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Abstract

In this paper we introduce and study fused lasso nearly-isotonic signal approx-
imation, which is a combination of fused lasso and generalized nearly-isotonic
regression. We show how these three estimators relate to each other and derive
solution to a general problem. Our estimator is computationally feasible and pro-
vides a trade-off between monotonicity, block sparsity and goodness-of-fit. Next,
we prove that fusion and near-isotonisation in one dimensional case can be applied
interchangably, and this step-wise procedure gives the solution to the original
optimization problem. This property of the estimator is very important, because
it provides a direct way to construct path solution when one of the penalization
parameters is fixed. Also, we derive unbiased estimator of degrees of freedom of
the estimator.

Keywords: Constrained inference, isotonic regression, nearly-isotonic regression, fused
lasso

1 Introduction

This work is motivated by recent papers in nearly-constrained estimation in several
dimensions and by the papers in generalised penalized least squared regression. The
subject of penalized estimators starts with Lq-penalisation, cf. [1], which is called lasso
signal approximation, and Lo-penalisation, which is usually addressed as ridge regres-
sion [2] or sometimes as Tikhonov-Philips regularization [3, 4]. The first generalisation
of lasso is Ly-penalisation imposed on the successive differences of the coefficients. For



a given sequence of data points y € R™ the fusion approximator (cf. [5]) is given by

n—1

R 1
B (y, Ar) :azgr;nngInyﬁH%%\FZIBifﬂml- (1)
2

=1

The combination of fusion approximator and lasso is called fused lasso estimator and
is given by:

n—1

R 1
By Ar M) = argmin 3y = BII5 + Ar 31 = Beal + AcllBll: ()

i=1

The fused lasso was introduced in [6] and its asymptotic properties were studied in
detail in [5]. Also, it is worth to note that in the paper [7] the estimator in (1) is called
the fused lasso, while the estimator in (2) is addressed as the sparse fused lasso.

In the area of constrained inference the basic and simplest problem is isotonic
regression in one dimension. For a given sequence of data points y € R™ isotonic
regression is the following approximation

B! = argmin||y — B2, subject to Bi < B2 < -+ < B, 3)
BeR™

i.e. it is £2-projection of the vector y onto the set of non-increasing vectors in R™. The
notion of isotonic "regression” in this context might be confusing. Nevertheless, it is a
standard notion in this subject, cf., for example, the papers [8, 9], where the notation
”isotonic regression” is used for the isotonic projection of a general vector. Also, in this
paper we use notations ”regression”, ”estimator” and ”approximator” interchangeably.
A general introduction to isotonic regression can be found, for example, in [10].

The nearly-isotonic regression, introduced in [11] and studied in detail in [12], is a
less restrictive version of isotonic regression and is given by the following optimization

problem

n—1
. 1
BN (y, An1) = arﬁg min §|\y — B3+ Anr E 1Bi — Big1l+s (4)
eR™ i=1

where 4 =z - 1{z > 0}.

In this paper we combine fused lasso estimator with nearly-isotonic regression and
call the resulting estimator as fused lasso nearly-isotonic signal approrimator, i.e. for
a given sequence of data points y € R™ the problem in one dimensional case is the
following optimization:

BEENT(y Np, Ap, AnT) =

n—1 n—1
1 ()
a1g tin Slly = BlI3+Ar > 18i = Bival + AlIBll + vt D 18i — Bl
eR™ i=1 i=1



Also, in the case of Ap # 0 and Ayy # 0, with A, = 0, we call the estimator as fused
nearly-isotonic regression, i.e.

BN (y, Ap, Ang) = BN (Y, AR, 0, Any) =
. 1 ) n—1 n—1 (6)
atg min 1y = Bl +Ar D 1B = Bisal + Anr D 1Bi = Bigal-
ZRn

=1 i=1

This generalisation of nearly-isotonic regression in (6) was proposed in the conclusion
of the paper [11]. Next, one-dimensional fused nearly-isotonic regression was considered
and numerically solved in [13] with time complexity O(n). Nevertheless, first, in this
paper we consider and solve the problem in general dimensions. Second, for fixed
penalisation parameters in one-dimensional case we also provide solution with linear
complexity and exact partly path solution (when one of the parameters is fixed and
the path is with respect the other one) with complexity O(nlog(n)).

It is also worth to mention the paper [14], where the authors studied nearly-isotonic
approximator with extra penalisation term

(Bi = Bix1)? - H{(Bi — Biv1) > 0}

with additial lasso penalty. Also, in the paper [15] the authors did a comparison of
the algorithms to solve lasso with linear constraints, which is called constrained lasso.

In the next step we state the problem defined in (5) for the general case of isotonic
constraints with respect to a general partial order. First, we have to introduce the
notation.

1.1 Notation

We start with basic definitions of partial order and isotonic regression. Let 7 =
{%1,...,%,} be some index set. Next, we define the following binary relation < on Z.
A binary relation < on Z is called partial order if

® it is reflexive, i.e. 7 < j for all j € Z;
® it is tramsitive, i.e. j1,J2,7J3 € Z, j1 = J2 and j2 = js imply j1 = Js;
® it is antisymmetric, i.e. 1,72 € Z, j1 =X J2 and j2 <X 71 imply 71 = Jo.

Further, a vector 8 € R™ indexed by Z is called isotonic with respect to the partial
order = on T if j; = jo implies 3;, < B;,. We denote the set of all isotonic vectors in
R™ with respect to the partial order < on Z by B*, which is closed convex cone in R”
and it is also called isotonic cone. Next, a vector 3!/ € R™ is isotonic regression of an
arbitrary vector y € R™ over the pre-ordered index set Z if

B! = argmin Z([)’J — yj)2. (7



For any partial order relation < on Z there exists directed graph G = (V, E), with
V =17 and FE is the minimal set of edges such that

E = {(j1,J2), where (§1,7=2) is the ordered pair of vertices from Z}, (8)

such that an arbitrary vector 3 € R" is isotonic with respect to < iff §;, < fi,, given
that E contains the chain of edges from l; € V toly € V.

Now we can generalise the estimators discussed above. First, equivalently to the
definition in (7), a vector B! € R™ is isotonic regression of an arbitrary vector y € R"
indexed by the partially ordered index set Z if

Bl = arg;ninZ(ﬂj — ;)% 9)

subject to 81, < Bi,, whenever F contains the chain of edges from I; € V to I, € V.
Second, for the directed graph G = (V, E), which corresponds to the partial order
=< on Z, the nearly-isotonic regression of y € R™ indexed by Z is given by

A 1
BN (y, Avr) = argmin o |ly = Bl + Avr Y 18— Byl (10)
BeR™ (i4)eE

This generalisation of nearly-isotonic regression was introduced and studied in [12].
Next, fused and fused lasso approximators for a general directed graph G = (V, E)
are given by

R 1
ﬁF(yAF)=argmm§|\y—ﬁ||§+AF > 1B = Bil, (11)
AeRe (i4)€E
and
o o1
By, Ap M) =argminZ|ly = B3+ Ar Y 18— Bl + AcllBlh. (12)
pern 2 (i.d)€E

These optimization problems were introduced and solved for a general graph in [7, 16,
17].

Further, let D denote the oriented incidence matrix for the directed graph G =
(V, E), corresponding to < on Z . We choose the orientation of D in the following way.
Assume that the graph G with n vertexes has m edges. Next, assume we label the
vertexes by {1,...,n} and edges by {1,...,m}. Then D is m X n matrix with

1, if vertex j is the source of edge i,
D;;=<¢-1, if vertex j is the target of edge 1, (13)
0, otherwise.



In order to clarify the notations we consider the following examples of partial order
relation. First, let us consider the monotonic order relation in one dimensional case.
Let Z ={1,...,n}, and for j; € Z and j, € 7 we naturally define j; =< jo if j; < jo.
Further, if welet V=Zand E = {(i,i+1):i=1,...,n—1}, then G = (V, E) is the
directed graph which correspond to the one dimensional order relation on Z. Figure 1
displays the graph and the incidence matrix for the graph.

~ ~ - - - 1-10 0 0
OB (BB ot o0
\ \ \ \ \ 00 1 -10
! ’ s ! 5 00 0 1 -1
(a) Graph G = (V, E) (b) Oriented incidence matrix D

Fig. 1: Graph for monotonic contstraints and oriented incidence matrix

Next, we consider two dimensional case with bimonotonic constraints. The notion
of bimonotonicity was first introduced in [18] and it means the following. Let us
consider the index set

T={i=(0GW,i®):iD =12 n;,i%=12.. no}

with the following order relation =< on it: for j1, jo € Z we have j; < jo iff jfl) < jél)
and j£2) < j§2). Then, a vector 3 € R", with n = niny, indexed by 7 is called
bimonotone if it is isotonic with respect to bimonotone order < defined on its index Z.
Further, we define the directed graph G = (V, F) with vertexes V = Z, and the edges

E={((l,k),,k+1): 1<1<n;, 1 <k<ny—1}
U{((Lk),(I+1,k)): 1 <1<ni—1,1<k<ny}.

The labeled directed graph for bimonotone constraints and its incidence matrix are
displayed on Figure 2.

1.2 General statement of the problem

Now we can state the general problem studied in this paper. Let y € R™ be a signal
indexed by the index set Z with the partial order relation < defined on Z. Next, let
G = (V, E) be the directed graph corresponding to < on Z. The fused lasso nearly-
isotonic signal approximation with respect to < on Z (or, equivalently, to the directed
graph G = (V| E), corresponding to <) is given by

R 1
BNy, Ap, Ay Ang) = a1g min 5y = BlI5+Ar > 1B — Bl
e n

(i,7)EE (14)

+ (Bl +Anr D 1B — Bily-

(3,9)€E
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Fig. 2: Graph for bimonotonic contstraints and oriented incidence matrix

Therefore, the estimator in (14) is a combination of the estimators in (10) and (12).
Equivalently, we can rewrite the problem in the following way:

. 1
BFENT (y Ap, AL, An1) = arg min §||y — B3 + Ar||DBI1
BER™ (15)

+ ALlIBll + An1l|DBI+,

where D is the oriented incidence matrix of the graph G = (V, E). Here we clarify
that in the case of penalisation with the incidence matrix D we assume that 3 is
indexed according to the indexing of the edges in the graph G = (V| F). Analogously
to the definition in one dimensional case, if A, = 0 we call the estimator as fused
nearly-isotonic approximator and denote it by BFN! (y, \r, ANT)-

Here it is worth to mention recent papers in constrained estimation [19-21], where
the authors studied the asymptotic properties of the isotonic regression in general
dimensions. Also, in paper [22] ¢;-trend filterin was generalised for the case of a general
graph.

1.3 Organisation of the paper

The rest of the paper is organized as follows. In Section 2 we provide the numerical
solution to the fussed lasso nearly-isotonic signal approximator. Section 3 is dedicated
to the theoretical properties of the estimator. We show how the solutions to the fussed
lasso nearly-isotonic regression, fussed lasso and nearly-isotonic regression are related
to each other. Also, we prove that in one-dimensional case the new estimator has
agglomerative property and the procedures of near-isotonisation and fusion can be
swaped and provide the solution to the original problem. Next, in Section 4 we derive
the unbiased estimator of the degrees of freedom of the estimator. Further, in Section
5 we discuss the computational aspects, do the simulation study and show that the
estimator is computationally feasible for moderately large data sets. Also, we illustrate
the usage of the estimator for the real data set. The article closes with a conclusion
and a discussion of possible generalisations in Section 6. The proofs of all results are



given in Appendix. The R and Python implementations of the estimator are available
upon request.

2 Solution to the fused lasso nearly-isotonic signal
approximator

First, we consider fused nearly-isotonic regression, i.e. in (15) we assume that Ay, = 0.
Theorem 1. For a fized data vector y € R™ indexed by the index set T with the partial
order relation < defined on I the solution to the fused nearly-isotonic problem in (15)
is given by R

BNy, Ar, Ant) =y — DTO(Ar, Ant) (16)
with

1
U(y, A\p, Ayy) = arg min §Hy — D[z st —Apl<v < (Ap+Anp)1, (17)
veR™

where D is the incidence matrixz of the directed graph G = (V, E) with n vertices and
m edges corresponding to = on Z, 1 € R™ 1is the vector whose all elements are equal
to 1 and the notation a < b for vectors a,b € R™ means a; < b; forallt=1,...,m.

Next, we provide the solution to the fused lasso nearly-isotonic regression.
Theorem 2. For a given vector y indexed by T the solution to the fused lasso nearly-
isotonic signal approximator BFLNI(y,)\F,)\L,)\NI) s given by soft thresholding the
fused nearly-isotonic regression BFN(y, Ap, An1), i.e.

A BINI (g Ar, Anr) = A, if BENT 2 AL
BFLNI (4 N\p Ap, AnT) = 0, if ‘IB’FNI' <\, (18)
BEN(y, A, Anr) + Az, if BENT < =g,

forieT.

From this result we can conclude that adding lasso penalisation does not add much
to the computational complexity of the solution. The computational aspects of fussed
nearly-isotonic approximator will be discussed in the Section 5 below. In the next
section we discuss properties of the fussed lasso nearly-isotonic regression.

3 Properties of the fused lasso nearly-isotonic signal
approximator

We start with a proposition which shows how the solutions to the optimization prob-
lems (11), (10) and (15) are related to each other. This result will be used in the
next section to derive degrees of freedom of the fused lasso nearly-isotonic signal
approximator.



Proposition 3. For a fized data vector y indexed by T and penalisation parameters
Anrt and Mg the following relations between estimators BY, BNT and BFN! hold

A A A 1
BN (y, An1) = B (y — %DTL §ANI)7 (19)
BN (y, Mg, Ang) = B (y + Ae D71, Ayt + 2)F)
. A 1 (20)
=B (y - %DTL §>\NI + Ap)
and \ .
BUN (y A AnAnr) = B (y = Z5EDTL SANT + AR, AL, (21)

where D is the oriented incidence matriz for the graph G = (V, E) corresponding to
the partial order relation < on T.

Further, let us introduce two "naive” versions of B¥N!. Instead of simultaniously
penalise by fusion and isotonisation we consider the following two-step procedures:

BN (y Ap, Ant) = BV (BT (y, Ar), AnT)

N TP 22
= argmin 2|87 (g, Ar) = BB+ Avr 3 18— Byl PP
per? (1.4)€E

and

BN =F (y A, Ar) = B (BY (y, An1), Ar)

= argmin /8% (g, ) — BB+ A S0 13—yl )

BeR™ (i,5)€E

Below we prove that both “naive” methods in one dimensional case with a simple
monotonic restriction defined above are not only equivalent, but both methods provide
the solution to the fused nearly-isotonic regression.

First, we have to prove that, analogously to fused lasso and nearly-isotonic regres-
sion, as one of the penalization parameters increases the constant regions in the
solution BFLNT can only be joined together and not split apart. In the paper [12] this
property of the estimator was called as agglomerative property. We prove this result
only for one dimensional monotonic order, and the general case is an open question.
Proposition 4. (Agglomerative property of FLNI estimator) Let T = {1,...,n} with
the natural order for integers defined on it. Next, let X = (Ap, A, Ans) and A* =
(AN5y NS, A ) are the triples of penalisation parameters such that one of the elements
of X* is greater than the corresponding element in X, while two others are the same.
Next, assume that for some i the solution BFLNI(y, A) satisfies

BEENT (y, X) = BEENT (y, N).

Then for A* we have R A
BEEN (g, A7) = BEAN (g, X).



Now we can prove the commutability property of the "naive” estimators and the
equivalence of the approach to the fussed nearly-isotonic regression.
Theorem 5. (Commutability property of FNI estimator)
Let BF%NI(y,)\F,)\NI) and ,BTNIHF(y,)\NI,)\F) be the "naive” versions of the fussed
nearly-isotonic approzimator, defined in (22) and (23), in the case of one-dimensional
monotonic constraint. Then, we have

BFHNI(y,)\F,AN]) = BNIA)F(y,)\NI,)\F) = BFNI(:U’ /\F,)\NI)'

One of the first conclusions of Theorem 5 is commutability of strict isotonisation
(which corresponds to the large values of Ayr) and fusion. For big values of Axr fussed
lasso nearly-isotonic signal approximation is, in principle, analogous to the approach
studied in [23], where the authors studied estimation of isotonic piecewise constant
signals solving the following optimization problem

n

B* = argmin Z(Bj — ;)% + pen(n, k), (24)
BEB, j=1

where

Bl ={B €R": there exists {a; }?:0 and {u; }?:1 such that
0<ay<a; <---<ap=n,
1 < Ji2 <... < i and ﬁz = l; for all 7 € (ajfl : aj]}a

and pen(n, k) is a penalization term which depends on n and k but not on y. Therefore,
the result of Theorem 5 provides an alternative approach to obtain exact solution in
the estimation isotonic piecewise constant signals.

4 Degrees of freedom

In this section we discuss the estimation of the degrees of freedom for the fused nearly-
isotonic regression and the fused lasso nearly-isotonic signal approximator. Let us
consider the following nonparametric model

Y:B—i—s,

where ,é € R™ is an unknown signal, and the error term € € N(0,02I), with o < cc.
The degrees of freedom is a measure of complexity of the estimator, and following
[24], for the fixed values of Ar, Az, and Ay; the degrees of freedom of BFN! and BFENT

are given by

df (BN (Y, Ap, Anp)) = % > Cov[BN(Y, Ap, Ani), Yi] (25)

i=1



and

. 1 & .
df (B NNY  Ap, ALy Ang)) = po) > Cov[BENI(Y, Ap, AL, Ani), Yil- (26)

i=1

The next theorem provides the unbiased estimators of the degrees of freedom
df(ﬂFNI) and df(ﬂFLNI).
Theorem 6. For the fized values of A\p, A\, and An; let

KFNI(y7 )‘Fa )\NI) = #{fUSBd groups m ﬁFNI(ya )‘Fa ANI)}a

and

KNIy, Ap, Ay Ant) = #{non-zero fused groups in BN (y, \p, Ar, A1)}

Then we have .
E[K"N(Y , Ap, An1)] = df (B"N (Y, Ap, An1)),
and
E[KTENIY  Ap, Ap, Anr)] = df (BEENL(Y A p, AL, Ang)).

We can potentially use the estimate of degrees of freedom for unbiased estimation
of the true risk E[>""" | (8; — BFENI(Y, Ap, AL, An1))?], which is given by C,, statistic
Cp(Ar, AL, ANT) =
n
> (Wi = BNy, Ap, ALy Ang))? = no® + 20 KPENH(Y Mg, AL, Awg).
i=1
Though, we note that in a real application the variance o2 is unknown. The variance
estimator for the case of one-dimensional isotonic regression was introduced in [25].
To the authors’ knowledge, the variance estimator even for one dimensional nearly-
isotonic regression is an open problem.

5 Computational aspects, simulation study and
application to a real data set

First of all, recall that the dual of (6) is given by

1
U(yY, A\p, ANT) = argmin§\|y — DTv|Z subject to —Apl <v < (Ap+Anp)1,

veR™

where D is the incidence matrix displayed in Figure 1 (a) for one-dimensional case.
The matrix D is full raw ranked, therefore, the problem is strictly convex. Next, we
have similar box-type constraints as in the problem of L;-trend filtering example and
we can solve the problem with O(n) time complexity.

10



Second, note that in one-dimensional case the time complexities of path solu-
tion algorithms for nearly-isotonic regression and fusion approximator are equal to
O(nlog(n)), cf. [11, 17, 26] with the references therein. Therefore, if we have Ap
fixed, then using the result of Theorem 5 we can get the solution path with respect
to Any with the time complexity O(nlog(n)). Further, if we fix Ay then, again,
using Theorem 5 we can obtain the solution path with respect to A\r with complexity
O(nlog(n)). In the paper [13] one-dimensional fussed nearly-isotonic regression was
solved for fixed values of penalisation parameters. Therefore, one dimentional fussed
lasso and nearly-isotonic regression have been studied in detail, therefore, in our paper
we focus in two-dimensional case.

The case of several dimensions is more complicated. Note, that, for example, even
in the case of two dimensions the matrix D, displayed on Figure 2, is not full raw
ranked. Therefore, the dual problem is not strictly convex. At the same time one
can see that the matrix D is sparse digaonal. Therefore, we apply recently developed
algorithm OSQP algorithm, cf. [27]. The time complexity of the solution is linear with
respect to the number of edges in the graph, i.e. it is O(| E|).

The exact solution for fixed values of penalisation parameters can be obtained using
results of the paper [12], where the author proposed the algorithm for a general graph
with computational complexity O(n|E|log(%)). Therefore, in principle, using the
relation between fused nearly-isotonic regression and nearly-isotonic regression proved
in Proposition 3 it is possible to obtain exact solution to the fussed nearly-isotonic
approximation for a general graph.

First, recall that from Theorem 2 it follows that the solution with Ay # 0 is given
by soft-thresholding of the solution with A\;, = 0. Therefore, lasso penalization does not
add much to the complexity, and we concentrate on the case with A, = 0. Following
[12], we use the following bi-monotone functions (bisigmoid and bicubic) to test the
performance of the fused nearly-isotonic approximator:

o @ 1 el6zt—8 el62®—8
fos(at,2™) = 5(14-@16%‘”—8 + 1+616x(2)—8>7
1
Fro(@®,2®) = 5((290(1) —1)3 4 (22@ - 1)3) +2

where (1) € [0,1) and z(?) € [0,1).
The simulation experiment is performed in the following way. First, we generate
homogeneous grid k x k:

k—1 k—1
z,(cl) = and z,(f) =

d )
for k =1,...,d. The size of the side d varies in {2 x 10%,4 x 102,6 x 10%,8 x 10%,103}.
Next, we uniformly generate penalisation parameters Agp and Ay from U(0,5). We
perform 10 runs and compute computational times for each d. Analogously to [27], we
consider two cases of OSQP algorithm: low precision case with e,p5 = €,¢; = 1073, and
high precision case with €445 = £,¢; = 1077 (for the details of the settings in OSQP we
refer to [27]). Figure 3 below provides these computational times. All the computations

11



were performed on MacBook Air (Apple M1 chip), 16 GB RAM. From these results
we can conclude that the estimator is computationally feasible for moderate sized data
sets (i.e. for the grids with millions of nodes).

, Bisigmoid; low precision Bicubic; low precision
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Fig. 3: Computational times vs side size of a square grid for OSQP solution of fussed
nearly-isotonic approximator in two dimensions

Next, Figure 4 visualizes the fussed nearly-isotonic approximator. We use Adult
data set, available from the UCI Machine Learning repository [28]. The target variable
in this data set is either a person’s salary is greater than 50 000 dollars per year or
less. We use two features (education number and working hours per week) and each
bar at the figure is the proportion of people making more that the amount of money
mentioned above. This data set was used, for example, in [29].

From Figure 4 we can see that fussed nearly-isotonic regression provides a trade-off
between monotonicity, block sparsity and goodness-of-fit.

6 Conclusion and discussion

In this paper we introduced and studied fussed lasso nearly-isotonic signal approixi-
mator in general dimensions. The main result is that the estimator is computationally
feasible and it provides interplay between fusion and monotonisation. Also, we proved

12
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Fig. 4: Data visualisation for different levels of fusion and isotonisation

that the properties of new estimator are very similar to the properties of fusion
estimator and nearly-isotonic regression.

In our opinion, one of the most important results is Theorem 5, where we proved the
commutability property of fusion and nearly-isotonisation, because for the fixed values
of one of the penalisation parameters we can immediately obtain the path solution
with respect to the other one. Path algorithm for fussed lasso exists [7, 17]. At the
same time, to the authors’ knowledge, path algorithm for nearly-isotonic regression
in general dimensions has not been developed yet. Therefore, further direction could
be the solution for the nearly-isotonic regression, and, next, to prove if commutability
holds in a general dimensional case.

One of the other possible direction is to study the asymptotic properties. In partic-
ular, it is interesting to understand the rate of convergence for different model selection
and cross-validation procedures of choosing penalisation parameters.

Another direction is to study properties of the solution when Ag and Ayy are not
the same for each vertex. An example where one must use different penalisation param-
eters is the case when the data points are measured along non-homogeneously spaced
grid. It is important to note that, as discussed in [12], this case is different and even in
one dimensional case the estimator will behave differently. In particular, agglomerative
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property of the nearly-isotonic regression holds if the penalisation parameters satisfy
the certain relatio, cf. Proposition A.1. in [12], which is crucial for the solution path.

Finally, in our opinion, it is interesting to study different combinations of penali-
sation estimators, even though, practically, in this case one needs more data, because
there will be more penalisation parameters to estimate.
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Appendix A Proofs of the results

Proof of Theorem 1. First, following the derivations of /; trend filtering and gener-
alised lasso in [30] and [7], respectively, we can write the optimization problem in (6)
in the following way

1
minﬂimize §||y — B3 + Arl|z|l1 + Anzl|z]|s  subject to DB =z c R™.
Z

Further, the Lagrangian is given by

1
L(B,z,v) = 5lly - Bll5 + Arllzlly + Anzllzll4 + 2" (DB - 2), (A1)
where v € R™ is a dual variable.
Note that
. 0, if —Apl <v < (Arp+An1)1,
min(Ar|[2]ly + Awillzlls —27z) = . (e + Awr)
z —00, otherwise,

and
1 1 1 1
mﬁm(5lly —Bl3+v'DB) = —§VTDDTV +y"DTv = —5lly - Dv||5 + §yTy-

Next, the dual function is given by
g(v) =min L(8, z,v) =

2

—3lly = DTv||3 + syTy, if —Arl<v <(Ap+An1)1,
—00, otherwise,

and, therefore, the dual problem is

U(y,\p, An1) = argmax g(v) subject to —Apl <v < (Ap+ Ang)l,
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which is equivalent to
1
U(y, \r, ANT) = arg min §|Iy —DTv||2 subject to —Apl <v < (Ap+Anr)l
v

Lastly, taking first derivative of Lagrangian L(3, z,r) with respect to 3 we get
the following relation between B¥N(\p, Ax7) and (y, Ar, An7)

BN (y, Ap, Av1) =y — DTi(y, Ap, An1).

Proof of Theorem 2. The proof is similar to the derivation of solution of the
fused lasso in [16]. Nevertheless, for compliteness of the paper we provide the proof
BFENT(y \p, AL, AnT)-

The subgradient equations (which are necessary and sufficient conditions for the
solution of (5)) for 3;, with i € Z, are

for

gi()‘L) = _( ﬂz +)\NI Z qi5 — Z q,j,i)

7:(i,5)EE J:(g,)EE (AQ)
+ Ar( Z tij — Z tji) +Arsi =0,
j:(i,3)€E j:(3.i)er
where
=1, ifﬂi—ﬂj>0, =1, ifﬂi_6j>07
gij:q=0, if 8; —pB; <0, tig:q=—1, if 8; —pB; <0, (A3)
€ [0,1], if B; = By, e [-1,1], if B; = pj,
=1, if 8; >0,
s 14 =—1, if B; <0,

€[-1,1], if B =0.

Next, let ¢; ;(Ar), t;(Ar) and s;(Ar) denote the values of the parameters defined
above at some value of Ar. Note, the values of A\y; and Ar are fixed. Therefore, if
BEENT(y Ap,0,A\n7) # 0 for s;(0) we have

a0 = b AT A, 0000) > 0,
' =1, if BN (y, Ap, 0, A1) <0,

and for BFENT (y, A, 0, An) = 0 we can set s;(0) = 0.
Next, let 397 (A1) denote the soft thresholding of 37N (y, Ap, 0, Any), i.e
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BfLNI(y7)‘Fu07)\NI)_)‘L7 if BfLNI(y7)‘F707)\NI) ZALv
/BET(AL) = 07 lf |BfLNI(y7)‘FaO7ANI)| S )\Lv
BfLNI(y7)‘Fu07)\NI) + )‘Lv if BfLNI(y7)‘F707)\NI) S _)\L~

The goal is to prove that 357 (A1) provides the solution to (14).
Note, analogously to the proof for the fused lasso estimator in Lemma A.1 at [16], if

either BT (AL) # 0 or BFT(AL) # 0, and B5T (ML) < B7T(AL) or BET(AL) > BT (L),
then we also have 357(0) < BJST(O) or B57(0) > BJ-ST(O), respectively. Therefore, soft
thresholding of ,éFLNI(y, Ar,0,Ans) does not change the ordering of these pairs and
we have ¢; j(Ar) = ¢;,(0) and ¢; ;(Ar) = t;,5(0). Next, if for some (3, j) € E we have
BfT(AL) = BJST(/\L) =0, then ¢; ; € [0,1] and ¢; ; € [—1,1], and, again, we can set
tij(AL) = ti3(0), and ¢; 5(AL) = ¢i5(0).

Now let us insert 577 (A1) into subgradient equations (A2) and show that we can
find s;(A\z) € [0, 1], for all i € 7.

First, assume that for some 2 we have BfLNI(y, Ar,0,An7) > Ar. Then

gi(AL) = — (vi — BfLNI(yv Ar, 0, ANT)) — AL

v Y @)= YD ga(An)

§:(4,5)€E §:(33)€E
+ Ar( Z tij(AL) — Z tji(An)) + Arsi(Ar)
j:(i,4)€EE j:(4,1)€E

= — (yi = BTV (y, A, 0, A1)
+ Ani( Z :,5(0) — Z 4;,i(0))

j:(i,3)€E 3:(d,.i)EE
—l—S)\F( Z ti,j(O)— Z tj,i(o))“‘/\LSi()\L)_)\L:O-
3:(i,5)€EE 7:(Gg.i)EE

Note, that

— (i = BEN (g, Ap, 008 )+ Avi(C Y a0 = >0 ¢5.4(0))
7:(¢i,5)EE J:(g,)eErE

+Ar( Y a0 = Y 154(0) =0,

J:(4.J)EE J:(4.4)€E

because BTN (y, Ap, An1) = BTN (y, Ap, 0, Anr).
Therefore, if s;(A) = signf7 (A1) = 1, then g;(Ar) = 0.

The proof for the case when BfLNI(y, Ar,0,An7) < —Ap is similar and one can
show that g;(Ar) =0if s;(A\p) = SignBiST()\L) =-1

Second, assume that |BfLNI(y,/\F,O,)\N1)| < Ar. Then, BET()\L) =0, and
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gi0) = —wi+ v Y qi() - g5.5(\))
§:(i.5)EE §:(G,)EE
+ Ar( Z tij(A) — Z tji(AL)) + Ansi(Ar)
J:(4.3)EE J:(GA)€EE
= —yit+ivi( Y. wi(0)— D ¢i(0)
§:(i.5)€E §:(j,i)€E
+ >\F( Z tiﬁj(O) — Z tj’i(())) + )\Lsi()\L) =0.
Jj:(4,3)€EE Jj:(Gi)er
Next, if we let s;(Ar) = BfLNI(y,)\F,O,/\NI)/)\L, then, again, we have

gi(A\r) = — (yi — BF*N (y, Ap, 0, An1))
v D @i (0= > g5.4(0)

§:(i.5)EE §:(GA)EE
FAr( Y (00— Y t.4(0) =0,
J:(i,j)EE ORI
Therefore, we have proved that ,@FLNI(y, AR, AL, ANT) = BST()\L). |

Proof of Proposition 3. First, from [11] the solution to the nearly-isotonic
problem is given by
B! (y, An1) =y — DT d(y, Ani),
with

1
0(y, An7) = arg min §||y — DTv||2 subject to 0 <wv < Ay/l,
veRn—1

and from [7] it follows
ﬂF(y7 )\F) =Y - DTUA’(% )\F)7
with

1
w(y, A\r) = arg min §||y — DTw||3 subject to —Apl < w < Apl.
weRn—1

Second, let us introduce a new variable v* = v — ’\Zﬂl. Then

~ A o
BN (y,An1) =y — DT%l — DTo*(y, An1),

where

1 A A A
0" (y, An7) = argmin 5”?/ - DT%I ~ D3 st — %1 <opr < 2N

v*€Rn—1
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Therefore, we have proved that BN (y, An;) = BF (y — )‘NI DT1,i\np).

The proof for the fused lasso nearly-isotonic estimator is the same with the change
of variable u* = w+ DTAp1 in (16) and (17) for the proof of the first equality in (20)
and with u* = u — ’\12V L1 for the second equality.

Next, we prove the result for the case of fused lasso nearly-isotonic approximator.
From Theorem 2 we have

. BENT(y, Ap, An1) — AL, it BENT > \p,
BN (g, Ar, Ar Awr) = 10, it BENT] < A,
BENT(y, Ap, AnT) + AL, if BENT < —\p,

for ¢ € 1.
Further, using (20) we have

. . >\
BEENT (y, Ap, Az, An) = B (y — 2N pTy, )\NI +Ar) — AL,
if 87 (y — 22 D71, IAns + Ar) > Ar,

BiFLNI(y7)\F7>\L5 A1\/'[) = 07

if |BF (y — 22 DT1, Iy + Ap)| < Az,

~ A A 1
BFENT (g g, AL, Ang) = BF (y — %DTL 5)\1\11 +Ar) + AL,

it Bf (y — 24 D71, JAns + Ar) < =M
Therefore, we obtain
BEENT (y Ap, AL, Ang) =
ANT

1
agggunilly—fDTl B3 + (GAn1 +Ar) DBl + Acl|Blh =
e’”

n A
B (y - gIDTl SANT A+ AR, AL).

Let us consider the following cases separately.

Case 1: Ays and Ap are fixed and A} > Ap. The result of the proposition for
this case follows directly from Theorem 2.

Case 2: A\p and A are fixed and A\}y; > Ans. Let us consider the fused
nearly-isotonic regression and write the subgradient equations

9i(ANT) = —(yi — Bi) + An1(@i(An1) — i-1(An1)) + AR(ti(AnT) — tici(An1)) = 0,
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where ¢; and ¢;, with ¢ = 1,...,n, are defined in (A3), and, analogously to the proof
of Theorem 2, ¢(Any), t(Ans) denote the values of the parameters defined above at
some value of Ayy.
Assume that for Ay in the solution ,C:}'FNI(y, Ar, An1) we have a following constant
region . R
gli]\{l(ya AR, ANI) 7& ﬁjFNI(yv AF, )‘NI) =

= f+]\{cl(y7 )‘Fa )\NI) 7& j'F—',-]\lli-l(y? >‘F7 ANI)?
and in the same way as in [11] for A%; we consider the subset of the subgradient
equations

(A4)

9i(An1) = =i — Bi) + Anr(ai(An1) — di-1(An )
+ Ap(ti(Anr) —tica(Ang)) =0,
with 4 = j,...,k, and show that there exists the solution for which (A4) holds, ¢; €
[0,1] and ¢; € [—1,1].

Note first that as Ay increases, (A4) holds until the merge with other groups
happens, which means that ¢;_1, ¢j+% € {0,1} and t,_1,t;4r € {—1,1} will not change
their values until the merge of this constant region. Also, as it follows from (A3),
for i € [j,j + k] the value of ¢; is in [—1,1]. Therefore, without any violation of the
restrictions on ¢; we can assume that t;(A%;) = t;(\) for any i € [j,7 + k — 1].

Next, taking pairwise differences between subgradient equations for Ay; we have

(A5)

)\NIAq()\NI) + )\FAi()\N]) =Dy + /\NIC(/\NI) + /\Fd(/\NI)7

where D is displayed at Figure 1,

and

( ) "7yj+k)7
(An1) = (g (ANT), - -+ Gru—1(ANT)),
tOAn) = (G(AND), - tr—1(ANT)),
(An1) = (¢j-1(AN1),0,...,0,¢j4x(ANT)),
(

d(Ant) = (tj—1(ANn1),0,...,0,t 16 (ANT))-
Since A is invertible we have

ANTGANT) + Art(Anr) = A7 DG 4+ Anr A le(Anr) + Ar A7 d(Ayr),

and, since g(An7) and £(Ax7) provide the solution to the subgradient equations (A5),
then
—Ar < ANIGANT) + Art(ANT) < AnT+ Ap. (A7)
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Next, as pointed out at [16] and [11]

(A Nii=Mm—i+1)/(n+1) and (A Y, =1i/(n+1),

)

then, one can show that
“Arl 2 AnrA e(Anr) F ArA T Hd(ANT) 2 Anrl + ARl (A8)
Further, let us consider the case of Ay ; > Anr. Then we have
Avid(\ivp) + Art(\yp) = AT DG + Xy A e(Nyp) + Ap AT (A )).

Recall, above we set (A% ;) = t(An1), and q;j_1,qj1k,tj—1 and tj1) does not change
their values until the merge, which means that ¢(Ay;) = c¢(Anr), and d(N\y;) =
d(ANT).

Therefore, the subgradient equations for A% ; can be written as

ANId(ANT) + Art(Ang) = A7'Dg + Ay A e(Ang) + Ap A~ d(An o).
Next, since the term A~'Dg is not changed, —Ar < Apt(Ans) < Ap, and
—Arl XA A (W) + ArAT d(ANg) = A 14 Apd,

then we have
0=q\ys) = 1.
Therefore we proved that SFNT(y, A*) = Ai]:_]\l” (y,A*). Since BFLNT (y, A*) is given by
soft thresholding of BfNI(y, A*), then BZ-FLNI(y, A*) = AferlNI(y, A*) for ¢ € [j, k.
Case 3: Ay; and )y, are fixed and A}, > Ap. The proof for this case is virtually
identical to the proof for the Case 2. In this case we assume that ¢;(\5) = ¢;(A2) for
any i € [f,7 + k — 1]. Next, ¢;—1,¢j+k,tj—1 and ¢;1; do not change their values until
the merge, which, again, means that c¢(A\}) = ¢(Ap), and d(A\};) = d(Ap). Finally, we
can show that
—1=<t(\p) <1
O

Proof of Theorem 5. For some fixed Ap and Ay; let us write subgradient
equations for the fussed lasso nearly-isotonic approximator:

i =—Wi — Bi) + An1(¢i — qim1) + Ap(ti —ti—1) =0,

fori=1,...,n, where ¢; and ¢;, with ¢ = 1,...,n — 1, are given by
=1, if B; — Biy1 >0, =1, if B; — Biy1 >0,
qi:{=0, if 8; — Biy1 <0, ti 4 =—1, if 8; — Biy1 <0, (A9)
S [071]7 if 5i = 6i+17 S [_1; 1]a if ﬁz = Bi+la
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and qo = q, =t =t, = 0.

Second, assume that in the solution ,C:]F NI(y, A\p, An7) there are K distinct constant
regions A(Ap,Any) = {A1,...,Ax}, and f; and [; are the first and last indices,
respectively, in the region A;. Therefore, using the telescoping sums, for £ € A; the
solution BFNI(y, AF, An7) can be written as

l .
Zi]:fj Yi Afjp — q A b — by
— AF

BENL(y, A\p, Ang) = — ANT ,
e )= T4, 4, 4,

with |AJ‘ = #{j C Y € AJ}
We, first, prove that

BN (y, Ap, Ant) = BN (y, Ar, Anr).

Let us fix some A, and take Ni; > Ays such that 37N (y, \p, X%;) has the
same constant regions as BN (y, Ap, Ay 1). Therefore, analogously to the case of one
dimensional nearly-isotonic regression in [11], for a fixed Ay the solution is linear
function of Ay in between the values of A\n; (which are called knots) where some
constant regions merge.

Assume now that Ay; = 0. Next, assume that in the solution ¥~ (y, Ay, 0) there
are K (0) distinct constant regions A(Ap,0) = {A1,..., Ak}, and f; and [; are the
first and last indices, respectively, in those region A;.

Next, we increase the value of A\};; > Ay and assume that we still have the same
constant regions as for Ap and Ay, i.e.

l.
Zi;fj Yi Qfjvr — 9 \ L — by
— AF

_ )\* ,
|4, N4 |4

R (Y A ANg) =
i.e. at the value A};; not merge has happened, which means that

AlfNI(ya /\F7 *NI) 7é BIE:NI(yv )‘Fa /\7\71)

if k and k" are not in the same A; € A(Ap,0). Next, recall that for any k € A; we have

lj
i=f; Yi te, , — 1.
Z fi )\F fit1 l.7. (AlO)

B o Ar) = B0V (g A 0) = Y i =t
Hu ) = AT e An 0 = T 4]

Therefore, B,f (y, Ar) has the same constant regions as B,fNI (y,Ar,0).
Then, recall that

BE 7Ny Ap, Ant) = BY(BT (Y, Ar), Ant)

Next, let us choose Ny ; < Ay, such that, again, the constant regions of
BNL(BF (y, A\r), Ny ;) are the same as for B (y, A\p) and L N (y, Ap, Anr). Then, for
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k € A; the solution is given by

l; AF
ZiJ:fj Bi 1 9 — 9y

AF—NIT / _ _
Bk (ya)‘Fa NI) - |A]| NI ‘Ajl ’

and using (A10) we get

L ,
F—>N1(y A, Nyp) = Zi:fj Yi — Ny Afj1 — Ay Ap b — by
|41 |41 |41
which means that the solution is linear function of Ay ; until some constant regions
merge.
Note now

BF*)NI(yv )\Fa /]\/'I) = BFNI(yv >‘Fa )\3\71)

and, obviously, this equality holds at least until constant regions merge Let )\S\I,)I be
the first value of Axy; when the first merge happens. At the value )\ the equality

BFHNI(Z‘L)‘Fa)‘(l)) BFNI(y7>\F7)‘§\%)[)

holds, since ﬁNI is continuous in Ayy.
Assume for simplicity of notation that at Ay = /\5\2 the constant region A; merges
with constant region A;;,. Therefore, for k € A; U A;4; we have

1 +1
(1) ZZ] £ Yi )\(1) 4fjr2 — —Ap th+2 — tj

FNI
Y, Ap, A = — = 7
WA AN = T A o] VA + Ayl A+ 1Ayl

and for k € A, # A; U Ajqq:

3 iy, Y ) Ui — i tho —
FNI( >\F7)\(1)) — Li=fm TP )\(1 frm+t1 ™ Ap Fmt1 m
’ N T A, A ™

Further, for BF*NI(y, AF, /\5\2) for k € A; U Aj4q1 we have

J P
S5 e,
|A;] + |Ag+1\ N4+ 1A

30V y, A, A = M A ),

and for k € A,, 7& A]‘ U Aj+1l

Sy BE qr @ 1
5 1 i=fm i ™ - Y
FoNI( )\Fv)‘gv)z) o~ L )‘SV)I - FNI(Z/»)\F7>\§\7)I)
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Next, let us increase )\ by 0 so that no merge in ,BFNI (y, Ar, An1+9A) happens.
Then, for k € A; U A1 we have

Y v (1) Qfyn —
BFNI yv)\Fa)‘(l) +5>\) == ()\ 1 +5>\)#
e ( |Aj| + [Aj41] |A;] 4+ |Aj11]
- )\FM,
| Az + [Aj4]
and for k € A, # Aj U A, q:
l
R n - . »
/BlfNI(ya AR, /\5\2 +0N) = M — (/\g\}I +0)) Qfmi1 = A Ap Frnga o

A An| | A

Further, in the case of BF_’NI(y, AR, )\5\1,)1) we increase A by 6\ < 0\ and, therefore,
we have for k € A; U A;4:

F_>NI( A (1) T+ 5)\) Zlﬁ_fl] BF ( (1) +5>\/) Afj2 — 41,
o AT+ Al T A+ Al
and for k € A,,, # A; U Ajqq:
lrn AF
FHNI(ya )\Fa /\(1) + 5)\ ) lejqulﬂ ()\(1) 4 SA )qur;l |QIm

Therefore, before the next merge happens we have the following relation between the
estimators BTN (y, Ap, An1) and BFN (y, \r, A7)

BEN (5, Ap, AN+ 00) = BEN (g, A, AN+ 6X) + (0A — X)L =S
1451+ [Aj41]
if k e A]‘ @] Aj+1, and
— L,

A ) af,
BEN (g, Ap, AN + 0X) = BE N (y, Ap, AR+ 0N) + (9X = 6X)f‘*;17|7

for ke A, 7£ Aj @] Aj+1.
We have proved that before the second merge we have

BF_)NI(yvAF7)‘NI) = BFNI(yaAFv)\NI)

and at the value of /\5\2,)1 when the second merge of some constant regions happens we
have

BTN (y, A AT)) = BN (g, Ar AR
by the continuity.
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We can continue this process until the last knot point in the path. Therefore we
proved the equality of the estimators. The proof of

BN (y, Ae, Anr) = BN (y, Ar, Avi).
is virtually the same with g; suitably changed to ¢; and An; to Ap and using the

propertis of fused lasso from [17]. O

Proof of Theorem 6. First, for the fused estimator ﬁF(y, Ar) let
K¥(y,Ap) = #{fused groups in B8 (y, \r)}.
Then, as it follows from [7], for BF (y, \p) we have
E[K"(Y, Ap)] = df (B" (Y, Ar)).

Next, from Proposition 3, it follows

N A A
BN (y, Ar, Ant) = B (y — 12\/1 D1, )\NI + Ap).

Therefore, using the property of covariance we have

df(/éFNI(Ya)\F7 )‘NI)) = ZCOV[B'LFNI(Y’)\Fa )\Nf)v)/z] =

i=1
- AF ANT yry 1 _
ZCOV[@: (Y — — D L gANr+ Ap),Yi] =
i=1

- . A A
> Cov[Bf (Y - NIDTl fANI+AF) y, — 2N
=1

A
E[KF(Y - 12” AN1+AF)] = E[K"N(Y, A, A1),

DT =

where [a]; denotes i-th element in the vector a € R™.
Next, we prove the result for the fused lasso nearly-isotonic approximator. From
Proposition 3 we have

A N )\
BEENT(y Ap, A, Ang) = BFE(y — ZXE DT, *>\N1 + Ar, AL).
Next, for the fused lasso BFL(y, Ap, Ar) defined in (2) let

K¥E(y, A\, A\r) = #{non-zero fused groups in BFL(y, Ar,AL)}
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and from [7] it follows
E[KTH (Y, Ap, )] = df (B (Y, Ar, Ap)).

Further, again, using the property of the covariance, we have

df (B NN Ap, A Ang)) = Y Cov[BI N (Y, Ap, AL, Ani), Vi)

i=1

n X A 1
=Y Cov[alE(Y - %DTI, ST+ AR L), Y]
=1

n R A 1 A
= > Cov[BE(Y = SEDTL SAwg + Ak An), Y — S5 DT
=1

A 1
=E[K"H(Y - %DTL AN+ AR AL)]
= E[KFLNI(Y7 >\F7 )‘Lv )‘NI)]

Lastly, we note that the proof for the unbiased estimator of the degrees of freedom
for nearly-isotonic regression, given in [11], can be done in the same way as in the
current proof, using the relation (19) and, again, the result of the paper [7] for the
fusion estimator BFLNT (Y, Ap). O
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