPs are often made of
birefringent crystals. Their retardance depends in general on the wavelength, on the incident
angle, and on the temperature. For lidar applications so-called true zero-order HWPs are best
suited because of their relative insensitivity to temperature and incidence angle. The matrices
for the HWP rotator and for the mechanical rotator can be combined in one matrix M,, as
shown in Suppl. S.10.15.

S.5.2 Rotation of a retarding diattenuator

The rotation of an optical element with Miiller matrix My by an angle ¢ about the direction of
light propagation is mathematically performed by first rotating the coordinate system before
My by —¢, to achieve the description of the Stokes vector in the local coordinate system
(eigen-polarisations) of My , and then rotating the coordinate system behind M, back to the
reference coordinate system by ¢ using the rotation matrix R(¢)

M, (¢) =R(¢)M, (0°)R(-¢), (S.5.2.1)

Figure 10 Rotation angles of an optical element. The rotations considered in this work are
only ¢, and ¢,.

A linear retarding diattenuator My, rotated by ¢ about the z-axis becomes



1 0 0 0 1 D, 0 0 1 0 0 O
-7 0 ¢, =s 0D, 1 0 0 0 ¢ s, O _
0 s,, ¢ 0] 0 0 Zyc, Zyso||0O —s, ¢ O
0 O o 1)X0 0 —Zss, Z,c, AO O 0 1
1 cMDO SMDO 0
-7, C,4Dp 1_52¢2W0 Sz¢cz¢2VV0 —$55Z0S0
$20D0  835CsWo  1—=Coy Wy, 5,208,
0 $20Z080  —€25Z0S0 Z,c,

C,; =C€0829,8,, =sin2@,c, =cosA,,s, =sin4,, Z,= 1-D,*, W,=1-Z,,

Without diattenuation we get
D,=0= Z,=+/1-D," =1, W, =1-c¢,
and with ideal diattenuation

|D,|=1, Z,=\1-D,> =0, W, =1

Rotation of a retarding diattenuator by £45° + ¢

M, (x45°+¢) =R (x45°)M,, (¢)R(—x45°) =

1 0 0 0 1 c,.D, s,.D, 0 1 0 0 O
_; 0 0 x Ofc,D, 1=-s3W, s,c,. W, =s,,Z,5,[|0 0 —x 0
S %l0 —x 0 0|s,,D, 5,6 W, 1-=CEW, ¢, Zys, |0 x 0 0
0 0 0 1 0 $5:2050 —C2.ZoSo Z,C, 0 0 0 1
1 xs,,. D, —-xc¢,, D, 0
xs,,D, -3 W, =-s,.c,W, xc,,Z,s
:TO 260 2’70 2¢ 225 o 2600 :R(G)MO(X450)R(—8)
—XCp Dy =8, W, 1=, W,  x8,.Z58,
0 —XCy,ZoSo  —X8,,2,8, ZCo
and without error angle &:
1 0 xD,, 0
0 Z,C 0 —xZs
M, (x45°) = R(x45°)M /R (—x45°) = X, 00 oo
0 xZ,s, O Z,c,

S.6 Mirror

For a pure mirror without diattenuation or retardance the Miiller matrix is

(S.5.2.2)

(S.5.2.3)

(S.5.2.4)

(S.5.2.5)

(S.5.2.6)

(S.5.2.7)



10 0 0
01 0 0

M, = (S.6.1)
00 -1 0
00 0 -1

which results from the rotation of the detector (symbolised by the eye) about the y-axis from
the rear of the optical element to the front as shown in Fig. 11.

Figure 11: Reflection of light by a mirror. The light propagation is along the z-axis. The plane of vibration of
linearly polarised light is indicated by the E-vectors, and right and left circular polarised light by the RC and LC
arrows, respectively.

To explain the change of the axes, let the plane of vibration of linearly polarised light be
rotated in the (xyz) coordinate system by ¢ around the z-axis, indicated by the E -vector in
Fig. 11, and the incident angle be y = 0 for reflection from a mirror. After the mirror the
direction of light propagation has changed, but not the orientation of the plane of vibration,
indicated by the E'-vector. Hence, the rotation ¢’ in the mirrored coordinate system (xyz)' is ¢
= 180° — ¢, which is equivalent to ¢’ = —¢ . Thus a Stokes vector rotated by R(¢) in (xyz) is
described in (xyz)' after the mirror M,, by

I'=M,R(¢)I=R(-9)M, I (S5.6.2)

!

Furthermore, the circular polarisation has changed its sign from right circular (RC) before to
left circular (LC) after the mirror.

S.6.1 Real mirror

Real mirrors are dielectric or metal surfaces which can exhibit considerable phase retardation
and diattenuation under oblique incident angles. Hence, a real mirror is a linear retarding
diattenuator Mo combined with a mirror M,,.

M, =
1 0 0 0\ 1 D, 0 0 1 D, 0 0
_7 01 0 0D, 1 0 0 _7 D, 1 0 0 (S.6.1.1)
%0 0 -1 00 0 Zye, Zs,| °l0 0 -Zg, —Zygs,
0 0 0 -1){LO0 0 -Zs, Z.c, 0 0 Zs, —Zxc,
which commute
M,,=M,M,=M,M, =M, (S.6.1.2)
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Eq. (S.6.1.1) is also the description of the reflecting part of a polarising beam-splitter or of
any dichroic beam-splitter.

S.6.2 Rotation of a reflecting surface

If we rotate M0, we have to mind the change of the coordinate system after the mirror. Here
it is important which element comes first, because, as explained above, applying a mirror
means a change of the local coordinate system after the mirror, and rotation of elements are
always done with respect to the local coordinate system before the element. Hence, a
diattenuator rotated in (xyz) plus a mirror described in (xyz)' is using (S.5.1.5) and (S.6.2)

M, M, (¢) =M, R(¢)M,R(=¢) = R(-¢)M M,R(~¢) =R(-¢)M,,R(-¢) =M, (¢) (S.6.2.1)
Moving the mirror before the diattenuator

M, (9)M,, =R($)MR(-9)M,, =R(¢)M;M,R(9) =R(¢)M,,R(9) =M, (-¢)  (S.6.2.2)
we see from Eqgs. (S.6.1.2) to (S.6.2.2) that

M, (¢)M,, =M,,, (¢) =M, M, (-¢)=M,,, (-9). (S.6.2.3)

This explains why the rotation of a reflecting diattenuator has to be described as shown by
Chipman (2009b) , i.e.:

M, (¢)=R(¢)M,,R(¢). (S.6.2.4)
S.6.3 Beam-splitters and mirrors in the optical path

In order to make the equations developed in this work applicable to a variety of lidar systems,
we have to investigate how the equations change when individual elements are changed from
transmitting to reflecting. This is also useful when the reflected and the transmitted paths after
a beam-splitter are to be described with the same equations.

Above we showed the local coordinate change behind a mirror. But how does this effect the
outcome of a lidar measurement and of the calibration measurements? Let's consider a chain
of rotated optical elements using the eigen-polarisations of the polarising beam-splitter matrix
M as the reference coordinate system

I, =n,M M, (y)M, (¢)M, (¢)FI, (S.6.3.1)
When we exchange M, with its reflecting counterpart My, M., we can move the ideal mirror
M, step by step to the right in the chain using (S.6.2.3)

I =nM M, (¥ )M, M, (¢) M, () FI, (o)
=nMM,(y) M,(-¢)M,, M,(e)  FI,(
=nM M, (}/) M, (—(b) M, (—S)MMFIL(
=nMM(y) M, (=¢)  M(-¢) FI (-a)

and see that all rotation angles before the changed element are inversed. In the last step of Eq.

(S.6.3.2) the depolarising atmospheric F-matrix is rotational invariant, and the circular
polarisation of the input Stokes vector changes its sign, indicated by the star.

a)=
)= (S.6.3.2)

In other words: equations, which are derived for the system in Eq. (S.6.3.1), can be used for
the system with an additional mirror as in Eq. (S.6.3.2) by inverting in the original equations
all rotation angles before the mirror and reversing the circular polarisation of the input Stokes
vector. In case two surfaces are changed from transmitting to reflecting as

11



I7=n MM, (y)M, M, (¢) M, (¢) FM, I, =
=nMM,(y) M,(-¢)M,(-e)M M, FI, = (S.6.3.3)
=nM;M,(y) M,(-9)M,(-¢) FI,

where a mirror is additionally placed behind the emitter optics, only the rotation angles

between these two elements are inversed, because MM, = 1, and the circular polarisation is
not changed.

Real mirrors are usually dielectric or metal surfaces which can exhibit considerable phase
retardation and diattenuation under oblique incident angles. For incident angles smaller than

the Brewster angle the phase changes for p- (parallel) and s- (perpendicular) polarised light
are in the same direction.

S.7 Standard measurement signals
S.71 Lidar signal with rotational error before the polarising beam-
splitter

General case with arbitrary laser input and emitter optics Ir = Mg I, and R(gh) from Eq.
(S.10.15.1):

10 0 o
O CZa _hSZS O
A,|= (MR |[R(e)M, =7,(1 yD, 0 0 =
(As|=(MR,[R(e)M, =T (1 yD, 0 s, he, O (S.7.1.1)
0 0 0 h

= 71S <1 CZEyDS _hSZJ;'yDS 0|
Analyser vector from Eq. (S.7.1.1) and input Stokes vector from (E.31) yield
<MSRy‘R(8)Mh ‘Mo (7)F(a)MEIL>

YTYT TOFi ITEIL

rot

1 i+ Dyl s =5,
¢, yDs ||€2 Dol +aq; =3, [Woa (82,4 +Cagtiy )+ Zpo (1- 2a)vE]
~\ —hs,,yD, S,, Dylp — auy +c,, [Woa(szqu + czqu) +Zp8,(1- 2a)v5} B
0 Zosoa(szqu +027u5)+ZOcO (1-2a)v,

= (1 +YDsDoCoy inae )iE ~YDsZ 03082y th2eVE T

+a {Do (Czqu - Szy”E) +yDy |:(C2€‘IE + hSZE”E) ~ 82y th2e (WO (SquE + Czy”E) —2Z,80Vg )j|}
(S.7.1.2)
y=0=
(MR, |R(£)M,|M, (0)F(a)M,1, )
LT, T,F\1:1,

rot

= (1 +yDsDcy, )iE —YDsZ 8 5815,V T a {(Do + stczg)QE +YDg81,,.Z, (CO”E +25,v; )}
(S.7.1.3)
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y=e=0=
(MR, |R(0)M,|M, (0)F(a)M,1, )
T, 1ok T,

rot

(S.7.1.4)

=(1+yDyD, )i, +a(D, +yDy)q,

Yy =-he =
(MR, R (e)M, [M, (~-he)F ()M, 1, )
T:ST TOFIITE[L

rot

= (1+yDD, )i, +a(Dy +yDs)(c,,q; = 5,11, )
(S.7.1.5)
With horizontal linearly polarised emitter input Stokes vector I
i.=Lqg,=Lu,=v,=0=
(MR, |[R(£)M,M, (y)F(a)]l 1 0 0)
IT, ToF T,

=14+yDgDyCyy e T+ a{Doczy +yDy (ng - SZy+h2£szyW0)}

- (S.7.1.6)

With rotated, linearly polarised laser and emitter optics
q,=Lu, =0,y =0=

(MR, [R(e)|M, ()F (a)M, (B)1, () _
TSTOEITEIL

=1+ DEC2a—2ﬁ + yDS {DOC2£+2;/ (1 + DECZa—Zﬁ ) + Zososze+2yZESEsza—2ﬁ } +
DO |:02y (CZﬁDE TCp T SZﬁWES2a—2ﬂ ) ~ Sy (SzﬂDE T8, ~ CZﬁWESZa—Zﬂ )i| +

|:C2£ (CZﬁDE TCo T SZﬁWESZa—Zﬁ ) +8,, (SZﬁDE T8, — CZﬁWESZa—Z,B )i| -
+a =
+yDy w, (szy (czﬂDE +Cop 855800 25 ) +c,, (szﬂDE +5,4 = CoWiSy4 2p )) +

_S2s+27

+2ZOSOZESESM_2I;

= (1 +C5,12:YDs Dy ) (1 + CZoc—Z/iDE) +85, 12682025 YDs ZoS0 LS g +

D, (C2a—2y +Cyp 0, Dp + Szﬁ+2ysza—2ﬁW5) +
(CZa—Zs +Cop 0. Dy + SZﬂ—zeSZa—uiWE) -

+yDg| =85,.2.W, (Sza+2y +8,542, D5 — C2ﬂ—27S2a—2ﬁWE) -

~Syy426520-25 2Z80Z Sk

+a

(S.7.1.7)
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q, =Lu, =0,v, =0Ay=0=

<MSRyR(€) ‘Mo (v)F(a)M, (B)I, (O‘)> _
TSTOFIITEIL

= (1 +¢,,yDs D, ) (1 +Cy0 2505 ) +806820 25 YDsZo80Z S +

DO (C2a +C2ﬂDE +S2ﬁs2(x—2ﬁWE)+ (8718)

(CZa—Ze + CZﬁ—ZeDE +Sz/3—2esza—2ﬁWE) -

+a
+yDg | =8, W, (SZa + SQﬁDE - czﬂSZa—zﬁWE ) -

—85:8252p 2ZOSOZESE

q; :l,uL ZO,VL :0,8 :—’}/ =

(MR R(7)[[Mo (1)F(a)M, (B)1, () _
TSTOEITE[L

= (1+yDyD, )(1+¢,,,5D; ) +

ta {DO (C2a—2y + C2/3—27DE + SZﬁ+2ySZa—2ﬁWE ) + yDS (02a+2y + C2ﬂ+27/DE + Szﬁ+2y52a—2ﬁWE )}

(S.7.1.9)
q,=Lu, =0,v, =0,e=y=0=
(MR R()||M,, (7)F(a)M, (B)I, ()
TTETI = (S.7.1.10)
= (1+yDyD, ) (14 oy 55Dy ) +a(Dy + YDy ) (€0 2Dy #8585 057 )
S.7.2 Lidar signal with rotational error before the receiving optics
With Eq. (D.7) for the analyser part and (E.26) for the general input vector we get
(As (v7)| [ L (e:0a) (MR M, (7)[|R ()M, F () 1,) _
1, T, IiT, Lot Tel,
1+ yc,, DDy i
B ¢, Do + yD (1 - Sino) a(gzc,, +hus,, )
S,y (Do + yeo, D) a(qssoe —hugey,) [ (S.7.2.1)
—y8,,DsZ8, (1 - Za)hVE

= (1 + yczyDODS)iE - yszyDSZosohvE +

N D, I:C2y—2£qE - S2y—2shuE:| —YDWos,, I:SZy—2qu + C2y—2£huE:| +
a
+yDy [chzg +hu,s,, + ZSzyZosOhvE]

Comparison with Eq. (69):
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e=0=>
(MR M, ()| [R()M,F(a) ;) _
T:S'TO ]-;ot}?llTE[L

= (14 yo,, DoDy )iy — y8,, Dy Z,s v, + (S.7.2.2)

N D, [CzyQE - Szyh”E] —yDsWos,, [SzyQE + Cz;/h”E:I +
a
+yDy [qE + 2s2yZosohvE]

y=0=

MR M, (7)||R(e)M,F(a)l . (S.7.2.3)
< S TZTOO ‘ | (YZ)OIEIZTE(IL) E> = (1+yDoDy )iy +a(Dy + YDy ) €504, +5,.hu, ]
S$.7.3 Lidar signal with rotational error behind the emitter optics

We get the equation for this case directly from the previous one considering that moving the
matrices for the rotational error from before the receiving optics to behind the emitter optics
just changes the sign of the angle € using Eq. (S.6.2)

(Ag(v,7.a)|| L. (e.h)) (MR M, (7)F(a)||R(e)M, 1)

ToTsFy, LTI, ToTsF, ToTel,

rot
<MSRyMO (y)R(_g)Mh HF(a)IE> _ <AS (y97/)| Iin,s (—g,h,a)>
TOTSFIIT;*otTEIL TSTO T, EITEIL

rot

(S.7.3.1)

S.8 Attenuated backscatter coefficient

The attenuated backscatter coefficient /', can be derived from the transmitted signal /7 :

1 1 Hy - S*HT)]T
N LT FTp, = G TH = 5*GT G = *( -
rraty, o 8G =Gy (Hy=8'H,)G, +(6°G, - G,)H,
" H,-8H, T
7 (S.8.1)
1
_ R _
(HR_6*HT)IT (HR T]IT HTJIT HRIT T]]RHT
- H,G,-H,G, H,G,—-H,G, HG,—H,G,
With n = nxTr / nrTr we get the attenuated backscatter coefficient
T 1 1
Ho, -1 p H, T —H, '
1 M1y 1 n1; 1% (S.8.2)

F = =
" nTTTTOIL HRGT _HTGR TOIL HRGT _HTGR
S.9 Rayleigh calibration

Calibration in ranges with presumably known aerosol depolarisation:

With some lidar systems the calibration factor is determined in a measurement range with
known volume linear depolarisation ratio o, for example in clean air ™. Assuming, for the
sake of simplicity, an ideal PBS (see Eq. (28)), we get with Eq. (26) for the calibration factor
in clean air 7™
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. P B S
§(0%) = 0%) =" =) (S9.1)
T T

Assuming further that the errors in Iz and /7 are independent, which could be the case if the
background subtraction or non-linearities in analogue signal detection are the main error
sources for them, we get as a first estimate for the relative error of the calibration factor
An" _ Ad" N Al N Al

nm 6m IR IT

(S.9.2)

This error can easily become very large. The linear depolarisation ratio measured in a volume
of air molecules 0™ depends on the width of the interference filters in the receiver optics, as
they transmit or reject some rotational Raman lines, and on the atmospheric temperature
(Behrendt and Nakamura 2002). At 355 nm 0™ can range from about 0.004 to 0.015. Errors in
the order of some 10% in J™ are already possible in case the wavelength dependence of the
transmission of the interference filter or its tilt angle in the optical setup are not known
accurately. Furthermore, a small contamination of the assumed clean air with strongly
depolarising aerosol as Saharan dust or ice particles from sub-visible cirrus can change the
volume linear depolarisation ratio dramatically. Assuming, for example, a small backscatter
ratio of 1.01 due to particles with ¢’ = 0.3 and with 6™ = 0.004, we get areal 0 = 0.01* ¢" + o™
= 0.007 (Biele et al. 2000), which would cause a relative error in the calibration factor #™ of
(0.007-0.004)/0.004 = +75%. Better than this "clean" air calibration would even be to use a
calibration in a cirrus cloud with ¢’ between let's say 0.3 and 0.5, with a resulting calibration
factor error of "only" + %2 * (0.5 -0.3) / (0.5 + 0.3) = £25%.

Summary of this chapter: depolarisation calibration with presumably known atmospheric
depolarisation can cause very large calibration errors.

S.10 Some Miiller matrices
S.10.1 Depolariser
A diagonal depolariser Mpp (Chipman 2009b)
1 0 00
0 a 00
0 0 b O
0 0 0 ¢

M, = (S.10.1.1)

partially depolarises the incident light depending on its state of polarisation. For atmospheric
depolarisation by randomly oriented, nonspherical particles with rotation and reflection
symmetry it can be shown that » = —a and ¢ = (1 — 2a) (van de Hulst 1981; Mishchenko and
Hovenier 1995; Mishchenko et al. 2002) (see also Sect. 2.1), which results in the
backscattering matrix

F, 0 0 0 10 0 0

po| O 2 O 0 p0a 00 (S.10.1.2)
0 0 -E, 0 00 —a 0
0 0 0 F 00 0 1-2a
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S.10.2 Rotation matrix for various rotation angles

1 0 0 0 1 0 0 0
R(¢)= 0 ¢ -5, O | R(x0)= 0 ¢, -—xs5 0
0 s, ¢, O 0 xs,, ¢, 0
0 0 0 1 0 0 0 1
(S.10.2.1)
1 0 0 O
0 0 —x O
R(x45°)=
0 x 0 O
00 0 1
1 0 0 O
0 —-xs,, —-xc,, O
R(x,6) =R(x45°+¢)=R(x45°)R(e) =R(e)R(x45°) = (S.10.2.2)
0 xc,, -xs,, 0
0 0 0 1
See Supp. S.10.15. regarding the half-wave plate rotation.
1 0 0 O 1 0 00
-1 0 0 0y 00 R(y=-1)=R(90°)
R(90°) = , R, =R(y)= = 10.2.
0°) 0 -1 of RIROI=lG oy 0] Riy=+1)=r@) G102
0 0 0 1 0 0 01
S.10.3 Retarding linear diattenuator
MO = MDMret = MretMD =
1 0 0 O 1 D, 0 0 1 D, 0 0
_ 01 0 O T D, 1 0 0 _7 D, 1 0 0 (S.10.3.1)
00 c, s,|°0 0 2z, 0 o 0 Zyec, Zys,
0 0 -s, c, 0 0 0 Z, 0 0 —Zs, Zx,
Ty -T;
D,=-2%2—2 7 =\1-D}, W,=1-Z,
o rrers 7O or e oo (S.10.3.2)
cozcosAozcos((og—gog), So =sin4,
-1<D,<+1=> 0<Z,<1, 0<W,<2 (S.10.3.3)
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S.10.4

M, (x9) = R(x¢)M R (-x¢) =

Rotated, retarding linear diattenuator

1 0 0 0\( 1 D, 0 0 1 0 0 O
_r 0 ¢ —xs, 0D, 1 0 0 0 ¢y X8, 0]
00 xs,, 5 O] 0 0 Zyp, Zyso |0 —xsy, c, O
0 0 0 1)L0 0 —Zs, Z,c,)\0 0 0 1 (S.10.4.1)
1 C25Dp X8,,Dp 0
-7, D0 1—s§¢W0 xswcszO —=X8,,Z 050
X8,,Dp  X8,,C0,Wy  1=¢3, W, €520,
0 X8$,5Z050  —C25Z0S0 Z,c,
S.10.5 Rotated, retarding linear diattenuator mirror
M, (X(b) = R(X¢)MM0R(X¢) =
1 0 0 0y 1 D, 0 0 1 0 0 O
. 0 ¢, —xs, 0} D, 1 0 0 0 ¢ —Xsp O
°10 XS,  Cy O O O ZoCo —ZSo |0 X85, Cy O
0 O 0 I)\V0 0  Zs, Z,eo, NO 0 0 1
1 500 X8,4,D, 0
. 2500 l—s;)WO X8,,CsWo  X8,5Z080 _ (S.10.5.1)
91 x8,,Dy  X8,,C,,W, (1 c;)WO) ¢25Z0S0
0 X8,,Z0S0 252050 Zyc,
1 C24Dp X8,,D, 0 1 0
-7, c,yDp  1-53,, XS2¢022¢W0 X8,0ZoSo || 0 1
X8,,Dp  X8,,C0,Wy  1=C3Wy €205, |0 0 -1
0 X855Z0S0  —C€25Z0S0 Z,Co 0 0 0 -1
S.10.6 145° rotated retarding linear diattenuator including error &
M, (x45°+¢)=R(x45°+ )M R (-x45°—¢) =
1 0 0 0y 1 D, 0 0 1 0 0 0
_r 0 —xs,, —-xc,, 0D, 1 0 0 0 —xs,, xc,, O
°10 XC,, —Xs,, 0 0 O Zyx, Zy,1(0 —xc,, —xs,, 0
0 O 0 I)L0 0 —Zss, Zic,)\0 0 0 1 (S.10.6.1)
1 —X8,,D, Xc,, D, 0
_7 —xs8,,D, 1= W, =80, W, —x¢,,Zys,
Ul xe, Dy =8, 00 Wy 1=83 W, —x8,.Z,5,
0 XCy, ZoSo  X8,.255, Z,c,
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S.10.7

M, (x45°) =T,

S.10.8

1

0
X1)0
0

XD,
0

1

0

Note: without absorption 7= 0.5.
D,=1LZ,=0W,=1=

M, (x¢)

1

(=

oS O o O

0

oS o O

1
1
0
0

T,
10

0

1 Cay

2
C2¢ C2¢

0 0

M, (x45°)
T,

P

S X O o~

0

Cpp XSy,

0
0 xs,, ¢y
0

0

XS5, XSp,Cop

S O O O

~

— o o O

X85,

O O =

X8,4Cs4

S O X

2
S2s
0

S = O X

S O O O

S O = X

0
0
0
0

S O O O

O O = =

O O = =

R(x¢)M,R(-x¢) _
T

S O O O

0

—XZ S,

0

ZyCo

Cz¢

XS5,

C2¢

p—

S O X

#45° rotated retarding linear diattenuator
0

ZyCo
0

XZ,S,

Rotated, ideal linear polariser and analyser

— o o O

(S.10.7.1)

(S.10.8.1)

(S.10.8.2)

(S.10.8.3)

(S.10.8.4)

(S.10.8.5)
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D,=1,Z,=0W,=1=
M, (x45°+€) =R(+&)M, (x45°)R(-¢) =

1 _XSZE XC2£ 0 1 1
; (S.10.8.6)
_XSZg SZg _sng2€ O _XSZ[-,‘ _stg
= P 2 = P
XCye 78550y Coe 0 XC,, XC,,
0 0 0 0 0 0
DP:LZPZO,WP:1:>
1 1 iin 1
MP(X450+8)Iin _ —XS,, —XS,, (| 4in _ —XS,, [z (s . —eou )] (S.10.8.7)
TPIin XCZS XCZE uin XCZg 2ein 2e%in
O O Vin 0
M, (x45°+¢€)F(a)l, B
TPElIin -
1 1 1 0 O 0 i, 1 S1058)
= _stg _stg 0 a 0 O qin _ _stg I:l _Xa(s g e )] . .0,
Xczg XCZS 0 0 —a 0 uin XCZg in 2¢e"in 2e%in
0 0o lo 0 0 1-2a)y, 0
F(a)MP (x45°+8)lm
TPEIIM B
1 0 O 0 1 1 i, 1 51059
_|0 a0 0 [l=xs5e \ [ =X, ||gy, | _|—Xas,, [l N ):| .10.8.
0 0 —-a 0 XC,, XC,, ||u,, —xac,, 269in — Coclly
0 0 0 1-2a 0 0 v, 0

For the 0° and 90° measurements with a perfect polariser M, we get from Eq. (S.10.8.1) and
Eq. (S.12.2)

for D,=17Z,=0,W,=1
M, (-x45°+45°+¢€)1, =

1 XCZs stg 0 lin lin +X (C2£qin - SZsuin)
. 2
77 XCy, Czs szeczs 09 \ _ _T7 XCouliy TCoeqyy +8,,Co Uy,
—tpPtin Pin . 2 -
XSZg 525025 st 0 |u, in stglin + Szec2eqm + SZgum
oo 0 ol . (S.10.8.10)
l +X (CZSqm S2£ in ) l
XC,.i. +¢C C q., —S XC
_ 2¢e%in 2¢ 2¢edin 28 m 2¢
- TP[in =T, Iln l +X (CZa‘qin - S2£uin )]
XSZslm + SZS CZ&‘qm SZ(;‘ m XSZE
0
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S.10.9 Two rotated retarding linear diattenuators
MA((D)Mo(y):
“ROMR(DRGM,  R(7)=
=R(¢)M, R(y-¢o)M R(-y)=

()M, R(y-¢)M, (-7) (.109.1)
=R(9)M, R(y-¢)M,  R(=7)R(9)R(-9)=
=R(¢)M,  R(y-¢)M, R(¢-y)R(-¢)=
:R(¢)MA M0(7_¢)R(_¢)
MA(¢)M0(7):

T,T,

1 ¢y, D, SOy 0 1 ¢,, D, 85, Dp 0
_ ¢, D, 1—s§¢WA $26C2sWs 8252484 || €2, D0 l—sgyWO 2,0, Wo =85, 2080

20Dy 824C2,W, 1—c§¢WA CrwZ iS4 || S Do 82,62, Wo l—cﬁyWo €y, Z0oS0

0 s2¢ZAsA —02¢ZASA Z.c, 0 szyZoso —czyZoso Z,C,

(S.10.9.2)

The first row vector of Eq. (S.10.9.2)
(ML (0)M, (7)] _

T,T,

l+c,, ,,D,D, l+c,, ,,D,D,
(S.10.9.3)

CZyDO + (1 — sinO)czq,DA + szyczyWOszq,DA
S, (Do + o Wp00o D, ) + (1= 3,17, )5, D,

=83, Z080C24 D4 €5, Z0808,,D,4

CZYDO + (CM — szyszy_wWO)DA
szyDO + (52¢ + czyszywao)DA

_SZy—2¢ZOSODA

S$.10.10 Cleaned analyser (polarising beam-splitter with additional

polarising sheet filters)

The intensity transmission of analysers is proportional to a certain state of polarisation before
the analyser, with arbitrary state of polarisation behind, while the output of polarisers is a
certain state of polarisation regardless which state of polarisation exists before the polariser
(Lu and Chipman 1996). Here we use a polarising sheet filter, which is a depolarising
analyser and a depolarising polariser at the same time, to get rid of the cross talk of the
polarising beam-splitter. The combined matrix of a polarising sheet filter M, behind the
polarising beam-splitter Ms is again the matrix of a retarding linear diattenuator, which we
call a cleaned polarising beam-splitter. If M, is rotated (misaligned) by ¢ we get from Eq.
(S.10.9.3)

y=0=

(M, (¢)M; (0)
T,T,

(S.10.10.1)

=(l+¢,,D,D; Ds+c,,D, s,,DZc $,,D,Zs|

Transmitted part:
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y=0,0=0=
(M, (0)M, (0)]
TATT

(S.10.10.2)

=(1+D,D, D,+D, 0 0

Reflected part:

y=0,0=90°=

(M, (90°)M;(0)]
TATS

(S.10.10.3)

=(1-D,D;, D;-D, 0 0

Typically the manufacturers' terminology for p- and s-polarised transmission is 4; and &,
respectively, as Eq. (S.10.10.4), and their specifications for polarising sheet filters are the
transmission of two crossed filters (7i.s) Eq. (S.10.10.6) and that of two parallel filters
(Tparaner) Eq. (S.10.10.7) of the same type.

T/ =k and T: =k, = (5.10.10.4)
D, =%, Z, = 2 f’]: 1=k ;kz (S.10.10.5)
T,.=Hy=kk,=T 1-D> (.10.10.6)
Tppuia = Hy =05k + 1,7 ) =T \1+ D, (S.10.10.7)

For the extinction ratio p (Eq. S.10.10.8, see Bennett (2009a), Sect. 12.4) and its inverse, i.e.
the contrast ratio or transmission rato, different definitions, as in Eq. (S.10.10.9), can be found
in manufacturers' descriptions, which is sometimes confusing. However, usually k, << k;, and
the given extinction ratios are then to be understood as "on the order of", irrespective of the
used formula.

k, T, 1-D,
=t=_= $.10.10.8
k T/ 1+D, ( )

k, <<k =
Toow _Ho kK, (S.10.10.9)

Tparallel H, - 0-5(k12 +k22) =P

D = DT+DA :TTpkl_TTskz DY = DR_DA :TRka_TI;kl
" 1+D,D, T'k+T'k,’ * 1-D,D, Trk,+Tk,
T} =T,7,(1+ D;D,) = 0.5(T k + T;k,), Ty =T,T,(1- D;D,)=0.5(T7k, + T3k,
Z# — ZTZA — 2 V TTpleTSk2 Z# — ZRZA — 2 \/ TI;.kITRka
T S > R s
1+D.D, T'k +T:k, 1-D,D, TPk, +T:k
(S.10.10.10)

For an ideal (cleaned) analyser M, with total extinction (k> = 0) we get from Egs. (S.10.10.3)
and (S.10.10.10)
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with k,=0,D,=1,Z,=0=

S.10.10.11
T} =0.5T 'k, T} =0.5T;k, Dj=+1, Dj=-1, Zi=0 ( )

:%:UR—T; (S.10.10.12)
Iy 0Ty
General:
(M, [ = <M2 (0°)M, (0°)
_rr-r
Y +17
T, =0.5(17 +717)
_ D, +D, TT -TT; (S.10.10.13)
*1+D,D, T'T’+TT
T, =I5 (1+D,D,) = 05(T/ T + ;T

2,7, 2UTTT

"T1+D,D, T+ T

=T,T,(1+D,D, D,+D, 0 0|=T,(1 D, 0 0

1

T T
t=D= b= (S.10.10.14)
I |
_ Dy +yDy (1)) BT - T |+ (1-p)[ T5Ty ~ 3T |
DD, ([T LT [+ (=) [ T 7T ]

T

SyO

=T,T, (14 yDsD,) = 0.25{(1+ y) Ty 1Y + T T3 |+ (1= ) 1475 + T,17 ]}

TrTe —TT: e ) o
y:+1:>Ds+0:%’ Ti,0 =035\T5TS +TT5 ), 1o =T0T¢, T, =TT

TVTY + Ty, " ( ) ’

7 —TST? ) ) ) ) !
y=-1=D;,=22—2" T, =05I0T + 1Y), 100 =T)T5, T,=T,1¢

T + T,TY ( )

(S.10.10.15)

Dy=*lay=*+1=D’ =)' =1=
_D,+yDy _ 1 yDD,+1_ 1 (S.10.10.16)

D, = = =vD
% =11yD.D, yD,1+yD.D, yD, > °

zssyo Jspo
—,1+D === sV LY.
]_:gyo Syo T (S 10 10 17)

SyO
S.10.11 Retarder

A retarder is a retarding linear diattenuator (Suppl. S.10.3ff) without diattenuation (see
Chipman (2009b)):

1-D,

Syo =
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D, =0, Z,=1 (without absorption 7,, =1) =

1 0 O 0

01 O 0
Mret =

0 0 ¢, s,

0 0 —-s, ¢,
S.10.12 Rotated retarder
Rotated retarder with

D,=0=Z,=\1-D, =1, W, =1-Z,c,=1-c, =

My, (x0)/Tr = R(x9) MR (—x¢) =

1 0 0 0

0 1-s3,(1—cp) x5,0C5,(1=Cp) —X85,8,
0 x8,,0,5(1—cp) 1-¢3,(1—cp) ¢80
0 X$,480 —Cp4S0 Co

with

1—-s3,(I—cy) =3y +55,C0

1-¢3,(1-c,) =83, + ¢3¢,

S.10.13 Rotated A/2 plate (HWP)
Retarder Eq.(S.10.12.1) with

4, =180°=>c, =—1,5,=0,D,=0,Z, =/1-D, =1,W, =1—Z,c, =2

M, (9)/THW =
1 0 0 0 1 0 0
0 1-2s3, 2c,8,, O 0 c, Su
10 2¢,s, 1-2¢% 0| |0 s, —c,
0 0 0 -1 0 O 0

S O = O

(S.10.11.1

(S.10.12.1)

(S.10.13.1)

0 (S.10.13.2)

The rotation of a A/2 plate by ¢ rotates the Stokes vector by twice the rotation ¢ and
additionally inverts the circular polarisation component. This is equivalent to a mirror
followed by a rotation of the coordinate system by 26. Please note, that the rotator and mirror

matrices don't commute (compare Egs. (S.6.2.1) ff).

M2-retarder Eq.(S.10.12.1) at 0° and 22.5° with phase shift error 2w

D,=0=Z,=+1-D, =1

A, = +20 = c, = -1420%s,=20=>W,=1-Z,c, =2-20°

1

=

9=225°=s,,=¢,, =

(S.10.13.3)
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10 o0 0

01 0 0 (S.10.13.4)
o 0 —1+20° 2w

0 0 20 -1+20°

1 0 0 0

0 o x(1-0’) -x\20 (S.10.13.5)
=T, 2 2

0 x (1 - ) w \/Ea)

0 x\2w 2o -1+20°

1 1 0 0 0 1
. yD 0 ’ X(l —a)z) —x\20 ~ —y@* Dy ~
\ 0 llo x(l—wz) * Vo | —XY(I—wz)Ds -
0 0 x\2w Lo  -1+20> xy\/Ea)DS (S.10.13.6)
1 0
0 5 -0
= +
—xyDy YOUS\ xo
0 X2
S.10.14 Rotated A/2 plate (HWP) for A90-calibration including error €

1 0 0 0
M, (x22.5°+¢/2) |0 —xs,, xc,, O

T 0 xc,, xs,, O
0 0 0 -1
(S.10.14.1)
1 0 0 01 0O 0 O
0 —xs —XC 010 1
- 2e 2e :R(X45°+8)MM
0 xc,, —-xs,, 0|0 0 -1
0 0 0 1IN0 0 0 -1
S.10.15 Rotation calibrator

The mechanical rotator (Sect. S.10.2) and the A/2- rotator (Sects. S.10.13, S.10.14) can be
combined to
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1 0 0 0)1 000y (1 0 0 0
M, (¢,h 0 ¢y -5, O[O0 1 0 0| [0 ¢, —hs, 0
T( )=R(¢)Mh‘o SZZ c2: 0{0 0 h 0| |0 s2: hc2: 0l
00 o 1) ooon) oo o n
10001 0 0 0y (1L00O0)lL 0 0 0
01 0 0[[0 ¢ —hs,, 0| [0 1 0 0[0 ¢y =Sy O
0 0 h 0|0 hs,, ¢, O 0 0 h 0]0 s,, ¢ O
00o0nflo o o 1)Jlooonfo o o 1
with h=:+1

(S.10.15.1)

where T, is the transmission of the rotation calibrator for unpolarised light, which equals one
for the mechanical rotator. For the mechanical rotator we use h = +1, and for the A/2- rotator h
=—1, and ¢ = 20 is two times the actual rotation 6 of the A/2-plate, as well as ¢ is two times
the actual error angle of the A/2-plate. With Eq. (S.10.15.1) we get Eq. (S.10.15.2) for the
rotation calibrator M,,, at +£45°.

M,, (x45°+¢,h)/T,, =R (x45°+ €)M, =R (x45°)R ()M, =

ot

1 0 0 0)1 O 0 0)1 0 0 O 1 0 0 0
0 0 -x 0|0 ¢c,, —s,, 0O 1 0 O 0 —xs,, —xhc,, O
= * e o =| " T T (S.10.15.2)
0 x 0 0]|0 s,, ¢, 00O O h O 0 xc,, —xhs,, O
00 0 1)NO O 0 1){0 0 0 h 0 O 0 h
with x,h=%1

The error rotation ¢ can be separated as in Eq. (S.10.15.3) using the explanations in Sect.
S.6.3.

R(x45°+ €)M, = R(x45°)R(e)M, = R(x45°)M, R (he) (S.10.15.3)
S.10.16 A4 plate (QWP)

From Eq. (S.10.6.1): QWP without diattenuation, with phase shift error .

Ay =90t0 = ¢, =-s

Sp =C,

w?

¢ =x45°+€ = c¢,, > —28,,, S, > XCy,

DQWZO’ZQWZI’WQ:(I_CQW):(1+Sw) (S.10.16.1)
(1 - CgeWQW) = S;e + cgeCQW = (Sge - ngsw)

2 _ 2 2 (2 2
(1 - SZeWQW) =Cye T85.Cop = (C2£ - SZesw)
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Dyy =0,Zyy =1L W,, =(1=cyy )=(1+s,)=
M, (x45°+€,0)

Tow
1 0 0 0
0 (1 - C;E‘WQW) _CZ€SZ£WQW —XCy Sow
0 _SzecngQW (1 - S;»:WQW) X8, Sow
0 XCyhS o X858 o Cow
(S.10.16.2)
1 0 0 0
_ 0 Sge - Cgesw _828028 (1 + Sw) _XCZSCw _
- 0 —5,.C¢ (l + Sm) Cge - Sges(o —X8,:Cp -
0 XC,,C, XS,,.C,, =S,
1 0 0 0
|0 1=, (I+s,) —cu8, (1+s,) —xc,.c,
10 =sye (1+s,) 1-si,(1+s,) —xs,.c,
0 XC,,C, XS,,C, =S,
D,y =0,W, =(1+s,),e=0=
1 0 0 0
M, (x45°,0) |0 -s, 0 —xc, (S.10.16.3)
Ty 0O 0 1 0
0 xc, 0 -s,
S$.10.17 Rotated, ideal A/4 plate (QWP)
A, =90°=c¢c,=0, s,=1, D,=0, Z,=+/1-D, =1, W,=1-Z,c,=1 (S.10.17.1)
(without absorption 7}, =1) S
1 0 0 0
0 c§¢ $16C2  —S2p
M =T
on (9)=Ton |, o Sy (S.10.17.2)
0 sy —Cyy 0
M, (x45°+¢€)=R(x45°+ 8)MQWR(—X45° —£)=
1 0 0 0
0 s,  -S,C, —XC, (S.10.17.3)
=Tyy 2
0 ~8,:Ca Cae —XSy,
0 xc,, XS,, 0
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1 00 O
M, (x45°) |0 0 0 —x
ow
= S.10.17.4
Tow 0 01 0 ( )
0 x 0 0
1 0 0 0
01 0 0
M, (0)=T,, 00 o0 1 (S.10.17.5)
00 -10
x € {0,£1}
1 0 0 0
) 0 1-x’ 0 —X (S.10.17.6)
My, (x45°) =Ty | o e 1=
0 x —(1-x*) o0
xe{O,il}
1 0 0 0
0 2 0 —(1-x? S.10.17.7
M, (45°—x45°) =T, x ( X) ( )
0 0 1-x° X
0 1-x° —X 0
S.10.18 Circular polariser (CP)

Linear polariser at 0° Eq. (S.10.3.1) and QWP at z45° Eq. (S.10.16.3) (see Chipman (2009a)
Chap. 15.26).
Dyy =0, Zy, =1,4,,=90°+0 =W,, =(1+s,)=

1 0 0 O 1 D, 0 0
MQW(Z450,(D)MP(OO)_ 0 -s, 0 —zc, (D, 1 0 0 |
T,,T, o 0 1 0 |0 0 Zc, Zs,|
0 zc, 0 -s, 0 0 —Zs, Z,c, (S.10.18.1)
1 D, 0 0
-s,Dp -s, zc,Z.8, —zC,Z,C,
B 0 0 ZpCp ZpSp
zc,D, zc, S,ZpSp  —S,ZyCp

Circular polariser as £45° calibrator with a QWP with phase shift error ® and a real linear
polariser
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[M,, (z45°,0)M,,(0°) |(x45°+¢)

TQWTP
1 —xs,,D,
X8,,8,D,  —S$,8, +¢C,, (czch + szgzcwsP)ZP
—XCp 8, Dp  €5685:8, + Cy, (SZsCP - CZsZCwSP)ZP (S.10.18.2)
zc,D, —X(8,,2C,, +C,.8,8pZ,) R
B xc,, D, 0
CZSSZSS(D + S25 (C2SCP + SZSZCwSP)ZP X(SZSZCa)CP - CZSSP)ZP
—c3.8, +5,, (szch - czgzcwsP)ZP -X (czgzcwcp + szgsP)ZP
x(czgzcw - szgswsPZP) —S,Cplp

Circular polariser with QWP without phase shift error @ and real linear polariser as +45°
calibrator

0=0 =
M, (z,0,x45°+¢) My, (245°,0)M,,(0°) |(x45°+ )
cp\Z,U,X £ _ [ Mow > P | _
Tep TowT)y
1 —X8,,D, xc,, D, 0
0 ey (CzsCP + ZSZeSP)ZP 82¢ (CZsCP + Zs2£sP)ZP X (Zszecp - ngSP)ZP
U (S2ch - ZczgSP)ZP S2¢ (S2£CP - ZC2£SP)ZP -X (Zczgcp + S2gSP)ZP
zD, —XZS,, XZC,, 0
1 —-xs,.D, Xc,,. D, 0
_ 0 C28C2eszZP SngZe‘szZP XSZZsfPZP
0 oSy pZp $3:Coeplp —XCpye plp
zD, —XZS,, XZC,, 0

(S.10.18.3)
Circular polariser with QWP with phase shift error @ and ideal linear polariser as +45°
calibrator

D,=1, Z,=0, =
M, (2,0,x45°+€) [ Mgy (245%0)M,(0°) |(x45°+¢)

TCP TQWTP
1 —XS,, xc,, 0 1 1 (5.10.18.4)
| X828, -s3.8,  ©,,8,8, O _| X820 —XS,,
—XC,,S, €,,8,,8, —Ca8, 0| |-xc,s, XC,,
zc,, —X8,,7C, XC,.zc, 0 zc,, 0

Ideal circular polariser as +45° calibrator (see Eq. (E.27))
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with D, =1, @ =0=

M, (z) =M, (z45°)M,, (0°) =
1 00 0)1 1 0O 1 1 00
TOOOZIIOOT{OOOO
“lo o1 00000 “lOO0O0O
0z0 0)Jo 00O z z 00 (S.10.18.5)
1 00 1 1 1 1
_T 0 0 0 -zl 1:T 0 1
“lo o 1 oo/\o “lo/\o
0z 0 0)O0 0 z 0
with z = +l1
Rotated, ideal circular polariser as +45° calibrator
D,=1, =0 =
M, (z,x45°+€)  R(x45°+&)M,, (245°)M, (0°)R(-x45°—¢)
Tep Tep
1 0 0 0)y1r 0 0 01 1|(1 0 0 0
0 —-xs,, —-xc,, 0|0 0 0 -z|[l 1{{0 -xs,, xc,, O
10 xe,, —xs, 0[J0 0 1 0[0/\0[[0 —xc,, —xs,, O]  (S.10.18.6)
0 0 0 IA\O z 0 0 )0/ \0[{0 0 0 1
I -xs,, xc, O 1 1
0 0 0 O |0\/ —xs,,
“lo o0 0 0] [0/\ xc,,
z -zXs,, zXc,, 0) |z 0
Rotated circular polariser as +-45° calibrator with a QWP, with retardation error
From Eq. (S.10.9.3)
My, (M, _
TQWTP
1+c¢,,DpDp Cy5Dpw + Dp
Cop Doy +(1=83Wo ) Dy €2y Dpy Dy +(1=53, 17, )
Sag(Dow +CogWowDp) 82y (Doy Dy +¢23Wpyy )
$25ZowSow Dy S25Z oS on (S.10.18.7)
- S20DowZ pCp S29DowZ pSp
S (CMWQWCP + ZQWSQWSP)ZP S (CMWQWSP - ZQWSQWC,,)Z,,
[(l - c§¢WQW)cP — CZ¢ZQWSQWSP]ZP [(l - c§¢WQW)sP + CZ¢ZQWSQWCP:|ZP
—(cz¢sQWcP + CQWSP)ZQWZP (—02¢SQWSP +CQWCP)ZQWZP
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1 0 0 0

0 ¢ S, C,. —S
M,, ($)M, =T,,T, 0o e (S.10.18.8)

O O =
7]
)
<
o
)
<
O O =

OO 8,0, S5 Cyy o
0 sy —Cyy 0 S2
p=x45°+¢= Cpp > ~XS,.,8,, —> XCy, =
M, (x45°+ €)M,
TowTp
1=x8,.Dy Dy —X8,.Dyy + Dy
—x8,, Dy + (1= 3 Wy ) Dy —%8,. Dy D, + (1= 3., )
Coe (XDQW - SZsWQWDP) Coe (XDQWDP - SZsWQW)

XCZEZQWSQWDP xcngQWsQW

- xczSDQWZPcP xcngQWZPsP
o (SZeWQWCP - XZQWSQWSP)ZP —Co (SzeWQWSP + XZQWSQWCP)ZP
[(l - sﬁgWQW)cP + xsngQWsQWsP}ZP [(l —53. Wy )sP - xs2gZQWsQWcP}ZP
—(—xszngWcP + cQWsP)ZQWZP (+XSZESQWSP +CopCp )ZQWZP
(S.10.18.9)
P=45°+€ = Cyy —> —8,,,8,, > C,, =
M,, (45°+ €)M, _
TowTp
1- SzeDQWDP _SngQW + DP
_SZsDQW + (1 - CgeWQW )DP _SZeDQWDP + (1 - CgsWQW)
Cae (DQW - SZeWQWDP) Cae (DQWDP - stWQW)

CreZowSow Dp CreZowSow
- C2eDowZpCp CoeDowZpSp

—Co (SZ£WQWCP - ZQWSQWSP)ZP —Cy (SzeWQWSP + ZQWSQWCP)ZP

|:(1 - S;‘WQW )CP + SZSZQWSQWSP:|ZP |:(1 - S;‘WQW )SP - SZSZQWSQWCP:|ZP
(SzgSQWCP - CQWSP)ZQWZP (SzgSQWSP + CQWCP)ZQWZP
(S.10.18.10)
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Dy =0,¢py = 0,85y =1,Zy, =1LW,, =(I-c,, ) =1=

[ M, (45°+£)M,, |(x45°)
Tow Ty
| D,
$2:Dp S2e
1 0 0 0) C282.Dp —€58,.Dp 1 0 0 O
0 0 x Of CDs Coe = 00 -x O
o —x 0 0 0 0 0 x 0 0|
0 0 0 1 —Cye (8260, =85) 2, —0pe (S5, +¢2)Z, (0 0 0 1
(Cgecp + SZeSP)ZP (C;SP - SngP)ZP
$2:CpLp $2e8pZp
1 0 —xD, 0
_ SgsDP (Cigcp + S2£SP)ZP C25525DP X(CigSP - S2£CP)ZP
—C3e85.Dp ng(szsCP_SP)ZP S3e _XC2£(S2£SP+CP)ZP
CoeDp X8,.CpZp —XCye $268pZp

(S.10.18.11)

P =45°+€ = Cyy = =8,.,8,, = Cpes 4y =90°+¢ = ¢y =5, 20, s, =c. —>1
2 _ 2 ) 2 (.2 2
(1 - cngQW) = (1 —C), (1 - ZQWCQW)) =5, +02€ZQWCQW = (szg - CZSZQng), =

2 _ 2 2 (2 2
(1 - SzeWQW) =Che T82.Z,Cop = (ng - S2£ZQWSg)

[ My, (45°+£,4,,=90°+¢)M, | _
ToyTp
1=8,.Dy, Dy =8, Dy + Dp
—$,. Dy + (sjg - cﬁgZQng)DP —$,. Dy Dy + (sjg - cggZQng)
C,e (DQW —S,, (l - ZQWCQW)DP) C,, (DQWDP =S, (1 —ZowCow ))

CoeZowC . Dp CoeZowC:

CoeDowZ pCp Coe DowZ S p
—Cy, (szg (1 - ZQWCQW)CP - ZQchsP)ZP —C,, (szg (1 - ZQWCQW)SP + ZQchcP)ZP
2 2 2 2
[(Czs —85:ZowS, )CP + SZEZQWCgSP:|ZP [(ng - S2£ZQWSg)SP - SZEZQWCgCPi|ZP

(SZSCch+sgsP)ZQWZP (szgcgsp—sch)ZQWZP

(S.10.18.12)
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¢=45°:>c2¢:0,sz¢=1=>

1 D, ¢, Doy Zp $pDyyZp
M, (450)MP _ ConlowDe  Conlow  SowSelowle  —SowCrlowZp (S.10.18.13)
Ty Ty D,y D,, D, c,Zp $pZp

SonZowDpe  ZowSow  —CowSpZowle  CowCrlowlp

D,y =0,Z,, =L,W,, = (I—CQW),¢ =45°+ €= ¢y, = —8,,,8,, > Cy, =

1 D, 0 0
M, (0°) _M,, (45°)M,, _|corPr Con SonSpZe —SouCpZp (S.10.18.14)
T, Tow T, 0 0 A spZ,

SowDp  Sow  —CowSplp  CowCplp

— o] — — —
p=45°+€e= Cap — ~S5658y —>c2£,AQW—9O°+g = Cop =S5 Sgy =C, =

g)
1 D, cpDyyZp $pDowZp

[MQW (450’AQW:9OO+g)MP:| | SZowDr —S.Z cSpZowlp —CColowZp

c“ow™p s“ow
To T, | Dy D,, D, VA spZ,
cZowDp . Zyy S Splowlp —S.Cplowlp
(S.10.18.15)
[ My, (45°,4,=90°+ )M, |(x45°+ &)
TQWTP -
1 0 0 0 1 D, ¢pDoyZp  $pDpyZ, \(1 0 0 0
0 —xs,, —x¢,, 0|\ =S ZpyDp =82y CSploylp —CCpZoyZp || 0 XS, XC, O
“lo XC,, —Xs,, 0 Dy Dy Dy Cplp $pZp 0 —-xc,, —-xs,, 0 B
0 0 0 I\ c.ZoyDp ¢Zy S8SpZopyZp —SCployZp \O 0 0 1
1 —X (sng,, + czec,,DQZ,,)

2 2
x(szgngQWDP - cngQW) =858 Loy +€5.CpZp +Cy. Sy, (cgsPZPZQW +DQWDP)
2 2
—X(czgngQWDP + SZeDQW) CyeSae (ngQW + cPZP) =€ SpZpZ oy + 83Dy Dy
c.ZyyD —x(szscg +c2£sgsPZP)ZQW

cZowtp

X(C2£DP - SZECPDQWZP) SpDoywZp
2 2
CaeS2¢ (SgZQW + cPZP) +83C8pZpLoy —Co Doy Dp X (SZ£CchZQW - CZ£SP)ZP

2 2
—C2S Loy T85.CpZLp —Cy,Sy, (cgsPZPZQW + DQWDP) -X (czgcchZQW + SzESP)ZP

x(czgcg —szgsgsPZP)ZQW =8¢ Loy Zp

(S.10.18.16)
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CP withideal LP: D, =1, Z,=0, =
[ My, (45°,4,,=90°+ ¢ )M, |(x45°+£) )

TQWTP
1 —XS,, XC,, 0
X(SzgSgZQW - CZsDQW) _SieSgZQW + CzesngQW CzeszeSgZQW - CgsDQW 0
_X(CszgZQW + stDQW) ngszgSgZQW + SgeDQW _CgsngQW —Cy85. Dy 0
C.Zoy —X8,,C.Z oy XCyC. Loy 0
I I
x(szgngQW - CZEDQW) —Xs,,
—x(czgngQW + SZSDQW) XCye
0
¢ Zow
(S.10.18.17)
CP before the polarising beam-splitter:
(Ag(y)| Mg (x45°+£,0) (MR |M,, (x45°+ £,0) B
T:S'TCP TSTCP
1 ! | 1
D X(82:80Zow — €20 D, —Xs S
_[ Y ( 2 ow — &2 QW) X87¢ =[1+Xst (SZ£Sa)ZQW _C2£DQW):| XS2e
0 |l—x (ngstQW +S2£DQW) XCye XCye
0 coZ o 0 0
(S.10.18.18)
I _ (As(y)| M, (x45° +£,0)|1,) _
N Tep T BT LT
1 iin
_ XSy ||Din \ _ (S.10.18.19)
= [1 + xyDy (szgstQW —¢y.Dyyy )} xc,. . =
0 vin
= [1 + xyDy (SzeSwZQW —C,.Dyyy )j||:iin —X (Szng'n —Cylyy, )]
D, =+L,D, =-1=
0 1L(x45°+g) _1=xy(8:80Z00 = 2Dy ) (S.10.18.20)
n nl,(x45°+¢) 1+ Xy(szgstQW - CzeDgw)
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D,=0,Z,=1=
(A (9)|Mep (x45° +£.0) _ (MR, M, (x45° +£,0)

I Tep TTep
1 1 1 1 (S.10.18.21)
D.|| Xs,.8 —XS —XS
— y S 2e¥m 2¢ — [1 + Xstszgsw] 2¢e
0 ||—xc,,S, XC,, XC,,
0 C 0 0

(]

CP before the receiving optics:

<AS (Yay)‘MCP (X450 + 8) <MSR},MO (7/)‘MCP (X45° + g)

TToTep TToTep
1+ye,, DsD, 1

1
€3y Do +yDs (1 - Sino) X(SzeSgZQW - ngDQW) —XS,,

Say (Do + Y02, D) || =X (208, Zgy +2: D) |\ XCac

. (S.10.18.22)

=¥8,,DsZ 8, C.Zow
=1+yDq (czyDO - szyZOSOCgZQW) +

. [CzyDo + YD (1 -5, W, )} (SzgngQW - CZsDQW) -

—Sy (Do + yczyDSWo)(CZsSgZQW + S2£DQW)

y=0=
(As (7,0)|Mp(x45° +€)  (MGR,M, (0)| M (x45°+¢) _
I ToTep T,T,T,, (S.10.18.23)

=1+ YDy Dy +x{[ Dy + YDy ](8::5, Zow = 3D )}
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CP with QWP without diattenuation: Dy, =0, Z,, =1, =

ow
[ Mg, (45°,4,,=90°+ )M, |(x45°+¢)

TQWTP
1 —X8,,Dp
X8,.8.Dp —siesg +c,, (czch +szgcgsp)ZP
_XCZSSgDP CreS2eS, +Cy (SzecP - CZngSP)ZP
c.D, —x(szgcg +czgsgsPZP)
- Xc,, D, 0

C2£S255g + SZe (CZ.sCP + SZ.ngSP)ZP X (SZgCch - CZsSP)ZP

2
—C2S. 55, (szch - c2£cgsP)ZP -X (czgcgcp +s26sP)ZP

x(czgcg —szgsgspZ},) —8.CpZp

(S.10.18.24)

CP with QW without diattenuation and phase shift error: D, =0, Z,, =1, ¢ =0=

1 —xs,.D, XC,, Dy
[MQW (450’ Aoy :9OO)MP:|(X450 + 8) 10 el p Ly 850 0Ly
TowTp 0 ¢Sy pZp 83850 pZp
D, —XS,, XC,,
S.10.19 Circular analyser (CA)

(see Chipman (2009a) Chap. 15.26)

0
XSy pLp
_Xczs—PZP
0
(S.10.18.25)

In order to keep the same flexibility regarding the mutual orientation between the linear
polariser and the A/4 plate as for the circular polariser, we construct the ideal circular analyser
with a A/4 plate at +45° and a linear polariser at 0° or 90° (according to Chipman (2009a),
Sect. 15.18: left circular analyser for x,z = +1) from Eqgs. (S.10.8.5) and (S.10.17.4)

M, (x,z) M, (45°-x45°) M, (z45°)

T, T, T

ow

I\ 1100 o) |1\ /1] (10 0 -
x\/x|]/0 0 0 —-z| |x 0 x 0 0 -z
“lo/\olloo1 ol fo/\ ol oo o o
o/ \ollo z 0 0) [0/ \xz| o 0 0 o

with x,z=%1
with zx = +1 = left circ. analyzer

with zx = —1 = right circ. analyzer

Ideal circular analyser with QWP at z45° with error angle ¢

(S.10.19.1)
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TCA CA
1 0 0 0)1 0 0 —-zx)(l1 0 0 O
0 c,, xs,, O|lx 0 0 -z |0 «¢, xs,, O
10 xs,, ¢, 00 00 00 —xs, ¢, 0|
0 O 0 1)\0 0 0 0 ){O O 0 1
1 0 0 -z 1 1
| XC 0 0 —zc,, | |XCy, 0
B S 0 0 —zxs,, - Sre 0
0 00 1 0 —7X
S.11 Helpful relations
(see also S.10.10)
1+6 I +1,° 1+a
_TTP_TTS

T T, =0.5(7 + 1)

p o -T2 T
YT+ THT T, | 14D, T
- _

S ey R C 1 R
! TP +T) TP+T: T,

1+D,D, =1+

TY+TS TP +T (1 +15)(17 +17)
CTITPHTLTE
2T,T,

1-D,D, =1

TP AT T 4T (15 +13)(17 +17)
CTT T
2T,

D,=0= Z,=41-D,’ =1, W,=1-c¢,
ID,|=1= Z,=\1-D,> =0, W,=1

-y 17 -1 (T3 +To)(IF + 1)+ (75 - T5)(T7 - T7) _

-1y 17 -1 _ (D)1 + 1)~ (15 - ) (17 - 77)

(S.10.19.2)

(S.11.1)

(S.11.2)

(S.11.3)

(S.11.4)

(S.11.5)

(S.11.6)
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S.12 Trigonometric relations

1 Cpt8y85 =/5(CoptCoptCyp C¢+/3) 9B
84Cs = /583

CCp =%(Ca,ﬁ +ca+[,) =

. ﬂ+s¢+ﬂ_s+ﬂ+s—ﬁ)zs¢—ﬁ
SaSﬁ _A(COC*,B _Ca+ﬁ)

with ¢ =x45°+e,x=*1=

2 = 008 2(x45° + £) | = cos(£90° + 2¢) = Fsin(2¢) = —xs,,

55, =sin[ 2(x45° + £) | =sin(+90° + 2¢) = £cos(2¢) = xc,,

with ¢ =x45°+45+¢,x=*x1=

2o =©08[ 2(x45°+45+ £) | = cos(£90° + 90° + 2€) = Fcos(2€) = —xc,,
S, =sin[ 2(x45°+ 45 + ) | =sin(+90° + 90° + 2¢) = Fsin(2€) = —xs,,

C
C

for (x45°+€)— (x45°+45+ €)= {;::2% _:;::2
with x =+1=

cos[ 2(x45°) =0

sin[2 x45°) ]= X

cos[ 2(x45°+45)]=-

sin| 2(x45°+45)]=0

cos[ 2(—x45° = )] = cos(¥90° - 2y ) = Fsin (2y ) = —xs,,
sin[ 2(-x45° =) | =sin(F90° - 2y) = Fcos(2y) = —xc,,
cos{2|:x 45°+7/)]} |:+ 90° + 2y ]——sm(Zj/)——szy
sin{2[ x(45°+7) ]} = sin[ £(90° + 2y ) | = £cos(2y) = xc,,
¢=x22.5°+¢g/2,x=*1=

4o =c08[ 4(x22.5° + £/2) | = cos (x90° + 2¢) = —xs,,

8, =sin[ 4(x22.5° + £/2) | = sin (x90° + 2¢) = xc,,

C

S4p = 28,4Cy

. , ) l+c¢,, =2c,
Cyp =Cyp =8y =2C5, —1=1-25;, = ¢ —og
49~ <02

(S.12.1)

(S.12.2)

(S.12.3)

(S.12.4)

(S.12.5)
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1=y W, =1=(1=$3, )W, =1 =W, +5; W, = Z0p +, W, = Zp0, +55, (1= Z,0,) =
1=V, =5, + ¢, Z,c, (8.126)
1=, =3, +85,Z,05

S.121 Tangent half-angle substitution

The substitution Eq. (S.12.1.1) is sometimes called Weierstrass substitution, but it can already
be found in Euler's Institutionum calculi integralis (Enestrom number E342: Vol. 1 Part 1,
Sect. 1, Chap. 5, Problem 29, http://eulerarchive.maa.org/pages/E342.html).

t:tan(%)(:}sin@: 2t (81211)

1+¢°

With this substitution we can write Eq. (S.12.1.2) and yield ¢ from Eq. (S.12.1.3). For small ¢
we get the approximation Eq. (S.12.1.4).

2Ks,,

t=Ks,, = tan(gj &sinf =Y = > (S.12.1.2)
2 1+(Ks,,)
ezlarcsin itan M (S.12.1.3)
2 K 2
K<lrnexl=
Y (S.12.1.4)
£~—
2K
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