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Abstract—The distributed matrix multiplication problem
with unknown number of stragglers is considered, where the
goal is to allow a master to efficiently and flexibly obtain
the product of two massive matrices by distributing the
computation across N servers. We assume there are at most
N — R stragglers but the exact number is not known a
priori. Motivated by reducing the latency, a flexible solution is
proposed to fully utilize the computation capability of available
servers. The computing job for each server is separated into 2
layers, constructed based on Entangled Polynomial (EP) codes
by Yu el al. The final results can be obtained when a larger
number of servers complete the task from the first layer or
a smaller number of servers complete the tasks from both 2
layers. The required finite field size of the proposed solution is
less than 2N. Moreover, the optimal partitioning of the input
matrices is discussed. Our constructions can also be generalized
to batch matrix multiplication.

I. INTRODUCTION

Distributed matrix multiplication has received wide inter-
est because of the huge amount of data computing required
by many popular applications like machine learning. In par-
ticular, the following basic distributed matrix multiplication
is considered: A master wishes to obtain the product of
two massive input matrices A € FA*5 and B € FrXm,
where F is some finite field. Each matrix is encoded into NV
shares and distributed to N servers. Each server performs
computation on its own shares and sends the results to
the master. After collecting enough results, the master can
decode the desired product AB. To reduce the overall system
latency caused by stragglers (servers that fail to respond
or respond after the master executes the reconstruction),
distributed matrix computing schemes with straggler toler-
ance are provided in [1]-[34]. Among the state-of-the-art
schemes, some are based on matrix partitioning such as
Polynomial codes [2], MatDot codes and PolyDot codes [3],
Generalized PolyDot codes [4] and Entangled Polynomial
(EP) codes [5], and others are based on batch processing
such as Lagrange Coded Computing [6] and Cross Subspace
Alignment codes [30]. The majority of the literature assumes
a fixed number of stragglers, i.e., the data is distributed to N
servers and after any R of them complete their computing,
the final product can be obtained by the master. Here R is
predetermined and called the recovery threshold. However,
when the number of stragglers is smaller than N — R,

the master still only uses the results from R servers, and
the results of other servers are wasted. In [32]-[40], the
authors consider a setting in which the number of stragglers
is not known as a priori and design schemes that can
cope with this setting. References [35], [39], [40] focus
on the task scheduling for general distributed computing
or distributed learning. The matrix-vector multiplication
setting is considered in [32], [33]. Reference [34], [36]—
[38] consider matrix-matrix multiplication, but they can only
handle a special partitioning, i.e., A is split row-wisely and
B is split column-wisely. Arbitrary partitioning of input
matrices is important in massive matrix multiplication since
it enables different utilization of system resources (e.g., the
required amount of storage at each server and the amount
of communication from servers to the master). When the
number of stragglers is fixed, EP codes [5] provide an
elegant solution for arbitrary partitioning by encoding the
input matrix blocks into a carefully designed polynomial.

This paper proposes flexible distributed matrix multipli-
cation in order to achieve low latency. The desired product
AB can be decoded from collecting the results of a flexible
number of servers. As long as the master collects enough
results from servers, the computing is completed. This idea
of multi-message is also considered in [37], [39], [40]. A
naive solution to achieve flexibility is simply applying the
EP code [5] with a recovery threshold of RK, where each
server gets K pairs of shares instead of one pair of shares.
The master can calculate the final results with any RN out
of the K N computing results. Thus, each server only needs
to compute RK /N results when there is no straggler, and in
general the number of results computed in each server can
be adjusted based on the number of stragglers. However, by
doing so, the computation needs to be done in a field with
minimum size of KN, and multiplication in a larger field
results in a much bigger delay for each multiplication [41].

To obtain a smaller field size, we propose the following
solution. The main idea is that non-stragglers can finish more
tasks to compensate for the effect of the stragglers without
knowing the pattern of the stragglers a priori. Specifically,
the computation is divided into 2 layers, where the first layer
has a larger recovery threshold and the second layer has a
smaller recovery threshold. Each server keeps calculating



and sending results to the master until enough servers send
results to the master, which can be either a larger number
of servers for the first layer or a smaller number of servers
for both 2 layers. The remaining servers are viewed as
stragglers. Our construction only requires a field size of
less than 2N. The computation load of each server can be
reduced when there are fewer stragglers than N — R. Since
computation load is one of the main reasons of delay, our
scheme performs better than fixed EP codes with respect to
delay, as shown in Fig. 1.

Notation: We use calligraphic characters to denote sets.
For positive integer N, [N] stands for the set {1,2,..., N}.
For a matrix M, |M| denotes its cardinality and when M is
partitioned into blocks, M, (i,5) denotes the block in the i-th
row and the j-th column.

; CDF of Latency for Example 1

09t
08t
07t
06
Zosr
04t
03f

021

011

Latency for EP Code
Latency for flexible construction
. . .

_

6 7 8 9 10 11 12 13 14
. . Timeslots .
Fig. 1. CDF of latency for flexible construction and EP code in Example

1 of Section IIl. N = Ry = 5,R2 = R = 3. We assume A\ = Kk =
p = 6U, for some integer U, and the computation delay for multiplication
of two U X U matrices in each server satisfy the exponential distribution
with parameter 0.1. The latency of the EP code is the delay of the 3rd
quickest server, and the slowest 2 servers are viewed as stragglers. For the
flexible construction, the computation is completed in the cases of 5 servers
complete 1 task (no straggler), or 4 servers complete 2 tasks (1 straggler),
or of 3 servers complete 3 tasks (2 stragglers). The overall latency is the
smallest latency of these 3 cases. The expected latency is 10.79 for EP
code, and 8.20 for the flexible construction, hence we save 24%.

II. PROBLEM STATEMENT

0

We consider a problem of matrix multiplication with two
input matrices A € FA** and B € F***, for some integers
Ak, p and a field F. We are interested in computing the
product S = AB in a distributed computing environment
with 2 sources, a master, and N servers. Sources 1 and
2 hold matrices A and B, respectively. It is assumed that
there are up to N — R stragglers among the servers. In
non-flexible distributed matrix multiplication, R is called the
recovery threshold. Given the flexibility parameters 1, Ro,
where N > R; > Ry = R, the shares (coded matrix sets)
A; and B; are generated by sources for Server i,7 € [N].
Each share has Ry — Ry + 1 coded matrices, which are
divided into 2 layers. The first layer contains the first coded
matrix, denoted by A;; or B; i, and the second layer
contains the remaining R; — Ry coded matrices, denoted by

{Aig, -+, Ai g, —Ryt1}, of {Bia,-+,BiR,—R,+1}. For
i € [N], the shares and the encoding functions are

Ai={A;|jeRi—-Ro+1]} = fi(4), (1)
Bi ={B;;|j€[Ri— R+ 1]} = gi(B). )

Then VZZ and BVZ» are sent to Server i from the sources before
the computation starts. Each server is with a storage capacity
C !. To satisfy the storage constraint, for each Server i, €
[N]’ Z]\/IE./ZiUEi |M‘ S O .

Server ¢ computes Ry — Ro + 1 tasks in order:

Si,j =h (AVZ'J,EZ'J) = Avi’j . Ei,juj € [Rl - RQ + 1],

and sends §l ; to the master once its computation is finished.
Since the results are computed in order, the master receives
Sij, before S j, for Vi € [N],j1 < jo. Denote S; ;) =
Sl teli]} and Sepy = {Sip i € K}, v < [N)
The decoding function dx [;) of the master for recovering
S satisfies

S =di, (Slam) )
VRQS"C|:R*SR1,j:R1—R*+1. 3)

The function set {f;,gi,h,dc; | 1 < i < N,Ry <
K| = R* < Ry,j = Ry — R* + 1} is called the flexible
constructions for distributed matrix multiplication.

In other words, the sources send all Ry — Ro + 1 coded
matrices to each server. Then, each server keeps calculating
and sending results to the master until the master obtains
enough results — either when the quickest R; servers com-
plete the first task, or when the quickest R* servers complete
the first Ry — R* + 1 tasks, Ry < R* < R;. The remaining
servers are viewed as stragglers. The latency is defined as the
time required for the master to collect enough results from
the start of the computation. For simplicity, in the analysis
of this paper, we assume a small failure probability at each
server and a constant time for a unit computation at each
server if it is not a straggler.

We want to find flexible constructions with the storage
capacity C' and the computation load (i.e., the number of
multiplications) at each server as small as possible.

III. CONSTRUCTION
In this section, we present our flexible constructions. We

start from a motivating example.

Example 1. Consider the matrix multiplication of A and
B, for A € FA** B ¢ F**t using N = 5 servers with at
most N— R = 2 stragglers. Assume A is partitioned column-
wisely and B is partitioned row-wisely: A = [A;, As], B =

[ gl }, and the master requires AB = A1 By + AsBs.
2

IThe maximum storage size C' is usually smaller than |A| + |B|,
otherwise the sources can send A and B to the servers.



Applying the EP code [5], server 4,4 € [5] receives coded
matrices A7 + «; A2 and o; B1 + Bs, and calculates

(Al + OéiAg) . (OziB1 + BQ) @
=A1Bs + a;(A1B1 + Ay Bs) + OZ?AQBb

which is a degree 2 polynomial with respect to ;. Thus
A1B; 4+ A3 B> can be calculated by 3 distinct evaluations
from {o; | 7 € [5]} using Lagrange interpolation. The total
computation load of directly multiplying A and B is L =
Arp, and with EP code the computation load of each server
is L/2. However, when there is no straggler, the computation
of 2 servers are wasted.

Alternatively, we can use a flexible scheme to calculate
AB, such that any R* available servers can complete the
computation, 3 = Ry < R* < R; = 5. First, we
partition the matrices and get A = [A1, A2, A3],B =
(B, BY BT, and thus the master requires AB = A; B+
AsBs 4+ A3Bs. Let {«;li € [7]} be distinct elements in F.
The calculation will be divided into 2 layers.

Layer 1: server 4,4 € [5], calculates

(A1 + jAs + a2 A3) - (a2 By + «; By + Bs)
=A1B3 + (A2 B3 + A1 Bs)
—I—Oé?(AlBl + A2 By + A3Bj3)
+a3(A2By + A3Bs) + af A3 By. )

It is a degree 4 polynomial with respect to «;, and the
final product can be obtained from all 5 servers. If there
is no straggler, we stop here. In this layer, matrices A, B
are divided into smaller pieces compared to fixed EP code
and the computation load of each server is L/3. If there are
stragglers, the servers continue the calculation in Layer 2.

Layer 2: We set Ay, = (A1 + a;As + a?A3), B,, =
(a?B; + a;Bs + B3) and we further partition them into 2
parts,

Ao, = [AOli,17Aai,2]7BOéi = |: gai,l :| . (6)
a;,2
The calculation of each server is shown in Table L.

Since Layer 2 has a similar structure as (4), from any 3
of the servers, we can get A,, - By, and/or A, - By,. If
there is one straggler, the master obtains A, - B,, from
Layer 2, which causes the additional computation load of
L/6 in a server. If there are 2 stragglers, the master obtains
both A, -B,, and A, - B,,, which causes the computation
load of L/3 in Layer 2 for each server.

Note that in this example, the~re are R, —R~2+1 = 3 coded
matrices in a share. That is, Aiq = éaﬁAi}g = A~06671 +
0 Ang2, Aiz = 4a7,1 + a;Aa, 2, Bin = Ba,,Bia =
Baa,l + aiBaﬁ,QaBi,S = Bow,lj' O(,'Ba%g, for ¢ € [N]
Server i needs to store A; and B; before the computation
steps. Each server computes the R; — Re + 1 = 3 tasks in
order independent of the progress of the other servers.

From Example 1, when there is no straggler (which is
more likely in most practical systems), we can reduce the
computation load of each server from L/2 to L/3. In the
worst case, we can tolerate 2 stragglers and get the desired
results. The resulting latency under an exponential model is
plotted in Fig. 1.

In this example, the storage size required for each server
is QAT“ + 2’%“ for our flexible construction, and % + % for
the EP code. We will discuss how to partition the matrices
to obtain a good performance on storage size in Section IV.

Next, we present the general construction of our flexible
schemes.

Construction 1. Assume we have N > Ry > R, = R,
R; =pjm;n; +p; —1,j € [2], and distinct elements {c;
7 6 [N+ Ry — Rs 1} from the ﬁmte field F. With py,mq,nq,
matrices A, B are partitioned as

A,y Aapy) B,y B,ny)
Az, 2,p1) B, Bn)
A(my.1) A(mi.p1) By 1) Bpy,n1)

@)

In Layer 1, set A1) = A B1) = B, we calculate
fi,am (i) - f1 g (i) in server 4, where

mi1 pP1
fl’Am(ai):ZZAEi)v)%v L1 (u=1), ®
u=1v=1
P11 ni
fupo () =03 BL), el T Tl ()
u=1v=1

are shares basNed on EP codes [5]. Here, for Server i, ﬁi,l =
fr,a0(w), Big = fi po ().

In Layer 2, we npartition matrices fi 40)(ani¢),
fipw(angs), t € [Ri — Rp], with parameters

P2, Mma,ny. Server i calculates fy g2 (i) - fo pe (@),
where (A®), B®) € {(f1 a0 (ante), fr.po (anie) [t E
[Rl — RQ]} and
maz P2
fg A®) Olz ZZAHU) ;} 14p2(u— 1) (10)
u=1v=1
P2 N2
fome (i) = 3037 B o2 T
u=1v=1

In Layer 2, for Server i € [N], index ¢ € [R; — Ra2],
AP = f a0 (anye), and B® = f; poy(any), the

corresponding coded matrices are
= f2,A(2>(ai)7
fo, B ().

The calculation tasks in both layers are shown in Table
II. Since we only use N + Ry — Ry distinct «; values, the
required field size is |[F| > N + Ry — Rs.

Ajtia

Bt =



TABLE I
CALCULATION TASKS IN EACH SERVER FOR EXAMPLE 1.

Server 1 Server 2 Server 3 Server 4 Server 5
Layer 1 Aqy - Bay Aay - Bay Aas - Basy Aay - Bay Aay - Bag
(Aag,1 + @1Aag,2) (Aag,1 + a2Aag,2) (Aag,1 + a3Aag,2) (Aag,1 + @aAag,2) (Aag,1 + as5Aag,2)
Layer 2 '(OélBag,l + Ba6,2)9 '(Q’QBozg,l + Ba6,2)a '(043Ba6,1 + Ba5,2)s ‘(O¢4Ba6,1 + Ba6,2)9 '(Q’SBag,l + Ba6,2)s
(Aar,1 +a1dla;,2) (Aay,1 + a2Aaq,2) (Aaqy,1 +a3Aay,2) (Aaqr,1 + a4y 2) (Aay,1 +as5Aaq,2)
((01Baz,1 + Baz,2) | (02Bay1+ Bag2) | (a3Bag1 + Baz2) | (0aBag,1 + Baz2) | (a5Bay,1 + Bay,2)

TABLE I
CALCULATION TASKS IN EACH SERVER FOR THE GENERAL CONSTRUCTION. IN LAYER 1, A() = A, B®) = B. LAYER 2 CALCULATES FOR ALL

paIRs OF (A, B®) € {(f, 4y (@n+0), fy sy (anse ) | € [Ry = Ra]}.

Server 1 Server 2 Server N
Layer 1 [ fy 4o (a1) - fi poy(an) [ fiam(e2) - fi pa)(e2) fiaw(an) - fi po(an)
Layer 2 | f, 4 (1) - fo gy (1) | fo a2 (@2) - f g2 (@2) faa@(an) - f5 g (an)

Theorem 1. In Construction 1, assume we have R* avail-
able servers and Ry < R* < N, we only need

. ’ R* > R17
Lﬂex = mipl’ﬂl A (R R*) =
R rp (R — < pr
mipiny mimapipaning’ Ry < R* < R;.

12)

computation load in each server to obtain the final product,
and the storage capacity required is

rom L (22 g ) (Rt (i),
P1 mi ni

p1p2 mimz  Min2
Proof: We first look at the computation load.

In the case that the number of available servers R* > R,
according to the correctness of EP codes [5], the required
results A X B can be obtained by collecting R; evaluation
points of f; 4a)(a;) X fi pa(a;). Thus, we only need the
computation in Layer 1. In Layer 1, we calculate f; 4a) (a)-
J1,50 (). From (7), (8) and (9) we know that f; ) (o)
has size mil . pil and f; g (o) has size pil . n% Thus,
normalized by the cost of a single multiplication operation,

the computation in Layer 1 is

13)

AL
miping’

When R, < R* < R;, we only have R* evaluation
points of f; 4 (i) - fi po(a;) calculated in Layer 1.
Then, we need to obtain additional R; — R* evaluation
points. In Layer 2, fy g (i) - fo pe(as), i € [N], are
calculated at the servers with (A(®) B(?)) chosen from
{(fram(an+e), frpo (@)}t € [Ri — Ro]}. With
each pair of (A®), B®), the master can calculate one
evaluation point of f; 4 (ant) - f1, s (an¢) since (10)
and (11) are exactly the EP code [5]. From (10) and (11), we

L= (14)

know that f5 4c2) (cv;) has size mf\mg . pl”;Q apd f.'27B(2) (a;)
has size £ - —£—_ Thus, the total computation in Layer 2
. Pip2 nin2
is
Ry — R")L
Ly = u (15)
p2mana

Combining (14) and (15), the computation load is given
as (12).

For the storage, we first look at the storage size re-
quired for each layer. In Layer 1, we need to store

f1,am (i), fi, (i), then

1 (A K
Cl = — ( -+ 'u> .
b1 \m1
In Layer 2, we need to store all pairs of

fa.a (i), fa g (i), for Ry — Ry choices of (A, BX)),
The required storage size is

CQ(R1R2)< Mo Hu)'

P1p2 mimsz ning

(16)

a7

Thus, we obtain the total required storage size as (13). H
Remark. Cross Subspace Alignment codes and General-
ized Cross Subspace Alignment codes [30] are designed
to handle batch processing of matrix multiplication. Our
construction can also be easily modified to handle batch
processing based on these two codes.

IV. OPTIMIZATION

In this section, we discuss how to pick partitioning pa-
rameters p, m,n, to improve the system performance, i.e., to
minimize the computation load given the storage constraint
C in each server.

We first discuss fixed EP code with a fixed recovery
threshold R, which satisfies R = mgpono-+po—1 according
to [5], for some undetermined pg, Mg, ng. The computation
load and the storage size required are shown in [5] as

A 1 /A
fw%r.<K+W)

LEP = ’ -
mopono Po mo no

(18)

Thus, the optimization problem can be formulated as

. AR
min Lgp = ———,
Po,Mo,M0 mopPono
s.t. R = pomong +po—1,
" Po om(i Po (19)
+ <C,
Pomo  PoTo

Po, Mo, Ng are integers.



Theorem 2. The optimization in (19) without the integer
constraint has solution

L 1 1 k2
pi=5(R+1) - 2\/(R+ 1)2 — 16C—2M,

B+l 1 and Akng =
Po

(20)

and mg,ng are given by mong =
Kumy.

Proof: Using the threshold constraint
=R +1- Po,

Pomono 201

we have Lgp = Rﬁ%’_‘p(}, which is an increasing function of
Po. So, we minimize py under the constraint that
(Akng + Kumg)

< (.
R+4+1—pg -

(22)
Also, we have
R+1
Akng + kpmo > 2v/ Ak2umeng = 24 [ Ak2p | —— — 1
Po

(23)

and it holds with equality if and only if Akng = kumy.
Thus, we have (22) as

Ak2p
——— < C, (24)
(R+1~po)po

which decreases with pg since the derivative satisfies

d(R+1—po)po
dpo
Thus, Lgp reaches its optimal value when (24) holds with
equality and Akng = kumg. Combining (21), the optimal
py 1s given by (20), and then mg,n; can be obtained
accordingly. [ |
Notice that pg,mg,no are integers, we pick these 3
parameters close to the optimal values that satisfy all the

constraints in (19).

Next, we consider the flexible constructions with prede-
termined R;, Ry = R. Assume that the probability that each
server is a straggler is €. The average computation load is

N
N R* N-R* AR

E[Lgex] = 1-— e

(L] Z (R*)( 9 e p1ming

R*=R;
Ri—1

2

=R+1-— 2po = pomono — po > 0. (25)

g e Ml RY)

+
Z < ) mimapip2ni ng’

In practlcal systems, e is small (e.g., less than 110
failures over 3000-node production clusters of Facebook
per day [42]), so we ignore the second term in (26) and
use the approximation Lgex = L‘Ll in our optimization
problem. Combined with (13), the optimization problem can
be formulated as

(26)

min Lgex = Al ,
P1,M1,n1,P2,M2,N2 pimini
st. Rj=pymin; +p; —1,j € [2],
1 /A Ri — R A
—(—“Jr%)jt(l 2)< ~ +H“)§O,
p1 \mu ni p1p2 mimsz ninz

p1, M1, N1, P2, M2, No are integers. 27)

Theorem 3. The solution to (27) without the integer con-
straint for pq,mq,n1,pg is

- Ri+1 _ (R1 =+ 1)2 _ 4)\H2M(2R1 — Ry + 1)2
=" 4 C*(Ry+ 12
(28)
m},n} are given by min; = % —1 and Akn, = kpma,

R2+1

and p3 = ,my =1,n5 =1

Proof: Using pyminy = R+ 1 — p1, we have Lgex =
ArpL which is an increasing function of p;, so we need

Rit+1-p1)
to minimize p;.
Using m;n; = R% — 1, similar to (23), we have:
1 A AK2
(R s [ ST )
pL oM M (Ri+1—p1);m
(R1 — Ry) ( AK L _bH )
Pip2 mims ning
AR2p
>2(R1 — R . (30)
1 2)\/(R1+1—p1)(32+1—P2)p1p2

Similar to (25), we know that (30) is a decreasing function
of p; and ps. Thus, when py reaches its maximum, p; is
minimized. Noticing that py = m}j’fljil and mg,no are
integers, we set ps = R22+1,m§ = 1,n5 = 1. The optimal
p] is obtained from (29) and (30). |

Again, we pick p1, my,ni,ps, ma, no as integers around
the optimal value satisfying (27) as our final choice.

Example 2. Assume we have N = 8 servers and we need
to tolerate N — R = 1 straggler. A = x = p and the storage
size of each server is limited by C' = %An. Using the EP
code, the optimal choice of {po, mo,no} is {1, 1, 7}, which
results in a storage size of %x\m and a computation load
per server of %/\nu = 0.143 Ak pu. Using the 2-layer flexible
codes with Ry = 8 and Ry = 7, the optimal parameters are
chosen as p; = 1,m; = 2, n1—4p2—4 mo =1,n9 =1,
which cost a storage size of )\li and a computation load
of 1)\fw when there 1s no straggler with an additional
computation load of )\/w when there is one straggler.
Assuming the probablhty of one straggler to be 10%, the
average computation load is 0.128 \xp. In this example, we
save both storage size and average computation load while
maintaining one straggler tolerance.

V. CONCLUSION

In this paper, a flexible construction for distributed matrix
multiplication is proposed and the optimal parameters are
discussed. The construction can also be generalized to batch
processing of matrix multiplication.
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