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1. Introduction

The vehicle routing problem is a widely used approach in transportation planning
to schedule deliveries. Roughly speaking, routes are defined to serve the demands
of customers by a fleet. One of its first known applications was related to a truck
dispatching problem investigated in [37], which aims in routing m gasoline delivery
trucks between a bulk terminal and n gasoline stations that have to be supplied.
Thereby, the gasoline stations have a certain demand for fuel and the trucks a limited
capacity to load fuel. In Figure 1.1, the problem is illustrated.

=}
=}
Gocmn \W =3

=y

Figure 1.1.: The gasoline truck dispatching problem.

The resulting optimization problem is called capacitated vehicle routing problem.
The gasoline stations are the customers i € {1,2,...,n} and each customer has a
demand ¢;. The trucks are the vehicles k € {1,2,...,m}, each with a given capacity
Q. The bulk terminal is the depot represented by 0. Between each two customers
inclusive the depot 4,5 € {0,1,2,...,n}, a journey is computed in advance to deter-
mine the costs ¢;; for traveling from customer 7 to customer j, which could be, e.g.,
proportional to the distance. Then, a feasible solution of the capacitated vehicle
routing problem is a set of routes for the vehicles such that all customers are deliv-
ered by one stop of one vehicle according to their demands and the capacities of the
vehicles are not exceeded. The aim is to find a feasible solution with minimal total
travel costs. Several solution approaches for this optimization problem have been
developed. For a comprehensive overview compare, e.g., [143].

In real-world transportation planning, there are often further requirements for the
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solutions like time windows for delivery, daily traffic consideration or unknown cus-
tomer demands. For this reason, several variants of the vehicle routing problem have
been defined over time. Based on the respective application, additional constraints
were added or the objective function was adapted, for example:

e In the vehicle routing problem with time windows, each customer must be
delivered during a customer-specific time window, see, e.g., [47, 132]. Then,
not only the costs to travel from customer to customer must be known, but
also the time for traveling and the time for delivery. With it, for each job the
service start time can be determined dependent on the defined routes.

e For urban transportation, it can be useful to consider daily traffic congestion
to ensure compliance with the customers time windows. For this purpose,
the vehicle routing problem with time-dependent travel costs and times was
developed, as shown, e.g., in [88, 114].

e In some applications, a customer can be delivered in more than one stop which
leads to a split delivery vehicle routing problem as investigated, e.g., in [4].

e To compute robust schedules for real-world application, the stochastic nature
of customer demands or travel times can be taken into account, see, e.g.,
[65, 99] or |26, 138|, respectively.

e Transportation problems, where goods are transported between pickup and
delivery points, are represented by the class of vehicle routing problems with
pickup and delivery. An overview of related problems is given in [121|. The
relation of pick-up and delivery is either paired, which means that a good
is transported from one customer to another as investigated, e.g., in [45], or
unpaired, which means that a good is picked up by a customer and can be
delivered to any customer with a delivery demand, compare, e.g., [43].

e Recently, energy minimization vehicle routing problems as introduced, e.g.,
in [56], are becoming more important. There, the objective is to minimize
the total energy consumption of the fleet where the energy consumption to
travel from customer i to customer j, with 4,5 € {0,1,2,...,n}, depends on
the weight of the truck during the trip.

As it can be seen from the various examples, many papers have been written on the
subject of vehicle routing in recent decades. Moreover, several (taxonomic) reviews
have been published. An overview about existing literature is given, for example, in
[46, 94, 137].

Beside transportation, another interesting application of the vehicle routing prob-
lem is the scheduling of geographically distributed maintenance works such as those
for railway infrastructure [151]. Railway infrastructures consists of thousands of
kilometers of railway track, which in turn consists of rails, sleepers, fasteners and
ballast. Each component has to be in a suitable condition to ensure a safe and



reliable track service. Regular maintenance is therefore required, usually planned
several months in advance to coordinate maintenance with railway operations. For
this purpose, it must be defined in advance when maintenance is required. However,
failures can occur unexpectedly. Reasons for such unforeseen defects can be, for
example, severe weather like heavy rain or material defects in a track component re-
sulting, e.g., from the manufacturing process, transportation or installation. These
unexpected failures are maintained by corrective maintenance activities. Dependent
on the severity of the failure, it can be necessary to reduce the top speed on the
track section in order to avoid safety risks or a too fast deterioration [153]. For fatal
failures, it can even be necessary to close the track section. The resulting limitations
on railway service lead to penalty costs for the maintenance operator. These must
be paid until the track is repaired and the restrictions are removed. By scheduling
the maintenance tasks, these penalty costs can be reduced by resolving correspond-
ing maintenance tasks earlier. However, this may in return lead to increased costs
for travel of maintenance machine and crew.

Topic of this Thesis

This thesis introduces and studies the novel vehicle routing problem with customer
costs (VRPCC) which is developed for the short-term planning of corrective main-
tenance jobs. Each job is characterized by its working duration, time and costs for
traveling to other jobs, and a customer cost coefficient. The latter is a penalty for
speed restrictions caused by worse track condition. These penalties have to be paid
each day until the job is completed. The jobs have to be visited and maintained
by a fleet of maintenance machines with its crew. It is assumed that the fleet is
homogeneous, which means that all maintenance machines are equal, but each ma-
chine may have another start and end depot. A solution of the VRPCC is a set
of routes, one for each machine, such that each job belongs to exactly one route.
Based on these routes, for each job a start time is computed taking into account that
maintenance is only possible during eight-hour working shifts in the night, but that
the maintenance machine can be driven to the next maintenance location outside
the working shifts. The objective function of the VRPCC is the sum of travel costs
and customer costs, where the latter are computed for each job by the product of
its start day and its customer cost coefficient.

The aim of this thesis is to develop and investigate solution approaches for this
novel vehicle routing problem. In detail, several mixed-integer linear programs are
formulated for the VRPCC. It turned out that the resulting problems are signifi-
cantly harder to solve because of the customer costs. Therefore, the application of
the branch-and-bound approach to the VRPCC is comprehensively exploited and
studied. For this purpose, several novel lower bounds for the customer cost part of
the objective function are developed and analyzed; and special branching strategies
are designed that allow the usage of this new lower bounds.

Furthermore, construction heuristics and local search algorithms are designed to
obtain feasible and more cost-efficient solutions for the VRPCC.
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Outline

In Chapter 2, firstly, a brief introduction to graph theory is given and some problems
on graphs, for example the vehicle routing problem, are formulated. Secondly, since
optimization problems such as the vehicle routing problem and its variants are often
formulated as a linear program with integrality constraints, linear programming is
introduced and some common solution techniques for mixed-integer linear programs
are presented. Thirdly, the application of these solution techniques to several vehicle
routing problems is investigated. And finally, a review of literature regarding railway
maintenance planning is presented.

In Chapter 3, a detailed description of the VRPCC is given that leads to a non-
linear partition and permutation model. In this model, a feasible solution is defined
by a set of permutations that represent the routes of the vehicles. For this purpose,
the set of jobs is partitioned into subsets to allocate the jobs to routes. Then, a
route is a permutation of such a subset that represents the order to process the jobs.
Dependent on the job order, the start times of the jobs are computed taking into
account that working is only possible in the night. The objective function is defined
by the sum of the travel costs between consecutive processed jobs and the customer
costs that depend on the start times of the jobs.

In Chapter 4, several formulations of the VRPCC as mixed-integer linear program
are given. The chapter starts with a basic model, which is derived from a common
formulation for the vehicle routing problem with time windows as presented in [143].
This model uses three-index binary variables to define the routes of the maintenance
vehicles and two time variables, a start day and a start minute on the start day,
to define the start times of the jobs. After that, several alternatives to formulate
time constraints are provided. Furthermore, several variants to formulate route
constraints by two-index binary variables are shown. Finally, the presented mixed-
integer linear programs are compared in terms of computational time for solving
them with the commercial solver CPLEX.

Chapter 5 provides some heuristics to achieve a feasible solution for the VRPCC:
Firstly, some greedy heuristics are developed that build-up a schedule job by job
appending in each iteration one job at the end of one route. Due to its low compu-
tational effort, these heuristics are applied in a rollout algorithm as introduced in
[16]. Additionally, a local search algorithm is presented where iteratively improved
solutions are searched. Finally, the heuristics and algorithms are compared in terms
of solution quality.

In Chapter 6, the application of the branch-and-bound method to the non-linear
formulation of the VRPCC is shown. For this purpose, two branching strategies
were designed. Furthermore, suitable lower bounds for the two cost terms of the
VRPCC are required: For the new customer cost part of the objective function,
new bounds are developed. And for the travel cost part, known lower bounds from
the traveling salesman problem are applied. Finally, computational experiments are
made to investigate which branching strategy and which two lower bounds, one for
each of the two cost parts, lead to the best performance. Furthermore, the branch-



and-bound algorithms are compared with applying CPLEX to a mixed-integer linear
program of the VRPCC and also with heuristics.

In Chapter 7, this thesis is concluded by a summary of the most important con-
tributions and an outlook concerning further research.

As an outcome of my research in collaboration with colleagues, four papers have
already been published concerning the VRPCC or its variant with a single mainte-
nance machine:

e F. Heinicke, A. Simroth, G. Scheithauer, and A. Fischer. A railway mainte-
nance scheduling problem with customer costs. FURO Journal on Transporta-
tion and Logistics, 4:113-137, 2015

|Chapter 4]

e F. Heinicke, A. Simroth, R. Tadei, and M. Baldi. Job order assignment at
optimal costs in railway maintenance. In ICORES 2013 - Proceedings of the
2nd International Conference on Operations Research and Enterprise Systems,
pages 304-309, 2013

[Chapter 5.1]

e I. Heinicke and A. Simroth. Application of simulated annealing to railway
routine maintenance scheduling. In Proceedings of the 14th International Con-
ference on Civil, Structure and Environmental Engineering Computers. Civil-
Comp Press, 2013

|Chapter 5.3]

e F. Theurich, A. Fischer, and G. Scheithauer. A branch-and-bound approach
for a vehicle routing problem with customer costs. FURO Journal on Compu-
tational Optimization, 9:100003, 2021

[Chapter 6]






2. Background and Literature
Review

In this section, at first, some basic notations of graph theory graphs and related
optimization problems are introduced. After that, (mixed-integer) linear program-
ming is defined and some general solution methods for it are briefly introduced.
Hereinafter, the application of integer linear programming and some of its solution
techniques to vehicle routing problems is investigated. Finally, an overview about
literature regarding railway maintenance planning is provided.

2.1. Graph Theory

The VRPCC, and some related problems, can be formulated as a problem in a
graph. Informally, a graph is a set of points which are connected by some edges.
As an example, a road map can be represented by a graph where cities are vertices
and highways are edges. A mathematical definition of a graph is provided below
in Definition 2.1. Hereinafter, some further required definitions are given needed to
introduce some problems in graphs, e.g., the vehicle routing problem. A detailed
introduction into graph theory can be found, e.g., in [80, 90, 141].

Definition 2.1. An (undirected) graph G = (V, E) consists of a finite and non-
empty set of vertices V' = {1,2,...,n} and a set of edges £ C {{i,j}|i,j € V}
where an edge e = {i,j} € E connects two vertices i, j € V. The vertices i,j € V
are named adjacent if an edge {i,j} € F exists; and the edge {i,j} € E is incident
to vertices ¢ and j. The degree of a vertex is the number of edges that are incident
to it.

Definition 2.2. A complete graph is a graph where each vertex is connected to each
other vertex. Consequently, F = {{i,j}|i,7 € V,i # j} and each vertex has degree
n— 1.

A graph G’ = (V' E') is a subgraph of graph G = (V,E),if V' CV and F' C E.

Definition 2.3. A weighted graph G = (V, E,w) is a graph where each edge is asso-
ciated with a weight defined by a weight function w : £ — R. A weighted complete
graph can be represented by a weight matric W = (w;;); jev with w;; = w({i, j}).
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(b) A cycle in G. (c) A tree in G.

Figure 2.1.: Examples for a graph, a cycle and a tree.

The weights of a graph G = (V, E, w) satisfy the triangle inequality, if each vertex
triple (7,7, k) of vertices 4, j, k € V with {{i, 7}, {i,k}, {k,j}} C E satisfies

w({i, j}) < wl{i, k}) +w{k, 5}).

Real-life applications like tour planning are often formulated as graph problem.
Then, vertices are geographical points, e.g., customer addresses, and edges represent
travel routes between two addresses. Normally, the weights correspond to driven
distances, needed travel times or costs. If the travel routes between two customers
are computed minimizing, e.g., travel costs, the travel costs will satisfy the triangle
inequality because if the travel costs from customer ¢ to j over k are smallest, then

it is w({Z,j}) = w({i7 k}) + w({k7j})

Definition 2.4. A path is a vertex sequence P = (vy,vs,...,v;) such that no
vertex is repeated, thus v, # v, for 1 < p # ¢ < k, and two consecutive vertices
are connected by an edge, thus {v,_1,v,} € E for 2 < p < k. A cycle is a vertex
sequence C' = (vy,vg, ..., Uk, v1), such that (vy,ve, ..., vx) is a path and {vg, v} € E.
A graph is connected, if for each pair of vertices i,7 € V with ¢ # j, a path from ¢
to j can be constructed. A graph is acyclic, if it does not contain a cycle.

Definition 2.5. A tree is a connected, acyclic graph. A four or Hamiltonian cycle
in a connected graph is a cycle C' = (vq, v, ..., v,,v1) through all vertices of V.

Example To illustrate some of the above definitions, three example are provided
in Figure 2.1:

e Subfigure 2.1(a) shows a graph G with vertex set V = {1,2,...,9} and edge

set £ ={{1,2},{1,3},{1,9},{2,3},{2,5},{2,8},...,{7,9}}.
e Subfigure 2.1(b) shows a cycle C' = (3,1,9,5,4,3) in G.
e Subfigure 2.1(c) shows a tree in G.

Note that GG does not contain a tour because vertex 7 is not connected by two edges
to G.
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It is known that in trees and cycles the number of edges is indicated by the number
of vertices, see, e.g., [80, 90, 141].

Proposition 2.1. Let G = (V| E) be a connected graph with |V| = n vertices. Then,
any tree of G containing all vertices of V has n — 1 edges and any tour in G has n
edges.

After introducing several fundamental graph theoretical definitions, some graph
problems can be presented. Let G = (V, E,w) be a connected, weighted graph.

A Minimum-Weight Spanning Tree (MST) of G is a subgraph T' = (V| E', w) such
that T is a tree, containing all n vertices, of minimum weight
ecE’

The Traveling Salesman Problem (TSP) is to find a tour C' = (vy, va, ..., Uy, v1)
through all vertices of minimum weight

[y

n—

W(C) = > w({vi,vita}) + w{vn, v1}).

1

7

Vehicle Routing Problems (VRP) are combinatorial optimization problems that
aim to find a set of routes in a graph. Let G = (V, E,w) be a connected, weighted
graph. Further, let one vertex d € V be the depot and let M = {1,2,...,m} be a
fleet of vehicles. A solution of a VRP is a set of cycles C = {C1,Cy,...C} in G
such that each vertex i € V'\ {d} belongs to exactly one cycle and that the start and
end vertex of each cycle is the depot d. In the context of the VRP, the cycles are
called routes. Several variants of the VRP are defined by adding more constraints.
Often, the objective is to find routes of minimal total weight

m

W({Cy, Ca,...C}) =Y W(Ch).

k=1

A comprehensive overview about VRP variants can be found in, e.g., [38, 143, 144].
The two most common VRP variants are shortly introduced:

In the Capacitated Vehicle Routing Problem (CVRP), each vertex i € V is afflicted
with a demand ¢; and each vehicle with a capacity ). Then, for each vehicle the
total demand of the associated vertices must not exceed the capacity, which implies
ZieCk g < @ for each k € M. The objective is either to minimize the total number
of needed vehicles to serve all demands or to minimize the total weight of all routes.
A detailed analysis of the CVRP can be found, e.g., in [143].

In the Vehicle Routing Problem with Time Windows (VRPTW), each vertexi € V
is afflicted with a time window [a;, b;] and a service time s;. Further, for each edge
{i,j} € E, a travel time r;; > 0 is given. The aim is to find routes such that each
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:::e : :::a » :!e:a »

(a) A minimal spanning tree  (b) A solution of the travel- (c) A solution of a vehicle
of G. ling salesman problem in G. routing problem with two ve-
hicles in G.

Figure 2.2.: Examples for the minimal spanning tree problem, the traveling salesman
problem and a vehicle routing problem.

vertex is visited inside the time window. For this purpose, for each vertex i € V'\ {d}
with predecessor p; in the corresponding route, the visit time ¢; has to be computed
based on the routes such that ¢; > t,, + s, + i and a; < t; < b;. The objective is
to minimize the total weight of all routes. A nice introduction into the VRPTW is
given in [47]. One interesting variant is the Vehicle Routing Problem with Soft Time
Windows (VRPSTW), where visiting customers outside the time windows leads to
additional costs which have to be minimized, as investigated, e.g., in [52, 135].

Example To illustrate some of the above definitions, Figure 2.2 shows an MST, an
optimal tour and a solution of a VRP. For this purpose, let G be a complete graph
with vertex set V' ={1,2,...,9} and weight matrix

0.0 18.0 29.1 31.9 252 26.7 25.3 184 15.3
18.0 0.0 13.5 22.8 224 295 36.1 335 17.2
29.1 135 00 13.6 19.1 284 394 404 20.6
319 228 136 0.0 10.0 187 321 36.7 17.9
W=1252 224 19.1 100 0.0 94 222 269 10.0
26.7 295 284 187 94 00 141 21.6 132
25.3 36.1 394 321 222 14.1 0.0 108 194
184 33,5 404 36.7 269 21.6 10.8 0.0 20.0
153 172 20.6 179 10.0 13.2 19.4 20.0 0.0

obtained from the Euclidean distance of the vertices embedded into R? as shown in
Figure 2.2. Then,

e Subfigure 2.2(a) shows an MST of G with total weight 96.7.

e Subfigure 2.2(b) shows a tour of minimal weight in G which is a solution of
the TSP on GG. The total weight amounts to 127.8.

e Subfigure 2.2(c) shows a solution of the following VRP: Let V = {1,2,...,8}
be the vertex set and let vertex 9 be the depot for two machines. In addition,
each route must contain not more than six jobs. With this constraint, the
shown two routes have minimal total weight which is 136.1.

10
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2.2. (Mixed-Integer) Linear Programming

Optimization problems like the TSP or a VRP can also be modeled as mixed-
integer linear programs. This subsection introduces the concept of linear programs
and mixed-integer linear programs. For a detailed investigation, see for example
[90, 116, 148, 149].

Definition 2.6. For a matrix A € R™*", and two vectors b € R™ and ¢ € R",
a linear program (LP) is to find a vector x* € R" such that Az* < b and c¢'z* is
minimal (or maximal). Thereby, x is the vector of decision variables and Az < b is
a set of linear constraints. A vector x € R™ with Ax < b is a feasible solution and
x* is called an (optimal) solution of the LP. The objective function is given by c¢'x
and ¢'r* = min{c" x| Az < b, z € R"} is the optimal value of the linear program.

Minimizing the linear objective function c¢'x is equal to shifting the hyperplane

{z]c"x = 0} in direction of the vector —c until the boundary of the polyhedron is
attained. Due to this, an optimal solution, if it exists, always belongs to a face of
the polyhedron P = {z € R"| Az < b}. This is shown, e.g., in [90, Corollary 3.4].
Consequently, at least one optimal solution is a vertex of the polyhedron. But it is
also possible, that an LP does not have an optimal value for two reasons:

e If the constraints contradict each other, the set of feasible solutions is empty.
Then, the LP is infeasible and no solution exists.

e If the set of feasible solutions is unbounded in the direction of —c, the objective
value is also unbounded and no solution can be attained.

The fact, that the optimal value, if it exists, is always attained in a vertex of P,
is exploited by the simplex algorithm [90, 148|, which is the most common way to
solve an LP. The main idea of the simplex algorithm is to go from vertex to vertex
until no further improvement is possible.

min —zr1—2x2
such that x; +x2 <3
xT1— Ty <2
—11x; — 225 < 1
T1,29 €ER

Figure 2.3.: lllustration of a linear program.

In Figure 2.3, the geometrical interpretation of an LP is illustrated in R?. Three
constraints bound a two-dimensional polyhedron, which is highlighted by light blue.

11
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To find an optimal solution, the line —z; — 2x5 = 0, which is drawn red, is moved

in direction (1) until the boundary of the polygon is attained in point (-7, 3T,

9
which is shown by a red dot. The optimal value is —%.

From each LP, a dual problem can be derived. For example, the LP
zpp = min{c'z| Az < b, 2 >0, z € R"},
has the dual problem
wp = max{b' y| ATy <c, y <0, ycR™}

Then, for two vectors x and y feasible to the primal and dual problem, respectively,
it is true that

c'w>2p > wp > by

This fact is known as weak duality, as proposed based on a primal maximization
problem, e.g., in [116, Proposition 2.2]. Consequently, the dual problem gives lower
bounds for the primal problem. Further, if an LP is neither unbounded nor infeasible,
its objective value and the objective value of its dual problem are equal which
is known as the strong duality theorem, compare, e.g., [116, Theorem 2.4]. For
problems with a large number of constraints and a small number of decision variables,
it can be easier to solve the dual problem by means of the simplex algorithm which
provides at the same time a solution of the primal problem. Further, optimality of a
feasible primal solution x can be shown by comparing ¢'x with wrp which is useful
for some solution methods.

Definition 2.7. An integer linear program (ILP) is a linear program with the ad-
ditional constraint x € Z". The set of feasible solutions for the ILP is

[(P)=PNZ"={x € Z"| Az < b}.

A mized-integer linear program (MILP) is a linear program where some decision
variables x;, i € T C {1,2,...,n}, have to be integer.

The linear programming relazation (LP relazation) is a linear program that results
from removing the integrality constraints of a (mixed-) integer linear program.

Note that in case of an LP where the objective function ¢’z is minimized (or maxi-

mized), the LP relaxation provides a lower bound (or upper bound) because relaxing
the integrality constraints enlarges the set of feasible solutions.

Example In Figure 2.4, the polyhedron P of the LP relaxation is highlighted by
the light blue area between the boundary constraints. The feasible solutions of the
ILP are the blue dots. The red line shows, where the optimal value of the ILP is
attained.

12
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min —x1—2x9o

such that a7 4+ 29 <3
T — T <2

—11lz; — 225 < 1

x1,T € Z

Figure 2.4.: Illustration of an integer linear program.

Due to the integrality constraints, the optimal value is not necessarily attained in a
vertex of the polyhedron P = {z € R"| Az < b} because often the vertices of P are
fractional as in the example provided in Figure 2.4. One possibility to solve an ILP
(or MILP) is the cutting plane method, see, e.g., |90], where fractional vertices of the
polyhedron are cut off: For this purpose, an optimal solution over P is computed. If
the obtained solution satisfies all integrality constraints, it solves also the ILP and
the algorithm terminates. Otherwise, additional valid inequalities are added to cut
off the obtained solution. With it, a new polyhedron P’ C P with I(P') = I(P) is
created. Then, with replacing P by P’, the steps solving and cutting are repeated
until the obtained solution satisfies all integrality constraints. It was shown that
the cutting plane algorithm finds, if exists, an optimal solution for a ILP after a
finite number of cuts, compare for example [116, Theorem 3.8]. But, the number
of cuts required to attain an optimal solution can be large and pure cutting plane
algorithms are rarely used to solve ILPs or MILPs.

Example For the ILP shown in Figure 2.4, solving the LP relaxation leads to the
solution (-I,21)T which is not an integer solution. With the constraint z, < 3, a
valid inequality for the ILP is found that cuts off the solution of the LP relaxation.
The solution of the LP relaxation with this additional constraint is (§) which is an
integer solution. Consequently, it is also an optimal solution of the original ILP and

the algorithm terminates. The objective value is —6.

Another strategy to solve an ILP is branch-and-bound, as described in Chapter 6 or,
e.g., in [116]. The main idea is to successively break up the set of feasible solutions
into certain subsets and to discard subsets that cannot contain an optimal solution.
In the following, one possibility of a branch-and-bound method for ILPs, where
an objective function is minimized, is introduced. At first, an upper bound for
the optimal value of the ILP is computed, e.g., the objective value of an arbitrary
feasible solution, or the upper bound is set sufficiently large. Then, the algorithm
is initialized with the ILP as first subproblem. In each step, one not yet analyzed
subproblem is analyzed as follows:

e Solve the LP relaxation of the subproblem.

13
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e If the obtained value is not smaller than the upper bound, an optimal solution
cannot belong to the set of feasible solutions. Consequently, the subproblem
is removed and the next subproblem is selected.

e Otherwise and if this solution satisfies all integrality constraints, a better fea-
sible solution of the ILP is found. Update the upper bound by the obtained
value and store the solution. Select the next subproblem.

e Otherwise, if the obtained solution does not satisfy all integrality constraints,
select one variable that has a fractional value and create two new subproblems.
For the first new subproblem, add the constraint that the chosen variable has
to be larger than the rounded up value. And for the second new subproblem,
add the constraint that the chosen variable has to be less than the rounded
down value. Select the next subproblem.

The algorithm terminates, when all subproblems are analyzed. Note that, in contrast
to the cutting plane method, the added constraints must not be valid.

Example Solving an ILP with the branch-and-bound method is demonstrated
based on the example shown in Figure 2.4. Firstly, an upper bound is computed:
For this purpose, an arbitrary feasible solution can be used, for example (), and
the upper bound is set to its objective value which is zero. The first analyzed sub-
problem, which is the LP relaxation, leads to the non-integer solution (—g, %)T with
optimal value —%1 which is smaller than the current upper bound. Consequently,
branching is necessary, for example on variable x;. Then, two new subproblems are
generated: ILPy with the additional constraint x; > 0 and ILP3 with the additional
constraint 7 < —1. Let ILP5 be the second analyzed subproblem. A solution of the
LP relaxation of ILPs is ($). Its objective value is —6 and with it below the upper
bound. Further, this solution satisfy the integrality constraints. Consequently, (9)
is the best solution so far and —6 is the new upper bound. New subproblems are
not generated. It remains to analyze subproblem ILP3;. Obviously, ILPj5 is infeasible
because no feasible solution with z; < —1 exists. Hence, the algorithm terminates
because all subproblems are analyzed. The obtained optimal solution is () and the

optimal value is —6.

Another possibility to obtain lower bounds for a branch-and-bound application is
the usage of Lagrangean relaxations as introduced, e.g., in [90]. Assuming an ILP

zpp = min{c' x| Az < b, Az <V, x € Z"}

where the problem without constraints A’z < b’ can be efficiently solved. Then, the
Lagrangean relaxation is given by

LR(\) =min{c'z = AT(V — A'z)| Az < b,z € Z"},

which is a lower bound for zp for each A > 0. Consequently, max{LR(X)| A > 0}
is the best lower bound which might be tighter than the bound obtained from the
LP relaxation.
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There are two common extensions of the branch-and-bound approach: branch-
and-cut and branch-and-price. The branch-and-cut method is a combination of
branch-and-bound and cutting plane method, see for example [106, 120]. In this
solution approach, initially some constraints are relaxed to obtain a problem that
can be solved easier, e.g., the integrality constraints. To compute tight bounds
for the branch-and-bound approach, valid constraints are successively added to the
subproblem until a feasible solution is obtained or no further violated constraints
can be detected. Also commercial solvers for MILPs like CPLEX apply a branch-
and-cut algorithm [76]. The subproblems are LPs which are often solved with a
simplex algorithm. If some variables of the obtained solution are fractional, cuts are
added to find an integer solution. If this approach fails, the branch-and-cut algo-
rithm implemented in CPLEX branches on a fractional variable to generate two new
subproblems. More precisely, 14 types of cuts are added, for example mixed-integer
rounding cuts obtained by changing the coefficients of integer variables and the con-
stant in a constraint, or generalized upper bound cover cuts, where it is claimed
that at most one of a set of binary variables can be one in a solution.

The branch-and-price method combines branch-and-bound and column genera-
tion, compare, e.g,. |75, 130]. This solution method is applied to problems with
a large number of variables from which the most will be zero in an optimal solu-
tion. Then, initially only a small part of the variables is taken into account, which
results in tighter LP relaxation bounds. By means of its dual problem, it can be
proven whether the obtained solution is also optimal for the problem with all vari-
ables. Otherwise, further variables have to be considered. A detailed description of
applying the branch-and-price method to solve VRPs is given in Section 2.3.3.

2.3. Overview of Solution Methods for Vehicle
Routing Problems

In this section, an overview about common solution techniques to solve a VRP is
presented. At first, a review about the formulation of VRPs as MILP is given.
After that, some heuristics to solve VRPs approximately are listed. Finally, exact
solution methods are investigated. A deeper insight in the VRP and its variants can
be found, e.g., in [62, 95, 143, 144].

2.3.1. Formulations as Mixed-Integer Linear Program

The core of VRPs is the definition of routes such that each customer is visited
exactly once and that each vehicle starts and ends in a depot. For this purpose,
there are mainly three approaches:

e In two-index vehicle flow formulations, binary variables x;; define whether
customer ¢ € V' is the predecessor of customer j € V in any route. The depot

15



2. Background and Literature Review

is visited |M|-times, compare, e.g., [143, p. 12 (VRP1)], or |M| — 1 copies of
the depot are generated, as shown, e.g., in [40, 95].

e In three-index vehicle flow formulations, binary variables xfj define whether
vehicle £ € M travels from customer ¢ € V to customer 7 € V, compare,
e.g., [143, p. 15 (VRP4)]. The advantage of this formulation is that vehicle-
dependent constraints or costs can be integrated easily. However, the number
of variables increases to |M||V |2

e In set partitioning formulations, binary variables 6, define whether route r € 2
is selected or not where Q is the set of feasible routes, see, e.g., [143, p. 21
(VRPS8)|. To ensure that each customer is visited once, binary variables a;,
denotes whether customer 7 € V belongs to route r € 2. Note, that it is
not practicable to generate all feasible routes because the size of ) increases
exponentially with |V|. Instead, this formulation is mainly used to solve a VRP
with the branch-and-price method as shown later in Section 2.3.3. Thereby,
initially a small set of feasible routes €' is generated and promising routes are
added iteratively until an optimal solution is found.

In several variants of VRPs, not only the order to visit the customers has to be
known, but also the times when servicing a customer starts. Then, additional con-
straints are necessary to determine correct start times. For this purpose, let r;; be
the travel time from customer i to customer j with ¢,j € V U {d} (including the
service time s; on customer ¢ € V). To ensure correctly defined start times, the most
common formulation is based on a big-M term, see for example [40, 83, 108, 127|.
In detail, the time constraints with a big-M term can be formulated as

tj+/\/l(1—x7;j) zti—FTij

where ¢; is the visit time on customer ¢ € V and M is sufficiently large, compare
[143, p. 158 (VRPTW)]|. Then, only if z;; is equal to one, the start time of customer
j must be larger than the sum of the start time of customer ¢ and the time required
for visiting customer ¢ and traveling to customer j.

An alternative formulation is presented by 109, 146]: To avoid the big-M term,
two-index time variables ¢;; are introduced which are equal to the start time of
customer ¢ if and only if x;; = 1. Then, constraints

D ot =Y (b + i)
eV %

ensure that customer 57 € V is not visited before the vehicle has traveled from the
predecessor of job 7 to job j itself.
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2.3.2. Heuristics and Local Search Approaches

In this subsection, the most common heuristics and local search approaches for VRPs
are listed. Due to the fact that there exists a wide range of different VRP variants,
mainly heuristics regarding to VRPs which are similar to the investigated VRPCC
are taken into account. These are namely the VRPTW or other in some way time-
dependent VRPs. An overview about existing heuristic solution procedures can be
found, e.g., in [21, 47, 96, 136].

The first heuristics developed for VRPs are the savings heuristic [29], the sweep
algorithms [60] and the generalized assignment heuristic [54], which are often used
as inspiration to develop heuristics for the VRPTW.

One of the first papers dealing with heuristics for the VRPTW is |[132]. There, the
objective is to minimize a weighted sum of travel costs and schedule time. Common
heuristics to solve the CVRP are adapted in order to consider time windows and to
minimize waiting times. In detail, the presented heuristics are a savings heuristic
with restricted waiting time, a time-oriented nearest neighbor heuristic, an insertion
heuristic and a time-oriented sweep heuristic. The comprehensive analysis of [132]
showed that the insertion heuristic led to the best heuristic solutions. The authors
also proved that these heuristics have a worst-case ratio not better than Q(n) for
an instance with n customers, see [131]. Similar heuristics are presented, e.g., in
[7,9, 21, 110].

In more recent papers, heuristics are used to initialize some kind of local search
like improvement heuristics, simulated annealing or tabu search, compare, e.g., [22,
52, 59, 135, 138]. An overview about common neighborhood structures for VRPs
can be found in [7, 21]. Also genetic or memetic algorithms are applied to VRPs,
see, e.g., [127, 136, 139].

2.3.3. Exact Solution Approaches

The most common exact solution methods are branch-and-bound or the further
developed variants branch-and-cut and branch-and-price. An overview can be found,
e.g., in [13].

Application of Branch-and-Bound and Branch-and-Cut Methods

Several branch-and-bound and branch-and-cut algorithms were developed for the
VRP and its variants. They differ mainly in the branching strategy and the applied
lower bounds to prune on nodes that did not contain an optimal solution. For an
overview of their application to the CVRP, see, e.g., [143].

The most common approach to create new branches is to include or exclude edges
of the underlying graph:

e Often, branching is done on a binary variable that describes, whether the jobs
i and j are visited consecutively which implies that edge {i,j} € E is used
by a route, see, e.g., [44, 97|. In doing so, one variable, which is fractional in
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the current node is selected and two new branches are generated: One branch
where the variable is set to zero, which means the edge is excluded, and one
branch where the variable is one, which means the edge belongs in each case
to one route.

e A similar approach is to add edges to a list of included or excluded edges as
shown, e.g., in [2, 98, 142]. More precisely, if bounds for subproblems are
not computed by the LP relaxation but, e.g., by relaxing subtour elimination
constraints, the solutions of the subproblems are integer solutions but can
contain infeasible routes which can be avoided by excluding an edge in further
analyzed branches.

Another approach for the CVRP is to branch on sets of flow-variables for the capacity
constraints, as shown in [8, 12].

For certain problem formulations, special branching strategies were defined. For
example, in [107] a model for the time-dependent TSP is described where binary
variables are defined to allocate jobs to a position in the route. In each branching
step, a city is selected which is not allocated to a position. Then, for each open
position of the route, a branch is created where the city is placed on this position.

In [89], branching leads to a successive construction of the route. Each node in the
search tree has a set of fixed routes, a partial route and a set of customers forbidden
to be the next one in the partial route. To create two new branches, a customer 7 is
selected that does not belong to any route or to the set of forbidden customer. For
the first created branch, customer 7 is appended to the partial route and the set of
forbidden customers is emptied. And for the second created branch, customer 7 is
forbidden to be the next visited customer and added to the corresponding set. If no
customer i is found because each not yet visited customer is forbidden, the partial
route is fixed, the set of forbidden customers is emptied and a new partial route is
started.

For the most problems, the objective is to minimize the travel costs. The following
methods are applied to obtain lower bounds for this objective:

e A popular lower bound is derived by relaxing subtour elimination constraints
which leads, if for each vehicle an own depot is defined, to an assignment
problem, see, e.g., [2].

e Further common bounds result from relaxing the degree constraints, which
ensure that each job is visited exactly once. Then, a lower bound can be
obtained from a minimum spanning tree or similar problems which can be effi-
ciently computed. To obtain tighter lower bounds, the Lagrangean technique
is applied, as shown, e.g., in [28, 58, 74|, where the lower bound is iteratively
improved by updating Lagrange multipliers for the relaxed degree constraints.

e For the VRPTW, a Lagrangean relaxation can be applied where the constraint
that each customer has to be visited exactly once is omitted. Then, lower
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bounds are computed solving a shortest path problem with time windows and
capacity constraint, which permits to visit customers more than once. For this
purpose, dynamic programming is applied, see, e.g., [82, 87|.

e Also the LP relaxation of the MILP formulation can be used as lower bound,
as shown, e.g., in [44]. To tighten the LP relaxation, several valid inequalities
can be added. An application of such a branch-and-cut method can be found
for example in [4, 12, 36].

For specific problems, specific lower bounds were developed. For example in [107] a
lower bound for a TSP with time-dependent costs is provided where the constraint
to visit each city is relaxed. In [142], a branch-and-bound method for a VRP with
backhauls is presented where a special Lagrangian lower bound is applied.

Application of Column Generation with the Branch-and-Price Method

A widely used solution technique for VRPs is the branch-and-price method, which
is a combination of column generation and the branch-and-bound method. In this
paragraph, it is shown how branch-and-price can be applied to VRPs. After that,
various branch-and-price methods for VRPs are presented. Finally, it is discussed
why the branch-and-price method is not used for the VRPCC in this thesis.

As mentioned above, VRPs can be formulated by a set partition model. Then,
a solution of the CVRP is a selection of m routes, such that each route does not
exceed the capacity constraint and each vertex belongs to at least one selected route,
see, e.g., [143, p. 21 (VRP8)|. For each route, one binary variable is used to define
whether the route is selected or not. There will be a lot of feasible routes, but most
of them are not selected and the corresponding variables are zero. Consequently,
an optimal solution remains optimal even if not selected routes are removed from
the set of feasible routes. For this reason, not all feasible routes must be generated
at the beginning, but only a small selection. For this set of routes, the problem
“Select at most m routes with minimal costs, such that each vertex belongs to at
least one route” is solved. In detail, the dual problem of its LP relaxation is solved
because with help of the dual variables, new routes can be generated that may
reduce the costs of the solution. Then, the problem is solved again with an enlarged
set of routes. These two steps are repeated until no more routes can be found
that can improve the current solution. This approach is called column generation
method, because new columns of the matrix of the LP are generated by adding
new decision variables, which are in case of the CVRP new routes. Note that the
column generation method solves only an LP. To obtain a solution of the CVRP, it
has been integrated into a branch-and-bound method, which leads to a branch-and-
price algorithm.

As detailed explored in [49], applying column generation and branch-and-price to
VRPs works as follows: Let V' be the vertex set of the customers, which has to be
served by m machines, and let d € V' be the depot. Further, let Q = {ry,rq,...}
be the set of all feasible routes of the VRP with route 7, having costs ¢;. Further,
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a;,. denotes how often vertex 7 is visited by route rp. With the decision variable 6,
that defines how often route r; is selected, the VRP can be formulated as

(MP(Q))  min Y by
re€Q
st Y apby > 1 ieV\{d},
rEEQ
Z O < m,
rL€Q

0, € N r, € €.

The formulation (MP(2)) has a better LP relaxation than the common MILP to
model VRPs. But the set of feasible routes () is very large. Thus, by means of
branch-and-price it is aimed to find an optimal solution for the master problem
(MP(Q2)) with help of a subset of feasible routes Q' C €.

In the branch-and-price algorithm, in each search tree node an LP relaxation
of (MP(€)) is solved which will be denoted as (LMP(€')). Clearly, a solution of
(LMP(€')) does not have to be optimal for (LMP((Q)) since not all feasible routes
are considered. But applying the theorem of strong duality, see [116, Theorem 2.4|,
optimality can be shown by considering the dual problem of (LMP(2)) which is

(DMP(Q)) max Z Ai +mAg (2.1)
ieV\{d}

s.t. Z aipi + Ao < ¢ TE € Q, (22)
1€V\{d}

M <0, >0 ieV\{d}. (2.3)

Let A* be an optimal solution of (DMP(€?')). Since in the dual problem the objective
function is independent from the set of routes 2, \* is also optimal for (DMP(£2)),
if it can be shown that constraint (2.2) is valid for each feasible route 7, € Q. For
this purpose, the column generation problem

min{cy — axpA; — Xo| i € 0} (2.4)

has to be solved. A route with ¢, — a;z\; — Ao < 0 leads to a violation of constraint
(2.2) and has to be added to €. Note, such a route is called a route with negative
reduced costs.

To find routes with negative reduced costs, the column generation problem (2.4)
is reformulated. Let the binary variable z;; be one, if and only if customer i is
the predecessor of customer j in the route. Consequently, ¢, = ZMGV cijri; and
aik = ey Tij- With it, the column generation problem (2.4) of any dual solution
A can also be formulated as

20



2.3. Overview of Solution Methods for Vehicle Routing Problems

(CGP(N)  min Y mi(ey — M),

ijev
s.t. Zmij—Zxﬂzo ieV\{d},
jev jev
Z$dj =1,
jev
Z%d =1,
i€V
injé]- i € VA {d},
jev
z;; € {0,1} ,j€V,

and further restrictions from the underlying VRP.

Then, (CGP())) is an elementary shortest path problem with additional constraints.
This problem can be solved by a label correcting algorithm as presented in [50].

If routes with negative reduced costs are found, they are added to the set of routes
Y and (DMP()) is solved again. Otherwise, the obtained solution is also optimal
for (DMP(2)) and an optimal solution 6* of (LMP(Q)) can be deduced. Then, if
not all variables 6} are integers, branching is necessary to obtain an integer solution.
As mentioned in [49], it is not recommendable to branch on the binary variables 6.
Indeed, branching is performed at an edge (4, j) which is fractional included by the
routes selected by 6*. Two subproblems are generated, one where the edge cannot
belong to the solution and one where the edge is enforced in the solution. The latter
is equal to excluding all edges (i, k) with k& # j and (k, j) with k # 4, which implies
that the only remaining possibility to visit customer j is via visiting customer ¢
directly before. Furthermore, subproblems can be generated by branching on the
fleet size constraint, if the sum of route selection variables 6}, is fractional. Then, for
one branch the number of vehicles is restricted by the rounded down current sum
value and for a second branch it is claimed that the number of selected routes is not
less than the rounded up current sum value.

Applications of the branch-and-price method to VRPTWs and CVRPs can be
found, e.g., in [127, 129, 134| and [11, 56, 122|, respectively. For the VRPSTW,
where service costs have to be paid if time windows are not hold, applications of the
branch-and-price method are provided in [134, 138]. Then, the elementary shortest
path problem to obtain routes with negative reduced costs is time-dependent. To
solve a multi-depot VRP with capacity and route length constraints, a branch-and-
price method is developed in [32]. Since multiple depots have to be considered, for
each of them a subproblem has to be solved to find routes with negative reduced
costs. VRPTWs with time-dependent travel times are considered, e.g., in [34, 100].

In this thesis, the branch-and-price method is not applied to the VRPCC for two
reasons: Firstly, the branch-and-price method is mainly applied to VRPTW, where
only a small part of all possible routes is feasible with respect to the time windows.
In the last years, some successful applications of branch-and-price to the CVRP were
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developed, see, e.g., [56, 122]. In contrast, in the VRPCC routes must not meet time
windows or capacity constraints, which would reduce the number of feasible routes.
Furthermore, because each vehicle has its own start and end depot, more routes are
possible. Secondly, the objective function of the VRPCC is a sum of travel costs
and time-dependent customer costs. Consequently, also the cost function in the
column generation problem will be time-dependent. It is expected that this leads
to a column generation problem which is harder to solve.

2.4. Railway Maintenance Planning

Maintenance of railway infrastructure is essential to ensure a safe and reliable rail-
way service. In the last decade, I was involved in several research projects dealing
with the improvement of railway infrastructure maintenance: ACEM-Rail [78], IN-
FRALERT [79] and In2Smart [31]. In these projects, new measurements systems,
inspection techniques and data analysis tools were developed to obtain detailed
information about the current track condition on the one hand and to predict the
future development of the track condition on the other hand. Furthermore, decision-
support tools for maintenance planning have been developed that benefit from this
new information.

Railway maintenance management is complex. Because of that, it is separated
into several planning steps with different planning horizon and level of detail. The
resulting planning problems can be distinguished into three levels, compare for ex-
ample |79, 102]:

e strategic (long-term) planning, which enfolds, e.g., determining the budget
for maintenance activities, identification of target quality standards and key
performance indicators or the definition of maintenance and renewal policies;

e tactical (mid-term) planning, which enfolds, e.g., scheduling of large and com-
plex maintenance tasks and renewal projects;

e operational (short-term) planning, which enfolds, e.g., daily planning and
scheduling of unexpected occurring failures.

In the following, the planning of maintenance activities or tasks will be addressed.
Most papers deal with maintenance activity planning on a tactical level, where pro-
cessing of a maintenance task usually requires several days or weeks. The resulting
scheduling problems are focused on assigning (larger) maintenance activities to time
intervals like days or weeks and to maintenance crews and/or machines. If different
kinds of maintenance tasks are planned together, it has to be considered that main-
tenance crews have different skills and can only process appropriate maintenance
actions. The maintenance tasks correspond to a certain track section or segment.
Accordingly, crew and machines have to be moved from tasks to tasks which takes
time and causes costs. For the movement of crews and machines, the term traveling
is used. There are some papers, where traveling is neglected because travel times are
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small compared to the time intervals for planning, e.g., [24, 66]. In other papers, con-
straints are applied that consider travel time between two consecutive maintenance
actions to ensure a realizable maintenance plan, see, e.g., [17, 113, 119, 145, 147].
For scheduling problems with a larger time horizon, often the future development
of the infrastructure deterioration is integrated. Thereby, deterioration models are
either deterministic, see, e.g., [66, 113, 119, 145], or stochastic, for example [152] or,
for a road infrastructure, [84].

Maintenance Scheduling with Time-Space Network

Some research is done on maintenance planning problems, where (among others)
travel costs have to be minimized. One common approach is based on time-space
networks, see, e.g., [20, 63, 101, 124]. In a time-space network, vertices are de-
fined by the location of a maintenance task and a certain time interval. Directed
edges, or arcs, between vertices describe a possible activity like working or travel-
ing considering the time required for maintenance. For example, assuming a set of
maintenance tasks that have to be scheduled to weeks. Then, for each maintenance
activity and each possible week to start the maintenance activity, a vertex is de-
fined. The outgoing arcs link the maintenance activity to possible successors in the
schedule considering the working duration. For example, if a maintenance task has
a duration of two weeks, the outgoing arcs link the maintenance task to other tasks
where the start time is two weeks later. Further, a source and a sink are defined
that represent the start and end of the schedule. In such a time-space network, a
schedule is described by one flow per maintenance crew where the vertices of a flow
provide the maintenance taks and the start week.

As an example consider [124], where a time-space network is constructed on a
weekly base. Two types of arcs are defined: travel arcs for traveling from one lo-
cation to the next within one week and working arcs for performing a project on
a location over several weeks. In this time-space network, flows are defined such
that for each project one working arc is selected. The objective is to minimize a
weighted sum of travel costs and penalties for violated soft constraints like compli-
ance with time windows of projects, mutually exclusive constraints and precedence
constraints. A similar approach can be found in [63], where also idle times between
projects are taken into account. Additionally, an alternative non-linear formulation
as job scheduling problem is given, which consists of allocating maintenance activi-
ties to teams and defining start times for the maintenance activities. Two solution
variants for this formulation are suggested: applying a commercial solver for con-
straint programming and using a genetic algorithm. Concluding, it is stated that
the job scheduling formulation is closer to the real problem, but was more difficult to
solve than the time-space model which was observed in preliminary computational
tests.

If the time required for maintenance varies considerably from job to job, it can
be difficult to find a suitable discretization of the time horizon for the time-space
network. One possibility to overcome this obstacle is to merge jobs to larger projects.
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For example, in [123], beside a time-space network model for larger projects, a VRP
is presented in order to merge small jobs to larger projects that can be allocated to
one or more weeks. The aim is to find a set of projects, each represented by one
route, with minimal total number of required weeks which is equal to minimize the
idle times of the projects if they are planned on a weekly base. Thereby, several
additional constraints like required crew skills, mutually exclusion of jobs or project
duration constraints are considered. The planning horizon amounts to one year
and more than 2300 jobs have to be merged into projects. Due to the resulting
complexity, a solution for this problem is computed by local search.

Maintenance Scheduling as Vehicle Routing

The review of literature has shown that maintenance scheduling problems can also
be formulated as VRPs, compare for example [125, 151]. In doing so, the main-
tenance tasks are not assigned to time intervals and crew/machine, but for each
crew /machine, a route is constructed with the maintenance tasks to be processed.
It should be mentioned that this approach is rarely used.

In [151], maintenance jobs are represented by vertices in a graph. Thereby, each
job equals to maintaining a track segment of a non-negligible length. Consequently,
the direction in which a job is executed has to be considered. For this purpose,
between two vertices four edges are constructed: one for each direction combina-
tion. Several side constraints are considered in the resulting VRP: periodicity of
jobs, preferred or forbidden time windows for execution, mutually exclusion of jobs
which cannot be performed simultaneously or precedence constraints. The objective
is to minimize a sum of travel costs, penalties for not performed jobs and penalties
for violated constraints. Due to the periodicity of the jobs, a rolling horizon is used
to decompose the problem into separate subproblems. However, the resulting sub-
problems are still too large to solve them exactly. Because of that, the subproblems
are solved using a heuristic: Important jobs are scheduled by applying a commercial
solver to the underlying MILP. After that, the remaining jobs are inserted heuristi-
cally. Finally, a local search procedure is applied to improve the obtained solution.

A scheduling problem for maintenance of railway signals is investigated in [125],
where some tasks cannot be handled by a single crew member. The problem is
formulated as VRPTW with multiple depots and synchronization constraints where
the latter ensure that tasks requiring two crew members are visited by two crew
members simultaneously. The aim of the resulting VRPTW is to define one route
per crew member and day such that the total travel costs are minimal. Since the
planning horizon is large and up to 1000 maintenance tasks have to be planned, the
problem is solved heuristically. Thereby, the two major steps are firstly, the cluster-
ing of maintenance tasks into a set of tasks that can be performed by a crew member
and secondly, the scheduling of each cluster taking into account dependencies be-
tween the schedules of the different crew members resulting from the simultaneous
processing of some tasks.

Scheduling of larger track maintenance activities can also be formulated as an arc
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routing problem, since the direction of track maintenance can have a major impact
on travel costs. In [133], a track maintenance scheduling problem is introduced
as capacitated arc routing problem which is transformed into a CVRP. In both
problems, the objective is to find a set of routes where travel costs and the cost of
hired maintenance staff are minimal, while ensuring that each route does not exceed
a certain time limit and that each maintenance activity belongs to a route.

Maintenance Scheduling with Time-Dependent Costs

The VRPCC was developed within the European project ACEM-Rail, which is
presented in [78]. In this project, developments were achieved in five areas: new
inspection and measurement techniques, models to estimate track defect evolution,
models and algorithms for maintenance planning, management system, and monitor-
ing of executed maintenance. With respect to maintenance planning, two problems
were investigated: one on tactical level and one on operational level. In the tactical
maintenance problem, predicted maintenance activities are allocated to time periods
considering a stochastic demand of resources caused by the uncertain development
of the track condition, see [14, 72]. And the operational planning problem was
developed for scheduling of small tamping tasks by a single tamping team taking
into account that sections that do not meet the track condition requirements cause
penalty costs until they are repaired, see [70, 73]. The reasons for these penalty
costs are that in case of insufficient track condition, the infrastructure manager can
declare speed limitations for the track, compare, e.g., [3, 117, 153|, or the infras-
tructure manager may demand a compensation from the contracted maintenance
companies if this has been agreed in the maintenance contract |64, 118]. This op-
erational planning problem is the origin of the VRPCC with the difference that in
the VRPCC several tamping machines are available. Consequently, in the VRPCC,
some maintenance tasks are afflicted with a cost value that have to be paid every
day until maintenance is executed.

In the literature, some papers considering costs for insufficient track condition can
be found. In [152], costs occur for each day on which the track condition is predicted
to be unsafe. These costs are minimized together with costs for losing lifetime due
to premature maintenance as well as costs for traveling and maintenance. The
corresponding maintenance problem is to assign jobs to days and teams considering
travel times.

In [69], a derailment risk is predicted, which increases if maintenance is executed
later. It is also considered that delayed maintenance can lead to defects and with
it to increased maintenance costs. The analyzed maintenance problem consist of
clustering track sections, that require maintenance, and assigning these clusters to
days in a time horizon of up to one month. Thereby, travel costs are approximated
by the costs to travel to the center of the cluster. The objective is either minimizing
the costs for derailment and maintenance or minimizing the maximal derailment
risk. The problem is solved by a commercial MILP solver.

Also in other maintenance areas, problems occur where delayed maintenance
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causes additional costs: For example, maintenance scheduling problems of offshore
wind farms often take into account that delayed maintenance leads to a reduc-
tion of the turbine productivity which causes losses in energy production, see, e.g.,
[35, 51, 91]. The resulting problem is a VRP with pickup and delivery, where a
fleet of vessels is routed that bring technicians to platforms and pick them up when
maintenance is completed.

A more general problem with time-dependent costs is the traveling maintainer
problem introduced in [25]. This problem is close to the TSP, but the objective
function is a sum of latency costs. Thereby, the latency of city ¢ equals to the sum
of travel times to reach city 7. After introducing the general traveling maintainer
problem, some examples for latency functions of cities are given, e.g., a sum of
time-dependent expected failure costs, maintenance costs and travel costs. Since
the latency functions can be non-linear, it is proposed to apply a genetic algorithm
or particle swarm optimization to solve the traveling maintainer problem.

Maintenance Scheduling and Railway Service

In the so far presented papers, it is assumed that there is a certain amount of track
possession time per time period where the track can be closed for maintenance. But,
recent papers have explored how to coordinate maintenance on railway infrastructure
and train traffic, either by defining possession times for maintenance [81, 103, 104]
or by considering track disturbances directly |18, 19].

In [103, 104], a train schedule is defined such that a demand of maintenance
windows is satisfied. For each train, a set of feasible routes and a range for a
feasible service time is given. Further, for links in the railway network, the demand
of maintenance windows is given by time window options (for example, a single
window of three hours or two windows of two hours), from which one has to be chosen
and scheduled. The resulting optimization problem consists of train scheduling and
definition of maintenance windows. Thereby, train scheduling means that for each
train a route and a start time are chosen such that the resulting train schedule is
feasible which means, e.g., that travel and dwell times are considered. And the
definition of maintenance windows consists of selecting a maintenance option and
an according set of time periods for each link, such that the demand on maintenance
is satisfied. Furthermore, in [104] a crew assignment is integrated to ensure that the
time windows for maintenance can be efficiently used.

Annual track possession scheduling is addressed in [81] for a mining supply chain
rail network. The aim is to define a set of track possession times such that capacity
reduction is minimized, the given demand on track possession is satisfied and at no
time more resources are required than are available. The problem is formulated as
MILP. Due to the large planning horizon, a iteratively metaheuristic is developed
to obtain a feasible solution. For this purpose, the MILP is split into subproblems
by fixing some of the variables and optimizing over the rest.

In [19], a maintenance rescheduling problem is analyzed which aims to reschedule
maintenance activities of an initial schedule in order to maximize the total through-
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put in the planning horizon of one year. The problem is modeled as MILP. To solve
it by a commercial solver for a planning horizon of a year, the number of variables
is reduced by limiting the potential start times of rescheduled jobs and by dividing
the planning horizon to obtain smaller subproblems. Computational experiments on
real world data sets have shown that with this approach a significant improvement
can be achieved.

In [18], start times of maintenance jobs are planned taking into account that
during maintenance (freight) trains cannot pass the track. The objective is to find
a schedule such that the total throughput during the planning horizon is maxi-
mal. The resulting optimization problem is modeled as MILP which have to find
a) a segmentation of the time horizon in separated time intervals, b) an allocation
of maintenance activities to consecutive time intervals complying release time and
deadline and ¢) a maximal flow through the network considering down times of arcs
due to maintenance.
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3. The Vehicle Routing Problem
with Customer Costs

As explained in detail in the introduction, in this thesis a novel vehicle routing
problem is analyzed that results from operational planning of small maintenance
tasks to correct unexpected failures. Thereby, two kinds of costs need to be consid-
ered: Firstly, travel costs for machinery and crew; and secondly, penalty costs for
an unsafe track condition that have to be paid for each day from failure detection
to maintenance completion. For the latter, customer cost coefficients are defined
for each maintenance activity. The objective function of this problem is defined by
the sum of travel costs and time-dependent customer costs. With it, the priority of
customers can be taken into account without losing the sight on travel costs. This
new vehicle routing problem is called vehicle routing problem with customer costs or
shortly VRPCC.

This chapter gives a detailed description of the VRPCC. In detail, Section 3.1
introduced the VRPCC and defined the used notation. Because of the technical
background, the customers are named as jobs. Then, Section 3.2 provides a non-
linear partition and permutation model, called (PP), which allows to define each
solution by a partition of the jobs into subsets for each vehicle; and a permutation
of each partition to define the order to visit the jobs. Finally, in Section 3.3 some
extensions of the VRPCC are mentioned.

3.1. Problem Data and Variables

Let N ={1,2,...,n} be a set of jobs that have to be scheduled to a set of vehicles
M ={1,2,...,m}. Each vehicle k& € M has a start point s, and an end point
2. According to the common terminology, the start and end points will be called
depots. The depot sets are given by N := {sx : k € M} and N, := {2, : k € M}.
Furthermore, let N, := NUN UN., be the set of all jobs and depots with cardinality
Ng := |Ny| = n + 2m. Each job i € N, is characterized by

e its customer cost coeflicient c¢;,
e its working duration a;,
e the travel costs d;; to job j € N,, j # 4, and

e the travel time r;; to job j € N,, j # 1.
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All values are assumed to be non-negative integers. Furthermore, it is assumed that
e a; > 0 for all jobsi € N,
® a, =a, =0andc, =c, =0forall k€ M, and

e both the travel costs and the travel times satisfy the triangle inequality as
described in Definition 2.3.

Definition 3.1. A route is an order to visit a set of jobs N, with a vehicle k. A
route is represented by a permutation II*(N,) = (7f, 75, ... ,7r|ka|) with ¥ € Nj.
Each route starts in the start depot s; of vehicle k, passes the jobs of N, in the
defined order and ends in the end depot z:
Tl = Sp > T TS o Tl o T =

Definition 3.2. A schedule S := (N, II*(N.))ren is an order to complete a set
of jobs N with a set of vehicles M. Tt consists of a partition (Ni)gers of N into m
non-empty subsets and, for each vehicle k € M, a permutation I1¥(N,) defining its

route.

In the following the two parts of the objective function are investigated in detail.
As mentioned previously, the objective function consists of travel costs and time-
dependent customer costs. The travel cost value is computed from the routes as

| Vi | -1

D (gt + D e+ ).
=1

keM

And the customer costs are calculated as

Z Cit?,

1€EN

where t¢ is the day where job i € N is started. Thus, for each job the start time has
to be determined. For that, a special property of the VRPCC has to be considered:
job execution is only possible during working shifts in the nights with length u, but
traveling from job to job is possible all day long. To model the working shifts, each
day any work can start at minute 0 or later, but has to be finished at latest when the
working shift ends at minute u. This implies that a job ¢ cannot start if its location
is reached after minute u; := u — a;. In this case, the job must be postponed to the
next day. The working shift length u is naturally bounded by 1440 minutes, i.e., by
24 hours per day. To avoid infeasibility of an instance, the working duration of any
job 7 € N is bounded by a; < u. For a correct scheduling, the time ¢;, when the
execution of job ¢ starts, is given as provided in Definition 3.3.

Definition 3.3. The start time of a job i is defined as t; = (t4,¢"), where t¢ € N

1771

represents the start day and ¢ > 0 the start minute on day t¢.
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The start day t¢ is the basis for the calculation of the customer costs. The start
minute is restricted by the working shift, see condition (3.3) below. Since travel time
and working duration are given in minutes, a start time ¢ = (t¢,¢™) is converted
into minutes by the function £ : N x R — R with

E(t) = htt 4™, (3.1)

where h := 1440 are the minutes of a day. A start time pair ¢; of any job ¢ € N,
with job p; € N U N, as predecessor in the schedule, has to fulfill:

£(t) > g(tpi) + Ap; + Tpgi (3.2)
and
0<t" <u,. (3.3)

Condition (3.2) ensures that the job i does not start before its predecessor p; is
completed and the vehicle has traveled to job i. By restriction (3.3), the compliance
with the working shift is guaranteed.

Theorem 3.1. If the customer cost function of the objective function is monotoni-
cally increasing, the minimally allowed start times lead to minimal customer costs.

Proof. In case of a monotonically increasing customer cost function, later execution
of a job cannot result in a smaller customer cost value for this job. Furthermore,
since the travel times are constant, a later execution of a job cannot lead to an
earlier execution of its successors and consequently also the customer cost value of
the successors cannot become smaller. O]

Due to Theorem 3.1 in the following the minimally allowed start times are computed.
Therefore, firstly the arrival time ¢{ of any job ¢ € N, which is the time in minutes
of reaching the location of job ¢, is calculated as

ti = g(tm) + Qp; + Tpyi

where ¢, is the start time of the predecessor which needs to be already computed.
Then, the arrival time has to be converted into a start time (t¢, #) so that constraint

(3.3) applies. This is achieved by the function ( : R x N - N x R with

((tw) = { (L) t=LEn) ift—[Elh<u,

(L%J +1, 0) otherwise.

Then, the time pair (t4,t™) = ((¢,u;) is the earliest with &((¢4,¢™)) > t that fulfills
condition (3.3). With it, the earliest possible start times of the jobs can be calculated
based on the schedule S = (N, II*(Ng))rear- The start time of the depots is given
by to:

t k =1

Ky

:t07 l{GM

The earliest possible start times of the jobs are calculated in the order defined by
the permutations based on the arrival time as

tﬂf = C(tif7u7rf) = C(g(tﬂfq) + Ak +r7rf_17ff’u7rf)’ 1=1,2,..., ‘Nk’, ke M.

Sk
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° [ 4§0 minute
@-@ ! Day 1 (1 HOHATHG>r

@ Day2 @6OH 7 F
\@ O—e pay: ED-EDTED

(a) Solution of the VRPCC. (b) Schedule of the solution.

Figure 3.1.: Example for a solution of the vehicle routing problem with customer costs.

i S1 z1 1 2 3 4 h} 6 7 8 9
c 0 0 100 0 0 150 0 150 30 0 100
a; 0 0 120 120 120 180 60 120 240 120 60

travel time 7;;

S1 - 42 16 40 o4 35 45 43 33 20 32
z1 317 - 27 14 14 18 17 28 40 40 15
1 121 202 - 24 38 42 33 35 33 24 20
2 5 301 101 181 - 18 30 30 39 47 44 23
3 < 411 101 292 135 - 18 25 37 52 53 27
4 8 422 135 319 229 137 - 14 25 42 48 24
5 Tc% 341 127 253 224 192 101 - 13 29 36 14
6 k= 325 209 267 296 285 187 95 - 19 29 18
7 254 301 253 361 394 322 223 142 - 15 26
8 151 305 185 336 405 367 270 217 108 - 27
9 245 108 153 173 207 179 101 132 195 201 -

Table 3.1.: Costs of the example instance.

Example In Figure 3.1, an example for the VRPCC is given. Assuming nine jobs
and two depots located in R? as shown in Subfigure 3.1(a). Each jobi € {1,2,...,9}
is drawn by a dot and the color of the dot represents its customer cost coefficient
where green stands for ¢; = 0 and red stands for the highest value ¢; = 150. The
travel costs and times are derived from the Euclidean distance between the jobs.
Further, Table 3.1 provides in the first two rows the customer cost coefficient and
the working duration of each job, and in the rows below the travel costs and times.
For this purpose, this part of Table 3.1 is designed as an upper triangular matrix
that contains the travel times between the jobs and a lower triangular matrix with
the travel costs. All jobs have to be served by one vehicle.

For this instance, an optimal solution is the route shown in Subfigure 3.1(a).
The corresponding schedule, which describes the start time of each job, is given in
Subfigure 3.1(b). The y-axis provides the start day and the x-axis the start minute
on that day. The length of the box for a job shows the working duration. As it can
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be seen, on the first day, the jobs 1, 9, 4 and 5 are executed. After that, the vehicle
is moved to the next job 6 over the day such that job 6 can be started at the begin
of the working shift of day two. Due to the long working duration of job 7, the jobs
8, 2 and 3 are done on day three.

Note that this route is not optimal regarding travel costs. Some detours are
necessary to visit jobs with higher customer cost coefficient first. It is also not
optimal regarding customer costs. However, the route has a minimal total cost
value of 2221 whereby the travel cost value is 1471 and the customer cost value is
750.

A travel-cost-optimal solution is given by the permutation (1,8,7,6,9,5,4,3,2)
with travel costs value 1263; and the permutation (4,6,1,9,7,3,5,8,2) is a customer-
cost-optimal route with a total customer cost value of 700.

3.2. The Non-Linear Partition and Permutation
Model (PP)

The VRPCC can be formulated by the following non-linear partition and permuta-
tion model (PP).

(PP)  min g(S) = g*(S) + g°(5) (3.4)
[Nk |—1
d —
st g%(S) = k;\:/[(dskﬂif + Zl: dﬂfwfﬂ + d”\kaIZ’“) (3.5)
€ i=

g°(8) =) cit! (3.6)

ieN
S = (Ny, II*(Ng) ket

(Ng)ren is a partition of N into exactly m non-empty
subsets

[I*(N,,) is a permutation of the elements of Ny, k € M

tok o= Qe tnp) = C(E(Ers )+ @t |+ Tk ok, Uk (3.8)

i [ 1—1

i=1,2,...,|Ny|, ke M

A schedule (Nj, IT*(Ny))rear consists of the assignment of jobs to vehicles and the
orders to visit the jobs. The allocation is stored by means of a partition of the set
N into m non-empty subsets Ny, £ € M. For each subset N, the permutation
I[(Ng) = (7}, 75, ..., 7fy, ) gives the execution order of the corresponding jobs. The
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execution order II(Ny) is also called route k. Note, that there is no constraint to
equally distribute the jobs to the routes. Thus, in a feasible schedule, one route can
contain n — m + 1 jobs and the other routes include only one job. The objective
function g(5), defined by equation (3.4), consists of travel costs and time-dependent
customer costs and has to be minimized. The travel costs are calculated based on
the particular order of the jobs, see equation (3.5). To determine the customer cost
value of a schedule with equation (3.6), the minimally allowed start time of each
job has to be determined. For that, the start time of each start depot is set to
to by means of equations (3.7). Then, considering the processing order of the jobs
given by the permutation I1¥(N,), the start time of each job i € N can be computed
with equation (3.8). As it can be seen in (3.6), the customer cost value of any job
increases strictly with the start day. Thus, according to Theorem 3.1, minimally
allowed start times lead to the best objective value of a certain schedule.

The main advantage of this model is that the start times are calculated directly
from the schedule. Because of that, this model is the base for designing heuristics
as shown in Chapter 5, and for developing two branch-and-bound algorithms for the
VRPCC, see Chapter 6. Furthermore, this model has low memory requirements: a
solution can be stored in an array of length n + 2m.

To solve the VRPCC with a commercial optimizer like CPLEX, a collection of
various formulations of the VRPCC as mixed-integer linear program is given in
Chapter 4. There, the start times become decision variables and the routes are
defined by binary variables.

3.3. Extensions of the VRPCC

For practical applications, some additional requirements can be made on the sched-
ule. For example, it can be necessary that all jobs have to be completed within a
given time horizon. This further property of the VRPCC is formulated by an upper
bound for the start day: tf < dpax for each job i € N. An instance can be infeasible,
if dpax 1s not sufficiently large to enable a scheduling of all jobs. This implies that
no solution exists.

Definition 3.4. In the time-constrained VRPCC, all jobs have to be served within
a given time horizon d,,. Then, a schedule S is feasible, if t¢ < dy.y for each job
1€ N.

It is also possible, that the maintenance manager demands a plan where the jobs
are distributed evenly among all vehicles.

For some applications, e.g., if there is a restriction that high priority jobs have
to be resolved within a certain time, it can be necessary to define for each job an
individual time windows for its execution. Then, for each job an earliest start time
e; and a latest start time [; is provided.
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Definition 3.5. In the VRPCC with time windows, for each job a time window
[, 1;] for its execution is defined. Then, a schedule S is feasible, if e; < t¢ < [; for
each jobi € N.

In the VRPCC, it is assumed that the track can be booked for maintenance every
night. But in practice, the time for maintenance can be further restricted due to
planned night trains or other maintenance activities. Then, for each job a list of
days can be provided where the track is already booked by traffic or maintenance.

Definition 3.6. In the VRPCC with closed time windows, each job ¢ € N has a list
of days T; C T;, where maintenance is not possible. Then, a schedule is feasible if
td ¢ T, for each job i € N.

It is also possible that only a part of the working shift is closed in some nights
because, e.g., a night train will pass the track section which will lead to a more
complex computation of the start times of the jobs.

In the VRPCC it is assumed that all jobs can be processed by all machines
because all jobs regard to the same category of maintenance. But in practice, it can
be necessary to plan jobs of different maintenance categories together. Then, it has
to be ensured that each job is processed by an appropriate vehicle, e.g., tamping
jobs are executed by tamping machines and grinding jobs are handled by grinding
machines.
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4. Formulations as Mixed-Integer
Linear Program

In Chapter 3, a non-linear formulation of the VRPCC was introduced that describes
a schedule by partitioning the jobs into m subsets to allocate jobs to routes and
defining a permutation of the jobs of each subset to describe its order in the route.
To complete the schedule, the start times of the jobs are computed dependent on the
defined routes. But the VRPCC can also be formulated as MILP which allows the
usage of commercial software to solve MILPs like CPLEX or Gurobi. Then, the start
times (¢, t™) cannot be calculated directly from the schedule, but become decision
variables. With it, not only the assignment to routes and the order of the jobs have
to be determined, but also the start times are part of the decision process. This leads
to a strong increase of the solution space which is the main drawback of solving the
VRPCC via solving a MILP of it. However, one can profit from years of research of
solving MILPs which have found their way in commercial solvers like CPLEX that
“uses techniques from branching and cutting together with a “bag of tricks” [...] e.g.,
strategies for the pre-processing of optimization problems, various ways for using
cutting planes, and different heuristics used during the search“ [67, p. 154|. With it,
the computational times to solve MILPs were improved significantly in the last years,
see [86]. Furthermore, a formulation as MILP allows to add straightforwardly several
additional constraints, e.g., a limited time horizon for maintenance, the compliance
with time windows or restrictions on the choice of the maintenance machine for some
jobs.

As introduced in Section 2.3.1, there are different possibilities to formulate a VRP
with time constraints as MILP. Thereby, the formulations can be split into a part to
define the routes of the vehicles and a part to define start times for the jobs. For the
VRPCC, at first a basic MILP with a three-index formulation to define routes and
a formulation of the time constraints based on a big-M linearization is presented in
Section 4.1. However, computational experiments showed that this first MILP was
hard to solve. Because, as proposed in [116, p. 14], “in integer programming, formu-
lation [of] a ‘good’ model is of crucial importance”, some alternatives formulations
of the time and route constraints are presented. In detail, Section 4.2 provides sev-
eral variants to formulate time constraints which are the crucial point so solve the
VRPCC. Three alternative ideas to the initial big-M formulation are investigated:
Firstly, another definition of the start times is introduced. Secondly, the formulation
presented in [146], that uses two-index time variables, is applied. And thirdly, binary
time variables are used for the start days that allow to integrate additional valid
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constraints on the number of jobs executed per day. In Section 4.3, it is shown how
the route constraints can be formulated by means of two-index binary variables. As
it will be observed, additional constraints are necessary to ensure the correct order
of the depots. For this purpose, four alternative formulations are presented. Finally,
in Section 4.4, the presented MILPs for the VRPCC are compared with respect to
solution performance with CPLEX based on computational experiments.

Since the start times are non-negative decision variables and there is no constraint
that stipulates to use the minimally allowed start time, the solution space can be
unbounded. In detail, for jobs with zero customer costs, several values for the start
day may lead to an optimal solution. To restrict the solution space without losing the
optimal value, an appropriate upper bound for the start day d,.x should be defined.
In case of the time-constrained VRPCC, d,.« is a given value. Otherwise, the upper
bound has to be chosen sufficiently large to ensure that an optimal schedule with
minimally allowed start times does not exceed it. In this chapter, it is assumed that
an upper bound for the start day dp.x is given.

4.1. A Basic Formulation (R1T1)

In this section, an initial formulation of the VRPCC as MILP is presented which
is based on a common formulation of the VRPTW as presented in [143, p. 158f
(VRPTW)]. According to this, the route constraints are formulated by binary three-
index variables xffj which equals to one if and only if jobs i € N, and j € N, with
i # j are assigned to route k € M and job 7 is executed directly before job j. To
formulate the time constraint, the start time of job i € N U N, equals to htd + ¢7
with h are the minutes per day. In contrast to the formulation in [143], the time
variables are defined independently from the routes.

The basic MILP for the VRPCC is formulated as:

(RIT1)  min » Y > dyali+> cit! (4.1)

keM i€N, jEN,\{i} ieN
st Y Y ah=1 ie NUN;, (4.2)
k€M jeN\{s}
—1 ifi = sy,
Z xfl —Z :cfj: 1 if i =z,
JeNa\{i}  jeNa\{i} 0 otherwise,
i € Ny, ke M, (4.3)
ak =0 ke M, (4.4)
xf] € {0,1} 1,7 € Ng, k€ M, (4.5)
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(td ) = (td,t7) ke M, (4.6)

Sk Sk

d m d m k
hti—Fti +ai+7nij_htj_tj S(l_ZxU)M

keM
i€ NUN,, jEN, i # 7, (4.7)
htd 4+ " > htd + tg" + min{ry,;} i €N, (4.8)
td <t? < dpax, t¢eN i €N, (4.9)
0<t"<uw, theR, 1€ N. (4.10)

The objective function is given by formula (4.1) that minimizes the total costs,
which are the sum of travel costs and customer costs. The travel costs depend on
the predecessor-successor-relations, which are given by the binary variables mfj, and
the customer costs depend on the start days ¢¢.

The constraints (4.2)—(4.5) represent a three-index route formulation with binary
variables ycf] In detail, equations (4.2) ensure that each job i € N is visited once
by one vehicle. Equations (4.3) impose that a) each vehicle k € M starts the route
in its start depot, b) each vehicle k € M finishes its route in its end depot, and c)
each job i € N is entered and left by the same vehicle. Constraints (4.4) guarantee
that a vehicle does not travel directly from its start depot to its end depot. With it,
empty routes cannot occur. And with constraint (4.5), the variables xf] are defined
as binary variables.

The definition of start times is regulated by constraints (4.6)—(4.10). To be more
precise, equations (4.6) set the start time of each start depot to to = (td, 7). Con-
straints (4.7) realize that job j € N does not start before the previous job i is finished
and the vehicle has traveled to the location of job j: If >,/ xfj = 1, the time vari-
ables have to fulfill ht{ + ¢} 4 a; +r;; < ht§ +t}*. Contrariwise, Y, .\, zF; = 0 leads
to ht{ + 17" 4 a; + ri; — ht§ — 7" < M which does not restrict the start times if M is
chosen sufficiently large. For any job ¢ € N, equation (4.8) defines an earliest start
time taking into account that at least one start depot has to be scheduled before.
Note that the travel times must satisfy the triangle constraint, see Definition 2.3, to
ensure that (4.8) are valid constraints. Conditions (4.9) indicate that the start days
are integers not larger than the given time horizon d.. Finally, for any job i € NV,
constraint (4.10) bounds the start minute by u; to ensure that job ¢ can be finished
during the working shift.

Note that constraints (4.7) are a big-M linearization of the non-linear time con-
straints (3.2). A sufficiently large value for M is M := h(dyax + 1). This is an
upper bound for the start time in minutes ht¢ + ¢, because t¢ is bounded by dpax
for any job i € N and ¢! is bounded by u; < h.

In modeling TSPs and VRPs, route models similar to (4.2)—(4.5) are normally
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completed by subtour elimination constraints. Otherwise, a solution feasible to
(4.2)—(4.5) can contain subtours which are cycles of jobs C' = (i1, 42, ...,4), | < |N|
with xfpipﬂ =1,forp=1,2...,1—1, and 2f, = 1. Theorem 4.1 shows that for
(R1T1) additional subtour elimination constraints are not necessary since for jobs
of a cycle it is not possible to assign time variables that fulfill (4.7).

Theorem 4.1. All solutions feasible to (4.2)—(4.10) cannot contain subtours.

Proof. Assuming C' = (iy, 142, .. .,1,) is a cycle defined by (4.2)—(4.5). Thus, it exists
aroute k € M with zjt, =1 forl=1,2...,p—1, and 2}, = 1. According to
(4.3), C cannot contain depots.

From (4.7) results that £(;,,,) > &(t;,) + ai, + 7i,,, for 1 =1,2...,p — 1, and
§(ti) > &(ti,) +a, +7i,:, with the linear function £ : NxR — R that transforms the
start time pair ¢ = (t?,4™) into a scalar time value as defined in (3.1). Since for each
job i € N, the working duration a; is larger than zero, the following contradiction

is observed
§(tiy) < &(tiy) < ... <&(ty,) <E(ty)

Consequently, a feasible solution of (R1T1) cannot contain a cycle. m

4.2. Improvements of the Time Constraints

The computational experiments provided in Section 4.4.1 showed that the LP re-
laxation value of formulation (R1T1) is small compared to the optimal value. This
results from small values for the start days in an optimal LP solution. Furthermore,
constraints (4.7) are a big-M linearization of the non-linear constraints

W)+ 7 > bt + 7+ a; +ryy, B> a2l =1, i,jE€N,
keM

which is known to lead to weak LP relaxations, see [30], and also to cause numerical
problems, compare [6] for more information. To overcome these difficulties, in this
section some alternative time formulations are presented that will have a tighter
LP relaxation. At first, Section 4.2.1 provides a second time formulation based on
big-M linearization but with another definition of the time variables. Based on this,
Section 4.2.2 provides a flow formulation of the start times which is known to lead to
a more tight LP relaxation. Finally, in Section 4.2.3, a model with binary variables
for the start days is presented where additional valid constraints can be formulated.

4.2.1. Another Splitting of the Start Times (R1T2)

The first alternative time model is based on a start time ¢; in minutes for each job
i € NUN,. The model is derived from (R1T1) by replacing ht? + ¢ by t; and
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4.2. Improvements of the Time Constraints

adding constraints to define the start day t¢ as the greatest integer not larger than
the start time in minutes divided by the minutes per day.

To obtain the model (R1T2), the constraints (4.6)—(4.10) of (R1T1) are replaced
by the constraints (4.11)—(4.16).

(R1T2)  min 3 > > dyah + > eitd

k€M i€Nq jEN,\{i} ieN

s.t. (4.2)~(4.5)
ts, = htd +to ke M,  (4.11)
Li—titai+ry < (1=) ab)M

keM
i#j, ie NUN, jeN, (412

htd +t)" + min{ry,i} <t < hdmax + u; i€ N,  (4.13)
ti € Ry i €N, (4.14)
0 <t — ht! <uy i €N, (4.15)
td <t <dpax, €N i€ N.  (4.16)

Constraints (4.11)—(4.14) result from constraints (4.6)—(4.10) by replacing htd + ¢
with ¢;. Inequalities (4.15) ensure the correct definition of the start days and the
compliance with the working shift: If job i is executed on day t¢, the start minute
on this day is equal to t; — ht¢ which has to be in [0,u;]. And constraints (4.16)
bound the start days of the jobs.

The following two small changes in the model can significantly improve the LP
relaxation:

e In the LP relaxation, the whole time between two workings shifts can be
used because the working shift constraints are neglected when the start days
become non-integer values. The reason is that constraint (4.15) can always
be satisfied, e.g., by t¢ = % To minimize the falsely usable time between the
working shifts, it can be defined that

1,jENa

h = min {1440, u + max TZ-]} . (4.17)

If the longest travel time between two jobs 7,7 € N, is less than the time be-
tween two working shifts, traveling between two jobs can always be completed
before the next working shift begins. This remains true, if h is redefined by
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4. Formulations as Mixed-Integer Linear Program

(4.17). Otherwise, equation (4.17) ensures that & is not larger than the number
of minutes per day.

o If t7" + mingepr{rs, i} > w;, job i cannot start at day td. Consequently, for
each job i € N, the lower bound of the start day in constraint (4.16) can be
replaced by

1
td = td 4+ max {0, [ﬁ (to + }rcrélj\r}{rskl} — ul)w } : (4.18)

The computational results showed that these small changes significantly increase
the quality of the LP relaxation, compare Section 4.4.1. Nevertheless, also with
these improvements, in an LP solution of (R1T2), all start days can be equal to tg,
because if the binary variables xf] become real numbers, subtour-like structures can
be defined and start times can be chosen small.

Note that both improvements can also be applied to (R1T1). The resulting for-

mulation is referred to as (R1T1i).

4.2.2. Two-Index Variables for the Start Times (R1T3)

It is known, that the LP relaxation of the big-M formulation used in (R1T1) and
(R1T2) is weak, see [143]. The computational experiments, provided in Section
4.4.1, showed that in the LP relaxation solutions, the start times are close to its
lower bounds. This is caused by the fact that constraints (4.12) are satisfied for
(partly) consecutive executed jobs i,j € N, which means xf] > 0 for any k € M,
with start times ¢; and t; = t;, + A, if

AZCLi—FTij—(l—Zl’k)M.

ij
keM

Because M is large in comparison to a; + 7;;, the time difference A between the
start times ¢; and ¢; can be small, even if the sum 7, xF is close to one. If
(1 — Y yenr @) is larger than < (a; 4 ry;), then the time difference A can even be
negative which means that job j can have a start time smaller than the start time
of its (fractional) predecessor i. Consequently, a solution of the LP relaxation of
(R1T2) can be found in which all jobs start on the first day which minimizes the
customer cost value.

To obtain a better LP relaxation, for the next time formulation the time variables
t; of (R1T2) are replaced by the two-index flow variables ¢;; with i € N U N and
j € N UN;, as proposed in [146]. These variables are zero if z; = 0 for each k € M.
Contrariwise, if any vehicle travels from job i to job 7, the start time of job ¢ is given
by t;;. Since job i is left once by one vehicle, only one variable ¢;; is larger than
zero. To the resulting MILP formulation is referred by (R1T3). In the following,
firstly the formulation is presented and secondly, it is discussed whether two-index
time variables lead to larger start times in the LP relaxation solutions.
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4.2. Improvements of the Time Constraints

For a job i € N, let §7"* = N \ {i} U N, be the set of all possible successors and
oIt = N,UN\ {i} be the set of all possible predecessors. For the start depots s;, with
k € M, the set of possible successors is 69" = N. Then, the constraints (4.6)—(4.10)
of (R1T1) are replaced by (4.19)-(4.24) to obtain (R1T3).

(R1T3)  min Z Z Z dz‘jxfj + Zcz‘t?

keM i€Na jeNa\{i} ieN

st (4.2)-(4.5)

D tgi = hty+ 17 ke M, (419)
i€agut
d m . k k
(bt iyt ) 37 ot < < (e ) 3
keM keM

i€ NUN;, j€ o, (4.20)

Z tij Z Z (tjﬁ—(aj%—rji) Z ZE§2> 1€ N, (421)

jeopnt jeoin keM

tij € Ry i€ NUNg, j€ o, (4.22)
jeéfut

td <ttt <d tteN i€N (4.24)

0: = ¥¢ — “max 7 . .

Equations (4.19) define the start times of the start depots. Inequalities (4.20) ensure
k

that the flow variable t;; is zero, if >, 2 = 0. Otherwise, t;; must be not
smaller than the minimal feasible start time and not larger than the maximal feasible
start time. Consequently, together with the route constraints (4.2) and (4.3), it is
guaranteed that for each job i € N, a single time variable ¢;; with j € 69" is larger
than zero, which is the start time of job 7. Further, there is a single time variable
t;; with j € 6 larger than zero, which is the start time of the predecessor of job .
Constraints (4.21) ensure the correct scheduling of the jobs which means that job
i € N must not start before its predecessor, which belongs to the set 6, is finished
and the vehicle has traveled to the location of job i. Constraints (4.22) define
the start times in minutes as continuous numbers. Inequalities (4.23) ensure the
correct definition of start days and the compliance with the working shift. Finally,
constraints (4.24) specify the start days as integers between the minimal feasible
start day t¢; and the time horizon dyax.

Note that the time formulation of (R1T3) has similarities to flow problems where

t;j represents the time flow on edge {i, j}. The inequalities (4.21) can be interpreted
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as a kind of the flow conservation rule, see, e.g., [90, p. 153|. Because of that, the
right side of inequality (4.21) is called the time flow entering job i and the left side
of inequality (4.21) is the time flow leaving job .

The comparison of the LP relaxation solutions of (R1T3) and (R1T2) shows that
in the LP relaxation of (R1T3), the start time of a job ¢ cannot be smaller than

Z tji+(aj+rji) Z ZE?Z

jeoin keM

This means that from each predecessor the working duration and travel time to job ¢
are partly taken into account and summarized. This is an essential difference to the
big-M formulation, where each pair of jobs is separately analyzed. Consequently, in
the LP relaxation of (R1T2), the start time of job i cannot be smaller than

max t; +a; + 75 — (1 — Z zf )M
jesn keM

Recap, since (1 — >, ., #%) > 0 and M is significantly larger than a; + ry;, it is
also possible to obtain t; < ¢; even job j is fractionally scheduled before job 7.

The computational experiments confirmed that the LP relaxation of (R1T3) is
not worse than the LP relaxation of (R1T2), but also not much better, see Section
4.4.1. It turned out that also the LP relaxation of the time constraints (R1T3) led
to start times close to its lower bound. The reason for this behavior is that in the
LP relaxation, a part of the entering flow can be moved to other jobs to reduce the
start time of the main successor, which is the job j € 6" for which Y, a¥ is
close to one. In detail, for a job ¢ € N with job j as main predecessor (thus xj is
close to one), it is

Z tij > tﬂ—i— aj—l—rj7 Zxﬂ + Z (tﬂ—i- aﬁ—rﬂ Zxﬂ) .

j€5°“t keM JG(S;D\{']} keM

To reduce the start time of job 4, either >, _, =% :1: or tj itself has to be reduced. In
detail, the time flow from j to ¢ must satisfy

ti > > (tjj+(aj+7"jj) Z%) - >t

jeait keM jeod i\ {i}

Consequently, to reduce the start time of job ¢, a part of the time flow can be shifted
to other jobs, e.g., jobs with a zero customer cost coefficient, by choosing z;, > 0,
J € 0;““ \ {i}. The following example illustrates this effect.
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Figure 4.1.: Example for the time flow in an LP relaxation solution of formulation
(R1T3).

Example Assuming an instance with three jobs {1,2,3} and two depots s and z,
which are located as shown in Figure 4.1. Each job i € {1,2,3} has a customer
cost coefficient ¢; = 100 and working duration a; = 240. The travel costs and times
correspond to the Euclidean distances and are given by

0 112 101 112 201
112 0 51 101 112
(dij)i,je{s,l,Q,S,z} = (rij)i,je{s,l,2,3,z} = | 101 51 0 51 101
112 101 51 0 112
201 112 101 112 O

The working shift has a length of 480 minutes and the start time in the start depot
is to = (0,480). Consequently, if a single vehicle is available, on each day only one
job can be finished.

With h = 682, the two matrices

094 0 006 O
0 093 0 0.07

006 0 094 O
0 007 0 093
0 0 0 0

X = (lej)i,je{s,lﬂ,?),z} =

o O O O O

and

0 448 O 31 0

0 0 5505 0 332
T - (tij)ie{s,1,2,3};]’6{5,1,2,3,2} = 0 311 O 6105 0
0

0 80 0 842

represent a solution of the LP relaxation. In this solution, each job i € {1,2,3}
has Eje{s,1,2,3,z} ti; < 1162 which is the end of the working shift of day one. Conse-
quently, t¢ = 1.0 for each job i € {1,2,3}. Recap, in a feasible solution, each day a
single job can be executed. The reason for this behavior is that due to non-integer

route variables xilj, a part of the time flow is shifted to other jobs. This is illustrated
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in Figure 4.1 where an arrow between two vertices 7,7 € V represent that x}j > 0.
If the arrow has a dashed line, then x%j < 0.1. The labels on the arrows show the
value of corresponding time flow from job ¢ to job j which is ;; + (a; +Tij)x}j. It can
be seen in Figure 4.1 that there is a main flow where the jobs are visited in order
1 — 2 — 3, and a second flow where the jobs are visited in reverse order. With this
second flow, a part of the entering time flow is shifted to other jobs to reduce the
start time of each job.

4.2.3. Binary Variables for Start Days (R1T4) and (R1Tb)

Comparing the LP relaxation of (R1T3) with (R1T2) showed that the improvements
are small and that nevertheless all job with non-zero customer cost coefficient had
the first day as start day in the LP relaxation. Furthermore, the computational
experiments showed that (R1T3) was harder to solve than (R1T1) and (R1T2),
compare Section 4.4.1.

Another possibility to improve the LP relaxation is to add further valid con-
straints. For example, it can be assumed that at most 7 jobs can be visited per day
which is valid if n is not too small. To add an according constraint, the start days
are modeled by binary variables. Then, y;; is one if and only if job 7 is started at
day 7 € T = {t§,t3+1,.. ., dmax}. Thus, the start day of job i equals to > 7 7¥;r.
The model derived from (R1T2) by using binary variables for start days is given as

(RIT4)  min Y > > dyali+> ¢ <Z ry”> (4.25)

k€M i€Ny jeN,\{i} ieN T€T;

st (4.2)~(4.5), (4.11)—(4.14),

0<ti=h) 7y <u ieN,  (4.26)
T€T;

> =1 ieN,  (4.27)

TeT;

Zyir <n Tel, (4.28)

1EN

yir € {0,1} i€N, TET.  (4.29)

In the objective function (4.25), the sum of travel cost value and customer cost
value is minimized. The binary variables xfj and the start times in minutes t;
have to satisfy the constraints (4.2)-(4.5) of (R1T1) and (4.11)—(4.14) of (R1T2).
Constraints (4.26) ensure that the start day is the largest integer less than % and that
the job is processed within the working shift. Equalities (4.27) indicate that exactly
one start day is allocated to each job. Note that T; := {t&, td. +1,... dmax} C T
is the set of feasible start days for job i with tZ is the smallest feasible start day
as defined in equation (4.18). By means of constraints (4.28), it is realized that at
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most 1 jobs are allocated to any day 7 € T. Some possibilities to compute 7 are
presented later in Section 6.2.1.1. For short, n is computed by finding a subset of
jobs with maximal cardinality such that the sum of the job’s working durations and
the smallest possible travel times does not exceed the time available per day for
working and traveling. Finally, constraints (4.29) defines y;, as binary variables.

The computational experiments showed that the upper bound of the jobs per day
defined with constraint (4.28) leads to a significant improvement of the LP relaxation
value, see Section 4.4.1.

Clearly, the binary start days can also be applied to the basic formulation (R1T1)
which leads to the MILP called (R1T5). For this purpose, the variables t¢ with
i € N U N; are replaced by Y __, Tyi; in the base formulation (R1T1). Then, the
objective function (4.25), the route constraints (4.2)—(4.5), the constraint (4.10) and
the constraints on the binary variables for the start day (4.27)-(4.29) are combined
with (4.30)(4.33).

(R1T5) min Z Z Z dijxfj + Zci <Z Tyh)

keM i€eN, jeN\{i} ieN TeT;

st (4.2)-(4.5), (4.10), (4.27)(4.29)

1, if 7 =1¢d
yor =4 0 NI T keM, €T,  (4.30)
’ 0, otherwise,

tm = ¢m keM, (431

Sk

hZTyiT—i-t;n—l-ari-’l"z’j—hZTyjr—t;n < (1_ fo])./\/l

T€T T€T keM
i€ NUN,, jEN, i#j, (432

h T; Tyir + 17 > Wt + 17 + min{r,,;} i€ N.  (4.33)

The start times of the start depots are defined by the constraints (4.30) and (4.31)
as (tg,ty"). For jobie€ NUN, and j € N with }, ., «F; = 1, the constraints (4.32)
ensure that job j starts not before job i is finished and the vehicle has traveled to the
location of job j. This constraint is similar to (4.7) with ¢{ is replaced by >~ 7 T¥;r.
Finally, for any job i € N, constraint (4.33) bounds the start time converted into
minutes from below by the minimal feasible start time. Note, that h is computed
by equation (4.17) to strengthen the LP relaxation.

Remark With binary variables for the day of job execution, additional constraints
for the VRPCC with closed time windows can be easily integrated, e.g., by adapting
T;.
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4.3. Route Constraints with Two-Index Variables

In this section, alternative formulations for the route constraints (4.2)—(4.5) of
(R1T1) are presented. Recap, in (R1T1) the binary variables z}; denote whether
vehicle & € M travels from job i € N U N, to job 7 € NUN,. With it, m routes are
defined. To reduce the number of variables, the m routes of the m vehicles can be
formulated as one large route through all depots using two-index binary variables.
Then, decision variables z;; encode whether a vehicle travels from job ¢ to job j.
Similar formulations can be found, e.g., in [40, 95, 143]. Additionally, there are
artificial travels from end depot z; to start depot s,.q, for all k =1,2,... ., m — 1,
and from z,, to s;. To the formulation of route constraints with two-index variables
is referred as (R2).

iENUN; jENUN.\{i} iEN
st Y wy=1 ieN, (433
JEN\{i}
Z Tji = 1 1€ Na, (436)
JENG i}
'Izmsl - ]-7 (437)
Lapsprr — 1 keM \ {m}= (438)
Tspzy = 0 k),l € M, (439)
zi; €{0,1} i,jE N, keM,  (440)
t? € N obtained from time constraints 1€ N.

The objective function, given by equation (4.34), is the sum of travel costs and
customer costs which is minimized. Note that the artificial travels from the end
depots to the start depots are not considered by calculating the travel costs. Con-
straints (4.35) and (4.36) ensure that each job and each depot is visited and left
exactly once. Equations (4.37) and (4.38) define the artificial travelings between the
depots. Equations (4.39) forbid empty routes.

To define the start times t¢ of the job i € N, the time constraints of the previous
formulated models can be used by replacing >, .\, xfj with z;;: For this purpose,

e (T1) denotes constraints (4.6)—(4.10) and (T1i) its improvement,
e (T2) denotes constraints (4.11)—(4.16),
e (T3) denotes constraints (4.19)—(4.24),

(T4)

(4.26

e (T4) denotes objective function (4.25) and constraints (4.11)—(4.14),
4.26)—(4.29), and

48



4.3. Route Constraints with Two-Index Variables

e (T5) denotes objective function (4.25) and constraints (4.10), (4.27)—(4.29),
(4.30)(4.33),

either applying three-index variables xfj or two-index variables z;;.
However, (R2) in combination with one of the time constraint variants is not

sufficient to define a feasible schedule of the VRPCC. Two kinds of infeasibilities
can occur:

e In (R2), it is not ensured that behind the start depot sy the first visited depot is
the end depot z;. For example, for an instance with m = 3, a large route with
the depot order s; — ... = 20 > 53 = ... = 21 — S9 — ... — z3 — 51 would
be feasible to (R2), but is not a correct schedule because the depots have to be
visited in the order s — ... —> 21 —> Sg — ... —> 29 —> 83 — ... —> 23 — S1.

e In difference to (R1), subtours are not eliminated in (R2). Due to the fact
that travels are also defined between the depots, a cycle C' = {iy,ia,...,4;}
can contain depots. And since the time constraints must not be met for
depots, the contradiction of Theorem 4.1 is resolved there. Note that at most
m subtours can occur which would lead to m routes with an incorrect depot
order.

So, additional constraints are necessary to guarantee the correct order of the depots
and exclude subtours in the large route. Four variants of such constraints are intro-
duced next: in Section 4.3.1 and Section 4.3.2, two variants that use a certain class
of subtour elimination constraints are presented; and Section 4.3.3 and Section 4.3.4
provide two variants with additional variables to allocate jobs to routes.

4.3.1. Application of MTZ-Constraints (R2a)

One possibility for a well-defined large route with two-index variables is the usage of
MTZ-constraints, as introduced in [112], which are subtour elimination constraints
named after their creators Miller, Tucker and Zemlin. Then, an additional decision
variable v; represents the position of job ¢ € N, in the large route beginning in depot
s1. The resulting model is given by

(R2a) min Z Z dijxij + Z cit!

i€NUN; jeNUN,\{i} iEN
st (4.35)-(4.40),
v, = 0, (4.41)
0<v;,<n+2m-—1 ie N, (4.42)
vi—v;+(n+2m—1)z;; <n+2m—214,5 € N,, j # s1, (4.43)

Vs, 2 Vs, + 3 ke M\{1}. (4.44)
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The model (R2a) is an extension of (R2). The objective function (4.34) and the
constraints on the binary route variables (4.35)—(4.40) are completed by the MTZ-
constraints (4.41)—(4.44). In detail, equation (4.41) sets the position of the start
depot s; to zero. Constraints (4.42) bound the position value from below by zero
and from above by n+2m — 1. Inequalities (4.43) ensure that v; is not smaller than
v; +1, if job 7 is the predecessor of job j which means z;; = 1. Otherwise, inequality
(4.43) is trivially true because v; — v; cannot exceed n 4+ 2m — 2. Constraints (4.44)
guarantee the correct order of the start depots in the large route.

Remark In [39], an improved formulation of the MTZ-constraint is given as
v —v; + (n+2m —D)z;; + (n+2m —3)x; <n+2m—2
i?j € Nav j# S1- (445)

In case of x;; = 1, two inequalities have to be considered, which are v; —v; < —1
and, with interchanged indexes, v; —v; < 1. Consequently, v; = v; + 1, if 2;; = 1.
The comparison of the LP relaxation showed that with constraints (4.45) instead of
(4.43), larger LP relaxation values were obtained, see Section 4.4.1. In the following,
this variant is referred to as (R2as).

4.3.2. A Flow Formulation of the MTZ-Constraints (R2b)

In [57], a stronger formulation of the MTZ-constraints is presented, where the po-
sition of each job in the route is modeled by a flow formulation. For this purpose,
the variables v; are replaced by the flow variables v;; with

{the position of job ¢, if x;; = 1,
Uij =

0, otherwise.

The resulting mixed-integer program is

t€NUN;s jJENUN\{i} i€EN

s.t. (4.35)-(4.40)

Vg0 =0 ieN,  (4.46)

vij < (n+2m —1)zy; i,j €N, i#s, (447
Z Vi — Z vji =1 i€ N\ {s1}, (4.48)

JEN\{i} JEN\{i}

> vgi> Y vy i+3 ke M\ {1}, (449)

1€N, 1EN,

vij 20 i,j €N,  (4.50)
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4.3. Route Constraints with Two-Index Variables

The constraints (4.46)—(4.50) complete (R2) by defining the position of each job in
the long route. To ensure that the start depot s; is on position zero, equations (4.46)
set all flow variables corresponding to start depot s; to zero. Constraints (4.47)
ensure that v;; is zero if x;; = 0 and that otherwise v;; is bounded by n 4 2m — 1.
Equations (4.48) guarantee that the position of any job or depot is by one larger
than the position of the predecessor in the route. With it, again the successor of s;
gets position 1 and the end depot z,, is on position n + 2m — 1. Constraints (4.49)
lead to a correct order of the start depots. Finally, the variables v;; are defined as
numbers not smaller zero.

As shown in [150], the advantage of the flow formulation is that it leads to a
stronger LP relaxation than the original MTZ-constraints. This effect was also
obtained in the computational experiments. With route model (R2b), smaller gaps
between the LP relaxation value and the optimal value were obtained. But the
improved variant of (R2a) led to a tighter LP relaxation than (R2b), see Section
4.4.2.

4.3.3. Binary Route Assignment (R2c)

For some variants of the VRP, it is necessary to know which vehicle visits a job.
Then, a binary variables y;; can be introduced that represent the assignment of jobs
to routes by

1, if job 7z € N, belongs to route k € M,

Yik = .
0, otherwise,

see |55, 143|. As shown later in Theorem 4.2, the assignment of jobs to routes is also

able to solve both problems of the two-index formulation: the depots will be visited
in the correct order and subtours cannot occur. The resulting MILP is called (R2c).

(RQC) min Z Z dijxij + Z Cltlj

iENUN;s jJeNUN,\{i} €N
s.t. (4.35)-(4.40)

> =1 ieN, (451)
keM

Ysih =1 ke M (4.52)
Yoo = 1 ke M (4.53)
Yik — Yjk < 1 — x5 — 1) ke M, ijeN (4.54)
yskk - yjk S 1— xskj k € M7 j € N (455)
yar € {0,1} i€N, keM (457
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4. Formulations as Mixed-Integer Linear Program

The constraints (4.51)—(4.57) complete (R2). To be more precise, equations (4.51)
ensure that each job is assigned to one route. Equations (4.52) and (4.53) allocate the
depots to the corresponding routes. Constraints (4.54) impose that two successively
visited jobs are assigned to the same route: If z;; or z;; is one, two inequalities,
namely v, — yj < 0 and y;r — yi < 0, have to be considered which leads to
Yir = Yjk. Otherwise, constraints (4.54) are trivially hold because y;; and y;; are
binary and consequently, y; — y; cannot be larger than one. Constraints (4.55) and
(4.56) ensure that the successor of start depot s, and the predecessor of end depot
2z are assigned to route k € M. All constraints together lead to y;, = 1, if and only
if job 7 is visited between the start depot s, and the end depot z; in the long route
through all jobs and depots.

Theorem 4.2. A solution of (R2c¢) in combination with time constraints cannot
contain subtours and the depots are visited in the correct order.

Proof. Firstly, the correct order of the depots is proven via contradiction. Assuming
a solution where the first depot visited after s; is z; with [ # k € M. Constraint
(4.52) leads to ys, 1, = 1. Let i € N be the successor of s, then from (4.55) follows
that y;; = 1. Further, inequalities (4.54) lead to y;p = 1 for all j € N visited after
job i but before the next end depot. In case of z; is the first end depot visited after
s, with [ € M and [ # k, constraint (4.56) indicates that also vy, = 1. Further,
from equation (4.53) follows that y., = 1. Together, this leads to an infeasibility in
constraint (4.51) for the end depot z;.

Secondly, it is shown that the solution cannot contain subtours. Assuming a
solution with a cycle C'. To allow a feasible definition of the start times, C' must
contain depots as shown in Theorem 4.1. Without loss of generality, it is assumed
that s; belongs to C' (contrariwise, there is another cycle in N, \ C' that contains s;).
As shown above, the next visited end depot has to be z;. With constraint (4.38)
of (R2) is ensured that sy is the successor of z;. Then, the next visited end depot
has to be 29, which is the predecessor of s3. A continuation of this process leads
to the conclusion that all depots must be part of the cycle. Then, there has to be
another cycle without depots. But, as shown in Theorem 4.1, for such a cycle, it is
not possible to define feasible start times. Consequently, a feasible solution of (R2c)
in combination with time constraints cannot contain cycles. O

4.3.4. Integer Route Assignment (R2d)

For the formulation (R2d), the binary variables y;;, of (R2c) are replaced by integer
variables y; with y; = k if and only if job ¢ € N, is assigned to route k € M. With
it, the number of variables is reduced.
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4.3. Route Constraints with Two-Index Variables

1€ENUN; je NUN\{i} ieN
st (4.35)—(4.40)

Ysp = k ke M (4.58)
Yo = k ke M (4.59)
vi —y; < (1= —xji)m i,j €N (4.60)
Yo, — Ui < (1 —xg)m keM,ieN (4.61)
Yi = Yz < (1= 2iz)m keM,ie N  (462)
Y; € {1,2,...,m} 1 €N, (463)

By means of the constraints (4.58)—(4.63), the route formulation (R2) is completed.
With equations (4.58) and (4.59) the depots are assigned to the corresponding routes.
Constraints (4.60) ensure that two consecutive executed jobs ¢, 7 € N are assigned to
the same route. In detail, if 2;; or xj is one, two inequalities are considered, which
are y; —y; < 0 and y; — y; < 0. Consequently, y; = y;. Otherwise, if z;; = z;; =0,
constraint (4.60) is trivially hold. The reason is that y; — y; cannot exceed m,
because y; and y; are defined as positive integers not larger than m. Constraints
(4.61) guarantee that y; > k, if job 7 is the successor of the start depot s;. Similar
to that, constraint (4.62) impose that y; < k, if job i is the predecessor of the end
depot z;. Finally, constraint (4.63) defines that y; is an integer not larger than m.
All constraints together ensure that y; = k, if job ¢ is visted after s, but before z
in the long route through all jobs and depots.

Theorem 4.3. A solution of (R2d) in combination with time constraints cannot
contain subtours and the depots are visited in the correct order.

Proof. Initially, the correct order of the depots is shown. Let s be a start depot
and let z; be the first end depot visited after s; with [,k € M. Let further j € N
be the successor of sp and ¢ € N the predecessor of z;. Then, it follows from the
constraints (4.58) and (4.61) that y; > y,, = k. Further, the constraints (4.59) and
(4.62) lead to y; < y,, = [. Additional, the constraints (4.60) stipulate that all jobs
between j and ¢, including j and 4, are assigned to the same machine. Thus,

k<y; =y <L (4.64)
With this observation, the proof can be given via backwards induction:

e If Kk = m, then also [ = m, because this is the only end depot z; with m < [.
Thus, the first depot visited after s,, is z,,.
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4. Formulations as Mixed-Integer Linear Program

e If k = m — 1, then an end depot z;, with m — 1 < [, has to be the first end
depot visited behind s,,_1. As previously shown, the start depot visited before
Zm 18 Sp,. Consequently, the first depot reached after s,,_; can only be z,, ;.

e Assuming the depots are visited in the correct order for all £k = m,m —
I,...m—pand 1 < p <m-—2. For k = m — p — 1, the first visited
depot after s,,_,_1 has to be z; with [ > m —p— 1 to satisty inequality (4.64).
Due to the fact that the depots s, and z, with k& > m — p are visited in the
correct order, z,,_,_1 has to be the first depot reached after s,,_,_;.

Consequently, only the correct order of the depots allow a feasible route assignment.
Analogous to the proof of Theorem 4.2, the correct order of the depots ensures
that the solution does not contain subtours. O]

Compared to (R2c), the number of variables and constraints is reduced. The
results of the computational experiments in Section 4.4.2 suggest that using integer
instead of binary variables leads to a better solvable MILP.

4.4. Computational Results

In this section, the MILPs are compared in terms of computational effort to solve
them with CPLEX. For this purpose, the instances of benchmark S (as described
in Appendix A) were modeled as different MILPs and solved with CPLEX version
12.8 using the default settings and limiting the computational time to ten minutes.

At first, the major finding is outlined. After that, in Section 4.4.1, the presented
formulations for time constraints are analyzed and in Section 4.4.2, the provided
formulations for route constraints are examined.

100
X g
2 60 DD(RlTl)
[}
% 40 Il(RQdT4)
iz 20
a
0

total ree = 0.33 ree = 0.66 Tee = 1

Figure 4.2.: Percentage of optimally solved instances for two selected MILPs.

The major finding of the computational results is that the VRPCC was hard
to solve. In Figure 4.2, for two selected MILPs of the VRPCC, the percentage of
optimally solved instances of benchmark S is shown dependent on the ratio of jobs
with non-zero customer cost coefficient 7. In detail, the basic formulation (R1T1)
is compared with the formulation (R2dT4) which turns out to be the best of the
presented MILPs. Even the instances are small—with only fifteen jobs and two
vehicles—a lot of instances were not optimally solved within the time limit of ten
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4.4. Computational Results

minutes. In total, 46.1% of the instances were not optimally solved if they were
formulated by the base model and 25.6% of the instances if (R2dT4) was applied.
The instance of benchmark S, where only five of fifteen jobs have a non-zero customer
cost coefficient, were always solved in less than ten minutes as shown in Figure 4.2
by the bars for r.. = 0.33. In case of afflicting two third of the jobs with a non-
zero customer cost coefficient, the percentage of within ten minutes optimally solved
instances formulated according (R1T1) and (R2dT4) was drastically reduced to 50%
and 85%, respectively. And of the instance where all jobs are afflicted with a non-
zero customer cost coefficient, only 11.7% and 38.3%, respectively, of the instances
were optimally solved within the time limit. This shows that the number of jobs
with non-zero customer cost coefficient has a strong influence on the hardness to
solve an instance.

4.4.1. Comparison of Time Formulations

In this subsection, the presented time formulations are compared in terms of LP
relaxation quality and computational performance when solving them with CPLEX.
Recap, the presented time formulations are

e (T1) and its improvement (T1i), where the start time equals to the sum ht+¢"
of the start day t¢ and the start minute on this day ¢ for job i € N,

e (T2), where the start time equals to ¢; and the start day t¢ of job i € N is
computed from ¢;,

e (T3), where two-index variables ¢;; are applied to define start times in minutes
and to compute the start day,

e (T4), where the start time equals to ¢; and the start day is defined by binary
variables y;, which enables the formulation of additional constraints to limit
the number of jobs visited per day, and

e (T5), which is similar to (T4) but with h (3, .7 Tyir) + 17" as start time.

A detailed definition of the constraints is given in Sections 4.1 and 4.2.

At first, the LP relaxations of the formulated MILPs are compared because the
quality of the LP relaxation has a strong influence to the performance of solving a
MILP with CPLEX. After that, performance analysis for the computational time
and the gap to an optimal solution are done. In conclusion, it will be seen that (T4)
showed the best performance in terms of computational time, gap to an optimal
value and also quality of the LP relaxation.

Figure 4.3 shows on the left the cumulative distribution of the start days obtained
with the LP relaxations of the presented time models compared to the cumulative
distribution of the start days in an optimal solution S*. Note that the start time in
the depots is (0,480) which is the end of the working shift on day zero, compare the
benchmark definition given in Appendix A. Consequently, job processing cannot
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4. Formulations as Mixed-Integer Linear Program
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Figure 4.3.: Cumulative distribution for the start days and performance profiles for the
gap between LP relaxation value and optimal value for the time models on
benchmark S.

start before day one. On the right of Figure 4.3, performance profiles for the gap
between LP relaxation value and the optimal value are shown.

With (R1T1) as presented in Section 4.1, the start day of each job was less than
one which results from insufficient lower bounds for the start days and the big-M
linearization. Consequently, the customer cost value of the LLP relaxation was small
and the gap to the optimal value was large: For each instance, the LP relaxation
was more than 20% smaller than the optimal value and for more than 75% of the
instances, the LP relaxation value was less then half of the optimal costs.

The formulation (R1T2) led to significantly better LP relaxation values. This
is mainly caused by tighter lower bounds for the start day of the jobs: For each
job i € N, the start day t¢ must greater than or equal to one. As it can be seen
in the left plot of Figure 4.3, in the obtained LP relaxation solutions of (R1T2),
nearly all jobs had start day one. With the improved variant of (R1T1i), where the
conversion factor h and minimal feasible start day tg, are defined as proposed for
model (R1T2), for some jobs a larger start day was determined. But nevertheless,
both formulations had the same LP relaxation values because for all jobs with a
non-zero customer cost coefficient, the start day was one. The reason is that the
big-M formulation leads to a weak LP relaxation. As mentioned in Section 4.2.2,
due to M is large in comparison to the time difference between two consecutive
executed jobs, even with xfj close to one the start time of job j can be equal to the
start time of its predecessor 1.

The application of two-index variables for the start times in formulation (R1T3)
resulted in some larger start days, but the LP relaxation was not significantly im-
proved. This can be seen in the right plot of Figure 4.3 on the fact that the per-
formance profile of (R1T3) is only slightly above the one of (R1T1i) and (R1T2).
It was observed that also the formulation with two-index time variables allows to
determine the start days minimal, but the binary route variables cannot be as close
to one as with the big-M linearization. Consequently, the LP relaxations of the
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Figure 4.4.: Comparison of the formulations of time constraints on benchmark S.

min Q1 Q2 Q3 max
(R1T1) 0.01 0.18 241 4.36 5.79
(R1T1i) <0.01 0.16 2.30 4.43 6.29
(R1T2) <0.01 0.17 2.26 3.80 4.81
(R1T3) <0.01 0.27 0.64 0.80 2.04
(R1T4) <0.01 0.15 0.81 2.62 3.75
(R1T5) 0.01 0.19 1.06 3.13 4.56

Table 4.1.: Number of nodes (in millions), analyzed during the solution process with
CPLEX, for different time formulations in benchmark S.

formulations (R1T2) and (R1T3) led to the same customer cost value, but with
(R1T3) a larger travel cost value was determined.

The MILPs (R1T4) and (R1T5) led to almost the same LP relaxation value. Due
to the additional constraints, that limit the number of jobs per day, the computed
start times were larger than in the other variants. Consequently, a lot of jobs had
a start day larger or equal to day two. But, in comparison to an optimal solution
S*, the start days were still too small. Comparing the performance profiles of the
LP relaxation value in the right plot of Figure 4.3 shows that the LP relaxation of
(R1T4) and (R1T5) outperformed the other models. Nevertheless, the gap between
LP relaxation value and optimal value is large: the minimal measured gap was 7.1%
and for half of instances, the gap exceeded 22%.

After comparing the quality of the LP relaxation of the different formulations, the
performance of solving them with CPLEX is analyzed. For this purpose, Figure 4.4
shows performance profiles for computational time and gap to the optimal value of
the time formulations combined with the basic route formulation (R1). Table 4.1
provides statistic values for the number of analyzed nodes during the solution process
with CPLEX. In detail, the minimal value, the first, second and third quartile as
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4. Formulations as Mixed-Integer Linear Program

min Q1 Q2 Q3 max
ree = 0.33 0.7 7.1 17.0 36.9 350.9
ree = 0.66 4.2 50.9 181.2 600.0 600.0
ree = 1.00 10.4 415.0 600.0 600.0 600.0

Table 4.2.: Statistic values for computational times of the formulation (R1T4) for differ-
ent groups of benchmark S.

well as the maximum value are given in millions. Note, that CPLEX solves MILPs
with a branch-and-cut approach [105]. Thus, on each node of the search tree, the
LP relaxation of the subproblem is solved with some iterations of an optimizer, such
as the dual simplex algorithm.

As it can be seen in Figure 4.4, the MILP (R1T3), which applies two-index vari-
ables to formulate time constraints, was harder to solve. A reason could be that the
significantly increased number of variables results in LP relaxations harder to solve.
This impression is underpinned by the number of analyzed nodes. As it can be seen
in Table 4.1, less nodes were analyzed than with the other approaches even more
time was spend to the solution process.

The variants of the big-M formulation with integer variables for the start days,
which are (R1T1), (R1T1i) which applies the tightened conversion factor ~ and min-
imal start day td., and (R1T2), showed a similar performance. The computational
times and the number of analyzed nodes were similar. This is an unexpected ob-
servation because (R1T1) in the variant presented in Section 4.1 had a worse LP
relaxation in comparison to (R1T1i). But a comparison of the log-files of CPLEX
showed that in both variants the same values in the root node were obtained which
means that CPLEX adds appropriate cuts to exclude start days less than td; which
cannot lead to a feasible solution.

As expected, the model (R1T4) and (R1T5), where additional constraints limit
the number of jobs visited per day, outperformed the other models. The best of the
presented time constraint formulations was (R1T4) because with this formulation,
less time was required to solve the instances and, in case of exceeding the time limit
of ten minutes, better solutions were obtained than with the other time constraint
formulations. This can be seen in Figure 4.4 on the fact that the performance profiles
for computational time and gap of (R1T4) are both well above the performance
profiles of the others. Also comparing the number of analyzed nodes of (R1T4) and
(R1T5) suggests that branching was more efficient if the start day is computed from
an overall start time in minutes, as in formulation (R1T4), instead of defining the
start time as sum of start day and start minute at a day, as in (R1T5).

Concluding, the formulation (R1T4), where the start times are defined in minutes
and binary variables are used to define the start days and restrict the number of

jobs visited per day by a valid upper bound 7, led to the best performance in solving
it with CPLEX.
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Finally, Table 4.2 provides the statistic values minimum, 25th-percentile, median,
75th-percentile and maximum for computational times of the formulation (R1T4)
for instances of benchmark S grouped by r.., which is the percentage of jobs afflicted
with non-zero customer cost coefficient. As it can be seen, the computational effort
was significantly higher if more jobs were afflicted with a non-zero customer cost
coefficient. For instances generated with r.. = 0.33, which means five of fifteen
jobs have a non-zero customer cost coefficient, half of instances were solved within
less than 17 seconds. Doubling the number of jobs with non-zero customer cost
coefficient resulted in an increase of the median by more than factor ten, see Table
4.2 column Q2. From the instances with r.. = 1, where each job has a non-zero
customer cost coefficient, less than a half was solved within the time limit of 10
minutes (which are 600 seconds).

4.4.2. Comparison of Route models

In this subsection, the five different route models, introduced in Section 4.1 and
Section 4.3, are compared. These are

e (R1), which is the three-index formulation,

(R2a) and (R2as), which are the two-index formulations with classical MTZ-
constraints and its strengthened variant, respectively,

(R2b), which is the two-index formulation with a flow-formulation of the MTZ-
constraints,

(R2c), which is the two-index formulation with binary variables to allocate
jobs to routes, and

(R2d), which is the two-index formulation with integer variables to allocate
jobs to routes.

The route formulations were combined with the time constraints (T4) because it
showed the best performance, as observed in the computational experiments pro-
vided in Section 4.4.1

Again, firstly the quality of the LP relaxation is analyzed. After that, the per-
formance of solving the formulations with CPLEX is compared with respect to
computational time and gap to an optimal solution. In conclusion, it will be seen
that with (R2d) the best performance in terms of computational time, gap to an
optimal value and also quality of the LP relaxation was observed.

Figure 4.5 shows performance profiles for the gap of the LP relaxation value to
the optimal value for the presented route formulations. As it can be seen, the
formulations (R2asT4), (R2¢T4) and (R2dT4) had the best LP relaxation values.
Note that the LP relaxation values of (R2¢T4) and (R2dT4) were equal. With the
other three formulations, significantly smaller LP relaxation values were obtained.
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Figure 4.5.: Performance profiles for the gap between LP relaxation value and optimal
value for the route formulations on benchmark S.

100 -

% of instances

200

computational time (s)

—— (RI1T4)

400

(R2aT4)

600

(R2asT4)

100 [
wn
Q
(]
=}
<
&
w0
=
Gy
o
X
90
—— (R2bT4)

!
0 0.2 0.4 0.6

gap (%)

(R2cT4)

0.8 1

—— (R2dT4)

Figure 4.6.: Comparison of formulations of route constraints on benchmark S.

min Q1 Q2 Q3 max
(R1T4) <0.01 0.15 0.81 2.62 3.75
(R2aT4) <0.01 0.03 0.30 2.02 3.00
(R2asT4) <0.01 0.05 0.31 1.91 2.84
(R2bT4) <0.01 0.03 0.36 0.99 2.10
(R2c¢T4) <0.01 0.09 0.46 2.57 5.67
(R2dT4) <0.01 0.08 0.46 2.61 4.73

Table 4.3.: Number of nodes (in millions), analyzed during the solution process with
CPLEX, for route formulation on benchmark S.
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Figure 4.7.: Comparison of selected formulations of route constraints on benchmark M.

To compare the performance of solving the formulations with CPLEX, Figure 4.6
shows performance profiles for computational time and gap between the obtained
objective value and the optimal value of the route formulations combined with the
best time formulation (T4). Further, Table 4.3 provides the statistic values min-
imum, 25th-percentile, median, 75th-percentile and maximum for the number of
nodes analyzed during the solution process. Recap, in each node an LP relaxation
is solved where some variables are fixed.

As it can be seen in Figure 4.6, the formulations (R1T4) and (R2bT4) were outper-
formed by the other variants. Unexpectedly, (R2aT4) and its strengthened variant
showed a similar performance even the LP relaxation of (R2asT4) was significantly
better. For both, almost the same computational times were required and the num-
ber of analyzed nodes was similar. For the instances, were the time limit of ten
minutes was exceeded, (R2aT4) led to slightly better solution than its strengthened
variant.

Also (R2¢T4) and (R2dT4), where the jobs are allocated to routes by additional
constraints and variables, were solved fast. (R2dT4) led to the highest number of
instances optimally solved within ten minutes. But, in case of exceeding the time
limit of ten minutes, with (R2cT4) the gap to an optimal solution was smaller as
shown in the right plot of Figure 4.6. For both variants, the number of analyzed
nodes during the solution process was approximately equal but higher than for
formulations (R2aT4) and (R2bT4), compare Table 4.3.

Due to the models (R2aT4), (R2¢T4) and (R2dT4) showed a comparable perfor-
mance on benchmark S, they are further analyzed on benchmark M, which consists
of 100 instances with 30 jobs. For a detailed description of benchmark M, compare
Appendix A. None of the instances was solved within the time limit of ten min-
utes. Because of that, only the quality of the best integer solution obtained after
ten minutes is analyzed. Figure 4.7 shows on the left performance profiles for the
gap between the obtained objective value and the best obtained solution with one
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min Q1 Q2 Q3 max
ree = 0.33 0.4 2.9 6.0 20.3 143.0
ree = 0.66 1.9 28.7 72.7 424.8 600.0
ree = 1.00 6.7 247.1 600.0 600.0 600.0

Table 4.4.: Statistic values for computational times of formulation (R2dT4) for different
groups of benchmark S.

of the presented MILPs, and on the right performance profiles for the gap between
the obtained objective value and the best lower bound of CPLEX after ten minutes.
Note that the lower bound provided by CPLEX is the minimum LP relaxation value
of all unexplored nodes. It can be observed that better solutions were obtained with
(R2dT4) because its performance profile is mostly above the other ones. But it
can also be seen that after ten minutes the gap between the best found integer and
the best lower bound was large. Thus, it may be that the quality of the obtained
solution was worse compared to an optimal solution, or that the lower bounds were
worse.

In closing, for the model (R2dT4), the best performance of CPLEX was reached.
For this MILP formulation, Table 4.4 shows statistic values for the computational
times of the instances of benchmark S grouped by the percentage of jobs with non-
zero customer cost coefficient. As it can be seen, the computational effort was
significantly higher if more jobs were afflicted with a non-zero customer cost coef-
ficient. In detail, for instances, where five of fifteen jobs have a non-zero customer
cost coefficient, the median of the computational time was 6.0 seconds. Doubling 7.
led to a more than ten times higher median. And from the instances, where all jobs
have a non-zero customer cost coefficient, more than a half was not solved within
ten minutes. But, in comparison to the results of (R1T4) provided in Table 4.2, the
computational times were significantly improved in all three groups.

4.5. Conclusion

In this chapter, different MILP formulations for the VRPCC were presented. The
constraints of each model can be divided into a part to model the routes of the
vehicles and a part to control the time variables. For each part, several formulations
were presented that can be combined without restrictions.

In the Sections 4.1 and 4.2, several variants to ensure correct start times were pre-
sented. The first model, given in Section 4.1, was based on the time pair t = (¢, ™)
with the start day t? and the start minute ¢™ on day t? as introduced in Chap-
ter 3. The big-M linearization technique was used to linearize the time constraints
(3.2) which ensure that each job does not start before its predecessor is finished
and the vehicle has traveled to its location. Due to worse LP relaxation values,
several alternative formulations for the time constraints were developed in Section
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4.2. At first, a start time in minutes was used instead of the time tuple which led to
some observations reasoning the worse LP relaxation of the initial model and leading
to a significant improvement of it. After that, a linearization based on two-index
time variables was applied which is known to lead to better LP relaxation values.
Finally, binary variables for the start day were introduced in order to add valid con-
straints that restrict the number of jobs visited per day without eliminating feasible
solutions.

After formulating several variants of time constraints, alternative route formu-
lations were investigated. With it, five possibilities to ensure correct routes were
stated. The first route model, presented in Section 4.1, is based on binary three-
index variables. In Section 4.3, four variants were shown with binary two-index
variables to model the routes of the vehicles by one large route. There, mainly two
different approaches to ensure feasible routes were presented: On the one hand, the
usage of well-known subtour elimination constraints that assign each job to a po-
sition in the large route; and on the other hand, an explicit assignment of jobs to
vehicles.

The computational experiments provided in Section 4.4 showed that the formu-
lation (R2dT4) led to the best performance in solving the VRPCC with CPLEX.
Recap, (R2dT4) is a two-index route formulation with an assignment of jobs to
routes combined with time constraints where the start time is defined in minutes
and the start day is modeled by binary variables. Further, it was observed that
instances were harder to solve, if more jobs are afflicted with a non-zero customer
cost coefficient.
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5. Heuristics and Local Search
Approaches

The computational experiments of solving MILP formulations of the VRPCC showed
that they are hard to solve. Even the test instances were small—with only fifteen
jobs and two vehicles—a lot of instances could not be optimally solved within a
time limit of ten minutes. In detail, for the best model (R2dT4) only 74.4% of
the instances were solved in less than ten minutes. Furthermore, it was observed
that the number of jobs afflicted with a non-zero customer cost coefficient had a
significantly impact on the hardness to solve the VRPCC. The more jobs have a
non-zero customer cost coefficient, the higher is the expected computational time.
For larger instances, exact solving will be very time consuming and sometimes not
even possible. Computational tests on instances with 30 jobs showed, that none of
the hundred instances could be solved within ten minutes. Furthermore, after ten
minutes the gap between the best lower bound and the best found integer solution
was large.

In order to find good solutions for larger instances in reasonable time, in this chap-
ter some heuristics and metaheuristics to obtain a feasible solution are presented: In
the first section of this chapter, different greedy heuristics for the VRPCC are devel-
oped. Greedy heuristics are a common approach to get an approximate solution for
a complex optimization problem that can be divided into single decisions. In each
step, the decision is selected which seems to be the best. Three different criteria
to decide which is the best decision are developed. Section 5.2 provides a rollout
algorithm to obtain approximate solutions for the VRPCC. This is an algorithm
that evaluates the decisions of each step by means of a heuristic to see the effects
on the cost value. In each step, the decision with the smallest cost evaluation is
taken. In Section 5.3, a local search procedure for the VRPCC is presented which
improves an initial solution iteratively. For this purpose, more cost-efficient solu-
tions are searched by moving jobs to another position or route. Finally in Section
5.4, the results of computational experiments are presented, where the performance
of the heuristics in terms of solution quality is analyzed.

In the following, a solution will be a feasible solution, which is in general not
optimal. Note that, if the heuristics are applied to an extension of the VRPCC, it is
not ensured to find a feasible solution. For example, in case of the time-constrained
VRPCC or the VRPCC with time windows, some jobs can remain unplanned which
leads to an uncompleted schedule.

In this chapter, the following notation is used: A partial schedule consists of a set of
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unplanned jobs N and a schedule of the jobs of ]X\N given by S = (ﬁk, % (Ng) ) ket
An empty schedule is given by (0, ())rear and N = N with infinite costs.

5.1. Greedy Heuristics

Greedy heuristics are a special class of algorithms developed for optimization prob-
lems. A greedy solution is built up step-by-step, selecting in each step the decision
that maximize or minimize an evaluation function, see [33].

For the VRPCC, the developed greedy algorithms are designed as follows: The
solving process starts with an empty schedule. By means of n decision steps, the n
jobs are appended to a certain route. In each step, locally the best choice to append
one currently unplanned job to one route is selected and carried out. For short, the
job and the route will be called job-route-pair.

Definition 5.1. A job-route-pair is feasible if and only if appending the job at the
end of the route does not lead to constraint violations.

To take the locally best choice of all feasible job-route-pairs, a selection criteria
is used. The selection step is repeated until all jobs are appended to a route or no
more feasible job-route-pairs exist. In the latter case, the heuristic ends with an
uncompleted schedule and another try to find a feasible solution is needed.

In this dissertation, three new selection criteria are developed for the VRPCC:

e nearest neighbor, that is based on the well-known nearest neighbor heuristic
of TSPs [15] to minimize travel costs, see Section 5.1.1;

e most expensive neighbor, that is the contrary of the nearest neighbor idea and
is focused on customer costs, see Section 5.1.2; and

e cost-balanced neighbor, that considers both cost parts, see Section 5.1.3.

In each case, the greedy algorithm for the VRPCC has a computational complexity
of O(n?*m): the algorithm requires n steps to append all jobs; and for each step, the
effort to select the best pair of job and route is of order O(nm).

As defined in Chapter 3, a feasible solution of the VRPCC must not contain
empty routes. Since the designed greedy heuristics do not ensure that each route
contains at least one job, finally a simple algorithm to fill empty routes, called FILL
algorithm, is applied: Firstly, for each route k € M it is checked whether it is empty.
In this case, a job is selected from another route and added to the empty route. The
route [ € M, from which the job is selected, must contain at least two jobs and the
total costs to shift the job to route k£ must be minimal. The pseudocode of the FILL
algorithm is shown in Appendix B as Algorithm 1.
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5.1.1. Nearest Neighbor Heuristic

Due to its simplicity, the nearest neighbor heuristic [15] is an in practice widely used
heuristic for the TSP: Starting with an arbitrary city, in each step the nearest city
not visited so far is added to the tour until the tour is completed. This is a very
simple approach because it is easy to apply and has a low computational effort, but
it can produce solutions of poor quality. It can be shown that there is no constant
worst case performance, see [128]. An application to a VRP can be found, e.g., in
[23].

To apply the nearest neighbor heuristic (NN) to the VRPCC, the approach is
modified such that from the unplanned jobs with small travel costs the one with
the highest customer cost coefficient is selected. In more detail, the algorithm starts
with an empty solution S := (0, ())rears and the set of unplanned job N contains all
jobs. A given factor f > 0 represents the allowed variation from the minimal travel
cost value. The schedule is build up stepwise by appending one job after the other
to a route. In each step, the best feasible job-route-pair is searched, which consists
of four substeps:

1. If no feasible job-route-pair exists, return the uncompleted schedule. In this
case, the NN heuristic was not successful.

2. Determine the minimal travel cost value d;, of all feasible job-route-pairs,
which is
dmin '= min _{d; ;| (j, k) feasible}
keM, jEN
whereby [, is the current last job of route k € M. Note, if a route is empty, I
equals to the start depot s.

3. Identify the maximal customer cost coefficient c, of all jobs with travel costs
not larger than d,;, (1 + f) to any route. This is computed by

¢ = max {¢]| (4, k) feasible, dj,; < dmin(1+ f)}.
keM, jeN

4. Select from the job-route-pairs, where the customer cost coefficient of the job
is equal to c,, the one which leads to the smallest travel costs. Then, append
the job to the corresponding route and remove it from the set of unplanned
jobs N.

Finally, if all jobs are appended but one or more routes are empty, the FILL algo-
rithm is applied to shift one job to each empty route. The pseudocode of the NN
heuristic is shown in Appendix B as Algorithm 2.

Since the focus is mainly on travel costs, the customer cost value and the total
costs can be large compared to an optimal solution. It is shown by the following
theorem that the approximation ratio of the NN heuristic is unbounded.
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(b) an (in some cases optimal) solution

Figure 5.1.: Example of an instance where the nearest neighbor heuristic has an un-
bounded approximation ratio.

Theorem 5.1. The approzimation ratio of the NN heuristic is unbounded.

Proof. The proof for a given algorithm parameter f is done by an example. Imagine
the following instance with n jobs and one vehicle: Between the start depot s and
the finish depot z, the jobs {1,2...n} are arranged in a line in consecutive order.
For job i € N, the travel costs to job j € N are d;; = 2|i — j| with D > (1+ f)n,
and the costs to travel to a depot are dy; = 2(i — 1) and d;. = 2(n —i). The
customer cost coefficients are zero for all jobs except job n which has ¢, = B. The
working time of each job is set to § and the travel times hold 1 < r;; < h — % for
all jobs 7,7 € N,. With it, every day one and only one job can be visited. The start
time of the start depot is set to ty = (0, u).

In this instance, because of D > (1 + f)n, only the nearest neighbor is taken
into account when searching for the highest customer cost coefficient ¢, of the
nearest neighbors. Consequently, independent from the customer costs coefficients,
the NN heuristic leads to the solution Syxy = ((IV, (1,2,3...n))) with travel costs
9%(Sxn) = (n — 1)2 and customer costs ¢°(Syx) = nB since job n is executed as
last job on day n. This solution is shown in Figure 5.1 on the top. The circles
represent the jobs and their customer cost coefficients are written inside. The route
is illustrated by arrows.

Another feasible solution is S = ((N, (n,n — 1,n —2,...,1))), which is shown in
Figure 5.1 below. For this solution, the travel costs are g%(S) = 3(n — 1)2; and
the customer costs amount to g°(S) = B because job n is done as first job. Note
that this solution is optimal for instances with B sufficient high. This leads to the
approximation ratio

g(Snn) S g(Sxn) _ (n—1)2 +nB
9(8*) = g(S)  3n-1)2+B

n

€ O(n).
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Thus, in this example the approximation ratio increases with the number of jobs.
Consequently, it exists no constant upper bound on the approximation ratio. O

5.1.2. Most-Expensive Neighbor Heuristic

In the most-expensive neighbor heuristic (MEN), the selection of jobs mainly de-
pends on customer costs. Due to choosing in each step the job with highest customer
cost coefficient would lead to a too high travel effort, another approach is used: From
the jobs with a high customer cost coefficient, a feasible job-route-pair with smallest
total cost evaluation is selected.

To be more precise, the MEN heuristic starts with an empty solution and the set
of unplanned job N contains all jobs. A given factor f > 0 represents the allowed
variation from the most-expensive job, which is the unplanned job with highest
customer cost coefficient. The schedule is build up stepwise by appending one job
after the other to a route. Thus, in each step a feasible job-route-pair has to be
chosen. Selecting the best feasible job-route-pair according to the most-expensive
selection criterion consists of four substeps:

1. Determine the highest customer cost coefficient of the unplanned jobs

Comax = max{c;|j € N}.

2. If no feasible job-route-pair (j, k) with ¢; > fcpax exists, return the uncom-
pleted schedule. In this case, the MEN heuristic was not successful.

3. Compute for each feasible job-route-pair (j, k) with ¢; > fcpax the evaluation
value
e(g, k) =d,; + ¢ max

with [, is the currently last job of route & € M and t? is the start day resulting
from appending job j to route k. Note that the evaluation is not computed
with the customer cost coefficient of job j, but with c¢y... This avoids that
jobs with a smaller customer cost coefficient are preferred. Otherwise, the jobs
with smaller customer cost coefficient can have a better evaluation even when
the travel costs are higher.

4. Select the job-route-pair with minimal evaluation value and append the job to
the corresponding route.

These steps are repeated until all jobs are planned. Finally, it is checked whether
the schedule contains empty routes that need to be filled by the FILL algorithm.
The pseudocode of the MEN heuristic is shown in Algorithm 3, Appendix B.

The MEN heuristic is mainly focused on the customer costs and there are a lot
of cases were the solution of the MEN heuristic will be far away from an optimal
solution. In the proof of the following theorem, an example is designed which shows
that there is no constant upper bound for the approximation ratio of the MEN
heuristic.

69



5. Heuristics

pE Xk EX,

(a) solution of MEN heuristic

O——0—  ——@—00
n z

s 1 2 3 n-2 n-1

(b) optimal solution

Figure 5.2.: Example of an instance where the most-expensive neighbor heuristic has an
unbounded approximation ratio.

Theorem 5.2. The approzimation ratio of the MEN heuristic is unbounded.

Proof. Assuming an instance with n jobs and one vehicle, where the n jobs are
arranged in consecutive order between the start depot s and the end depot z. The
travel costs between two jobs ¢ and j are d;; = D|i — j| with a constant D, the
distances to the depots are dg; = D(i — 1) and d;, = D(n — 7). In order to ensure
that all jobs can be executed within one day, the working times and travel times are
very small, and w is large. The start time of the start depot is tg = (0, ). With it,
the first job is visited on day 1. The customer cost coefficient of job i € NN is defined
as follows:

n—(2i—-1) i<y
G=qn—2n—i) i>3
0 otherwise.

Consequently, for the customer cost coefficients it holds that ¢, > ¢y > ¢,_1 > co >
el > Cln/a]-

For this instance, the MEN heuristic applied with f > ”T’l leads to the solution
Suex with the route Iypy = (n,1,n — 1,2,n — 2,3,...,[2]). This solution is
illustrated in Figure 5.2 on the top. The travel costs of Sygn are

9% (Smen) = <(n - 1)+ n_l(n —k)+ LgJ) D

k=1
- ((n— 1)—|—%n(n— 1) + ED D
> %(n2 +n—1)D
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and the customer costs are g°(Suen) = Y ;e i independent from the route because
all jobs are executed on the same day.

An optimal solution is S* = ((N,(1,2,3...n))), also illustrated in Figure 5.2,
with travel costs value g?(S*) = (n — 1)D and customer costs ¢°(S*) = >_,cn G-
Then, the approximation ratio of the MEN heuristic of this instance is

9(SmeN) > (n*+n—1) % + D ien Ci
g(8*) = (m—=1)D+Y e

Thus, the approximation ratio increases with n, such that it exists no constant upper
bound for it.

It should be noted that the proof so far applied only for f > "T_l In case of
f< ”T’l, other customer cost coefficients ¢;, © € N, have to be used with ¢; < f¢,,
e.g., ¢; = ¢~ % with ¢ < f. n

€ O(n).

5.1.3. Cost-Balanced Neighbor Heuristic

A third variant of the greedy heuristic is developed to consider both cost parts of the
objective function together. Based on the customer cost coefficient and the travel
costs, a balanced cost value is calculated. The job with the smallest balanced costs is
appended to the corresponding route. This variant is called cost-balanced neighbor
heuristic (CBN).

To compute the balanced costs, an estimation for the number of jobs that can be
visited by one vehicle in one day is necessary, which is given by the quotient of the
time available per day and the average time needed for one job:

N u+t 5 Y ey min{ry|j € N, j # i}
day - %ZieN(ai + min{?“ij’j EN, j+ Z})

The time available per day is estimated by the length of the working shift u plus
the average travel time to the nearest neighbor; and the average time per job 7 € N
is estimated by the average of the working duration a; plus the travel time to the
nearest neighbor. Then, the balances costs of a job-route-pair are computed as

(5.1)

, 2 — [Ny
e(j k) = Bdy; — (1 = B)"———¢; (5.2)
Nday

with [ is a factor to give more weight on travel costs or on customer costs. This
cost evaluation consists of the travel costs d;,; and an estimation for the saving in
customer costs. Because the saving should be maximized, it is multiplied by minus
one. To calculate the saving in customer costs, it is assumed that a job is visited
at day m:day’ if it is not appended in the current iteration. Note that this is an
estimation for the number of days needed to visit all jobs assuming near neighbors
are scheduled consecutive and the jobs are equally distributed among all vehicles.

In this case, the customer cost value of a job j equals to ——c;. Otherwise, if job

M Nday
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Figure 5.3.: Increment of the length of the largest diagonal in n-sided regular polygons
with side length D =1 and n even.

J is appended to route k in this iteration, the customer cost value is assumed to be
J%:y'cj. This estimation is used instead of the real start day to have the same basis
as in the estimation of the customer cost value that occurs when j is not appended
now. The difference between both are the saving in customer cost. Note that if
route k already contains more than - jobs, the savings are negative which means it
could be better to add job j to a shorter route.

In more detail the CBN heuristic works as follows: Given is a factor 5 € [0, 1],
which is used to have more weight on travel costs (8 near 1) or on customer costs
(B near 0). The algorithm is initialized by an empty schedule S = (0, ())kerr and
the set of unplanned jobs N contains all jobs. While the set of unplanned jobs
is not empty, in each step the best job-route-pair is determined from all feasible

job-route-pairs (j, k) with j € N and k € M. This consist of three substeps:

1. If no feasible job-route-pair exists, return the uncompleted schedule. In this
case, the CBN heuristic was not successful.

2. Compute for each feasible job-route-pair (j, k) the balanced costs ¢,(j, k) by
equation (5.2).

3. Select the job-route-pair with minimal balanced cost value and append the job
to the corresponding route.

Finally, if the CBN heuristic was successful, the schedule is checked for empty routes
which have to be filled applying the FILL algorithm. The pseudocode of the CBN
heuristic is given by Algorithm 4 in Appendix B.

Despite the fact that the CBN heuristic takes travel and customer costs into
account, an instance can be designed which shows that the approximation ratio of
the CBN heuristic is also unbounded. This instance is based on an n-sided regular
polygon with edge length D. The travel costs and customer cost coefficients are
chosen such that the CBN heuristic selects jobs in an order that leads to large
travel costs and times. For this purpose, the distances in such a regular polygon are
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Figure 5.4.: Triangle to calculate the length D of the largest diagonal in an n-sided regular
polygon for n € N even.

analyzed. For even n € N, let D,, be the length of the largest diagonal in an n-sided
regular polygon with edge length D. As shown in the proof of Lemma 5.3 below,
D,, and the increment D,, — D,,_5 increases with n, see also Figure 5.3.

Lemma 5.3. For any even numbers n, ng € N with n > ng > 4, it holds for the
largest diagonal length D, in an n-sided regular polygon with edge length D that
D, > Dy, + (n = ng)dy, with dyy == 2(Dyy — Dpy—2).

Proof. Tt will be shown firstly that D, — D,,_5 increases with n. Based on this, the
assumption of the lemma will be proved.

The length of the largest diagonal D, can be calculated with the triangle illus-
trated in Figure 5.4. It is formed by two consecutive points of the polygon and the
midpoint of the polygon. The angle at the polygon center point is %”, which results
from dividing the full circle into n equal angles. The two angles at the polygon
points are both %(71’ — 27”), because the triangle is isosceles. The length of the basis

and the two legs amounts to D and %Dn, respectively. With the law of sines, it

turns out that
D D,,

sin(Z)  2sin(3 — 1)’
Applying some trigonometric functions and solving the equation for D,, leads to

D T
D, = —— = Decsc—.
Sll’l; n

To show that the difference D,, o —D,, increases with n, the two differences D,,—D,,_»
and D, .o — D,, are compared. For this purpose, a series expansion of the cosecant
for 0 < x < 7 is used, see [92],

= (—1)FH2(2%571 — 1) By, 2%—1
cscr = Z on x
=0
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!
with By is the 2k-th Bernoulli number. To show that D, — D,,_s < D,y — D, it
has to be proven that

!
O < Dn+2 — 2Dn + Dn—2

— Desc —— —2Dcsc ~ + Desc
e !’ no? (5.3)
. Di (—1)k+12(22k—1 . 1)3% . 2k—1 2(7T>2k—1+ T 2k—1

In the following, the obtained sum will be analyzed. For k£ = 0, it follows that
I(n+2—2n+n—2)=0. To investigate the remaining summands with & > 1, the
Bernoulli numbers are replaced by a formula using the zeta function, see [5],

(—1)F+12(2k)!

Bor =

C(2k),

taking into account that
= 1
()= =
— J
J
Then, for the first factor of each summand it is

(—1)F+12(22F=1 — 1)By, 4221 - 1) X 1

(2K)! = LE

Jj=1

To obtain inequality (5.3), it remains to show that the second factor of each sum-
mand is not less than zero:

! o \" T\ o\
O<(n+2) _2<E> +(n—2)
B 7Tknk(n — 2k 4 nk(n+2)F —2(n — 2)k(n 4 2)k
B nk(n —2)k(n + 2)F
p(n? = 2n)% 4+ (n? + 2n)~ — 2(n? — 4)*

nk(n —2)k(n + 2)k

=T

Obviously, for n > 4 the denominator is positive. For the numerator of the fraction,
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the binomial formula yields

=0 =0 =0
5, 5, 5,
_9 2(k=2i) (9,12 _ 9 2(k—2i) 42 | o 2(k—2i—1) 42i+1
Z;(QJ” (2n) z; 2i )" * 2; 2 +1)"
k k=1
1 A,
_9 2(k=20)[(9,)2 _ 42i] 4 9 2(k—2i—1) 42i+1
— <2i)n [(2n) I+ Z:; 2 +1)"

Thus, it is proven that D,,o — D,, > D,, — D, _5 for even n > 4. Further, with

do = 2(Dyy — Dpy—2), it follows for n > ny that

Dn+2 - D, > ano

Secondly, it is shown that D,, > D, + (n — ng)d,, is valid. Since n and ng are
even and n > ng > 4, it holds that

%(n—no

)
Dn = Dno + Z (Dno+2k - Dn0+2(k71))
k=1

1 (n—no)
> Dy + Y 2y,
k=1
= Dno + (n - n())dm)'

]

With the proof that the linear function D, + (n — ng)d,, is a lower bound for
the length of the largest diagonal in a regular polygon with n edges of length D, the
approximation ratio of the CBN heuristic is investigated.

Theorem 5.4. For the CBN heuristic, the approzimation ratio is unbounded.

Proof. For the proof, the following instance is analyzed: Let n be even. Assuming
n jobs are arranged in a regular polygon with n edges of length D € N. The travel
costs between the jobs are equal to the rounded-up Euclidean distances. Then,
the travel costs to the nearest neighbor are always D and the travel costs to the
diagonally opposite job amount to [D,]. The travel time is the Euclidean distance
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multiplied with factor f; and rounded up. The jobs are numbered clockwise from 1
to n. The customer cost coefficients are set to

(n—2)B ifi<2,
C; =
2(n—1)B if i > 7.

Consequently, always the two opposite jobs have the same customer cost coefficient
and its maximum is B(n — 2). All jobs have to be served by one vehicle and its
depots are located on the same position as job 1 which is one of the two most-
expensive jobs. The start time of the depots is defined by ¢y = (0,0). The working

duration of each job is a. The number of jobs per day is calculated as ng.y = ZIH:Q .

Consequently, it is independent from the number of jobs.
In this instance, the CBN heuristic proceeds as follows:

1. Starting in the depot, job 1 is the nearest job and also one of the two most-
expensive jobs. Consequently, its balanced costs are minimal and job 1 is
appended at first to the route.

2. With route IIggy = (1), mainly two jobs have to be considered:

e Job 2 is the nearest job.
Its balanced costs are ¢,(1,1) = D — (1 — B)Zd;lB(n —4).

e Job 2 + 1 is the most-expensive unplanned job and is located at the
opposite of job 1.
Its balanced costs are ¢,(§ 4+ 1,1) = 8D, — (1 — B)Zd;lB(n —2).
ay

If B> %Q(ﬁijl)(Dn — D), the smallest balanced costs are ¢,(5 + 1,1) and
the opposite job 5 + 1 is selected and appended to the route. Then, it is

[Iepy = (1, g + 1)

3. With £ + 1 as current last job of the route, § + 2 is the nearest job and also
one of the two most-expensive jobs. Because of that, its balanced costs are
minimal and 7 + 2 is appended to route 1.

4. With route Hepy = (1,5 + 1, 5 + 2), again two jobs have to be considered:

e Job 7 + 3 is the nearest job.
Its balanced costs are ¢,(§ +3,1) = D — (1 — B)Zd;?’B(n —6).

e Job 2 is the most-expensive unplanned job and located at the opposite
of job & + 1.
Its balanced costs are ¢,(2,1) = 5D,, — (1 — 6)&;3B(n —4).
ay

If B> %28‘;‘2) (D,, — D), again the opposite job is selected and appended to

the route. Then, it is Hepy = (1, 5 + 1,5 +2,2).
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(a) solution of CBN heuristic (b) solution of NN solution

Figure 5.5.: Example of an instance where the cost-balanced neighbor heuristic has an
unbounded approximation ratio.

These steps are repeated until the set of unplanned jobs is empty. In case of

ﬂ Naay
> — D, — D),
7 2 ( )
always the nearest job and the opposite job are appended alternately. Consequently,
if n can be divided by 4, the CBN heuristic leads to the route

Hepy = (1, 5+ 1,5 +2,2,3,...,5+3,...,n, %)
and otherwise to
HCBN:(17%+17g+272737"'7%+37"'7%7n)'

The CBN heuristic solution Scgy of this instance is shown in Figure 5.5 on the left.

In the following, the costs of the solution Scpy are estimated. A lower bound
for the days needed to travel to the opposite job is T}, := Lﬁ%J Then, job 1 is
executed on the start day, which is day 0. The next two jobs, which are 7 + 1 and
5 + 2, are executed not before day T,. The jobs 2 and 3, visited after § + 2, are
done not before day 27,,, and the next two jobs not before day 37,,. Continuing this
observation leads to T, L%J is a lower bound for the start day of the job m;. Note,
job 7; of the route has the customer cost coefficient c,, = B(n — 2[5]). Thus, for
the customer costs of the obtained solution Scgy, it holds that
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g°(SceN) > iTn L%J B (” —2 (%D

:B_[O(n—2)+Tn(n—2)+Tn(n—4)+2Tn(n—4)+2Tn(n—6)+---]
>B0(n—2)+0n—2)+T,(n—4)+T,(n—4)+2T,(n —6) + -]
n/2 n/2

— ZQTn(z’ —1)B(n—2i) =) 2 Vf"J (1 —1)B(n — 2u).

=1

As shown in Lemma 5.3, D,, > D,,, + (n —ng)d,, for any n > ny > 4. Replacing D,
by this approximation and utilizing |z| > x — 1, leads to
n/2
Ji

g°(Scern) > Z 2 (E(Dno + (n —no)dn,) — 1) (i — 1)B(n — 2i) € O(n").

The travel costs can be estimated as
n n
gd(SCBN) = §(D + [Dn—l) > §(D + Dno + (TL — Tlo)an) - @(TLQ)

Consequently, g(Scen) = g°(Scey) + 9%(Scey) € O(n?).

In contrast, the NN heuristic leads to the solution Syn = ((IV, (1,2,3,...,n —
1,n))), shown in Figure 5.5 on the right. The travel costs are nD. To calculate
the customer costs of Syy, the start day of each job has to be determined: Starting

with day 0, 7 = [nday] = uﬂﬁg” jobs are executed everyday. Thus, the i-th job

is done on day {ﬂ — 1. Taking into account that the jobs on route position ¢ and
i+ %, with @ < %, have the same customer cost coefficient B(n — 2i), the costs of
the NN solution can be expressed as follows:

g(Sny) = nz:/i ([ﬂ + F;ﬂ — 2) B(n —2i) +nD
< o §(2z‘ + g)(n —2i) +nD
€ O(;zg;

because [x] < z + 1.

To determine the approximation ration of the CBN heuristic, the costs of the NN
heuristic solution are used. Since the optimal solution has smaller or equal costs as
Snn, it is

9(Scen)  9(Scay)

9(5%) 9(Sxn)

because the costs of the CBN heuristic are in order of ©(n?) and the costs of the
NN heuristic are in order of ©(n?). Consequently, there exists no constant bound
for the approximation ratio of the CBN heuristic. O

> € 0(n),
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5.1.4. Best-of-Greedy Algorithm

In the Sections 5.1.1 to 5.1.3, three different greedy heuristics were presented that
append one job after the other to a route regarding different selection criteria. Fach
of these criteria offers the possibility to adjust it by a parameter. Dependent on
the customer cost coefficients of the jobs and the costs to travel from job to job,
the solution quality resulting from different values for the parameters varies, which
can be seen in the results of computational experiments provided in Section 5.4.1.
To be able to solve a wide range of different instances, all greedy heuristics can
be combined to one best-of-greedy heuristic by selecting the solution with minimal
costs from a set of solutions obtained with the NN, MEN and CBN heuristic and
different parameters. This approach is called best-of-greedy algorithm (BoG) and
shown in Algorithm 5 in Appendix B. Note, an uncompleted solution has an infinite
cost value.

In detail, eleven solutions are generated applying the NN heuristic with factors
f €]0,0.1,...,1]; ten solutions are computed by the MEN heuristic with factors
f€]0.1,0.2,...,1]; and eleven solution are determined by the CBN heuristic with
weights 5 € [0,0.1,...,1]. From these 32 solutions, the one with smallest total costs
is returned. Because of that, the computational costs of the BoG algorithm are 32
times larger than of a single greedy heuristic.

Remark For all three basic heuristics, the approximation ratio is unbounded. It
can be expected that also for the BoG algorithms no constant upper bound for the
approximation ratio exists. However, the proof of this conjecture is still pending.

5.2. Rollout Algorithm

The rollout algorithm was introduced in [16] for combinatorial optimization prob-
lems. Inspired by dynamic programming, the algorithm is designed for problems
that can be solved step-by-step taking in each step one decision. In the greedy
heuristics described in Section 5.1, each decision is taken by looking for the locally
best choice. In dynamic programming, in each step the decision is selected that
minimizes the optimal cost-to-go function which gives for each decision the minimal
costs needed to complete the partial solution. In many applications, this approach
is not practicable because the optimal cost-to-go function cannot be computed in
acceptable time. The idea of the rollout algorithm is to replace the optimal cost-
to-go function by an approximation based on a heuristic H that is able to find a
solution based on a partial solution. Then, in each step the decision is taken that
leads to minimal costs by completing the partial solution with .

To ensure that the solution of the rollout algorithm cannot be worse than the
solution of the used heuristic H, the heuristic has to be sequentially consistent. This
means, that a heuristic solution is always reproduced by the heuristic completion of
its partial solutions, see [16] for further information.
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The rollout algorithm for the VRPCC works as follows: Again, the solution is
build up iteratively by appending jobs at the end of routes. The algorithm starts
with an empty solution S := (0, ())xenm and the set of unplanned job N contains all
jobs. Then, in each step the best feasible job-route-pair is searched which consists
of three substeps:

1. If no feasible job-route-pair exists, return the uncompleted schedule.

2. Analyze each feasible job-route-pair (7, k), with j € N and k € M. For this
purpose,

2.1. append j to route k.
2.2. Complete the partial solution by one of the presented greedy heuristics.

2.3. Compute and store the approximated cost-to-go value which equals to
the total costs of the obtained solution.

2.4. Remove job j and all before unplanned jobs from the schedule.

3. Select the job-route-pair with minimal approximated cost-to-go value and ap-
pend the job to the corresponding route.

These steps are repeated until all jobs are added to a route. The computational
complexity is O(n*m?): The algorithm takes n steps to append all jobs to a route.
In each step, at most nm possible job-route-pairs have to be analyzed. And to
analyze one job-route-pair, a greedy heuristic with an effort of O(n?m) is used.
Note, the obtained solution can contain empty routes. Thus, finally empty routes
are removed by the FILL algorithm. The pseudocode of the rollout algorithm is
given in Appendix B, Algorithm 6.

To ensure that the NN, MEN and CBN heuristic are sequentially consistent, the
job and route with smallest indices are chosen if several job-route-pairs were best.
As mentioned in [16], also a set of heuristics can be the base of the approximated
cost-to-go function. Thus, also the BoG algorithm, which is the best solution from
solving VRPCC with different greedy heuristics, can be used.

To reduce the calculation effort, it is possible to reduce the number of analyzed
job-route-pairs or the number of decisions taken by the heuristic to evaluate a job-
route-pair. The first-mentioned variant is restricting the width of the search tree
by a value w € [1,n]. Then, in every step a candidate list with at most w jobs is
created and only these jobs are analyzed. To determine good candidates, similar
selection criteria as in the greedy heuristics can be used:

e When the candidates are selected by the nearest neighbor criteria, the un-
planned jobs are arranged in increasing order with regard to the smallest travel
costs to the current last job of any route. The first w jobs of this order are
the candidates.

e When the candidates are selected by the most-expensive neighbor criteria, the
w jobs with highest customer cost coefficient are the candidates. If less than
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w jobs are afflicted with a non-zero customer cost coefficient, the remaining
jobs are selected by the nearest neighbor criteria.

e When the candidates are selected by the cost-balanced neighbor criteria, the
unplanned jobs are arranged in increasing order with regard to the minimal
cost evaluation for any route. The first w jobs of this order are the candidates.

With a restriction of the search width, the computational complexity is decreased
to O(n*m*w). However, the finally obtained solution S can be worse than the
heuristic solution because the choice of the selection criteria used by the heuristic
can be missing in the candidate list. To compensate this, the algorithm should
store the best solution of all solutions generated in substep 2.3. during the solution
process and finally return either the computed solution, or, if better, the best of all
produced solutions.

With the second-mentioned variant to reduce the calculation effort, the depth of
the search tree is restricted. Then, for each analyzed job-route-pair at most d jobs
are added with the selected greedy heuristic. The approximated cost-to-go function
is the sum of the costs of the uncompleted solution obtained by adding d jobs with
the greedy heuristic and an estimation of the costs for the unplanned jobs which is
computed by

_ 4 .

Cest(N) = E teyci + min 1y,
— JEN, ij
ieN

= %(% + D kem tldk) is an estimation for the average start day of the

unplanned jobs with ng, as defined for the CBN heuristic in equation (5.1). This
approach leads to a decrease in the computational complexity to O(n3m?d): n steps
are necessary to append all jobs. For each step, at most nm job-route-pairs are
analyzed. To evaluate one job-route-pair, the computational complexity is reduced
to O(dnm). Not that for d < n, the rollout algorithm can produce a solution
with higher costs than the solution of the base heuristic. This drawback cannot be
compensated by returning the best solution determined during the solution process.
From the step, where a completed solution was obtained via the limited base heuris-
tic, the solution can only be improved in the further steps because all unplanned
jobs are analyzed. Thus, the last obtained solution is not worse than a previously
obtained completed solution.

Using both restrictions of the search tree leads to a decrease in the time complexity
to O(n?*m?dw): In each of the n steps, at most wm job-route-pairs are analyzed,
and analyzing one job-route-pair has a complexity of O(dnm).

d
where t7,

5.3. Local Search Algorithms

Computational experiments on benchmark S showed that there is a significant gap
between heuristic solutions and optimal solutions, see Section 5.4. A common way to
improve a heuristic solution is local search, see, e.g., [1], which means to iteratively
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change an initial solution in order to find a better one. The set of all solutions
that can be reached by one change is called neighborhood. The most common local
search algorithms are first and best improvement [68], simulated annealing [85] and
tabu search [61]. How to apply local search to VRPs can be found, e.g., in [1, 23].

For a variant of the VRPCC with a single machine, two different neighborhoods are
compared in |70] applied to simulated annealing: the two-opt neighborhood known
from solving TSPs as presented, e.g., in [128|, where two edges are exchanged, and
the m-move neighborhood where a part of the route is moved to another position.
Thereby, it was found out that the two-opt neighborhood does not lead to good
results because the part of the route between the exchanged edges is visited in
reverse order. Consequently, the jobs that were previously visited first are visited
last after the edge exchange which often leads to larger customer costs. The second
neighborhood m-move led to better results. But the best solutions were obtained,
when both neighborhoods were combined.

This section provides an approach for best and first improvement of a heuristic
solution of the VRPCC. In contrast to simulated annealing, only neighbor solutions
with smaller costs are accepted. The improvement algorithms work as follows:

1. Generate a start solution S.

2. Search for an improved solution in the neighborhood of solution S. Thereby,
first improvement takes the first found neighbor with smaller objective value,
and best improvement takes the neighbor that leads to the largest improve-
ment.

3. If an improved neighbor was found, replace the current solution S by its neigh-
bor and repeat from step 2.

4. Tf none of the neighbors has a smaller objective value, the algorithm terminates.

Note that the obtained solution is a local minimum with respect to the neighborhood.
In Appendix B Algorithm 7, the pseudocode for first and best improvement is given.

To apply the improvement algorithms, a neighborhood of a feasible solution has to
be defined. For this purpose, three basic operations to modify the current solution
are used:

e Shift one job to another position in the same or another route,
e switch two jobs, and
e move a part of a route to another route similar to [70].

To analyze, whether a certain neighbor leads to an improvement, its costs have
to be determined. This can be achieved by generating the neighbor solution and
computing the start times as well as the total costs. But, to speed up the algorithm,
the change in the costs can also be approximated without generating the neighbor.
Then, the true costs of the neighbor are only computed, if the approximated cost

82



5.4. Computational Results

change has a negative value or a small positive value, which means an improvement
is probable. Otherwise, the next neighbor is analyzed because an improvement is
not expected.

To generate a start solution for the improvement algorithm, two variants are
common: applying a heuristic and creating a random solution. For the first case,
it was decided to compute the start solution by the BoG heuristic because with a
good start solution, less improvement steps are necessary to reach a local minimum.

As noted before, the improvement algorithms cannot leave the reached local min-
imum. To be able to explore a larger area of the solution space, the improvement
algorithm can be restarted several times. For each run, another start solution should
be used. In case of a random start solution, in each run a new start solution can be
generated to explore different areas of the solution space. And in case of a heuristic
start solution, it was decided to randomly change the last obtained solution and
restart the improvement algorithm with this changed solution.

5.4. Computational Results

This section provides a comparison of the presented heuristics in terms of solutions
quality. The most computational experiments were done with benchmark L that
consists of one hundred instances with one hundred jobs. More information can be
found in Appendix A. To observe the behavior of the heuristics for different kinds
of instances, benchmarks dominated by travel costs or customer costs are defined
by multiplying the travel costs of the edges or the customer cost coefficients of the
jobs with factor 10 or 100. Therewith, five kinds of benchmark L are on hand for
the experiments. Since the instances of benchmark L cannot be optimally solved,
the heuristics are compared in terms of the percentage gap to the best obtained
solution. For this purpose, let {Si,Ss,...,S,} be a set of solutions of one instance
obtained by the heuristics {Hy, Hs, ..., H,}. Then,

o 9(S,) _ . /
8aP 1,1,y (Hy) == (min{g(Sl),g(Sg), STCAY 1) 100% (5.4)

is the percentage gap of the solution obtained by heuristic variant H, compared to
the heuristics {H;, Ho, ..., H,}. Furthermore, let S’ be the solution with smallest
costs of the set {51, 5,...,5,}.

Firstly, an overview of the main results of this section will be provided: In Sec-
tion 5.4.1, the greedy heuristics are compared with the observation that all three
greedy heuristics should be combined to the BoG heuristic to obtain good heuristic
solutions. After that, in Section 5.4.2, several variants of the rollout algorithm are
analyzed. It turns out, that the BoG heuristic was the best variant to compute the
approximated cost-to-go function. Further, it is noticed that restricting the rollout
width to the half of the jobs led to better solutions than non-restricting the rollout
algorithm. Finally, in Section 5.4.3, first and best improvement are compared with
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Figure 5.6.: Comparison of several heuristics and solving a MILP with CPLEX on three
benchmarks.

the result that in case of a single run best improvement led to the best results but
in case of several runs, first improvement was better.

To summary the results, Figure 5.6 shows a comparison of the solution quality
of the BoG heuristic, the two best variants of the rollout algorithm, a single run
of the best improvement algorithm and several runs of the first improvement al-
gorithm. Furthermore, the results for applying CPLEX to (R2dT4) are analyzed
initializing the solution process with different start solutions. For the comparison,
not only benchmark L is used, but also the smaller benchmarks S and M. Note that
for each instance of benchmark S, an optimal solution S* is known. Consequently,
for benchmark S the gap to the optimal value is given. For benchmark M and L, the
heuristics are compared with each other: The percentage gap to S’, which is the
solution with smallest costs obtained by one of the analyzed heuristics, is computed
by equation (5.4). For all solution methods and benchmarks, the computational
time was restricted to ten minutes. The quartiles of the computational times are
provided in Table 5.1.

In the left plot of Figure 5.6, the results on benchmark S are compared, which
consists of 180 instances each with 15 jobs and two vehicles. There, the best solutions
were obtained by the repeated first improvement algorithm, which is to apply at most
10000 times first improvement to the randomly changed last obtained solution. With
this approach, for 178 of 180 instances an optimal solution was found. Note that
with this local search algorithm optimality cannot be proven. Also solving (R2dT4)
with CPLEX showed a good performance. In case of applying CPLEX without a
start solution, for 174 instances, an optimal solution was found and for 134 instances,
the optimality was proven. Initializing the solution process of CPLEX with a start
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benchmark S benchmark M benchmark L

QL Q2 Q3 QL Q2 Q3 QL Q2 Q3
CPLEX 11.0 70.4 600 600 600 600 600 600 600
BoG heuristic <0.1 <0.1 <0.1 <0.1 <0.1 <0.1 <0.1 <0.1 <0.1
lim. rollout <0.1 <0.1 <0.1 0.1 0.1 0.1 25.3 414 62.1
full rollout <0.1 <0.1 <0.1 0.2 0.3 0.4 377 614 92.0
BI <0.1 <0.1 <0.1 <0.1 <0.1 <0.1 10.6 12.7 15.6
10000 FI 2.3 2.8 34 304 358 424 600 600 600

Table 5.1.: Quartiles of computational times for several heuristics.

solution did not change the performance significantly. Comparing the computational
times shows that 10000 times first improvement requires only a fraction of the time
needed by CPLEX which can be gathered from the rows CPLEX and 10000 FT in
Table 5.1. As expected, the worst solutions were obtained with the BoG heuristic.
For half of the instances, the solutions obtained with the BoG heuristic were more
than 5.6% more expensive than an optimal solution.

The results on benchmark M, which consists of 100 instances each with 30 jobs, are
shown in the middle of Figure 5.6. Note that the gap is computed with respect to the
best solution obtained with any of the presented solution approaches because optimal
solutions are not known. For 93 instances, the best objective value was obtained by
the repeated first improvement algorithm. Solving (R2dT4) with CPLEX did not
lead to good solutions in benchmark M. In case of providing no start solution, for 12
instances a best solution was found, but for half of the instances the obtained solution
was more than 3.4% more expensive as the best obtained solution and for ten percent
of the instances, the gap was larger than 12.5%. Initializing the solution process
with a start solution resulted in significant better results but nevertheless, solving
(R2dT4) with CPLEX was clearly outperformed by the repeated first improvement
algorithm because of the fact that with the latter, more cost-efficient schedules
were computed and also less computational time was required. From the faster
computed heuristics, which are the heuristics computed in less than a second as
shown in Table 5.1, slightly better schedules were obtained with a single run of the
best improvement algorithm and the full rollout algorithm than with the limited
rollout algorithm: With these two heuristics, a best solution was found for 4 and 2
instances, respectively. For half of the instances, the gap exceeded 2.6% and 3.2%,
respectively. And for each instance of benchmark M, the gap of the solution obtained
by the best improvement algorithm and the full rollout algorithm to the best solution
was smaller than 10%.

The right plot of Figure 5.6 shows the performance profiles for the gap to the
best solution on benchmark L. Again, the solutions with smallest costs were mostly
obtained with the repeated first improvement algorithm. Note, that in case of
benchmark L not all 10000 improvement runs were made because of the time limit
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of ten minutes. Applying one times best improvement to the BoG solution led to
better solution than the rollout algorithms which can be seen on the performance
profiles and was also faster computed as shown in Table 5.1. With the BoG heuristic,
worse solutions were obtained: for 80 of 100 instances the gap to the best solution
was larger than 10%. As expected, also CPLEX led not to good solutions: In
case of not providing a start solution, the obtained solutions were even much worse
than a heuristic solution and the smallest gap to a best solution was 58%. With
providing the solution of the BoG heuristic as start solutions, the obtained solutions
were slightly better than the start solution, which can be seen on the small distance
between the both corresponding performance profiles in Figure 5.6. But in case
of providing the solution of single best improvement as start solution, it was rarely
improved by applying CPLEX for ten minutes which can be seen on almost identical
performance profiles. The failing of applying CPLEX is not surprising because for
such large instance, a computational time of ten minutes is short for an exact solver.

In summary, it is observed that the repeated first improvement algorithm outper-
forms the other presented heuristics. Solving a MILP formulation with the commer-
cial solver CPLEX showed a good performance on benchmark S, where each instance
contains only fifteen jobs. But for the two benchmarks M and L, where each instance
contains 30 and 100 jobs, respectively, the solutions obtained in ten minutes were
not better than an heuristic solution and also optimality was not reached.

5.4.1. Comparison of Greedy Heuristics

In this section, firstly, for each greedy heuristic, the influence of its parameter to
the solution quality is analyzed. Secondly, the greedy heuristics are compared with
each other based on instances dominated by travel costs and instances dominated
by customer costs.

Nearest Neighbor Heuristic

For the NN heuristic, the influence of the factor f is analyzed, which gives the allowed
deviation from the smallest travel cost when searching for a nearest neighbor with
large customer cost coefficient. The NN heuristic was tested on the basic benchmark
L, and on the benchmarks derived by increasing the travel costs by factor ten or
hundred. An increase of the customer cost coefficients was not analyzed, because
the NN heuristic is designed to minimize travel costs and with it, it is not suitable
for instances with high customer costs. The factor f was varied between zero and
one. Note that with f = 0 only feasible job-route-pairs with a nearest neighbor can
be selected and with f = 1, it is allowed to append a job to a route with at most
the double of the minimal travel costs of a feasible job-route-pair.

Figure 5.7 shows performance profiles of the percentage gap to the best obtained
solution for the NN heuristic with different factors f on three different kinds of
benchmark L. Note that only the solutions obtained with the NN heuristic applying
any of the discussed factors is taken into account to compute the percentage gap.
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Figure 5.7.: Comparison of different factors f for the nearest neighbor heuristic on vari-
ants of benchmark L.

As it can be seen on the left plot, for the basic instances, larger factors show a better
performance than smaller factors. For each factor, in some instances the gap is zero
which means that with it the best NN heuristic solution was found. In contrast,
for the instances with increased travel costs, smaller factors f resulted in significant
better solutions. There, the best choice for factor f was 0.1, because with this value
more often a small gap was achieved than with other factors.

To apply the NN heuristic as base heuristic in the rollout algorithm, a factor has
to be selected. Because with f = 0.1, worse solutions were obtained in the basic
instances, another factor is selected. The factor f = 0.3 seems to be a compromise
and is used in further computational experiments with the NN heuristic.

Most-Expensive Neighbor Heuristic

The MEN heuristic was tested on benchmark L in its basic definition, and also with
increased customer cost coefficients, once by factor ten and once by factor hundred.
Different factors f were analyzed, from f = 1, which implies that always a job with
highest customer cost coefficient is appended, to f = 0.1, which means that the
next job is appended with a higher priority to travel costs and start day because all
jobs, whose customer cost coefficient is not smaller than ten percent of the maximal
customer cost coefficient of all unplanned jobs, are taken into account by choosing
the best job-route-pair.

Figure 5.8 shows performance profiles of the percentage gap to the best obtained
solution of the MEN heuristic with different factors f on three different kinds of
benchmark L. In all three benchmark variants, f close to one led to worse solutions.
This is because the jobs with high customer costs are rarely close together. Conse-
quently, appending the jobs in the order of customer cost coefficient leads to much
traveling which is associated with large travel times. But large travel times lead to
a late execution of jobs which in turn results in high customer costs in the objective
function. Thus, not only the travel costs of the solutions obtained with the MEN
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Figure 5.8.: Comparison of different factors f for the most-expensive neighbor heuristic
on variants of benchmark L.

heuristic and factor f = 1.0 were large, but also the customer costs.

The left plot of Figure 5.8 shows that in the basic instances of benchmark L,
smaller values of the factor f led to the best results. Good solutions were most
often obtained applying factor f = 0.4 which can be seen on the fact that the
corresponding profile is mostly to the left of the other profiles. Recap, in case of
factor f = 0.4, all jobs with at least forty percent of the highest customer cost
coefficient are considered by selecting the best job-route-pair. Consequently, the
selection is more based on the cost evaluation than on the customer cost coefficients.

In the instances with increased customer cost coefficients, which are shown in the
middle and in the right plot of Figure 5.8, better solutions were obtained with the
values 0.6 and 0.7 for factor f. With these factors, more often a best solution was
found, which can be seen on the high rate of instances with gap equal to zero. Fur-
thermore, the performance profiles remain well above and to the left of that for the
other factors. Due to factor f = 0.6 led also to good solutions in the basic bench-
mark variant, this heuristic is used with factor f = 0.6 in further computational
experiments.

Cost-Balanced Neighbor Heuristic

The CBN heuristic was tested for different values of g € [0, 1] which is an algorithm
parameter used to give more weight on travel costs or customer costs by selecting
the best job-route-pair. Firstly, it is analyzed, how the travel costs and customer
costs vary in dependence of 3. Note that § = 0 leads to a focus on customer costs
and that with 8 = 1 only travel costs are considered. After that, the gap to the best
solution is analyzed for different values of the parameter 8 on benchmark L and its
variants.

Figure 5.9 shows statistic values for the percentage gap of customer costs, travel
costs and total costs with respect to the minimal value of a solution obtained with the
CBN heuristic. Given are the minimum, 25-th percentile, median, 75th-percentile
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Figure 5.9.: Comparison of cost values for solutions obtained with the CBN heuristic
applying different values for parameter 8 on benchmark L.

and maximum of the gap.

By comparing the customer cost value obtained with different values of the pa-
rameter 5, which are shown in the left plot of Figure 5.9, it is observed that the
smallest customer cost value was not obtained with g = 0 even with 5 = 0, only
customer costs are taken into account by selecting the best job-route-pair and jobs
with high customer cost coefficient are appended firstly to the routes. As already
mentioned by analyzing the influence of factor f to the quality of a MEN heuristic,
this leads not only to large travel costs but also to larger travel times which cause,
due to the later execution of jobs, also high customer costs. Increasing the param-
eter 5 up to 0.4 resulted in smaller customer cost values. A further increasing led
to higher customer costs because the focus is then more and more on minimizing
travel costs than on minimizing customer costs.

Analyzing the obtained travel costs dependent on the chosen value for the param-
eter 3, for which statistic values are provided in the middle plot of Figure 5.9, shows
that, as expected, with = 1 solutions with smallest travel costs were obtained.
Interesting is the strong increase in travel costs with decreasing the parameter .
For 8 = 0.5 almost half of instances showed a gap larger than 50% to the solution
with minimal travel costs as shown in the middle plot of Figure 5.9.

Finally, the total costs, which are the sum of travel costs and customer costs, are
compared. As shown in the right plot of Figure 5.9, the smallest median of total
costs were obtained when the parameter [ was set to 0.5, 0.6 and 0.7. For larger
values of the parameter 3, the increase in customer costs was not compensated by
the savings in travel costs. And for smaller values of the parameter (3, the increase
in travel costs was not compensated by the savings in customer costs or, for 5 < 0.2,
travel and customer costs increased.

Figure 5.10 shows performance profiles for the percentage gap to the best obtained
solution for the CBN heuristic with different values of the parameter § on three
variants of benchmark L. In the basic variant of benchmark L, which is shown in the
middle plot of Figure 5.10, several values of the parameter (3 led to good results,
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Figure 5.10.: Comparison of different parameters 3 for the cost-balanced neighbor heuris-
tic on variants of benchmark L.

i.e., the values 0.5 and 0.6 showed the best performance in terms of solution quality.
Applying 8 = 0 or § = 1 resulted in solutions with much higher costs. With it,
the previously made observations are confirmed. For the instances with increased
travel costs, shown in the left plot of Figure 5.10, applying small values for the
parameter 3, i.e., § < 0.3, resulted in solutions with higher costs because travel
costs were not adequate considered by selecting the best job-route-pairs to build
up the routes. However, also with 8 = 1, where only travel costs are taken into
account by the selection of the best job-route-pair, the CBN heuristics produced
solutions with higher costs. Finally, the right plot of Figure 5.10 shows the results
for instances with increased customer cost coefficients. As it can be seen and as
expected, # = 0 and § = 1 led not to good solutions. But interesting is that also
in the benchmarks with increased customer costs, the best performance of the CBN
heuristic in terms of solution quality was reached with the parameters § = 0.7 or
B = 0.8 even these parameters lead to a higher focus on travel costs by the selection
of the best job-route-pair.

In further computational experiments, the CBN heuristic was used with 8 = 0.6
because this parameter value showed a good performance in all three variants of
benchmark L.

Best-of Greedy Heuristic

In this subsection, the NN, MEN and CBN heuristic are compared with each other
and with the BoG algorithm. For the computational experiments, five variants
of benchmark L were used: its basic variant, as defined in the Appendix A, and
four variants obtained by multiplying the travel costs on the edges or the customer
cost coefficients of the jobs with factor ten or hundred. The NN, MEN and CBN
heuristic were applied with the parameter setting defined based on the previous
computational experiments. In detail, the NN heuristic was processed with f = 0.3,
the MEN heuristic with f = 0.6 and the CBN heuristic was applied with 5 = 0.6.
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factor travel costs factor customer costs

100 10 10 100

NN heuristic 7.0% 11.7% 61.0% 121.7% 141.5%
MEN heuristic 55.1% 29.3% 6.5% 2.2% 1.8%
CBN heuristic 4.6% 7.6% 8.0% 12.7% 21.4%

Table 5.2.: Average gap to the BoG solution of solutions obtained by a greedy heuristic
in different variants of benchmark L.

Due to the fact that the BoG algorithm returns the best solution obtained with
various parameter setting of the NN, MEN and CBN heuristic inclusive the analyzed
parameter settings, the costs of a solution obtained with the BoG heuristic Sp.q
cannot be higher than the costs of a solution computed with the NN, MEN or CBN
heuristic.

In Table 5.2, the greedy heuristics are compared in terms of the average percentage
gap to the BoG solution Sg,q, which is computed by

L 9(S) — 9(SBoc)
gapp,a(S) == (5o 100%. (5.5)

As expected, with the NN heuristic applying factor f = 0.3, worse solutions were
obtained for instances dominated by customer costs. But also for the basic variant of
benchmark L and the two variants with increases travel costs, the solutions obtained
with the NN heuristic had significantly higher costs than the solutions obtained
with the other heuristics on average. Unsurprisingly, the MEN heuristic applying
factor f = 0.6 showed a reverse trend: In the benchmark variants dominated by
customer costs, the solutions computed with the MEN heuristic were very close to
the solutions of the BoG algorithm. But on the benchmark variants dominated by
travel costs, the MEN heuristic produced solutions with much higher costs than the
BoG heuristics. This effect is due to the fact that also in case of small customer
cost coefficients, jobs with non-zero customer cost coefficient are visited first which
results in higher travel costs. The CBN heuristic applying parameter 5 = 0.6 showed
the same trend as the NN heuristic: Even travel and customer costs are considered
by selecting the best job-route-pair, in instances dominated by customer costs, the
solutions obtained with the CBN heuristic were inferior. Consequently, applying
one of the greedy heuristics is not suitable to obtain good heuristic solutions for a
wide range of instances. Instead, the BoG algorithm should be preferred.

5.4.2. Rollout Algorithm

In this subsection, different variants of the rollout algorithm, which is presented in
Section 5.2, are analyzed and compared. For a consistent analysis, again the per-
centage gap to the solution obtained with the BoG algorithm for the same instance
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factor travel costs factor customer costs

100 10 10 100

Ry -5.0% -6.2% 5.0% 17.3% 20.8%
Ruex 18.7% 4.9% -5.0% -5.3% -5.5%
Resn -6.0% 71% 5.1% 0.1% 3.4%
Rpoc -7.9% -9.4% -7.7% -6.2% -6.2%

Table 5.3.: Average gap to a BoG solution of solutions obtained with the rollout algorithm
applying different greedy algorithms as base heuristic in different variants of
benchmarks L.

is used as quality measurement. Note that a gap smaller zero is an improvement
compared to the solution of the BoG heuristic.

At first, it is analyzed which of the presented greedy heuristics is suitable as base
heuristic for the rollout algorithm. Subsequently, different variants to restrict the
search tree by limiting its width or depth are analyzed.

For the rollout algorithm with applying different heuristics as base heuristic, Table
5.3 shows the average gap of the obtained solution to the solutions of the BoG
heuristic. In detail, the analyzed rollout variants are

e Ryn that applies the NN heuristic with f = 0.3,
e Ryen that applies the MEN heuristic with f = 0.6,
e Rcpn that applies the CBN heuristic with § = 0.6, and

e Ry, that applies the BoG algorithm as base heuristic to evaluate the feasible
job-route-pairs.

It can be seen that the rollout algorithm followed the trend of the applied base
heuristics. The variants Ryy and Repy were not suitable to solve instances domi-
nated by customer costs; and the rollout variant Rygy produce worse solutions for
instances dominated by travel costs. This can be seen on the fact that there the
average gap to the BoG solution was greater than zero.

Applying the BoG algorithm as base heuristic, the rollout algorithm performed
well in all kinds of benchmark. As expected due to the algorithm design, all solutions
obtained by the rollout algorithm Rp,; were not worse than solution of the BoG
heuristic. Comparing all entries in the row corresponding to Rg,qg of Table 5.3 shows
that in all benchmark variants, on average a significant improvement was reached.
This is due to the fact that the BoG algorithm uses all three greedy heuristics to
obtain a solution. Consequently, in instances dominated by customer costs a solution
of the MEN heuristic can be returned as best and in instances dominated by travel
costs a solution of the CBN or NN heuristic can be returned as best. Note that using
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factor travel costs factor customer costs

100 10 10 100

nearest -7.2% -8.2% -4.4% -2.6% 2.7%
most-expensive -2.5% -4.8% -4.9% -4.9% -5.3%
cost-balanced -7.2% -8.6% -6.4% -5.2% -5.2%
mixed -6.9% -8.2% -5.6% -4.2% -4.5%

Table 5.4.: Average gap to a BoG solution of solutions obtained with the limited rollout
algorithm applying different candidate selection variants.

the BoG algorithm as base heuristic results in 32 times the computational cost of
using the NN, MEN or CBN heuristic.

The limited rollout algorithm

Next, it is analyzed how a limitation of the search tree of the rollout algorithm
affects to the solution quality. At first, the rollout algorithm with a limited search
width is investigated. In this variant of the rollout algorithm, not all possible job-
route-pairs are taken into account by searching for the best job-route-pair, but only
w job candidates are analyzed. In Table 5.4, different variants to get candidates are
compared. The candidates are selected by

e nearest neighbors: the candidates are the w unplanned jobs with the smallest
distance to the current last job of any route,

e most-expensive neighbors: the candidates are the w unplanned jobs with high-
est customer cost coefficient,

e cost-balanced neighbors: the candidates are the w unplanned jobs with mini-
mal balanced costs considering all routes, and

e mixed neighbors: the candidates are the union of ¥ nearest neighbors, %

most-expensive neighbors and % cost-balanced neighbors.

The rollout was used with w = 10, d = 100 and the BoG algorithm as base heuristic.
As shown in Table 5.4, the nearest neighbor selection yielded a significant improve-
ment in the instances dominated by travel costs compared to the solutions obtained
with the BoG algorithm. In comparison to the results of the rollout algorithm Rg.g
with w = 100, as shown in Table 5.3, the improvement is still high by a significant
reduced computational effort. But for the basic variant and the variants with in-
creased customer costs of benchmark L, the average improvement of the obtained
solutions was considerably smaller than the average improvement of the full rollout
algorithm. Using the most-expensive neighbors as candidates led to a moderate
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Figure 5.11.: Comparison of the rollout algorithm with varying width and depth on
benchmark L.

average improvement in all benchmark variants beside the one with travel costs in-
creased by factor hundred, which can be seen in Table 5.4. On average, the obtained
solutions were 2.5% better than the BoG solution in the benchmark variant with
hundredfold travel costs and about 5% better in the other four benchmark vari-
ants. Using cost-balanced or mixed neighbors as candidates led to a high average
improvement in all kinds of benchmark L whereby slightly smaller improvements
were observed with the mixed neighbors. Comparing the limited rollout with cost-
balanced candidates with the full rollout algorithm (see Table 5.3, row Rp,g) shows
that limiting the width to ten jobs resulted in a changed average gap to the solutions
obtained with the BoG heuristic by about one percentage point to the worse by a
drastically reduced computational effort. Consequently, next it is analyzed whether
a limited search tree width can lead to a similar solution quality than the full rollout
algorithm by reduced computational effort.

In Figure 5.11, the influence of width and depth on the solution quality is shown
by means of performance profiles for the percentage gap to the solution of the
BoG heuristic. In the left plot, the rollout algorithm was applied with a width
w € {1,3,5,10,20,30,50,100}, depth d = 100 and the BoG algorithm as base heuris-
tic. As candidates, the w jobs with smallest balanced costs are chosen. For width
w = 1, where for the job with minimal balanced costs the best route to append this
job is selected by the rollout approach, 95 instances were improved by up to 10%.
In only one instance, the solution of the rollout algorithm was more worse than the
solution of the BoG heuristic. Increasing the width up to w = 20 led to a significant
improvement of the solution quality which can be seen in the left plot of Figure
5.11 where the corresponding performance profiles are clearly beside each other. A
further increase of the width w did not lead to a significant better performance in
terms of solution quality, which can be seen on the fact that the performance profiles
overlap, but to a strong increase in the computational time, as shown in Figure 5.12.
With width w = 30 and w = 50, a slightly better performance was observed than
with width w = 100 and w = 20.

In the right plot of Figure 5.11, the results of varying the depth of the rollout al-
gorithm are shown: The rollout algorithm was applied with with w = 100, a depth
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Figure 5.12.: Influence of the width and depth of the rollout algorithm on the computa-
tional time.

d € {1,10,25,50, 75,100} and the BoG algorithm as base heuristic. The evaluation
of each decision was based on the costs of the (uncompleted) schedule and an esti-
mation of the costs of the unplanned jobs. It turns out that limiting the depth led
to worse solution. The costs of an uncompleted solution seems not to be suitable to
evaluate a decision. For the depths 1, 10 and 25, the obtained solutions of the rollout
algorithm were more expensive than the solution of the BoG heuristic, which can
be seen on the fact that all gaps were larger than zero. Also with depth d = 50, for
only two instances a better solution was found than with the base heuristic. Even
with depth d = 75, in still only 72% of the instances a better solution was obtained
with the limited rollout algorithm than with the BoG heuristic. Thus, limiting the
search depth is not a suitable approach to reduce the computational time of the
rollout algorithm because the obtained solutions were inferior.

In summary, for the VRPCC, the rollout algorithm led to better solutions than
the greedy heuristics. Furthermore, the results showed that not all jobs have to be
analyzed by selecting the best job-route-pair with the rollout approach, but that
analyzing only a part of the jobs with small balanced costs resulted in solutions of
similar quality by a significant reduced computational time.

5.4.3. Local Search Algorithms

This subsection shows, how much a solution of the BoG heuristic can be improved
by the local search algorithms first improvement and best improvement as presented
in Section 5.3. Again, the algorithms are compared in terms of the percentage gap to
the solution obtained by the BoG heuristic, which is denoted by gapg,q, as defined
in equation (5.5).

Figure 5.13 gives performance profiles for the gap to the solution of the BoG
heuristic of the algorithms first improvement (FI), best improvement with approxi-
mation (BIA) and a second variant of best improvement (BIE), where the cost of all
neighbors are exactly computed. The local search procedures are initialized on the
one hand by a heuristic solution (subscripted HEU), to be more precise by the solu-
tion of the BoG heuristic, and on the other hand by a random solution (subscripted
RAND).

95



5. Heuristics

10 Minutes

100 [ 100 [
S 80 S 80
o [}
=] =}
£ 60| E oo
8 g
(. 40 |- Gy 40
o @]
X 90| X 90|

. - 0
—20 -15 —10 -5 0
8aPpoc
—— Flygy —— BIEgygy —— BIAggu ---- Flranp ---- BIEranp ---- BIAganD
Figure 5.13.: Comparison of first and best improvement on benchmark L.

Start Solution heuristic random
FI: first improvement 1.25 7.77
BIA: best improvement with approximation 10.48 37.96
BIE: best improvement 12.94 41.94

Table 5.5.: Average computational time for first and best improvement algorithms (in

seconds).

The left plot of Figure 5.13 shows the gap reached in a single run of the improve-
ment algorithms. There, it is observed that both best improvement variants led to
similar results but that the computational time can be reduced if the approximation
is applied. This effect is due to the fact that cost changes are computed only for
promising neighbors. With the first improvement algorithm, smaller improvements
of the initial solution were found. It can also be seen, that initializing the local
search procedures by a random solution resulted in worse solutions than starting
with a heuristic solution. For some instances, in this case the obtained solution was
not better than the solution computed with the BoG heuristic.

The right plot of Figure 5.13 shows the results of repeating the improvement al-
gorithms for ten minutes. Due to first improvement and best improvement cannot
leave a local minimum with respect to the neighborhood, the local search is restarted
if no further improvement was found. In case of a heuristic start solution, the last
obtained solution is randomly changed until a solution with at least 15% higher
costs is found to explore another area of the solution space. As it can be seen, in
this case, first improvement was better than best improvement. One reason is that
first improvement is a faster algorithm than best improvement because only a part
of the neighborhood has to be analyzed, which can also be seen on the average com-
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putational times provided in Table 5.5. As a consequence, more improved solutions
were generated during the time limit of ten minutes resulting in a higher probability
of finding a better solution. Another reason could be that best improvement tends
to obtain similar solutions in several runs because it undoes the random changes
quickly. In case of choosing the start solution by random, each run of the improve-
ment algorithms is started with a new random solution. As it can be seen in the right
plot of Figure 5.13, in this case, all three improvement algorithms showed a similar
performance. Further, it can be observed that the improvements were smaller if ran-
dom solutions are used as start solutions. One reason for this behavior is that the
computational time of a single improvement algorithm run was significantly larger if
the start solution was chosen by random because more improvement steps were nec-
essary to reach a local minimum with respect to the neighborhood. Consequently,
less improved solutions were obtained within ten minutes. Furthermore, as observed
by analyzing a single run of the improvement algorithms initialized with a random
solution, mostly better solutions were found when the improvement algorithm is
initialized by a heuristic solution.

In conclusion it can be said firstly, that the proposed local search procedures
should be initialized by a heuristic solution, and secondly, that, if one run or only
few runs of local search are possible, then the best improvement algorithm should
be used, but if more time is available, it is better to run the first improvement
algorithm several times.

5.5. Conclusion

In this chapter, different heuristics were presented to solve the VRPCC approxi-
mately. In Section 5.1, three newly developed greedy heuristics were investigated.
It was proven that the approximation ratio of each of them is unbounded. Further-
more, the three greedy heuristics were combined to a best-of-greedy algorithm. In
Section 5.2, an application of the rollout algorithm to the VRPCC was investigated
which applies the previously presented heuristics to evaluate decisions by building
up the schedule job by job. Finally, in Section 5.3, the local search algorithms first
and best improvement were presented and a definition of a neighborhood for the
VRPCC was given.

Computational experiments were carried out to compare the performance of the
heuristics in terms of solution quality. The results were presented in Section 5.4.
Based on large instances with one hundred jobs, it was analyzed, which settings of
the heuristics yielded the best solutions. It was observed that, dependent on the
instance, different greedy heuristics with different parameter settings produced the
best solution. Consequently, the combination of them, which is the best-of greedy
heuristic, was the best choice to obtain a good approximate solution for a large spec-
trum of instances. Further, it was found out that the rollout algorithm significantly
improved the greedy heuristics. Also the presented first and best improvement al-
gorithms led to significant improvements of the greedy solutions.
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The BoG heuristic, the rollout algorithm and local search were compared with
solving one of the presented MILPs by CPLEX. It turned out that in benchmark
S, where the optimal solution is known, repeating first improvement several times
often obtained an optimal solution, even more often than solving (R2dT4) with
CPLEX. Also in benchmark M and L, repeated local search outperformed the other
heuristics and applying the commercial solver. Because the exact solution method
was outperformed by the heuristics, in the next chapter an alternative exact solution
approach will be investigated.
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Algorithms for the Partition
and Permutation Model

After applying a commercial solver to the VRPCC, it turned out that the customer
costs lead to a problem harder to solve because the time variables and the route
variables are hardly linked which leads to poor LP relaxation values. Because of
that, other exact solution approaches were searched. As explained in Section 2.3, the
branch-and-bound method is a suitable approach to solve combinatorial problems
like VRPs. In this chapter, it is described how the general solution approach branch-
and-bound is applied to the VRPCC. At first, the branch-and-bound method is
introduced in detail. Then, Section 6.2 provides lower bounds for the objective
value, which are a fundamental part of this solution method. After that, in Section
6.3, two branch-and-bound algorithms for the VRPCC are presented. In detail, with
the proposed branching strategies the routes are build-up job by job. The algorithms
are implemented in a depth-first fashion applying backtracking and allowing parallel
computation. Finally, Section 6.4 compares the lower bounds and the two branching
strategies using computational experiments. The comparison of the computational
costs of the two branch-and-bound algorithms and of solving a MILP of the VRPCC
with a commercial solver shows that the developed branch-and-bound algorithms in
combination with the lower bounds efficiently solve small instances of the VRPCC.

6.1. General Principles of the Branch-and-Bound
Method

Branch-and-bound is a common principle to solve complex combinatorial optimiza-
tion problems. An introduction to this method can be found, e.g., in [10, 90]. The
main idea is to successively break up the solution space S into certain subsets S; and
to discard subsets that cannot contain an optimal solution. In doing so, a search
tree is produced as shown in Figure 6.1: Each node ¢ corresponds to a solution space
S; which is a subset of S. To break-up the solution space of a node ¢ into subsets,
several child nodes are created each with a smaller solution space such that the
union of the solution spaces of the child nodes is equal to the solution space of node
i. If a node corresponds to (at most) one feasible solution, a leaf of the search tree
is reached. The root of the search tree is the node corresponding to the complete
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Figure 6.1.: Illustration of a search tree.

solution space S. In the following, the distance of a node to the root will be called
depth of the node in the search tree.

The branch-and-bound algorithm for an optimization problem

min{g(s)| s € S} (6.1)

essentially consists of the following steps:

Initialize:

Select:

Bound:

The search tree is initialized with the root node to which the whole
solution space S belongs to. Further, an upper bound UB for ¢(s) is
determined, this could be for example the objective value of a feasible
solution which is stored as best solution so far s*.

Take a node from the search tree that has not been analyzed yet.

— If the solution space of the node contains several feasible solutions,
continue.

— Otherwise, if a single feasible solution s corresponds to the node,
calculate its objective value g(s). If g(s) < UB, store s as the best
solution achieved so far s* and set UB = g(s). Repeat step Select.

Calculate a lower bound LB for the solutions that belongs to the selected
node.

Branch or Prune:

100

— If LB < UB, branch on the node by dividing its solution space into
(disjoint) subsets. Each of them creates a new node.

— Otherwise, prune the node because no better solution than s* be-
longs to its solution space.

Go to step Select.



6.1. General Principles of the Branch-and-Bound Method

Return optimal solution: When all nodes of the tree are analyzed, the best solu-

tion so far s* is optimal for the problem (6.1). This is true because
the branch-and-bound algorithm ensures that the objective value of
any feasible solution is not smaller than g(s*). If no feasible solution
was found, the solution space of (6.1) is empty and the optimization
problem is infeasible.

Note that if the upper bound is not based on a feasible solution, then branching is
necessary in the branch-or-prune step even for nodes with LB = UB until a feasible
solution is found. The first found feasible solution s with ¢°(s) < UB has to be

stored.

To design a branch-and-bound algorithm, mainly three questions have to be an-

swered:

o How to select the next node?
Two selection strategies are common, see |42]:

“Last in, first out”: This strategy leads to a depth-first search where each
branch is explored as far as possible. One advantage of this strategy is
that possibly a feasible solution can be obtained in shorter time, which is
important if no upper bound was found. But often, the objective value
of this first solution is far from the optimal value. A second advantage of
“last in, first out” is that, in comparison to the strategy described below,
fewer nodes have to be stored simultaneously.

“Best first”: With this strategy, the best node, e.g., the one with smallest
lower bound, is selected in each step in order to quickly find a good
solution that improves the upper bound. This allows to prune more
nodes which keeps the search tree small. However, several nodes and their
lower bound must be stored, which can require a lot memory capacity or
additional effort to store and retrieve the information.

o How to determine a lower bound?
This question strongly depends on the problem and its formulation. In many
applications, a relaxation of the problem is used, which can be quickly calcu-
lated via a suitable algorithm, e.g., the LP relaxation.

e How to create new nodes?
The branching strategy strongly depends on the problem formulation and also
on the chosen lower bound. If the lower bound results from the LP relaxation
of a MILP formulation, two variants are common [116]:

Variable dichotomy: one integer variable is selected that has a fractional
value in the solution of the LP relaxation. Two new nodes are generated:
One where the variable is bounded from below by the rounded up value,
and another where the variable is bounded from above by the round down
value.
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— Generalized upper bound dichotomy: In several MILPs, generalized up-
per bound constraints occur, which are Z]EQ x; < U for some binary
variables of the problem. For example, the constraints (4.35) and (4.36)
of the route formulation (R2) presented in Section 4.3 are generalized up-
per bound constraints. To generate two new nodes, the set () is split into
two non-empty subsets ()1 C @ and @ \ Q1. Then for the first node, it
is stipulated that Zjte xj = 0. And for the second node, the constraint
ZjeQ\Ql x; = 0 is added. With it, the solution space is split into two
disjunctive sets.

The branch-and-bound method can be improved by some tests to strengthen the
bounds, discard subsets or fix further variables.

For the VRPCC, in this thesis two branch-and-bound algorithms are developed
that rely on the formulation (PP) presented in Section 3.2. Recap, in (PP), a
schedule is defined by a partition of the jobs into m non-empty subsets N, and
a permutation for each partition IT¥(Ny)) with & € M. In the branch-and-bound
algorithms, each node of the search tree refers to a partial solution S , which is defined
by a set of unplanned jobs N and an uncompleted schedule (Ny, IT¥(Ny,))rens, where

N U (UkeM Nk> = N. The solution space of the node is the set of all schedules

that can be generated by completing the partial solution according to the branching
strategy. To get an upper bound, one of the heuristics presented in Section 5.1.4
is used. To select the next branching node, the depth-first approach is chosen. In
detail, the design of the branching rules allows to use the backtracking approach
[116, 141] which leads to a single, not yet analyzed tree node. For the bound
step, lower bounds for travel costs and customer costs are calculated separately and
the sum of both is used as lower bound for the total costs, see Section 6.2. For
the branching step, two strategies are developed. In the first branching strategy,
presented in Section 6.3.1, new nodes are created by appending one job at the end
of one route of the current uncompleted schedule. Applying the second strategy,
new nodes are generated by including a certain job inside a route of the current
uncompleted schedule, see Section 6.3.2. It will be shown that the first branching
strategy produces an unbalanced search tree, but allows the application of tighter
bounds compared to the second branching strategy, which however results in a more
balanced search tree.

6.2. Lower Bounds

Tight and fast computed lower bounds are fundamental for the efficiency of branch-
and-bound methods. With tight bounds, most branches that do not lead to an
optimal solution can be discarded and fewer leaves of the search tree need to be
generated. A first idea to obtain a lower bound for the VRPCC could be to use
the LP relaxation of a MILP formulation, e.g., one of the formulations proposed in
Chapter 4 where the binary and integer variables are replaced by continuous ones.
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However, as it will be seen later, there exists lower bounds that are more appropriate.
For the novel customer cost part of the objective function, new developed bounds will
be presented in Section 6.2.1. These bounds are investigated both analytically and
computationally. For the latter, the quality of the bounds and the computational
time are analyzed using computational experiments, see Section 6.4.1.1. For the
travel cost part of the objective function, lower bounds of the TSP can be applied
by making small changes to the travel cost matrix. A collection of possible bounds
is presented in Section 6.2.2. A computational analysis of them is given in Section
6.4.1.2.

6.2.1. Lower Bounds for Customer Costs

In this thesis, several lower bounds for the customer cost value ¢°(s) defined by
equation (3.6) are developed, in particular:

e A simple lower bound that is based on an upper bound for the number of jobs
that can be visited per day,

e some lower bounds that are derived from solving different special bin packing
problems and

e one lower bound that is computed by a polynomial algorithm which provides
a solution of the LP relaxation of one of the presented bin packing problems.

The last bound was considered because solving bin packing problems is NP-hard.

The computational effort of the lower bounds on customer costs depends on the
number of analyzed jobs. To reduce the computational time, it would be beneficial
to consider only jobs with non-zero customer cost coefficient which are given by
the set N. = {i € N|¢; > 0}. The following lemma indicates that jobs with zero
customer cost coefficient can be ignored when calculating lower bounds for customer
costs.

Lemma 6.1. Let N' C N a set of considered jobs. Then, for each feasible solution
S on N, a feasible solution S" on N’ can be deduced by removing the jobs of the set
N\ N’ from the routes. This solution is feasible without changing the start times.
Furthermore, if for S’ the start times are calculated based on (3.8), the customer
cost value cannot be higher than the customer cost value of S.

Proof. For each job i € N’ let p; and p; be its predecessor in S and S’, re-
spectively. As assumed, the travel times satisfy the triangle inequality, thus it is
Tij + a; + 1 > 1 for each 1 # j # k € N. Then, a feasible start time ¢; of job ¢ in
S is also feasible in S’

e if p; = pl, then ¢; is obviously feasible; and
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o if p; # pl, then in S at least one job is visited between p; and i. Let m; be
the position of ¢ in S. Then, p; = m_;. Let further m;_; be the position of
p;. Because S is feasible and the travel times satisfy the triangle inequality, it

holds that
f(t,) = é.(tm) > g(tﬂ'i—l) + Am;_y + Tmiam
k=j—1
> g(tﬂ'i—j) + Z (aﬂifjJrk + Tﬂi7j+k7ri—j+k+1)
k=0

Z g(tﬂ'ifj) + a/ﬂ'l‘,j + Tﬂ'i,jﬂi

= &(tp) + ap + 715
Thus, for the solution S’ the start time ¢; satisfies constraint (3.2). Consequently,
with the start times calculated based on the schedule S, S’ is a feasible solution.

Furthermore, a recalculation of the start times for S’ based on equation (3.8) does

not lead to increased start times as reasoned in Section 3.1. Because of that, the
customer cost value of S’ is not larger than the customer cost value of S. [
For the sake of readability, the following definitions are introduced:

e Only the jobs with non-zero customer cost coefficient have to be considered
which are given by the set

N.:={ie N|¢ >0}
with cardinality n..

e The minimal travel time from job i € N, to any other job in NN, is

r; = min{r;;| j € N, j #i}. (6.2)
e For the trips outside the working shift, the time R,, has to be reserved which
is given by
Ry i=max {> ;| I C N, |I| =m}. (6.3)
e The k-th largest travel time r* _ of the set {r;|i € N.} is defined as
Toax ©= Tt with 4} =min{i| r; >r;, i,j € N.} (6.4)
and
Tl ax =Tt (6.5
with i =min{i| 7 >r;, 4,5 € N\ {if |1 <K <k}}, (66
respectively.

e The set of feasible start times is given by T'. For the benchmarks used in the
computational experiments, which are defined in Appendix A, the start time is
(0,480) which means that the first job is executed on day one. Consequently,
T ={1,2,...,dmax}. If another start time is chosen, 7" has to be adapted.
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6.2.1.1. A Lower Bound based on a Constant Number of Jobs per Day

The idea of the first presented lower bound for the customer costs is to calculate, how
many jobs can be done at most per day; and then, to allocate the most expensive
jobs to the first day, the next most expensive jobs to the second day, and so on.

At first, a simple calculation of 7, which is the maximal number of jobs executable
at one day, is given. Let t.,;, := min{a; +r;| ¢ € N.} be the minimal time needed per
job, where a; is the working duration and r; is the minimal time needed to travel to
the next job calculated by equation (6.2). For each day, u minutes are available for
job execution and the time 7}, as defined in equation (6.4), has to be reserved for

max?

the trip outside the working shift. Thus, not more than

. m{%J (6.7)

tmin

jobs can be done per day.

The estimation of (6.7) can be improved by replacing t,,;, with the smallest sum
of execution and travel time of 1 jobs and by using different approaches to consider
m vehicles. For the first approach, the number of jobs that can be done by one
vehicle on one day is computed and then multiplied by the number of vehicles m.
For the second approach, the time available for all vehicles is considered to calculate
how many jobs can be executed per day. The minimum of both values is then 7.
Recap, a; + r; is the minimal time needed for execution and travel for job ¢ € N..
Then, the upper bound for the number of jobs executable by one vehicle at one day
is the value n; that meets the conditions

min a; +1i) <u+r 6.8
{ICNe| [T]=m} ZGZI( ) (6:8)

and
utri < min a; + ;). 6.9
M N [Tl=m+1) ;( i) (69)
Inequality (6.8) ensures that a subset I with cardinality 7, exists, such that the sum
of the shortest possible time for execution and travel of the jobs of I does not exceed
the maximum time available per vehicle per day. And inequality (6.9) guarantees
that n; is an upper bound, because there exists no set with more than n; jobs, such
that the sum of the shortest possible times of its job fits to the total available time.
A similar problem is solved to calculate the upper bound 7, for the number of
jobs that can be executed on one day by all m vehicles:

min a;, +7;) <mu+ R, 6.10
{ICN||I|=n2} ;( ) ( )

and
mu + R, < min Z(ai + 7). (6.11)

ICN:||I|= 1
{ICNel = +1} 4
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m=2 [ )] | m=3 [ [ ]
m=5_1 [ [ | I m=5 1 1 L [ )

(a) mm < 12 (b) mny > a2

Figure 6.2.: Schematic illustration of the comparison of mn; and ns.

Each of both approaches has an advantage: For 7, the advantage is that the time
available per day is better approximated. As shown in Figure 6.2(a) by an example
with two vehicles, if the remaining space in the bin for one day per vehicle is large,
it can happen that more than mn; items fit into the bin for one day and all vehicles.
But, as illustrated in Figure 6.2(b), the advantage of 7, is that more items are taken
into account. Consequently, if the item have strongly different sizes, it is possible
that fewer than mmn; jobs fit into the bin for one day and all vehicles because the
items are packed in order of increasing item size and with it also larger items can
be included.

Lemma 6.2. The value n := min{mmn,n2} computed by the inequalities (6.8)—(6.11)
15 an upper bound for the number of jobs processed on one day.

Proof. Let S be a solution on N and S, the solution derived from S by removing the
jobs that does not belong to N.. For each job i € N,, the successor in S, is denoted
by ¢;. Assuming, it exists a day ¢ € T" where more than 7 jobs are executed, which
means |[{i € N[t =t}| > min{mn;,ns}.

If |{i € N|t¢ = t}| > mmn,, then there exists a route k € M where more than 7,
jobs are visited on day ¢. Let Iy, := {i € N.N Ni|t¢ =t} be the jobs visited on
day t by vehicle k with |Ij;| > 1. As shown in Lemma 6.1, S, is a feasible solution,
thus for this route k& and day ¢ it holds that

Z (ai +7ig;) < u+ Tjq;s
i€ly

with j is the job that is executed at last on day ¢, thus j € I, but ¢; ¢ Iy,
Rearranging leads to

u = Z (@i +7ig,) — Tjq,

1€k
= Y (ai+rig) +a
i€l \{Jj}
> > (aitri)+a
i€l ¢ \{j}
because r; < r;,,. Adding r; on both sides leads to

u+r; > Z(ai+ri).

ie[;m
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max’

to (6.9), because if |I;| > 71, it holds that

Due to 7; < 7, it follows that Y7, (@i +7;) < u+ 7}, This is a contradiction

1 : 1
< Y i +r) < Y (a5 +1) < .
w+rk gen 2 (a; +1;) < pa (a; +71;) < U+ 7y
ot

Secondly, it is shown that also [{i € N,|t¢ = t}| > 1, leads to a contradiction.
Let I, := {i € N.|t¢ =t} be the set of jobs visited on day t with |I;| > 7,. Then, it

1s
mu > Zaﬂerqiz Zai—i—Zn.

ie[kyt iEI;@)t iEIk,t ielk,t
td =t td =t
1 K2

Adding the travel times for the jobs executed after day ¢ on both sides leads to

mu + Zriz Z(ai—i—ri).

i€ €1
td >t
7

Since [{r;|i € Iny, tl > t}| < m it holds that the sum of these travel times does
not exceeds R,,. Consequently, it holds that » ,_; (a; +7;) < mu + R,,, which is
a contradiction to inequality (6.11) of the definition of 7,:

Z(ai+7’i) < Z(ai+7“i) <mu + R,,.

el Z-Efkyt

mu + R, < min
{ICNc| [I|=n2+1}

Thus, in a feasible solution neither more than mn; nor more than 7, jobs can be
visited per day and n = min{mn, 72} is an upper bound for the number of jobs
executable per day. O

To calculate n; and ny efficiently, the set N, is ordered by increasing values of
a; + r;. The complexity of the sorting is O(n.log(n.)). The values are summed up
in increasing order until the time bounds, u +rl _ and mu + R,,, respectively, will
be exceeded with the next summand.

To obtain the lower bound LB, an allocation of jobs to days with minimal cus-

S?

tomer costs is sought. The problem is described by (6.12)-(6.14).

(S) LBf :=min Y ¢ (6.12)
1EN,

st. neT i€ N, (6.13)

[{i € Ne|7i =t} <17 teT (6.14)

The decision variable 7; is the day to which job ¢ € N, is assigned. The objec-
tive function (6.12) is the sum of the time-dependent customer costs and has to be
minimized. Constraints (6.13) ensure that a day is allocated to each job. Finally,
constraints (6.14) bound the number of jobs allocated to day ¢ € T by the upper
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bound 7. The solution can be obtained in polynomial time by ordering the jobs by
decreasing values of ¢;. The first 1 jobs of the ordered list are allocated to the first
day of T', the next n jobs are allocated to the second day and so on.

Theorem 6.3. LB is a lower bound for the customer costs of VRPCC.

Proof. As shown in Lemma 6.2, if S, is a feasible schedule of the jobs N,., than at
most 7 jobs are visited per day. Thus, each feasible solution of the VRPCC can be
transformed into a feasible solution of (S) by setting 7, = t¢ for the jobs i € N,,
where the objective value equals to the customer cost value of S.. Consequently,
LBg cannot be larger than the customer cost value of a solution of the VRPCC. [

6.2.1.2. Lower Bounds from Minimum Weighted Sum Bin Packing
Problems

The first lower bound LBY is a straightforward approach. Instead of using a fixed
number of jobs per day, one could also be inspired by bin packing problems to
allocate jobs to days. The resulting problems are similar to the minimum weighted
sum bin packing problem (MWSBP) as introduced in [48]. In the MWSBP, each
item is afflicted with a weight and the objective is to minimize the costs ¢ which
are the sum of the item weights multiplied with the index of the bin in which the
item is packed. Two polynomial algorithms are presented in [48], one to calculate a
lower bound for the optimal value ¢* and one to get an approximated solution with
¢ < (14 9) where /5 is an integer. Both algorithms are based on the search for
a shortest path in a graph, where the size of the graph increases with the desired
accuracy of the result.

The in this thesis presented bin packing problems to obtain a lower bound for
customer costs are not solved with these polynomial algorithms because their com-
putational effort increases strongly with the accuracy. Furthermore, applying the
bin packing problems to the branching strategies leads to additional constraints
and non-identical bin sizes. Adapting the algorithms to these restrictions is hardly
possible. Because of that, CPLEX is used to solve the bin packing problems.

There are two possibilities to consider traveling outside the working shift:

e Increase the time available per day for working and traveling to pack working
time and travel time together as one item in the bins.

e Define separate items for the working time and travel time and pack them in
bins of the same size as the working shift.

The bins can be designed either one per day or one per day and vehicle. In the
latter case, the time available per day is more precisely modeled and better bounds
can be obtained. However, for each day, there are m bins of similar size which can
lead to several solutions of same costs with interchanged bin allocation. This can
lead to an increased computational effort, as more solutions have to be analyzed.
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Bin Packing Problems with Bin Size Increased by Time Reserved for
Traveling Outside the Working Shift

At first, the bin packing problems (BP1) and (BP2) are presented where for each
job one item has to be packed into a bin. The size of the items represents the sum
of the working duration and the minimal travel time to another job. The bin size
corresponds to the total time available for work plus the time reserved to travel
outside the work shift. This leads to the following problem definition:

(BP1) LB%p; := min Z Z city

iEN. teT

st Y wy =1 ie N,
teT
int(ai—l—ri)gmu—l—Rm tefT,
€N,
zy € {0,1} i€ N, teT.

In (BP1), each bin corresponds to one day. The bin size is set to the time available
for maintenance and travel per day mu + R,,, where R,, is the time reserved for
traveling outside the working shift as defined in equation (6.3). The allocation of
items, or rather jobs, to bins is done by binary variables x;, ¢ € N, t € T, where
xy = 1 if and only if job 7 is allocated to the bin of day t. The size of each job i € N,
is a; + r;, which is the time needed for the execution of the job and the minimal
time needed to travel to the next job as defined in equation (6.2). The weight of
each job is the customer cost coefficient ¢;. The objective is to minimize the sum of
the customer costs resulting from the job allocation.

As mentioned above, a better bound can be obtained if for each vehicle a separate
bin per day is defined. This leads to the following problem formulation:

(BP2) LBfps := min Z Z Z Cit i,

1€N. teT keM

st > > mg =1 i e N,

teT keM

intk(ai+ri)§u+rfnax telTl, ke M,
iEN.

Tk € {0,1} 1€N., teT, ke M.

The problem (BP2) is a bin packing problem with m|T| bins, one per day and
vehicle. Each bin is associated to a route k € M and has the size u + ¥, where
rk . is the k-th largest value of the set {r;|i € N.} as defined in equations (6.4)
and (6.6). Then, the bin size equals the sum of the working shift length and the
time reserved for the trip to the first job executed on the next day. Again, each job
i € N has the size a; +r; and the weight ¢;. The allocation of jobs to bins is done by
three-index variable xy, @ € N., t € T, k € M, where x;, = 1 if and only if job ¢
is allocated to the bin associated to day ¢ and route k. The objective is to minimize

the sum of customer costs resulting from the job allocation.
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The next theorem shows that LB;p, and LBgp, are lower bounds for the customer
cost value.

Theorem 6.4. LByp, and LBgp, are lower bounds for the customer cost part of
the VRPCC.

Proof. Let S be a solution on N and S, the solution derived from S by removing
the jobs N\ N.. The successor of a job i € N, in schedule S, is denoted by ¢;. Then,
for each day t € T', the working shift constraint leads to

Zai—i- Z Tig; < MAU.

igN dz’e(]j\f
td=t ti=tq =t

Because r; < 1;,, it is also true that

ZCLH‘ Z ri < mu. (6.15)

1€N, 1€N,
d__ d_q4d _
td=t td=td =t

To match the capacity constraint of (BP1), the sum of the minimal travel times for
the trips to the jobs that are executed on the next day has to be added. This sum
contains at most m summands, thus

E rigmax{g rilI C N, |I| =m} = R,,.
i€Ne iel
td=t<tq.

Consequently, adding these costs on both sides of inequality (6.15) implies that for
each day t € T,
Z(ai—kri) < mu+ Z r; <mu+ R,,.

iEN. i€N.
td=t td=t<tq
Thus, each feasible solution S of the VRPCC can be transformed into a feasible
solution of the bin packing problem (BP1) by allocating each job to the bin that
corresponds to the start day of the job. The costs of this solution are equal to
g¢(S). Consequently, also the schedule with minimal customer cost value can be
transformed into a feasible solution of LBjp,. Consequently, LBgp, is a lower bound
for the customer costs of the VRPCC.

The proof for LBgp, is similar: Let N, be the set of jobs allocated to route k in
S.. For each t € T and k € M, it is valid that

Sait > < Y a+ Y g <u (6.16)

ieNc,k’ ieNc,k: ieNc,k ieNc,k
d_ d_3d d__ d__3d _
td=t td=td =t td=t td=td =t

110



6.2. Lower Bounds

Furthermore, for each day ¢ € T, at most one trip to a job executed on the next
day has to be considered per vehicle. Thus, there is at most one job ¢ € N,; with
td =t < tl. Because {r,, }j—1,.m are the m largest values of {r;|i € N.}, there
exists a mapping from k£ € M to ji; € M such that

2 : Tkt
r; S Tmax,

1€N¢ &

d_ d

t¢ _t<tq7:

for each k € M, and
UJ Gk} = M.

keM
Then, adding the costs reserved for the job that is executed on the next day on both
sides of inequality (6.16) leads to

Z(ai+Ti)§U+Z Tz'SU—O—rffé;,

S\ iE€N, i
td=t td=t<ty,

Consequently, each feasible solution S can be transformed into a feasible solution of
(BP2) with equal customer costs. Thus, the minimal customer costs of a solution of
the VRPCC cannot be smaller than LBfp,. O

By means of the following theorem, the bounds are compared analytically.
Theorem 6.5. It holds that LByp, is at least as good as LB; and LBGp,.

Proof. Firstly, it is shown that LBgp, > LB;. Since

Z Z(al + Ti)xitk S Z (’LL + Tﬁlax)

keM i€N, keM

< (U + )

<m min Z(ai +7;)

ICNc||I|= 1
N [T=m+1} <

and

Z Z(az + Tz‘)SL’itk S Z (u -+ Trlilax)

keM i€N, keM
=mu—+ R,

< min Z(ai +73),

~ {ICN,||I|=n2+1
{ c\||n2+}iel

it follows that ), _,, ziGNc Ty < n for each t € T. Thus, each feasible solution
of (BP2) can be transformed into a feasible solution of (S) with the same objective
value and it is valid that LB; is not larger than LBjp,.
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Note that LBS and LBgp, are not equal because not each feasible solution of (S)
can be transformed into a feasible solution of (BP2) with same cost value. This is
not difficult to see: Let I C N, a set with |I| < n but . (a; + ;) > mu + Ry,.
Such a set can exist, because n is an upper bound of the jobs executable per day
and it is not ensured that each day 7 jobs are executable. Then, all jobs of I can
be allocated to the same day in (S), but it is not possible to pack all jobs into the
m bins of LBfp, associated to one day.

Secondly, it is shown that LBjp, > LBgp,. Because of

Z Z(ai +78) T < Z (u+ ) =mu+R, teT,

keM i€N, keM

each feasible solution of (BP2) can be transformed into a feasible solution of (BP1)
by defining x; = Zke u Tt and both solutions have the same cost value. Thus,
LBgp, is not larger than LBgp,.

Finally, it is shown that LBjp, and LBgp, are not equal. For a feasible solu-
tion of LB pgpy, let Iy := {i € N,z = 1,k € M} be the set of jobs allocated
to day t € T. To obtain a feasible solution of (BP2), a partition of I; into m
blocks I, with k& € M has to be found, such that each block satisfies the con-
straint ., (a; + 1) <u + ¥ .. Although in both problems the time available
per day is equal, it can be impossible to find such a partition. Consequently, it is
LBjp, > LBy, =

Note that if the bin sizes are similar, there exists several solutions of (BP2) with
the same cost value. This could lead to a loss of performance in solving (BP2)
compared to (BP1).

Remark For the bounds LB; and LBjp,, neither LB > LBgp, nor LBjp, > LBS
is true. The reasons are that on the one hand, a feasible solution of (S) is infeasible
for (BP1) when a set I C N, with |/| < 7 exists, for which the sum ,_,(a; + 7;)
is larger than mu + R,,. And on the other hand, if mn; < 1, a feasible solution of
(BP1) can be infeasible for (S), because a set I C N, with ). (a; +7;) < mu+ Ry,
can contain more than mm; jobs.

However, if 1y, < mun, it is true that LB5p, > LB because a bin of a solution
of (BP1) cannot contain more than 7y jobs due to its definition given by inequality
(6.11). Then, each feasible solution of (BP1) can be transformed into a feasible
solution of (S) with same cost value.

Remark The lower bounds LBfp, and LBfp, can be improved by adding con-
straints 2, .oy @y <[] and Y0, icp D i cn Tige < |11, respectively, to exclude subsets
I C N,, where the sum of the start times and the minimal travel times the between
the jobs of the subset I exceeds the bin size. For (BP1), a subset I can be excluded
if

Z(ai + min r;;) — max min r;; > mu, (6.17)
ica jen\{i} Icr = jen{i}
[IT|=m *
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whereby the m redundant travel time r;; were subtracted. And for (BP2), a subset
I cannot be processed by one vehicle within one day if it satisfies

Z(ai + min 7;;) —max min r; > u. (6.18)
P JEN{i} i€l jel\{i}

Both kinds of subsets can be generated iteratively from a previous solution of the
bin packing problem based on the items packed into one bin. Hence, the iterative
algorithm starts by solving the bin packing problem without any excluded subsets.
Then, each set of jobs allocated to one bin is analyzed whether the inequality (6.17)
and (6.18), respectively, is true. If so, this subset is excluded in all further iterations.
In order to generate a sufficiently large pool of excluded subsets quickly, not only
the subsets obtained by the bin packing problem should be analyzed, but also sets
with one job fewer and sets with one job exchanged should be tested and excluded
if necessary.

Bin Packing Problems with Working Items and Travel Items

In (BP1) and (BP2), the fact that it is allowed to travel to the next job outside
the working shift is modeled by increasing the bin size by the maximal possible
trip duration. In the following, two bin packing problems, denoted as (BP3) and
(BP4), are formulated, where the bin size is not increased. To allow trips outside the
working shift, separate items for working duration a; and minimal possible travel
time 7; are packed. Thereby, the number of travel items per bin can be smaller than
the number of packed working items.
At first, (BP3) is presented where one bin per day is defined.

(BP3) LBfpg:=min > > ctay (6.19)

1€N. teT

s.t. Z (xitai + yitri) < mu teT (620)
i€EN¢
> (@i —yu) <m teT  (6.21)
i€N¢
Yir — i <0 ieN,teT  (6.22)
D wa=1 ieN, (6.23)
teT
d oy <1 i€ N,  (6.24)
teT
zi € {0,1}, yi € {0,1} ieN,teT  (6.25)

In (BP3), a binary variable z;; is one if and only if the working duration of job i is
allocated to day ¢t € T'. Further, y;; takes value one if and only if the travel time of
job i is assigned to the working shift of day ¢. The objective function (6.19), which
has to be minimized, is the sum of the customer cost coefficient ¢; of job i € N,
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multiplied by the day ¢ to which the job is assigned to. Thus, for each job, there
are two items that could be packed into a bin associated to a day: the working
item a; and the travel item r;. With constraint (6.20), it is ensured that the sum
of the allocated items is not larger than the available time for working per day,
i.e., mu. The inequalities (6.21) realize that at most m working items more than
travel items are packed into each bin. By constraints (6.22) is stipulated that the
travel items have to be packed into the same bin as the corresponding working item.
Furthermore, equations (6.23) stipulate that each working item has to be allocated
to exactly one bin, and inequalities (6.24) ensure that each travel item is allocated
to at most one bin.

Remark Relaxing (6.22) leads to a problem that can be solved faster. Then, it is
not further stipulated that the travel item of job i is allocated to the same bin as the
working item of job i. Note that according to (6.21) nevertheless each bin contains
several travel items.

Better lower bounds can be obtained, if m bins are used per day, i.e., one for each
vehicle. The corresponding bin packing problem is denoted as (BP4).

(BP4) LB§p, := min Z Z Z citT i, (6.26)

1€Ne teT keM

s.t. Z (Tikai + Yirrs) < u teT, keM (6.27)
SIS
> (@i — yinr) < 1 teT, ke M  (6.28)
1E€EN
Yitk — Titk < 0 i€N., teT, keM (6.29)
Y =1 ieN, (6.30)
teT keM
S ym <1 i€ N, (6.31)
teT keM

Tar € {0,1}, yir € {0,1} 1€ N, teT, ke M

The problem (BP4) is similar to (BP3). A binary variable x;; or yux is equal
to one if and only if the working item or travel item of job i, respectively, is allo-
cated to the bin associated to day ¢t € T" and vehicle £ € M. There are mainly three
differences between (BP3) and (BP4):

e In (BP4), totally m|T’| bins are available, instead of |T'| bins as in (BP3).

e The size of each bin of (BP4) equals to the length of the working shift w,
instead of the time available for working per day mu.

e In (BP4), only one more working item than travel items can be allocated to a
bin, instead of at most m more working items than travel items as in (BP3).
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The following theorem shows that LBfp; and LBfp, are lower bounds for the
customer costs value of the VRPCC.

Theorem 6.6. LByp, and LByp, are lower bounds for the customer cost part of
the VRPCC and it is LBpp, > LBpps.

Proof. The first goal is to show that each solution S can be transformed into a feasi-
ble solution of (BP4) and that then ¢°(S) is equal to the costs of the corresponding
solution of (BP4).

Let S be a feasible solution on N and S, be the feasible solution deduced from S
taking into account only the jobs of N.. Further, let ¢; be the successor of job i in
Sc. For each k € M, let N,; be the jobs visited by vehicle k£ in S,. For each day
t € T, the working shift constraint leads to

u > Zai+ Z Tig; = Zai—i— Z ;.

i€EN, i i€EN, 1 i€EN, 1 i€EN, &
td=t td=td =t td=t td=tq =t

The binary variables are set to

1 ifi€ N.jand tf =1t 1 ifieNyandtf =t =t
Tk = and Y = ' .

0 otherwise 0 otherwise

Obviously, > icn. D rer 2openr CitTiw = g°(S).
It remains to show that this definition of the binary variables leads to a feasible

solution of (BP4). Firstly, the bin size constraints (6.27) are proven. Applying the
binary variables to the working shift constraints leads to

u > Z a; + Z TiZZ($itkai+yitk7"i) VteT, ke M.

iENcﬂk. 7:6]\707)Q 1E€N,
d_ d_3d
ti=t t; _tqi_t

Thus, the bin size constraints (6.27) are valid.

Secondly, the other constraints have to be proven: Because for each day and
route there is at most one trip outside the working shift, constraints (6.28) are
true. Furthermore, since each job is allocated to exactly one bin, which is the bin
associated to day ¢ and vehicle k& where the job is visited, also constraints (6.30) are
true. Moreover, for each job i € N, with tf = t, the travel time r; is allocated also
to the bin of day ¢ and vehicle k if the job and its successor ¢; are both visited on
day t by vehicle k. Otherwise, y;;z = 0. Thus, also constraints (6.31) and (6.29)
are true. In summary, this implies that each feasible solution of VRPCC can be
transformed to a feasible solution of (BP4). With it, LB}p, is a lower bound of the
customer cost part of VRPCC.
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Next, it is shown that LBLp, > LBgps, which implies that also LBgp; is a lower
bound for the customer costs of VRPCC. To transform a feasible solution of (BP4)
to (BP3), let z; = >, ., T and ys = >, .. Yire- Hence, the objective value does
not change and the constraints (6.23) and (6.24) are valid. Further, the binarity
of z; and y; is ensured because of (6.30) and (6.31), respectively. For each t € T,
from constraints (6.27) of (BP4) follows that

Z Z (Tikai + yinrs) = Z (zirai + yuri) < Z u = mu.

keM i€N, 1€N, keM

Thus, constraints (6.20) of (BP3) are valid. And from (6.28), it results that

Zz(xitk_yitk):Z(l’z’t—yit)ﬁlem VteT

keM ieN. €N, keM

which means that (6.21) is also true. Finally, for each i € N, and ¢t € T, constraints
(6.29) lead to

Z (Yitk — Titre) = Yir — Tir < 0.

keM
Thus, also (6.22) is satisfied. In summary follows that each feasible solution of
(BP4) can be transformed into a feasible solution of (BP3) and LBGp; # LBgps-
But LBgp, and LBgp, are not equal because it is not always possible to split up the
jobs of a bin of (BP3) into m bin of (BP4) associated to the same day. Thus, not
each feasible solution of LBfp; can be transformed into a feasible solution of (BP4).
With it, it is shown that LBjp, > LBgps. ]

Theorem 6.7. It holds that LByps is not less than LBpp,; and LBgp, is not less
than LB;, LByp,, LByps and LBgps.

Proof. Firstly, it is shown that LBjp; > LBgRp,. For this purpose, it has to be
proven that each feasible solution of (BP3) is also a feasible solution of (BP1). Let
I, C N, be the set of jobs allocated to day ¢ € T in a solution of (BP3). Thus,
x;; = 1 for each ¢ € [;. Since constraint (6.20) is satisfied, it holds that

Z(ai+ri)§mu+ . max Zriﬁmu—FRm.
i€l {I:CIi| |It|=m}

il

Thus, the binary variables x;; lead to a feasible solution of (BP1) with same costs.
The reversal is not necessarily true because of the increased bin size of LBgp,.
Consequently, it follows that LBgps > LBfp,.

Secondly, it remains to show that LBjp, is not worse than the other bounds:
From Theorem 6.5, it is obtained that LBgp, > LBgp; and LBgp, > LBg and
from Theorem 6.6 follows that LB;p, > LBGps. Thus, it remains to show that
LBGps > LBGps. Let {xir} and {yin}, with i € N, t € T and k € M, be a feasible
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solution of (BP4). The goal is to show that this solution can be transformed into
a feasible solution of (BP2). At first, for each vehicle exists at most one trip to
a job executed on the next day. Recap, {r .. }j=1. m are the m largest values of
{ri|i € N.}. Then, for each ¢t € T, there exists a mapping from k € M to jy € M
with Uyep{Jke} = M such that

oo (6.32)
i€N,
Zitk=1,Yitk=0

for each k € M. This means that for each travel item, which is not packed into the
bin of the corresponding working item, a bin of (BP2) can be found, such that this
travel item does not exceed the time reserved for traveling outside the working shift.
With it, for each bin associated to day t € T and vehicle k € M, it holds that

Z (Titkai + Yirri) < Z Tiek (@i + 1) (6.33)

1€EN, 1€N,
< Z (iri + Yitnrs) + Tk (6.34)

1EN,
<u+rik (6.35)

Inequality (6.33) shows the transition from (BP4) to (BP2). The formula on the
left provides the total size of the items of the bin in (BP4) which is smaller than the
total size of the items packed into the bin of (BP2) because there is one additional
summand r;. As shown by (6.32), this additional summand is less than ik and
thus, inequality (6.34) is satisfied. The fact that in (BP4) the bin size is limited to
u, leads to inequality (6.35). Consequently, the variables x;; of a feasible solution
of (BP4) lead also to a feasible solution of (BP2).
The reversal is not necessarily true. Let [;; be the set of jobs allocated to day

t € T and vehicle k € M in a feasible solution of LBgp,. Transforming this solution
to (BP4) leads to

Z(ai + ;) —maxr; <u+ 7 — maxry ; u

il i€l i€l

k

if the largest travel item is not allocated to the bin. In the most cases, 7 ..

is larger
than the removed travel item, thus, it is not possible to make a statement whether
the sum of the working items and selected travel items is less than, equal or larger
than u. Thus, not each feasible solution of (BP2) can be transformed into a feasible

solution of (BP4). Consequently, LBGp, > LBjp,. O

Remark For instances with mn; < 7y, LB can be a better bound than LBjp,. This
is caused by the fact that by computing LBfp,, not more than 7, jobs were allocated
to one day, but it is possible to allocate more than mmn; jobs to one day because the
bin size for day ¢ equals to mu. But if n, < mmn;, it holds that LB5ps < LB:.
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6.2.1.3. Linear Programming Relaxation of Bin Packing Bounds

The computational experiments showed that solving the bin packing problems is to
time-consuming in relation to the bound quality, compare the results provided in
Section 6.4.1.1. For this reason, applying the corresponding lower bounds to one of
the presented branch-and-bound algorithm is not useful. But a fast calculable lower
bound for a bin packing problem is its LP relaxation. To obtain an LP relaxation,
the integer constraints on the binary variables are removed and the binary variables
become positive numbers. With it, items can be packed fractional in different bins
and the bins can be completely filled. As it will be shown in Section 6.4.1.1, the
LP relaxations are not only faster solvable with CPLEX, but lead also to lower
bounds on customer costs with a similar quality as the original bin packing problems.
Furthermore, as shown later, the LP relaxation of LB ,5p, can be calculated with
an algorithm that has a complexity of O(n.log(n.) + n.).

Theorem 6.8. The bin packing problems (BP1) and (BP2) have the same LP re-
lazation value. Also the LP relazation values of (BP3) and (BP4) are equal.

Proof. Firstly, it is shown that (BP1) and (BP2) have the same LP relaxation values.
For this purpose, let (LPBP1) and (LPBP2) be the LP relaxation of (BP1) and
(BP2), respectively. In (LPBP1), one bin of size mu + R, is associated to day
t. And in (LPBP2), m bins are associated to day ¢ and the total size of these m
bins is Y, 0y (u +7E,) = mu + R,,. Because of that, each packing of (LPBP2)
can be transformed to a feasible packing of (LPBP1) with same costs by defining
Tit = Y e Titk- And also from each feasible packing of (LPBP1), a feasible packing

UATE

of (LPBP2) with same costs can be transformed, e.g., by defining x;x = x; e

Consequently, both problems have the same optimal value.

For the LP relaxations of (BP3) and (BP4), named (LPBP3) and (LPBP4), an
analog observation is made: In both problems, the total size of the bins associated
to day ¢ is mu. In detail, to show that the LP relaxation values are equal, firstly it
is observed that @y = >, ), Titr and yie = >, 5 Yirk transform a feasible solution
of (LPBP4) to a feasible solution of (LPBP3) with same costs, compare the proof
of Theorem 6.6. Secondly, it is proven that a solution of (LPBP4) can be obtained
from a solution of (LPBP3) by defining 2, = 7% and y, = %t. Clearly, the bin

size constraints (6.27) of (LPBP4) are valid. For constraints (6.28), it follows from
(6.21) of (LPBP3) that

! 1
_Z(xtk Yitk) Z(xt yt>m

1€N, €N,

<m—=1.
m
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And from constraints (6.22) of (LPBP3), it follows that (6.29) of (LPBP4) is satis-
fied, because

Yitk — Titk = %—% <0.
Finally, the constraints (6.30) and (6.31) of (LPBP4) apply because the constraints
(6.23) and (6.24) of (LBPP3) are satisfied. Thus, also each feasible solution of (BP3)
can be transformed into a feasible solution of (BP4) with same costs. Consequently,

both problems have the same optimal value. ]

For the branch-and-bound method, lower bounds have to be tight, but it is also
important that the bound can be calculated fast. The following theorem shows
that the LP relaxation of (BP1) can be calculated by an algorithm with polynomial
runtime.

Theorem 6.9. LB p5p; can be calculated in O(n.log(n.)).

Proof. For the proof of this theorem, several fractional knapsack problems are solved.
A fractional knapsack problem is given as max{z'c|0 <z < 1,2 w < W}, see [90],
where ¢ € N" is the cost vector, w € N the weight vector and W € N the maximal
weight. A solution of the fractional knapsack problem is computed by sorting the
items such that 5}— > 5}—111 for i € {1,2,...,n — 1} and selecting the first items k of

this order until Zf;l w; > W. Then, a solution is given by the vector x € R" with

1 if i <k,
_ 1 k AT
L (W — > w1> if i =k+1,and
0 otherwise.

To compute LB] pgpy, for each job i € N, an item is defined with costs ¢; and
weight w; = a; + r;. The total weight is W = mu + R,,. Following the approach to
solve the fractional knapsack problem, the jobs are sorted by f;_ = air
order. Then, for each day t € T in increasing order, the fractional knapsack problem

in decreasing

is solved in order to allocate maximal costs to the day. After that, the allocated
items are (fractional) removed from the item set. Consequently, for each day ¢t € T,
the fractional knapsack problem can be formulated as follows:

Cy :=max{z/c|0 <z, — Z r, <1,0"w < W} (6.36)
TeT,T<t

Consequently, it holds that C, > Cy for 7 < t and further that ), .z, = 1.
Next, it is shown that with {z;},er an optimal solution of LB{pgp; is obtained.
The corresponding customer cost value is equal to ), .. tCy. Clearly,

Y= e (6.37)

teT 1E€EN,
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Assuming another solution {z}},cr with C. < C; for any 7 € T. Then, due to
equation (6.37), there must be at most one day 6 € T with C) > Cp. W.lo.g., let
there be only two days with differing costs. Thus, C; = C; for each t € T'\ {r,60}
and further C. = C. — 0 and Cy = Cy + 0 with 6 > 0. If 7 < 6, it holds that

D HCI =D tC+ (0 —7)5 > Y 1Ch.

teT teT teT

Thus, solution {z} }:cr has a higher objective value than solution {x;};er. Otherwise,
if 0 < 7, Cy was not maximal which is a contradiction to its definition given by
equation (6.36) for ¢ = 6. Consequently, the costs C;, t € T lead to a minimal
customer cost value.

Finally, the complexity of solving the fractional knapsack problems is analyzed.
The algorithm consists of the subprocesses sorting the jobs by the customer costs
per time unit and allocating the items to the bins. Using, e.g., heapsort [33], the
complexity of the first subprocess is O(n.log(n.)). Further, using an appropriate
implementation, the complexity of the second subprocess is O(n.). Consequently,
the algorithm to obtain the lower bound LB{ p;3p, has a complexity of O(n.log(n.)).

O

An pseudo-code of the algorithms to compute LB{ ppp; is given in Algorithm 8 in
Appendix B.

From classical bin packing problems, it is known that the LP relaxation has a
worst-case performance ratio of %, see [111]. The following theorem shows, that this
observation is also true for the here presented (BP1) and its LP relaxation. For the

proof, which is inspired by the proof provided in [111], an instance is constructed

where LB{ pgp; is only about a half of LBgp,.

Theorem 6.10. For T' = {1,2,...}, the LP relaxzation of (BP1) has a worst-case
performance ratio of %

Proof. In an optimal solution of LBfp,, at most one bin can be filled by less than
a half. Otherwise, if there are two or more bins that are packed by less than half,
the items of two such bins can be packed into one bin, which cannot lead to higher
costs.

Assuming an instance, where all bins are filled slightly over a half which can only
be optimal if all items are slightly larger than the half of the bin size. Then, in the
solution of (BP1), to each bin a single item is allocated to. But in the solution of
(LPBP1), the items of two bins are packed nearly completely in one bin. To compare
the cost values of both solutions, let C; be the costs of item 7 € N allocated to bin
t € T in an optimal solution of (BP1). Then, the optimal value LB%p, equals to
> e tCr. In the solution of the LP relaxation, the items of bin one and two are
nearly packed together into bin one, the items of bins three and four into bin two,
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and so on. Thus, an item, which is in an optimal solution of (BP1) allocated to bin
t, is in an optimal solution of (LPBP1) mainly allocated to bin (%W Consequently,
the cost value can be approximated as LB{ pgp; = > ,cp [ 5| Ct + & where g, > 0 is
a positive number caused by the fact that the sum of the size of two items is slightly
larger than the bin size and a small part of one item has to be shifted to the next

bin. Consequently, for such an instance it is

LB{ ppp1 _ > ter [%1 Ci+e S %ZtET tCy 1

LBCBPl ZteT tCt ZteT tCy 2
[

Even this worst-case performance ratio is small, the computational results pro-
vided in Section 6.4.1.1 showed that LB p5p; is close to LBgp,.

Remark In general, neither LB{ppp; < LBS nor LB; < LB{pgp; hold for all in-
stances.

6.2.2. Lower Bounds for Travel Costs

Lower bounds for travel costs are well known from research concerning the TSP.
A collection of several lower bounds for the TSP can be found, e.g., in [128]. To
apply TSP bounds to the developed branch-and-bound algorithms, the m routes of
a feasible VRPCC solution are joined to one big route, as shown in the two-index
models provided in Section 4.3. To this end, the travel costs between the depots z;
and spi1, k=1,...,m — 1, as well as 2z, and s; are set to zero, and all the other
travel costs between depots are set to infinity.

In this section, a small selection of lower bounds for the TSP is presented which
were applied in the designed branch-and-bound algorithms: At first, the fast cal-
culated two-neighbor bound is given. In Section 6.2.2.2, two lower bounds are pre-
sented which are based on the assignment problem. And in Section 6.2.2.3, two
lower bounds are provided that are obtained from minimum spanning trees.

6.2.2.1. The Two-Neighbor Bound

A straightforward lower bound for the travel costs is the two-neighbor bound, see
[128]. For the VRPCC, this bound is computed by

1
LBgN = |V§ (Zmln{dﬂ—i‘dlﬂj ENUNS,/{ZGNUNZ,j#Z',k#’i,k#j}

i€N
- Z min{d;;|j € N} + Z min{d;;|j € N})} :
iENs iEN;

For each job i € N, the travel costs to its two nearest neighbors are summed up
taking into account, that the predecessor and the successor must be different jobs,
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that the predecessor must not be an end depot and that the successor must not be
a start depot. Also the minimal travel costs to leave the start depots and to reach
the end depots are added. In doing so, the costs of 2n + 2m edges are summed up.
Because a tour in a graph has as many edges as the graph has nodes, see Proposition
2.1, the route through all jobs and all depots must have n + 2m edges. Due to the
m edges that connect the end depot z; with the start depot Spi1 (moa m), k € M
have zero travel costs, only n + m edges must be added to compute a lower bound.
Consequently, the sum of the travel costs is divided by two and rounded up.

6.2.2.2. Two Bounds from the Assignment Problem

A lower bound for the travel costs of a TSP can be derived from the assignment
problem which results from the TSP by relaxing subtour elimination constraints:

(AP) LBdAP ‘= min Z Z dijxij

1€Ng JEN,
st Yy wy =1 Vi € N,
JEN\{i}
> wi=1 Vi € N,
JeNa\{1}
z;; € {0,1} Vi, j € N,

The result of (AP) is a set of cycles. It can be solved in O(n?) using the Hungarian
method, as shown in [115]. The assignment problem equals to the problem of finding
n independent elements in an n X n-matrix with minimal sum where independent
means that not two of the selected items are in the same column or in the same row.
The idea of the algorithm is to reduce the matrix iteratively until n independent
zeros can be selected. Then, the positions of the selected zeros represent an optimal
assignment and the optimal value is the sum of the corresponding elements in the
original cost matrix.

The assignment bound is known to be weak because it contains several small cy-
cles. An improvement of this lower bound is provided in [27|, where an approach is
proposed that iteratively adds the costs necessary to connect the cycles. The algo-
rithm starts with the cost matrix. For this matrix, a solution of (AP) is calculated
using the Hungarian method. The resulting costs initialize the lower bound LBdAPC
and the reduced matrix is stored. Then, the cycles of the solution are contracted,
which means a single node replaces the nodes of one cycle. For these new nodes,
a new cost matrix is computed from the reduced matrix by the minimal costs be-
tween the cycles, taking into account the triangle inequality. Based on this new
cost matrix, again the assignment problem is solved. The calculated optimal value
is added to the current lower bound. If the new solution consists of more than one
cycle, the iterative approach continuous with contracting the cycles. Otherwise, the
calculated lower bound LB4%p, is returned. To control the computational effort, the
process can be stopped after a predefined number of iterations. The solution process
is shown schematically in Figure 6.3.
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o

i . Solution
/ for the original graph.

&9 Solution
O for the graph obtained from the first contraction.

Solution

for the graph obtained from the second contraction.

Figure 6.3.: Schematic representation of the solution process of LB%p.

6.2.2.3. Minimum Spanning Tree Based Lower Bounds

Another lower bound for the travel costs of a TSP can be obtained by relaxing the
constraints that ensure that each job is connected to exactly two other jobs. Then,
a minimum spanning tree problem has to be solved. As shown in Proposition 2.1,
a tree has n-1 edges, but a tour has n edges. Because of that, an 1-tree is used,
see, e.g., |90, 116], which is a tree-like subgraph with n edges. To get a minimum-
weight 1-tree, a minimum spanning tree on all but one vertices is computed and the
remaining vertex is connected to this tree by two edges of minimum weight. Tt can
be shown, that a tour is an 1-tree where the tree equals to a path. Because of that,
a minimum-weight 1-tree is a lower bound for the weight of a minimal tour which
is the solution of the TSP. To improve the 1-tree bound, for each vertex an 1-tree is
computed and the maximum of the obtained bound values is returned. The 1-tree
bound is named as LBY;qr.

To calculate a minimum-weight spanning, the algorithm of Jarnik /Prim/Dijkstra
[126] or the one of Kruskal [93] can be applied, see also [33]. By a suitable im-
plementation and data structure, the complexity of the algorithms for a complete
graph with n vertexes can be stated as O(n?) and O(n*logn), respectively. Note,
the cost matrix has to be symmetric or an approach for the asymmetric TSP has to
be used, e.g., the algorithm to solve the min-sum arborescence problem presented
in [53]. To compute LBy, a symmetric cost matrix D is derived from the cost
matrix D by Czij = min{dij, dﬂ}

In Figure 6.4, a minimal spanning tree and a minimum-weight 1-tree computed
on vertex 1 are shown. For the latter, the two edges to connect vertex 1 are drawn
by dashed lines.

To improve the 1-tree bound, an iterative approach was presented in [74], where
vertices with degree larger than two are penalized. This is done by setting the edge
weight to w;; = dij + m; + m; where 7; is a penalty for vertex i. Let W*(m) be the
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(a) A minimal spanning tree of (b) A 1-tree of G computed on
G. vertex 1.

Figure 6.4.: Example for an 1-tree.

minimal weight of an 1-tree with penalty vector m, then W*(7) — 2% .\ 7 is a
lower bound of the travel costs for the TSP. Thus, the best lower bound is given
by max; W*(m) — 23 ..y, T, as shown in [74]. To approximate the optimal bound
value, the penalty vector 7 is changed iteratively. Let d; be the degree of vertex ¢ in
the 1-tree computed in step £ € N. Then, the penalty for the next iteration is set to
Wf“ = 78 +t(d; — 2), where t is an appropriately chosen step size. This reduces the
weight of edges incident to a vertex with degree 1 and increases the weight of edges
incident to a vertex with degree greater 2. The improved 1-tree bound is referred to
by LBlMST

6.3. Two Branching Strategies

To design an efficient branch-and-bound algorithm, a suitable branching strategy has
to be found. For the VRPCC, two branching strategies are developed in Section 6.3.1
and 6.3.2. Both are based on the partition and permutation model (PP) provided in
Section 3.2. A new node is generated based on a partial solution S which is defined
by the set of unplanned jobs N and the uncompleted schedule (Nk,Hk(Nk))keM,

where N U (UkeM ) = N. To reduce the storage effort, both branching strategies
are implemented as depth-search with backtracking.

6.3.1. Branching Strategy Append

The first developed branching strategy is to build-up the routes successively by
appending one job to the end of a route. Then, it can be expected that tight lower
bounds can be found for the partial solutions, since travel costs and customer costs
of the so far appended jobs are fixed. Furthermore, the costs of a partial solution
can be determined very effectively because only the start time of the appended job
has to be calculated. To avoid multiple solutions (which will otherwise occur very
often), the routes are filled with jobs one after the other.

Let (Ny,, II*(N;))ren be the partial solution of the current node and let &' be the
non-empty route with largest index. Then, the routes 1,2, ..., k'—1 are called closed
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Figure 6.5.: Example of the search tree for branching strategy Append.

and the routes k', k'+1, ..., m are called open. Note, that the routes &’+1, ..., m are
still empty. For this node, child nodes are generated by appending each unplanned
job i € N on the one hand at the end of route & and on the other hand, if exists, as
first job at route &'+ 1. This approach is similar to the branching strategy presented
in [89]. In the following, the branch-and-bound algorithm with branching strategy
Append is called BB-Append algorithm.

The search tree resulting from this branching strategy is illustrated in Figure 6.5
on a small example with four jobs and two routes. Each node of the search tree is
related to a (partial) solution. In Figure 6.5, on each node the partial solution is
drawn by boxes of different colors that represent the jobs. The order of the boxes
from top to bottom equals to the job order of route one and route two. An empty
route is represented by a gray box.

As it can be seen in Figure 6.5, the structure of the search tree is unfavorable: In
the branching steps on nodes with small depth, many more child nodes are generated
than on nodes with a large depth: From the root node, which has depth zero, n
child nodes are created: one for each job. And for a node with depth &, for each
so far unplanned job one or two child nodes are generated. One where the job is
appended to the current route and, if possible, a second where the job is appended
to the next route as first job. Consequently, for each node with depth k, n — k or
2(n — k) new nodes are produced. And for nodes with depth n-1, where a single job
is unplanned, only one child node has to be created. This leads to a high number
of partial solutions compared to the number of feasible solutions. For example for
an instance with four jobs and two routes, the search tree has 101 internal nodes
but only 72 leaves, see Figure 6.5. Furthermore, the tree is unbalanced. On nodes,
where the routes 1,2, ..., m —1 are closed, only half of child nodes are generated, as
it is not possible to append a job to route m + 1. This can also be seen in the small
example of Figure 6.5 by comparing two nodes with depth two: One with both jobs
appended to route one, which has four child nodes and corresponds to four feasible
solutions. And another with one job appended to route one and one job appended
to route two, which has only two child nodes and two feasible solutions. Due to
pruning is mostly possible on deeper nodes, this structure of the search tree leads
to the effect that by eliminating a partial solution often only a small subspace of
the solution space is removed. With it, perhaps more nodes have to be analyzed
compared to a better structured search tree.
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6.3.1.1. Implementation

In the following, the branch-and-bound steps as introduced in Section 6.1 are ex-
plained for the BB-Append algorithm.

Initialize: The BB-Append algorithm gets as input the jobs in a predefined
order Ny, i.e., the jobs are sorted by the customer cost coefficient in decreased
order. At first, an upper bound is determined by help of a greedy heuristic. In
detail, a schedule is calculated with the BoG heuristic and improved by the best
improvement heuristic. Then, the upper bound UB is set to the costs of this schedule.
_After initializing, the first node is generated with the set of unplanned jobs
N = N\ {j1} and the partial solution S = ({j1}, (j1),0,(),...,0,()) which is a
uncompleted schedule where job 7; is the only planned job, scheduled as first job of
route one.

Select: The branching strategy Append is implemented as backtracking [141].
Consequently, in each step a single node is present and the selection step is not
required.

Bound: In this step, the lower bound for the current node is computed which
is the base to decide whether it should be further analyzed or pruned. Computing
the lower bound of a node consists of at most three substeps:

1. Check, whether the corresponding partial solution can lead to a feasible solu-
tion. If not, the lower bound is set to infinity.

2. Otherwise and if all jobs are planned, a leaf of the tree is reached. The cost
value is calculated and compared with the upper bound UB. If the costs are
smaller, the best solution so far and the upper bound are updated. Due to the
node is fully analyzed, the lower bound is set to infinity.

3. If not all jobs are planned, the total lower bound is the sum of the costs for the
jobs planned so far ¢¢(S) and the lower bounds computed on the unplanned
job LB and LB“.

To compute g°(S), the start times of all planned jobs are determined to obtain
the customer cost value and the travel costs between planned jobs and depots
are summed up whereby the end depots of the open routes are ignored. Note
that if the current node is created as child node of the last analyzed node, only
the costs for the new appended job have to be added to the cost value of the
last node.

Only if the costs of the partial solution gc(g) are smaller than the upper
bound, a lower bounds LB¢ and LB? are computed for the costs that appear
if all unplanned jobs are appended.

Branch or Prune: As mentioned, the branching step is designed as backtrack-
ing approach. Thus, if the computed total lower bound of the node is below the
upper bound, the current branch has to be further investigated and one child node is
generated as next node. For this purpose, the first unplanned job j of the sorted jobs
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list Ngor is searched and appended to the open route with smallest index because
the routes are filled one after the other.

If the lower bound is not smaller than the upper bound, the current branch has
not to be further investigated and is pruned. Then, a backtracking step is executed
which means to follow back the path in the search tree until a node is reached which
has a not yet analyzed child node. From this node, one not yet analyzed child
node is generated as next node. In detail, let 5 be the last appended job and k the
corresponding route. Then, there are the following four cases:

1. If E < m and more than one job is assigned to route k, job j is shifted to route

k + 1. Consequently, route k is closed and route k + 1 is the one open route
that contains jobs.
To illustrate backtracking embedded in the BB-Append algorithm, some ex-
amples are given and illustrated by Figure 6.6, which shows a part of the
search tree based on an instance with job list Ny = (J1, 72, J3,J4) and two
vehicles. As highlighted by number 1, if the node with the partial solution
Iy = (41, J2), Iy = () is pruned, the backtracking algorithm leads to the node
with the partial solution IT; = (j;), IIy = (ja)-

2. If job 7 is the first in route k, shifting job j to the next route would lead to
an empty route k because it closes route k. Then, the schedule is infeasible.
Thus, job j is not shifted to route k + 1. Instead, another job j’ is searched
and appended to route k — 1 to obtain the next child node of the parent node
of the current node. Again, only jobs that are in Ny, after job j are allowed.
In Example 3 in Figure 6.6, the node with the partial solution IT; = (j),
I, = (j3) is pruned. Then, j = j; and k = 2. The next unplanned job from
Nsore behind job j is the job j4 which is appended to route k — 1 = 1. Thus,
the backtracking algorithm produces I1; = (j1, j4), Ilo = ().

3. If kK = m, no further route can be opened and it is verified whether another
unplanned job can be visited instead of job j. To ensure that solutions are not
generated twice, only jobs which are in the sorted job list Ny, after job j are
allowed.

As illustrated by Example 2 in Figure 6.6, backtracking on the node with
solution I1; = (j1), Iy = (je, j3) leads to II; = (j1), Ila = (ja, j4) because job
J3 is replaced by job 7y.

4. However, if K = m or j is the first job and also all jobs that are in Ny, after j
are allocated to a route of the partial solution, neither job j can be shifted nor
another unplanned job can be appended instead of j. In this case, the current
node is the lastly analyzed child node of its parent node. Consequently, job j is
removed from route k to obtain the parent node and backtracking is repeated.
For example, backtracking on the leaf with the partial solution IT; = (j1, J3),
IIy = (J4,72) leads in the first iteration to Iy = (ji,js3), [Io = (j4), because
neither jo can be shifted to a new route nor an unplanned job exists. Also in
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Figure 6.6.: Details of a search tree resulting from branch-and-bound with branching
strategy append.

the second iteration the last appended job, which is now j4, is removed from
the schedule because kK = m and j, is the last job of the list Ng,+. For the next
iteration step, the partial solution is II; = (j1,73), IIo = (). Now, k=1 <m
and the last appended job j3 is shifted to route k + 1 = 2. The uncompleted
schedule TI; = (j;), [Ty = (js) is returned. Following the path back in the
search tree until a new node is created is shown as Example 4 in Figure 6.6.

Return optimal solution If backtracking reaches the root node and all child
nodes of the root node are analyzed, the branch-and-bound algorithm is finished

In Appendix B, the pseudocode of the BB-Append is shown in Algorithm 9 and
the backtracking algorithm applied in the branching step is given in Algorithm 10.

Parallelization

To speed up the solution process, the algorithm is parallelized. For this purpose, the
whole search tree is split into several subtrees and for each subtree a task is defined.
These tasks can be computed in parallel whereby the number of processors of the
used computer defines how many tasks can be computed simultaneously. To use the
available computing power optimal, it is aimed that all processors finish their tasks
at the same time. Since it is not known in advance how many nodes of a subtree
will be analyzed, more tasks then processors are defined. If any processor completes
a task, the next from the tasks list is chosen. The tasks with the smallest lower

bound of the partial solution are handled first in order to quickly improve the upper
bound.
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For the parallelized BB-Append, each task is initialized with a partial solutions
visiting exactly three jobs. Consequently, for instances with four or more jobs and
at least three machines, which means n > 4 and m > 3, the number of tasks is
4(nf—!3!, since there are (7171—'3)' possibilities to select an order of three jobs and four
possibilities to allocate the jobs to at most the first three routes, which are

e all jobs to route one,
e the first two jobs to route one and the third job to route two,
e the first job to route one and the second and third job to route two and

e the first job to route one, the second job to route two and the third job to
route three.

For example with n = 15 and m = 3, 10920 tasks are created.

6.3.1.2. Adaptations to Calculate Lower Bounds

To calculate the lower bounds for the BB-Append algorithm, some adaptations are
required to benefit from the knowledge of the decisions made so far. Since the
already planned jobs are fixed, the lower bound of the node is the sum of the costs
of the partial solution ¢(.5), the applied customer cost bound LB and the applied
travel cost bound LB

By computing a lower bound on customer costs, the time available per day is
reduced by considering that some routes are closed and that one open route contains
at least one job. Further, only unplanned jobs of N. have to be considered. To
calculate lower bounds on travel costs, depots of closed routes and planned jobs
are not taken into account because their travel costs are fixed. However, the last
appended job is considered because it serves as start depot of the corresponding
route.

The computational experiments showed the customer costs bounds are tighter
than the travel cost bounds, see Section 6.4.1. Because of that the lower bound of
the customer cost part is calculated first. If the sum of current costs and the lower
bound for customer costs is smaller than the upper bound, also the lower bound for
the travel cost part is computed and added to the lower bound.

Adaptation for LB

There are two approaches to adapt the customer cost bound LB; to the branching
scheme Append which differ in the way to calculate the upper bound 7, for the
number of jobs executable on day ¢t € T. The resulting lower bounds are the faster
computed bound LB . and the more accurate bound LB ,.c.ate-

Recap, the set of unplanned jobs, which are the jobs not allocated to a route in
the partial solution, is denoted by N. Let j; be the lastly appended job and k the

corresponding route. Then, the routes 1,2,...,k — 1 are closed, thus no other job
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can be appended to these routes. To route k, further jobs can be appended in the
next branching steps which cannot start before day t; = t?l. The routes k+1,....m
are still empty.

For LB{ g, the value 7, is calculated at the beginning of the process with all
jobs with non-zero customer cost coefficient based on the inequalities (6.8) and
(6.9). Recap, n; is an upper bound for the number of jobs executable per day by

one vehicle. Then, 7, for t € T is calculated as follows:

(m — k)m if t <,
t;-n+ajl+7”]'l .

m=q (m—Fk)m+ Kl—#) 7)1J ift =1,

(m—k+1)7]1 ift>tl.

Thus, for each day earlier than the start day of the last appended job j;, jobs can
be appended to only m — k routes. On day t;, the next job appended to route k
cannot start before minute ¢ +a;, +r;,. Because of that, for vehicle k the remaining
time has to be added to (m — k)n;. And for each day later than ¢;, to each of the
m — k+1 open routes 7; jobs can be allocated to. The advantage of this approach is
that 7, is calculated only once which reduces the calculation effort. But this affects
the accuracy because the minimal travel time to the next job r; is not restricted to
the jobs N. N N which could lead to larger values for r; and a reduction of n;.

In the accurate approach LB ..., the values r; are calculated based on the

partial solution by r; = min{r;;| j € N.N N,j # i}. Thus, the already planned jobs
are not considered. Further, R, = max{) ., | C N.N N,|I| = m —k} is the
time reserved for the trips outside the working shift. Then, following the definition
of m; via inequalities (6.8) and (6.9), and of 7y via inequalities (6.10) and (6.11), the
values 7, are calculated as follows:

o if t < t; then n, = min{(m — k)n1, Nom—r}, where 1y, is calculated with
(m — k)u + R,,_\ as time available per day;

e if t = ¢t; then n, = min{(m — k)1 + M1, No.m—k}, where 7y is calculated with
u + max{r;|i € No.N N} — (] + aj, + r;) as time available, and 7y, is
calculated with (m —k +1)u — (]} +aj, +7;,) + Rim_gy1 as time available and

e if ¢ > ¢; then 1, = min{(m — k + 1)n1, N2m—r+1}, Where na 41 is calculated
with (m — k4 1)u + R,,—r+1 as time available per day.

This approach leads to a higher calculation effort, because each time the values r;
have to be calculated and the k smallest values have to be determined. But the
values 7, are a tighter upper bound for the number of jobs executable on day ¢ since
only so far unplanned jobs are considered in the calculations.

Adaptation for LB pgp,

To calculate LBf pgp;, only unplanned jobs are taken into account. Thus, for job
i € NNN,, the minimal travel time to another job is 7, = min{r;;| j € N.NN, j # i}
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and the time reserved for traveling to the jobs executed on the next day for m — k
vehicles equals to R, . Based on these definitions, the size B; of the bin t € T is
calculated as

(m — k:)u 4+ Rk ift < t,
Bi=< m—k+Du+ Ry_pr1 — (t;’; +aj + minieNcmN rj”-) if t =1,
(m —k+ 1)u + Rm,kJrl if t > t;.

Thus, for each day before the start day of the last planned job ¢;, the bin size equals
to the time for (m — k) vehicles. On each day after day ¢;, the bin size equals to the
time for m — k + 1 vehicles. And on day t;, from the time available for m — k + 1
vehicles the already planned time of vehicle k is subtracted, which is the start minute
of the last _job j; plus its working duration and the travel time to the next job of the
set N.NN.

Adaptation for Travel Cost Bounds

By calculating lower bounds for the travel costs of the remaining jobs, only un-
planned jobs and open routes have to be considered. Further, the last appended job
J1 acts as start depot for route k. Thus, considered are

e the unplanned jobs,

e the last appended job j; that works as start depot for route k,
e the start depots of the routes K+ 1,...,m, and

e the end depots of the routes k,k+1,...,m.

With it, the size of the travel cost matrix decreases with increasing depth in the
branch-and-bound tree. As mentioned in Section 6.2.2, the travel costs between the
depots z; and s;4q1, [ = k,k+1,...,m — 1, as well as z,, and j; are set to zero.
The other travel costs between depots including j; are set to infinity. This leads
to some asymmetries in the distance matrix, which are not considered in the travel
cost bounds based on minimum spanning trees.

The iteratively improved travel cost bounds LB%pe and LBégr can be aborted
if the bound exceeds UB — g(g) — LB¢ with UB is the current upper bound of
the branch-and-bound solution process, g(g) is the total cost value of the analyzed
partial solution S and LB¢ is the value of the applied customer cost bound calculated

for S. Because in this case, the lower bound exceeds the upper bound and the branch
will be discarded.

6.3.2. Branching Strategy Include

As shown in Section 6.3.1 based on Figure 6.5, the search tree generated during
the BB-Append algorithm is unfavorable and it is expected that only small parts
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Figure 6.7.: Example of the search tree for branching strategy include.

of the solution space are discarded when a branch is pruned. Because of that, a
second branching strategy is developed in this dissertation: With branching strategy
include, the child nodes are created by including a certain job on different positions
into the routes of the current partial solution.

To be more precise, the first unplanned job of the sorted list is included at the
first, the second, till to the last position of each route. Consequently, |[N| — |N| +m
branches are generated, because the job can be included after each already planned
job, which leads to |N| — | V| child nodes; and as first job of each route which leads
to m further child nodes.

In the following, the branch-and-bound algorithm with branching strategy Include
is called BB-Include algorithm.

The resulting search tree is illustrated in Figure 6.7 based on an instance with four
jobs sorted as Ngore = {71, J2, J3, J4+ and two vehicles. As it can be seen on this small
example, the search tree generated by the BB-Include algorithm is better structured
compared to the search tree of the BB-Append algorithm: For the instance of Figure
6.7, only 33 branching nodes are generated to get all 72 leaves, instead of 101
branching nodes when branching strategy Append is used. The reason for this better
structure is that on nodes deeper in the search tree more branches are generated
than on nodes close to the root. For the example shown in Figure 6.7, from the root
node with the empty schedule two branches are generated: Including job j; to route
one and to route two, respectively. For each of both tree nodes with depth one, three
new branches are generated including job js on each possible position which is before
job ji, after job j; and in the other route. And for each node with depth two, four
new branches are generated independent from the structure of the corresponding
partial solution. This can be seen in Figure 6.7 comparing, e.g., branching on the
node on the left where job j; and j5 are assigned to route one, and on the node
which is the third from the left where job j7; and js are allocated to different routes.
Finally, branching on nodes with depth three leads either to five leaves or, if one
route is still empty, to only one leave. Then, for the instance of Figure 6.7, in the
search tree resulting from branching strategy include, 16 or 20 feasible solutions
belong to a node with depth two, instead of two or four feasible solutions when the
BB-Append algorithm is applied. Consequently, pruning a node on a certain level
of the search tree discards more solutions than pruning a node of the same depth in
the search tree corresponding to branching strategy append.
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However, since jobs are inserted within the routes, the costs for the already
planned jobs are not fixed. For a planned job, the start day can be shifted back-
ward, if jobs are inserted before its position in the route. And also the travel costs
of a planned job can change, if a new predecessor or successor is included. Because
of that, all jobs have to be taken into account by computing lower bounds and the
computational effort does not decrease with increasing depth of the search tree. Fur-
thermore, it is expected that the lower bounds are less tight than the lower bounds
computed within the BB-Append algorithm.

In contrast, in the BB-Append algorithm, the costs of the planned jobs are fixed
and the lower bounds are only computed for the unplanned jobs. Consequently, in
the BB-Append algorithm, the computational effort for lower bounds decreases with
increasing depth in the search tree and it is expected that on deeper nodes better
lower bounds are obtained because fewer feasible solutions regards to the branch of
a node.

6.3.2.1. Implementation

In this section, implementation details are given for the branch-and-bound steps of
the BB-Include algorithm.

Initialize: The input of the BB-Include algorithm consists of a sorted job list
Nsort = (J1,72, - -, Jn) and the depot sets N; and N,. In Ny, the jobs are sorted
by the customer cost coefficient in decreased order. This has two reasons: Firstly,
if all jobs of N, are planned, the lower bound on customer costs does not need to
be calculated. And secondly, the lower bound on the customer cost value of an
unplanned job can be very small because, theoretically, each job can be inserted as
first job of a route. But for a planned job, its customer cost value cannot become
smaller than the current value. Consequently, the more jobs with non-zero customer
costs are planned, the better is the lower bound on customer costs.

To obtain an upper bound, a schedule is determined by a heuristic and the cor-
responding cost value is the upper bound UB. The first node is generated with the
uncompleted schedule where job 7; is the only job visited by vehicle one.

Select: The BB-Include algorithm is implemented as depth-search with a back-
tracking algorithm. Then, always a single not yet analyzed node exists and the
selection step is needless.

Bound: In this step, the lower bounds are computed which are needed to decide
whether the current branch should be further analyzed or pruned. Similar to the
BB-Append algorithm, this step consists of three substeps:

1. Firstly, it is checked whether the corresponding partial solution can lead to
a feasible solution. If this is not possible, i.e., because there are fewer jobs
unplanned than routes are empty or dp., is exceeded, the lower bound is set
to infinity.

2. Otherwise and if all jobs are planned, the cost value can be calculated and com-
pared with the upper bound UB. If the current solution S is an improvement,
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i.e., g(S) < UB, the best solution so far and the upper bound are updated.
Due to the node is fully analyzed and further branching is not possible, the
lower bound is set to infinity.

Also if not all jobs are planned, the costs of the partial solution are determined.
If these costs are not smaller than the upper bound, the lower bound is set
to infinity because completing the current partial solution cannot lead to less
costs. Otherwise, the lower bound of the node is the sum of a lower bound for
travel costs and a lower bound for customer costs, which are calculated taking
into account all jobs and considering that the unplanned jobs can be included
inside the current routes.

Branch or Prune: If the lower bound is less than the upper bound UB, the
branch can contain a solution better than the best so far and has to be further
analyzed. Then, the first unplanned job of the list Ny is included as last job of
route one to create a child node.

Otherwise, the branch is not further investigated and a new node is generated
via backtracking: Let j be the last included job, k the corresponding route and
p its position in the route. Note, that the last included job always equals to the
(|N|—|NJ)-th job of Nso because the jobs are included strictly in the order provided
by Ngort- In Figure 6.8, examples for backtracking are shown for an instance with
four jobs and two machines. There are three cases:

1. If p > 1, the job j is brought forward to position p — 1.
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As shown by Example 1 in Figure 6.8, backtracking on the node with partial
solution with H1 = (j17j27j3) and Hg = () leads to H1 = (jl,j3,j2) and HQ = ()
because j3 is brought forward by one position.

. If job 7 is the first one of route k£ and if k& < m, it can be shifted to the next

route and included as last job of route k + 1.

The example for this case is highlighted by number two in Figure 6.6. As it can
be seen, backtracking on the leaf with solution IIy = (j4, j1, jo) and Iy = (j3)
leads to the leaf with solution II; = (j1, j2) and Ily = (Js, j4).

Otherwise, all child nodes of the current parent node are analyzed. In this
case, job j is removed to generate the current parent node and from this
backtracking is repeated until a new partial solution was generated or all jobs
are removed.

For this case, an example is shown in Figure 6.8 highlighted by number three.
Starting from the node with Iy = (ji1,j2) and Ily = (j4,J3), at first, job
ja is removed because it is the first job of route m which means that all
possible positions of job j, are already analyzed. The obtained parent node
has the partial solution II; = (j1,72) and Il = (j3). As it can be seen, all
possibilities to include job j3 are analyzed. Consequently, again the parent
node is generated by removing job j3. Now, the current node is the one with
partial solution II; = (ji,j2) and Il = (). Its parent root has child nodes
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Figure 6.8.: Details of a search tree resulting from branch-and-bound with branching
strategy include.

which are not proceeded so far. According to the backtracking algorithm, job
j2 can be brought forward in the corresponding route and the next node is the
one with partial solution IT; = (ja, 1) and Iy = ().

Return optimal solution: If backtracking reaches the root node and all child
nodes of it are analyzed, the BB-Include algorithm is finished.

In Appendix B, the pseudocode of the BB-Include algorithm is shown in Algorithm
11 and the corresponding backtracking method is given in Algorithm 12. With this
procedure, the solutions of an instance with four jobs and two routes are generated
in the order shown in Figure 6.7 from left to right.

Parallelization

Also the BB-Include algorithm can be parallelized by splitting the search tree into
disjunctive subtrees. To optimally use the available computing power, it is aimed
that all processors finish their tasks at the same time. Because the computational
effort to analyze a subtree depends on many factors, significantly more tasks then
processors are defined. Then, a new task can be taken from the task list if any
processor completes a task. To define the tasks, all nodes of the search tree of a
certain level d are generated which are all possible partial solutions where the first
d jobs of Ngot are planned. The depth d is chosen dependent on the number of
vehicles such that at least 500 tasks are produced which is a sufficient large number
of treads to appropriately utilize the processors. Therefore, the number of nodes on
level d is calculated which is H;lzl(m + 7 —1). Given this, a suitable value for d can
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be chosen. For example, for an instance with three vehicles, d is set to five to obtain
2520 tasks. In hope to improve the upper bound faster, the tasks are sorted by the
lower bound of the corresponding partial solution in increasing order and computed
in this order.

6.3.2.2. Adaptations to Calculate Lower Bounds

To calculate lower bounds for the BB-Include algorithm, all jobs have to be taken
into account because jobs can be included between already planned jobs. The lower
bound of the branch is then the sum of the customer cost bound and the travel cost
bound both calculated based on all jobs. Let N, C N, be the set of jobs allocated
to a route in the partial solution. These jobs have a day for their execution in the
partial solution, which is t¢, i € N,. In the further solution process, these jobs can
only be shifted behind the current start time. Thus, the job ¢ cannot be executed
earlier than t¢. Further, for these jobs only the travel costs to the predecessor and
successor in the route of the partial solution and to all unplanned jobs have to be
considered.

In the BB-Include algorithm, at first the jobs with non-zero customer cost coef-
ficient are included into the routes to know the minimal customer costs as soon as
possible. If all these jobs are planned, the lower bound of the customer cost value
equals to the customer cost value of the uncompleted schedule. Consequently, the
lower bounds for customer costs are only calculated if any job ¢ € N, is unplanned.
If the lower bound of the customer cost plus the travel costs of the partial solution
are below the upper bound UB, a bound for the travel cost value is determined.

Adaptation for LB;

To calculate the lower bound of the customer costs of all solutions corresponding
to the analyzed node, additional constraints are added which ensure that already
allocated jobs are only shifted behind the current start day. The maximal number
of jobs per day n is calculated as described in Section 6.2.1.1, Lemma 6.2. The
optimization problem is then

c — 1 T
LBS7 include -= Min E CiT;

€N,
st. €T 1€ N,
{i € N7 =t} <n teT
i< i € N.NN,

To solve this optimization problem, the jobs are sorted by its customer cost coeffi-
cient in decreasing order. The start time of already unplanned jobs is set to t¢ = 0,
i € N.\ N,. Then, the first  jobs with ¢J < 1 are allocated to day 1 and removed
from the list. From the remaining jobs, again the first 7 jobs with t¢ < 2 are al-
located to day 2 and removed. This is repeated, until all jobs are allocated. The
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computation effort is O(|N,|log(|N.|)) to sort the jobs and O(|T||N.|) to allocate
the jobs to days.

Adaptation for LB} pgp,

To capitalize from the knowledge of the partial solution, also for the lower bound
obtained from the LP relaxation of (BP1), additional constraints are included to
ensure that jobs which are planned in the current partial solution are only shifted
behind. These additional constraints lead to the following bin packing problem:

Cc e :
LBLPBPl,include ‘= min § E Gl

i€N. teT

sty =1 i€ N,
teT
int(ai—i-n)gmu—i-]%m teT
i€ N¢
Ty >0 ieN, teT
=0 i€ N.NN,, t<tdeT

To obtain a solution in polynomial time, the solution procedure presented in Section
6.2.1.3 is applied with a small change: To fill a bin ¢, only the items of jobs with t¢ < ¢
are taken into account. For this purpose, for currently unplanned jobs i € N.\ N,
the start day is set to t¢ = 0.

Adaptation to Calculate Travel Cost Bounds

By defining the travel cost matrix for a partial solution generated insight the BB-
Include algorithm, all jobs are taken into account. Thus, the size of the travel cost
matrix is always n + 2m. Let N, := J,cp, Vi be the set of the already planned
jobs. For these jobs, only travel costs between consecutive jobs have to be considered.
Because currently not planned jobs could be allocated at each position of the current
routes, for these jobs the travel costs to all other jobs have to be considered. For
the depots, the rules to transform the m routes to one large route are applied. In
summary, the following travel costs are used:

(00, ifi=j € N, (6.38a)

dij, ifie N,UNs, je N,UN, and i is the predecessor of j, (6.38b)

oo, ifie NyUN;, je N,UN, and i is not the predecessor of j, (6.38¢c)

d;, ifi€ N,UN,, and j € N\ N,, (6.384)

dij =14 dy, ifi€ N\ N,andje N,UN,, (6.38e)
dyj, iti,j € N\N,, i+, (6.38f)

oo, ifie N, jeN,, (6.38g)

0, ifi=2zk, J = Sk+1 (mod m) and k € M, (6.38h)

loo  ifi=2z j=s, k,l € M and | # k+ 1 (mod m). (6.38i)
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The travel costs d; are set to infinity by equation (6.38a) because these edges are
irrelevant in calculating travel cost bounds. If the jobs or depots i, j are visited
consecutively in the current solution with ¢ is the predecessor of j, the travel costs
d;; have to be considered, as defined by equation (6.38b). But for planned jobs or
depots which are not visited consecutively, the travel costs between them are not
taken into account and set to infinity, see (6.38c). By means of equation (6.38d)
and (6.38¢), the travel costs between an unplanned job and a planned job or depot
are taken into account. And of course also the costs between two unplanned jobs
i,j € N\ N, are used as defined in (6.38f). Finally, travel costs between depots are
defined. The travel costs from each start depot to an end depot are set to infinity
by equation (6.38g) because empty routes are forbidden. To connect the m routes
to one large route, the costs between the end depot of route £ € M and the start
depot of the subsequent route k+1 (mod m) are set to zero via (6.38h) and all other
travel costs between an end depot and a start depot are set to infinity by equation
(6.38i). Note that the resulting travel cost matrix contains more asymmetries than
a cost matrix obtained by computing a travel cost bound for a node in the BB-
Append algorithm. Because of that, probably the travel cost bounds based on the
assignment problem could be better than the bounds based on the minimum-weight
1-trees since for the computation of the minimal spanning tree, not symmetric entries
are replaced by its minimum.

6.4. Computational Results

In this section, it is analyzed, how efficiently the VRPCC is solved by means of
the presented branch-and-bound algorithms. For this purpose, at first the lower
bounds are compared in terms of bound quality and computational time because for
the branch-and-bound method, tight and fast computable lower bounds are needed.
The results are presented in Section 6.4.1.1, where the customer cost bounds are
analyzed, and Section 6.4.1.2 that compares the presented travel cost bounds. After
that, the performance of the branch-and-bound algorithms for selected lower bounds
is compared in order to find the best variant. Thereby, the two branching strategies
are analyzed separately in the Sections 6.4.2.1 and 6.4.2.2. Finally, in Section 6.4.2.3,
the best variant of both developed branch-and-bound algorithms are compared with
the best variant of solving the VRPCC with the commercial solver CPLEX on several
benchmarks.

To summary the results, initially the BB-Append and BB-Include algorithm, both
applying the lower bounds LBf ppp; and LB%,¢, are compared with solving (R2dT4)
with CPLEX. For this purpose, Table 6.1 provides the statistic values minimum,
25-th, 50-th and 75-th percentile and maximum (denoted by min, Q1, Q2, Q3 and
max) for the computational time. Furthermore, the number of not optimally solved
instances and the average gap to an optimal value for these instances are given.
Note that the branch-and-bound algorithms are initialized with a start solution
which is obtained by the BoG algorithm. In contrast, CPLEX is not initialized
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computational time not avg

min Q1 Q2 Q3 max opt. gap

CPLEX 0.6 11.0 70.4 600 600 46 0.03%
BB-Append 0.4 1.3 2.4 5.8  128.7 0 -
BB-Include 0.1 0.7 2.0 6.6 141.3 0 -

Table 6.1.: Comparison of the BB-Append and BB-Include algorithm as well as solving
(R2dT4) with CPLEX on benchmark S.

with a start solution because this did not improve the performance. The results
show that the smallest computational times were obtained with the branch-and-
bound algorithms. With the BB-Append and the BB-Include algorithm, 75% of the
instances were solved in less than 5.8 and 6.6 seconds, respectively, compare Table
6.1, Column Q3. And all instances were optimally solved within the time limit of ten
minutes. Instead, solving the MILP (R2dT4) with CPLEX led to significant larger
computational times and for more than a fourth of the instances, the time limit was
exceeded. To be more precise, 46 instances were not solved within ten minutes. On
average, the gap to the optimal solution in these 46 instances was 0.03%, where in
41 instances the gap was zero and the maximal gap of the remaining instances was
0.7%. Consequently, in benchmark S, the two branch-and-bound algorithms clearly
outperformed solving (R2dT4) with CPLEX.

6.4.1. Comparison of Lower Bounds

In this subsection, the lower bounds for customer costs and for travel costs are
compared with each other in computational experiments. For this purpose, the
bounds were computed for the instances of benchmark L, each with 100 jobs, because
in these large instances, differences in bound quality should be more obviously.
Furthermore, the bounds were calculated for the 180 instances of benchmark S and
compared with the minimal customer cost or travel cost value to evaluate the quality
of the bounds. The time to compute a lower bound was limited to 60 seconds.
Firstly, the main result will be summarized. For this purpose, the LP relaxation
bound of the MILP (R2dT4) is compared with different sums of a customer cost
bound and a travel cost bound to evaluate the quality of the total bound. In Figure
6.9, performance profiles for the gap of the total bound value to the costs of an
optimal solution or the best bound are shown based on benchmark L and benchmark
S. Table 6.2 provides statistic values for the computational times. Compared are

e the LP relaxation value,

e the sum of the bounds LB{ pgp; and LB%pg, which showed the best perfor-
mance applied to one of the branch-and-bound algorithms,
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benchmark L benchmark S
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Figure 6.9.: Comparison of lower bounds for total costs.
benchmark L
bound min Q1 Q2 Q3 max
LP relaxation 158 178 188 208 289
LB ppp; +LB%pe 7 10 12 16 101
LB¢ +LBYy <1 <1 <1 1 2
LBGps +LBidMST 669 60194 60376 60722 62398
benchmark S
bound min Q1 Q2 Q3 max
LP relaxation <1 2 10 10 39
LB pgp1 +LB%pc <1 <1 <1 <1 4
LB¢ +LBjy <1 <1 <1 <1 1
LB%p, +LB% ot 11 60 149 303 1408

Table 6.2.: Computational times for lower bounds for total costs (in milliseconds).
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e the sum of the bounds LB¢ and LBYy, which were the two fasted computed
lower bounds, and

e the sum of the bounds LB%p, and LB% o, which were the two bounds with
highest bound values.

As it can be seen in Figure 6.9 and Table 6.2, the lower bound derived from LB;{ pgp,
and LB%,. is tighter than the LP relaxation bound and faster computed. A better
total bound was achieved summing LB%p, and LB% o However, the computational
time was drastically greater. With the two fastest computed lower bounds LBS and
LBYy, the LP relaxation value was not reached.

6.4.1.1. Comparison of Lower Bounds for Customer Costs

In this subsection, the developed lower bounds for the customer cost values are
compared. At first, the obtained values for 7; and 7, which are two different
variants to obtain an upper bound for the number of jobs that can be visited per
day, are compared in Table 6.3. Furthermore, ng denotes the maximal number of
jobs started at one day in the solution obtained with the BoG heuristic. The first
column shows the percentage of instances in which 7; and 7, was smaller than the
other of both. And the further columns give the statistic values minimum, 25-th,
50-th and 75-th percentile and maximum (denoted by min, Q1, Q2, Q3 and max).
In benchmark S, for half of the instances, 1, was a better bound than n;. For the
other half, both bound values were equal. Recap, the advantage of 7, is that more
jobs are considered by computing the upper bound. Comparing the statistic values
of my with the number of jobs executed at most per day in a heuristic solution ng
shows that the upper bound is about one or two larger. Indeed, ny is not an upper
bound. In benchmark L, the differences between 7; and 7, were more obviously. In
94% of the instances, 7, was the tighter upper bound. But the gap between 7, and
the maximal number of jobs solved per day in a heuristic solution ny was large.

better min Q1 Q2 Q3 max
benchmark S
mn, 0% 6 8 8 8 12
2 50.0% 6 7 8 8 10
Nu - 4 5 6 7 8
benchmark L
mny 0.02% 18 21 28 35 35
M2 94.0% 18 19 24 28 32
NH - 10 11 14 16 20

Table 6.3.: Comparison of 11 and 79 based on benchmark S and benchmark L.
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Figure 6.10.: Comparison of the lower bounds on customer costs.

Figure 6.10 shows performance profiles for the gap of the lower bounds for cus-
tomer costs. The results are presented in six diagrams arranged in two rows and
three columns. In the first row, the results obtained on benchmark L are shown.
There, the bound value is compared with the best bound value because an optimal
value is not known. The second row of Figure 6.10 provides the results for the in-
stances of benchmark S, where the gap between the bound value and the minimal
possible customer cost value ¢g>*(.S) is used. Note, ¢g>*(S) is obtained by solving the
instances minimizing only customer costs. Table 6.4 provides statistic values for the
computational time in milliseconds.

The bounds are presented in three groups The first group, shown in the first col-
umn of Figure 6.10, contains the very fast computed bounds. In detail, the bounds
LB and LB{ (., which are presented in Section 6.2.1.1 and Section 6.3.1.2, respec-
tively, are shown together with LB[ 5p; as introduced in Section 6.2.1.3. Recap,
LBg and LB{ (, are computed based on 7, which is a constant upper bound for the
number of jobs that can be visited per day, and LB{pgp, is calculated by solving the
LP relaxation of the bin packing problem (BP1). For these three lower bounds, for
the most instances less than a millisecond was needed to obtain the bound value,
compare Table 6.4. The performance profiles of LB{ (,, and LB in Figure 6.10 on

the left show that LB . provided smaller bounds. This is caused by the fact that
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benchmark L

bound min Q1 Q2 Q3 max
LB; <1 <1 <1 <1 2
LB fast <1 <1 <1 <1 2
LB{ ppp; <1 <1 <1 1 2
LBgp, 14 136 301 661 15593
LBgp, excl. subtours 135 59522 60000 60000 60000
LBgp, 135 6425 60000 60000 60000
LBgp, excl. subtours 44844 60160 60000 60000 60000
LBgps 98 887 2977 9708 60000
LBgp; relax constraint (6.22) 96 484 1498 3259 31403
LBgp4 784 60000 60000 60000 60000
LB%p, relax constraint (6.29) 293 15746 60000 60000 60000
LB{ pgps 3 36 100 233 2284

benchmark S

bound min Q1 Q2 Q3 max
LB; <1 <1 <1 <1

LB{ fast <1 <1 <1 <1

LB! pep1 <1 <1 <1 <1 1
LBgp, 3 5 54 70 682
LBgp, excl. subtours 2 4 58 129 4972
LBgpsy 7 11 79 119 2134
LBgp, excl. subtours 7 35 232 882 6921
LBgps 6 10 71 101 518
LBj,p; relax constraint (6.22) 7 10 7 136 403
LBgp4 9 57 120 220 983
LBgp, relax constraint (6.29) 11 27 148 303 1407
LB{ ppps <1 1 2 2 4

Table 6.4.: Computational times for lower bounds on customer costs (in milliseconds).
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for LBy (.5 the number of jobs per day is mn;. But in LB, the number of jobs per
day equals to the minimum from mn; and 7, which leads often to a better approx-
imation because, as shown in Table 6.3, 7o was often tighter than 7;. Significantly
better bounds were obtained with the LP relaxation of (BP1). For all instances of
benchmark L, the gap of LBfpgp; was below 5%. And also in benchmark S, often
(BP1) was more close to the minimal possible customer cost value than LB{ and
LB; fast -

The second group consists of the bounds based on the bin packing problems (BP1)
and (BP2), where the bin size is increased to reserve time for traveling outside the
working shift. In detail, the bounds LBjp,, LBjp, excluding iteratively unfeasible
subsets and the LP relaxation LB{pgp;, as well as LBgp, and LBgp, excluding
unfeasible subsets are shown. Recap, LBgp, cannot be smaller than LBgp, as shown
in Theorem 6.5. In benchmark L, all variants led to almost the same bound values,
but the computational times differ strongly. As it can be seen in Table 6.4, for the
most instances solving (BP2) exceeded the time limit of 60 seconds, but the LP
relaxation value was obtained in less than one millisecond. In benchmark S, LBfp,
was slightly better than LBgp,. Excluding subsets that cannot be packed into one
bin resulted in much better bounds. All variants, besides the LP relaxation of (BP1),
required much computational time, compare Table 6.4. For the half of the instances
of benchmark S, the computational time for LBjp, and LBGp, exceeds 54 and 79
milliseconds, respectively. The LP relaxation led to the smallest lower bounds but
in almost all instances the computational time was less than one millisecond.

And the third group are the bin packing problems LB}, and LBgp,, where work-
ing duration and travel time are separately packed into the bins. Again, using m
bins per day led to a small improvement of the bound value, see Figure 6.10, but
to a strong increase of the computational effort as shown in Table 6.4. Relaxing
the constraint that working duration and travel time of a certain job have to be
packed into the same bin led to similar bound values, but did not lead to a sufficient
reduction of the computational time to allow its application to one of the presented
branch-and-bound algorithms. Also the LP relaxation of these bin packing prob-
lems is not an usable approach. Even the obtained bound values of LB] ppp; were
slightly better than the values of LBj pgp;, the computational effort was too high
compared to the improvement of the bound value because it could not be solved by
a polynomial algorithm but was solved by CPLEX. During the branch-and-bound
algorithms, millions of lower bounds are computed such that 100 milliseconds is to
slow to apply the bound.

Consequently, only the bounds of the first group should be applied to branch-
and-bound because the calculation of the other bounds was too time-consuming
compared to the bound quality. Thereby, LB{ pgp; showed the best bound quality.

6.4.1.2. Comparison of Lower Bounds for Travel Costs

In this subsection, the presented travel costs bounds are compared in computational
experiments. At first, different parameter settings to calculate LBidMST are compared
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Figure 6.11.: Comparison of different constant step sizes ¢ to compute the travel cost
bound LBE g7

and a setting suitable for the used benchmark is selected. After that, the bounds
are compared.

Parameter for Minimum-Weight 1-Tree Bound LB g

In this paragraph, different settings for the step size t to calculate the improved
minimum-weight 1-tree bound LB% sy are compared. The computational experi-
ment was done on 60 instances with 15, 20 or 25 jobs.

For the first test, the step size was chosen constant. For the comparison, the
bounds obtained with at most 10, 100 and 1000 iterations are analyzed computed
with ¢t € [0.01,2.5]. Figure 6.11 shows for different step sizes the average bound
value LB% . As expected, more iterations led to better bounds especially for small
values of . In case of 1000 iterations, in average the best bounds were obtained
with ¢ € [0.12,0.65], where the average of LB,q was above 462, which can be seen
in Figure 6.11. Reducing the number of iterations to 100 led to slightly smaller
bounds. The best average bound was about 459 obtained with ¢ = 0.85. With
t € [0.65,1.15], the average bound exceeded 458. Larger step sizes led to a smaller
average bound value. And with only 10 iterations, the obtained bounds were even
smaller. Then, the step size had to be chosen higher in order to improve the bound
faster. The best results were obtained with ¢ € [1.85,1.95], where the average of
LB% or exceeded 434, compare Figure 6.11.

In the two plots of Figure 6.12, two variants for a nonconstant step size of ¢
are presented. On the left, a parameter schema with exponentially decreasing step
size is shown. There, the step size of the k-th iteration was set to t; = 0.985%¢.
The coefficient 0.985 was found by some computational tests. With at most 1000
iterations, ¢ € [2,10] led to the best bounds. There, LB%,op was in average above
462.5 as shown in Figure 6.12(a). The best average results with 100 iterations were
obtained with ¢ € [1.3,2.2], where the average of LB{,s; was about 459, compare
Figure 6.12(a). And allowing only 10 iterations performed best with ¢ € [1.8,2.3]
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Figure 6.12.: Comparison of exponential and linear parameter schemes for the step size
to compute the travel cost bound LB% g

resulting to an average bound of 434. Thus, in contrast to the constant step size, one
parameter setting fitted for all numbers of iterations which is ¢ ~ 2. Furthermore, for
each iteration number, this exponential parameter scheme resulted to similar average
bound values as the best respective solution with a constant step size t;, = t.

Also a linear decreased step size t, =t — kA; was tested with A; is chosen such
that after np iterations t, is zero. To be more precise, A; = nil The obtained
results are shown in Figure 6.12(b) for n; equal to 1000, 100 and 10. As observed by
constant parameters shown in Figure 6.11, also linear decreased parameters require
an adaptation of the parameter setting to the number of iterations in order to obtain
good solutions. As shown in 6.12(b), the more iterations are allowed, the smaller
the step size should be chosen. For each iteration number, the best average values

were similar to the best values obtained with the other parameter schemes.

After obtaining a parameter setting that obtains good results for various iteration
numbers, the iteration number itself is analyzed. As expected, in the previous ex-
periments it was observed that more iterations led to better bounds. However, more
iterations also require more computational time. Because of that, in the following
a trade-off between computational time and bound quality is searched. For this
purpose, Table 6.5 contains the average bound value and the average computational
time for LB{ ¢ and LB%qp calculated with different numbers of iterations. In the
first group, for each of the n, jobs an 1-tree is calculated and the best is chosen
for the iteration step. And in the second group, only one 1-tree is determined with
job 1 as the vertex connected finally to the spanning tree. As it can be seen, more
iterations led to better bounds at the expense of an increased computational time.
Further, comparing the best of n, 1-trees with only one 1-tree shows that with the
latter similar results can be obtained by decreased computational effort because
more iterations can be executed when in each iteration only one minimum spanning
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Bound

Bound value

Comp. Time (ms)

Use best of n, 1-trees

Initial solution LB g, 393,1 0,3
LB o with 10 iterations 434.,4 1,5
LB o with 25 iterations 4450 2,9
LB s with 50 iterations 453,6 5,6
LB, with 100 iterations 459,1 9,5
LB o with 1000 iterations 462,5 33,3
Use single 1-trees on job 1

Initial solution LB ¢y 356,6 0,0
LB s with 10 iterations 409,9 0,1
LB, with 100 iterations 452,4 0,4
LB% o with 250 iterations 456,2 0,6
LB o with 500 iterations 456,7 0,8
LB%,qp with 1000 iterations 457,0 1,0

In the following, the travel costs bounds

Comparison of the Travel Cost Bounds

Table 6.5.: Comparison of number of iterations and number of calculated 1-trees.

tree has to be determined. Using one 1-tree and 250 iterations showed the best
trade-off between bound quality and computational time.

Consequently, the bound LB?MST is applied with 250 iterations. The step size in
iteration k is set to t; = 0.985¥2. And in each iteration, a single 1-tree is calcu-
lated whereby job 1 represents the vertex that is finally connected to the minimum
weighted spanning tree by means of two edges of minimal weight. Also the bound
LB%4ST is obtained from a single 1-tree computed on job 1 because computing n,
trees is too time consuming compared to the achieved bound quality.

o LBYy, which is the half of the sum of the travel costs to the two nearest
neighbors of each job,

e LB%, and LB}p¢, which are the bounds calculated from the assignment prob-
lem, as well as

e LB{s; and LB% gy, which are the bounds calculated from minimum spanning
trees,

are compared in terms of initial gap and computational time because for an efficient
branch-and-bound algorithm, bounds are needed that are calculated fast and have
a high bound value. Again, the comparison is done on benchmark L, where each
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Figure 6.13.: Comparison of the lower bounds on travel costs.
benchmark L benchmark S

bound min Q1 Q2 Q3 max min Q1 Q2 Q3 max

LBy <1 <1 <1 <1 1 <1 <1 <1 <1 1

LB%p 5 8 11 14 155 <1 <1 <1 <1 2

LB, 7 10 12 15 99 <1 <1 <1 <1 3

IBYer <1 <1 <1 1 7 <1 <1 <1 <1 1

LBy 14 24 29 32 287 <1 <1 1 1 53

Table 6.6.: Computational times for lower bounds on travel costs (in milliseconds).

instance contains 100 jobs, because in these large instances, differences in bound
quality should be more apparent; and on the 180 instances of benchmark S, because
there the obtained bound value can be compared with the minimal travel costs.

Figure 6.13 shows performance profiles for the gap of the lower bounds for travel
costs. In the left plot, for instances of benchmark L, the gap to the best lower
bound is provided. In the right plot, for instances of benchmark S, the gap to
the minimal feasible travel cost value is given which is computed by solving an
instance minimizing only travel costs and ignoring the customer cost value during the
optimization. Furthermore, Table 6.4 provides percentiles of the computational time
in milliseconds. In detail, the minimum, 25th percentile, median, 75th percentile
and the maximum are given denoted by min, Q1, Q2, Q3 and max.

As it can be seen in Figure 6.13, the trivial bound LBY%y led to the smallest bound
values. Comparing the assignment bound LB}, with the 1-tree bound LBfq., which
is obtained from one minimum spanning tree calculated on the jobs N, \ {1}, shows
that in benchmark L, LB% ¢, outperformed LB%, because better bound values were
obtained and less time was required for the computation. Also for the iteratively
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improvements of these bounds, the bound value computed from minimal spanning
trees LB g Was tighter than the improved assignment bound LB% .., but at the
expense of higher computational times. Note, that for LBiiPC at most 6 iterations
were needed to found an assignment with a single cycle, but LB% ¢ was executed
with up to 250 iterations.

Concluding, it can be seen that all travel cost bounds have their pros and cons:
LB4, and LB s were fast calculated and showed a similar approximation quality.
B4 led to significantly improved bounds by a small increase of the computational
effort. And LB op showed the best performance but also the highest computational
times (which are still acceptable). Only the simple two-neighbor bound LB4y was
unconvincingly. Therefore, only LB will not be tested applied to the developed
branch-and-bound algorithms.

6.4.2. Comparison of the Branch-and-Bound Algorithms

In the following, the performance of both developed branch-and-bound algorithms
in combination with the presented lower bounds is analyzed. The algorithms were
tested based on the 180 instances of benchmark S and the computational time
was limited to ten minutes. With it, the results can be compared with those of
Section 4.4 where for several MILP formulations of the VRPCC, the performance
of a commercial solver is analyzed.

6.4.2.1. Applying Branching Strategy Append

In this section, it is analyzed which lower bounds lead to the best performance of
the branch-and-bound algorithm with branching strategy append. The analyzed
customer cost bounds are the two variants LB o and LBg ..y ate, Where a fixed
number of jobs executable per day is computed, and LBjpgp; that is the solution
of the LP relaxation of a special bin packing problem. A detailed description can
be found in Section 6.2.1. The investigated lower bounds for travel costs are the
two assignment bounds LB4%, and LB%p and the two bounds LB g and LBE or
obtained from minimum spanning trees, which are introduced in Section 6.2.2.

The BB-Append algorithm is implemented as described in Section 6.3.1.1 as paral-
lelized depth-first search with backtracking. Needed adaptations of the lower bounds
to the branching strategy are explained in Section 6.3.1.2.

Figure 6.14 shows performance profiles for the computational times of the BB-
Append algorithm applying different lower bounds. Due to the fact, that the most
instances of benchmark S were solved in less than one minute, a logarithmic scale
is used for the horizontal axis. In Table 6.7, for each combination of customer cost
bound and travel cost bound, the number of instances, where the solution process
exceeded the time limit of ten minutes, is given together with the average gap to the
optimal value for these instances. Furthermore, Table 6.8 provides the number of
nodes analyzed during the solution process, which is a good indicator of the quality
of the used lower bounds. Tighter lower bounds lead to fewer analyzed nodes because
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Figure 6.14.: Performance profiles for computational time of the BB-Append algorithm
applying different lower bounds on benchmark S.

LBiP LBdAPC LBg/[ST LB;YZMST
LBS, accurate 9 (0.28%) 0 6 (0.28%) 0
LB 11 (0.38%) 0 7 (0.24%) 4 (0.00%)
LBS pppy 9 (0.28%) 0 6 (0.21%) 0

Table 6.7.: Number of instances where the time limit was exceeded and the average gap to
the optimal value for these instances for the BB-Append algorithm applying
different lower bounds.

LBdAP LBiPC LBK/IST LBidMST
LB 4ccurate 94.6 12.2 60.0 5.4
LB 177.9 34.7 110.4 15.5
LB pppi 96.7 10.0 58.3 3.9

Table 6.8.: Number of analyzed nodes (in millions) during the solution process of the
BB-Append algorithm applying different lower bounds.
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branches can be pruned closer to the root. Each field of Table 6.8 shows how many
nodes of the search tree were analyzed when the branch-and-bound algorithm was
applied with the customer cost bound of the corresponding row and the travel cost
bound of the corresponding column.

Firstly, the travel cost bounds are compared. The performance profiles of Figure
6.14 show that applying LBjiPC, which is the improved assignment bound, led to the
smallest computational times. With the faster computed travel cost bounds LB},
and LB¢7, significantly more nodes were analyzed than with LB% ., which can be
seen in Table 6.8. This is caused by the fact that the bound values LB} and LB gy
were less tight than LB%p as shown in Section 6.4.1.2. This was not compensated
by the smaller computational time required to compute LB%, and LB% gy such that
the branch-and-bound algorithm took more time if these two travel cost bounds
were applied. Furthermore, as it can be seen in Table 6.7, some instances were not
solved within ten minutes and for these instances the average gap to the optimal
value was larger than zero. In contrast, with LB%,qp, which is a tighter bound
than LB%p, more nodes were pruned which can be seen on the smaller number of
analyzed nodes, compare Table 6.8. However the computational times were higher
due to the larger computational effort to calculate LB{,q which can be seen on the
corresponding performance profiles in Figure 6.14.

Secondly, the customer cost bounds are analyzed. On the performance profiles
provided in Figure 6.14, it can be seen that the customer cost bound LB g re-
sulted in higher computational times than LB{ , . ae and LBipgp;. Recap, the
customer cost bound LB{ (. was designed to be fast computed at the expense of
bound quality. As it can be seen on the comparable high number of nodes analyzed
during branch-and-bound with customer cost bound LB g, provided in Table 6.8,
the loss of bound quality was too high to be compensated by the reduced effort
to compute LB . The other two bounds led to a similar performance of the
BB-Append algorithm: the computational times were close together, as shown in
Figure 6.14, and also the number of analyzed nodes was similar, compare Table
6.8. However, the algorithm performed slightly better when LB{pgp; was applied
because the corresponding performance profiles are mostly to the left of the profiles
of LB;

s, accurate-*
Concluding, due to the relatively small computational times and the small num-

ber of analyzed nodes, the best performance of the BB-Append algorithm was
achieved with the customer cost bound LBjpgp; in combination with travel cost
bound LB% .

6.4.2.2. Applying Branching Strategy Include

In this section, it is analyzed which lower bounds led to the best computational
performance of the BB-Include algorithm. The analyzed customer cost bounds
are LB j,cjuge, Which is based on a fixed number of jobs executable per day , and
LB{ pBp1, include» Which is the solution of the LP relaxation of a bin packing problem.

A detailed description is given in Section 6.2.1. The investigated travel cost bounds
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Figure 6.15.: Performance profiles for computational time of the BB-Include algorithm
applying different lower bounds on benchmark S.

LBiP LIBdAPC LBI%/[ST LBidMST
LB include 1 (0.00%) 0 3 (0.00%) 5 (2.36%)
LBl pBp1, include 0 3 (0.00%) 1 (0.00%)

Table 6.9.: Number of instances where the time limit was exceeded and the average gap
to the optimal value for these instances for the BB-Include algorithm applying
different lower bounds.

LBiP LBC}XPC LBg/[ST LB?MST
LB inelude 32.8 16.8 147.5 10.2
LB psp1. tnclude 22.7 9.7 122.9 6.6

Table 6.10.: Number of analyzed nodes (in millions) during the solution process of the
BB-Include algorithm applying different lower bounds.
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are the two assignment bounds LB%p and LB% 5, and the two bounds LBY ;¢ and
LB sr obtained from minimum spanning trees, as introduced in Section 6.2.2.

The BB-Include algorithm is implemented as parallelized depth-first search with
backtracking. A detailed description is given in Section 6.3.2.1. Due to the fact
that branching strategy Include leads to changes inside the routes, also already
planned jobs have to be considered by computing lower bounds. This leads to
several adaptations: On the one hand, by computing lower bounds on customer
costs, it has to be ensured that the start time of already planned jobs can only be
later than the current start time. And on the other hand, to compute lower bounds
for travel costs, an (asymmetric) distance matrix is defined that considers, among
others, that an already planned job can only be connected to its predecessor and
successor or a job unplanned so far. More details are given in Section 6.3.2.2.

Figure 6.15 shows performance profiles for computational times of BB-Include
algorithm applying different lower bounds. For the horizontal axis, a logarithmic
scale is used because the most instances were solved in less than one minute. Table
6.9 gives the number of instances that were not optimally solved within the time
limit of ten minutes and in braces the average gap to the optimal value for these
instances. And Table 6.10 provides the average number of analyzed search tree
nodes. In both tables, each field refers to the BB-Include algorithm applied with
the customer cost bound of the corresponding row and the travel cost bound of the
corresponding column.

Firstly, the travel cost bounds are compared. As it can be seen in Figure 6.15, the
instances were solved faster if an assignment bound for the travel costs is applied to
BB-Include algorithm. The corresponding performance profiles remain well above
and to the left of the profiles of the lower bounds obtained from 1-trees. Furthermore,
the time limit was exceed in a single case and there, the obtained solution value was
equal to the optimal value. A reason for the higher computational effort of the lower
bound on travel costs LBY;qp and LB% ¢ could be that the distance matrix for the
travel cost bounds has a lot of asymmetric entries, which is not taken into account
by these bounds. Nevertheless, LB ¢r yielded tighter bound values than LB}, and
LB%pc, which can be seen on the fact that less nodes were analyzed during the
solution process if LB{,qp was applied to branch-and-bound, see Table 6.10. But,
as shown in Section 6.4.1.2, the effort to compute LB% ¢y is higher than for LB} pe.
From the both assignment bounds, LB%, was clearly outperformed by the improved
variant LBY p.

Secondly, the two lower bound on customer costs are compared. Figure 6.15 shows
that LBl pgpp;, inciude 1€d to a better performance of the BB-Include algorithm than

LB include- Independent from the combined travel cost bound, the computational
times with LB{ppp; inciuge Were smaller and less nodes were analyzed than with
LBg inctude Which results from the better bound quality of LBy ppp;, incuge Obtained

with similar computational effort.

Concluding, the best combination of lower bounds for BB-Include algorithm was
LBEPBPI, include and LBIC’IXPC‘
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BB-Append BB-Include Solving (R2dT4)

all instances 9.3 8.5 224.5 (46)
0.33 9.8 2.8 20.3

Foo 0.66 6.4 2.9 201.5  (9)
1.00 11.7 19.8 451.6 (37)

job uniformly 3.0 7.1 180.8 (16)

location clustered 15.6 10.0 268.2  (30)

Table 6.11.: Average computational time (in seconds) for the two branch-and-bound al-
gorithms BB-Append and BB-Include and solving the MILP (R2dT4) via
CPLEX.

6.4.2.3. Comparison with Applying a Commercial Solver

In the following, the two developed branch-and-bound algorithms are compared with
solving a MILP of the VRPCC via CPLEX. The two branch-and-bound algorithm
BB-Append and BB-Include are used applying the customer cost bound LBjpyspy
and the travel cost bound LB%p. The solved MILP was (R2dT4), which was solved
fastest with CPLEX as shown in Section 4.4. Recap, (R2dT4) is a formulation of
the VRPCC, where the routes are defined by two-index binary variables to define for
each job the predecessor and successor in the route and integer variables to allocate
each job to a route, see Section 4.3.4. The start time of a job is given by a continuous
variable that is the start time in minutes counted from day zero. To define the start
days of the jobs, binary variables are used. With it, the number of jobs per day
is limited which leads to a tighter LLP relaxation, compare Section 4.2.3. The used
upper bound to limit the jobs executed per day is 1 as defined in Section 6.2.1.1.

Influence of Instance Characteristics to the Computational Effort

As defined in Appendix A, the instances of benchmark S are generated in groups,
e.g., each 60 of 180 instances have the same number of jobs with non-zero customer
cost coefficient. In this paragraph, it is analyses whether the computational effort to
solve an instance differs between these groups. For this purpose, Table 6.11 provides
the average computation time of the solution methods for different groupings of the
instances of benchmark 8.

Comparing the computational times as average over all instances, which is pro-
vided in the first row of Table 6.11, shows that BB-Include had the best performance.
On average, only 8.5 seconds were necessary to solve one instance of benchmark S.
With the BB-Append algorithm, one instance of benchmark S was solved on aver-
age in 9.3 seconds. Solving the MILP (R2dT4) with the commercial solver CPLEX
led to the highest average computational time which is 224.5 seconds. Note, that
with CPLEX, not all instances were optimally solved within the time limit of ten
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minutes. In 46 instances, the solution process was not completed which is given in
Table 6.11 in parentheses.

At first, three groups are defined that categorize the 180 instances according to
the ratio of jobs with non-zero customer cost coefficients r... Instances generated
with r.. = 0.33, where a third of the jobs is afflicted with non-zero customer costs,
were easy to solve for each of the three algorithms which can be seen on the small
average computational times provided in Table 6.11. As obtained for all instances,
with the BB-Include algorithm, the instances were solved faster than with the other
solution methods. The instances generated with r.. = 0.66, which means that ten
of fifteen jobs have a non-zero customer cost coefficient, were significantly harder
to solve applying CPLEX. The average computational times was increased tenfold.
Indeed, the computational times of the two branch-and-bound algorithms were not
drastically changed. The instances, where all jobs are afflicted with non-zero cus-
tomer cost coefficients, were significantly harder to solve by the commercial solver.
This can be seen on the higher average computational times of the instances with
rec = 1 shown in Table 6.11. For these instances, solving the MILP with CPLEX was
not a suitable solution method because several instances were not solved optimally
within ten minutes. Also the BB-Include algorithm showed a significantly increased
computational effort: Compared to the instances generated with r.. = 0.66, the av-
erage computational time was more than sextuplet. For the BB-Append algorithm,
the increase in computational time was small.

To investigate, why the computational time of the BB-Include algorithm was
drastically increased between instances generated with r.. = 0.66 and r.. = 1, the
search strategy has to be analyzed in more detail. Recap, if all jobs with non-zero
customer cost coefficient are planned, the customer cost value of the solution is
known and a calculation of the customer cost bound is not required. Furthermore,
the known customer cost value of the partial solution is better than each provided
lower bound. With branching strategy include, the jobs with non-zero customer
costs are planned first. Consequently, if several jobs are not afflicted with customer
costs, then for the deeper levels of the search tree, which contains the most nodes,
the customer cost value of the partial solution is a tight lower bound and only the
travel cost bound has to be computed. Because of that, the computational effort
to compute lower bounds decreases and furthermore, more nodes can be discarded
because the tight lower bound shows that an optimal solution does not belongs to
its solution space. In contrast, with branching strategy Append the jobs are not
appended in this order and with it, also on nodes far away from the root of the
search tree, it could be necessary to compute both bound values. However, if all
jobs are afflicted with a non-zero customer cost coefficient, the customer cost bound
is computed in each node of the search tree. Due to the structure of the search
trees, in the BB-Include algorithm the number of customer cost bound computations
increases much more then in the BB-Append algorithm. Furthermore, as mentioned
in Section 6.3.2.1, all jobs have to be considered by computing lower bounds for the
BB-Include algorithm but only the unplanned jobs have to be taken into account
by computing lower bounds for the BB-Append algorithm. Both together led to a
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smaller increase of the computational time for the BB-Append algorithm than for
the BB-Include algorithm.

Comparing the instances with uniformly distributed jobs and clustered instances
shows that the latter are harder to solve because on average the computational times
were higher as shown in Table 6.11. For the BB-Include algorithm, the difference in
the average computational times is much smaller than for the BB-Append algorithm
or solving the MILP (R2dT4) with CPLEX.

Influence of Cost Structure to Computational Effort

The previous results showed that instances, where more jobs are afflicted with a non-
zero customer cost coefficient, were harder to solve. Because of that, in the following
it is analyzed how the three compared methods solve instances dominated by travel
costs or by customer costs. For this purpose, four further kinds of benchmark S are
defined by increasing the travel costs or the customer costs each by factor ten and
hundred: There are two variants of benchmark S, where the jobs ¢ € N, have travel
costs d;; := 10d;; or d;; := 100d;; to each job j € N,. Consequently, these instances
are dominated by travel costs in which 85% and 98%, respectively, of the total costs
are travel costs on average. And there are two variants of benchmark S, where the
customer cost coefficient of each job i € N is set to ¢, := 10¢; or ¢, := 100¢;. Note,
that the number of jobs with non-zero customer cost coefficient is not changed: in
each kind of benchmark S, one third of the instances have 5, 10 and 15 jobs with
non-zero customer cost coefficient, respectively. These two variants of benchmark
S are dominated by customer costs, 91% and 99%, respectively, of the total costs
are customer costs. In the basic variant of benchmark S, 45% of the total costs are
travel costs and 55% are customer costs.

Compared are the BB-Append and BB-Include algorithm, both applying the lower
bounds LB¢ pgp; and LB% ¢, as well as solving (R2dT4) with CPLEX.

Firstly, the results on the instances dominated by travel costs are investigated.
For these instances, the two plots in the first row of Figure 6.16 show performance
profiles for the computational time in seconds and for the gap to the optimal value,
respectively. As it can be seen, all three algorithms solved the most instances fast.
To be more precise, 62.5%, 49.2% and 47.8% of instances were solved in less than
one second with the BB-Append algorithm, the BB-Include algorithm and CPLEX,
respectively. The two branch-and-bound algorithms solved all instances within ten
minutes, and with CPLEX, in seven of 360 instances, the time limit was exceeded
and for two of them, the optimal value was not found.

Secondly, the results on the instances dominated by customer costs are analyzed
based on the two plots given in the second row of Figure 6.16. The performance
profiles for the computational times show that in these instances, the BB-Include
algorithm clearly outperformed the other two solution methods. The computational
times were significantly smaller and all instances were solved within ten minutes.
With the BB-Append algorithm, in 23 of 360 instances the solution process was
terminated after ten minutes and for 14 of these instances, the optimal value was
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Figure 6.16.: Comparison of the BB-Append and BB-Include algorithm with solving
(R2dT4) with CPLEX on variants of benchmark S with increased travel
costs and increased customer cost coefficients.

not found. The highest computational times were achieved applying CPLEX to the
MILP (R2dT4). Only a third of the instances were solved in less than ten minutes
and for 15.6% of the instances, the optimal value was not found.

Influence of d,,.x to the Computational Performance

As defined in Definition 3.4, in the time-constrained VRPCC, all jobs have to be
served within a given time horizon d,.. In the following, it is analyzed how a short
time horizon affects to the computational effort. For this purpose, two variants of
benchmark S with a small value for d. are defined: In the first one, d.x is set to
the smallest value for which a feasible solution can be found. This variant is called
“tight”. In the second variant of benchmark S, every instance is infeasible, which
is enforced by setting dy.. one day smaller than in the tight benchmark variant.
Therefore, this variant is called “infeasible”.

To solve these instances with CPLEX, the corresponding value of d,,, is used
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Figure 6.17.: Comparison of the BB-Append and BB-Include algorithm with solving
(R2dT4) with CPLEX on variants of benchmark S where dyax is small.

as upper bound for the start day. Also the two branch-and-bound algorithm can
be easily adapted to this variant of the VRPCC. The customer cost bounds can be
applied to check whether all unplanned jobs can be scheduled without exceeding
the time horizon d,.x because computing lower bounds on customer costs is done
by allocating jobs to days. Consequently, not only the jobs with a non-zero cus-
tomer cost coefficient are taken into account but all jobs which means N, = N.
Then, if for the partial solution of any node, the LP relaxation of (BP1) with
T = {td td+1,... dma} is infeasible, LB{ ,zp, is set to infinity because the node
can be pruned.

In Figure 6.17, performance profiles for the computational time of the BB-Append
and BB-Include algorithm, both applying the lower bounds LB¢ pp, and LB} pe, as
well as solving (R2dT4) with CPLEX are given. The results are shown on the left
for the benchmark S with d,,,x = n which does not restrict the solution space, in
the middle for the tight variant of benchmark S which means there exists a feasible
solution for each instance, and on the right for the infeasible variant where d,.x
was chosen just small enough that no feasible solution exists. For all algorithms, a
time limit of ten minutes was defined and the BoG heuristic was applied to find a
feasible start solution. If no feasible start solution was found, the upper bound for
the branch-and-bound algorithms was set sufficiently large to 23! — 1, which is the
largest integer value in the used programming language Java.

For each instance with tight dp.y, all algorithms found a feasible solution within
the time limit of ten minutes. The two branch-and-bound algorithms BB-Append
and BB-Include solved all instances within ten minutes which can be seen in the
middle plot of Figure 6.17. In case of solving the instances with CPLEX, for 56
of 180 instances, the solution process took more than ten minutes. In comparison
to benchmark S with a non-restrictive value of d,.x, shown in the left diagram of
Figure 6.17, it turned out that the tight value for d,,,x does not lead to a significant
performance change. In the tight benchmark variant, the computational times for
the BB-Include algorithms and also solving (R2dT4) with CPLEX were slightly
larger than in the normal variant of benchmark S. The reason for the small increase
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Figure 6.18.: Comparison of the BB-Append and the BB-Include algorithm as well as
solving (R2dT4) with CPLEX in benchmark M.

of the computational time is that for some instances no feasible start solution was
found which leads to additional effort to find a start solution and a suitable upper
bound. The BB-Append algorithms had shown almost the same computational
performance in both variants.

For the benchmark variant with infeasible instances, the computational times
varied strongly as shown in the left plot of Figure 6.17. There are some instances,
where it can be observed fast that no feasible solution exists, but for some instance
it seems to be hard. With CPLEX, for 81 of these 180 instances, it was observed
in less than 0.11 seconds that no feasible solution exists. But for the rest of the
instances, infeasibility could not be shown. With the BB-Include algorithm, for 153
of 180 instances it was obtained in less than 0.21 seconds that no feasible solution
exists. But for the remaining 27 instances, infeasibility could not be observed. And
with the BB-Append algorithm, for 153 instances, less than 0.5 seconds were needed
to show that they are infeasible. For further 18 instances, infeasibility was shown in
less than 15.2 seconds. And for further 8 instances, infeasibility was shown during
the time limit of ten minutes. For only one instance, the time limit was exceeded.

Increase of the Computational Time with Increasing Number of Jobs

Finally, it will be analyzed how the computational time increases with increasing
number of jobs. So far, mainly the computational performance on benchmark S was
investigated. Thereby, it was observed that the two branch-and-bound algorithms
outperformed solving (R2dT4) with CPLEX.

Firstly, based on benchmark M the exact solution methods BB-Append, BB-
Include and solving (R2dT4) by CPLEX are compared with the best heuristic,
which is repeated first improvement as described in Section 5.3. All three exact
solution methods were initialized with the solution obtained by the BoG algorithm
improved by a single run of the best improvement algorithm. It turned out that
with the branch-and-bound algorithms none of the 100 instances with 30 jobs was
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Figure 6.19.: Average computational time and gap of the BB-Append and BB-Include
algorithm as well as solving (R2dT4) with CPLEX dependent on the num-
ber of jobs.

solved within the time limit of one hour. And only a single instance of benchmark
M was solved optimal in one hour by CPLEX. Because of that, Figure 6.18 provides
performance profiles for the gap to the best obtained solution. As it can be seen,
both branch-and-bound algorithm hardly found solutions better than the provided
start solution. Significantly better solutions were obtained with CPLEX. The best
solutions were obtained with repeated first improvement.

This is in contrast to the results obtained for benchmark S where both branch-and-
bound algorithm outperformed CPLEX. Because of that, secondly the algorithms
are compared for instances with different job numbers. For this purpose, initially ten
instances with ten jobs were defined. To obtain from them ten instances with eleven
jobs, one job is added to each instance. In this manner, also the further instances
are generated such that an instance with n jobs contains all jobs of the according
instance with n — 1 jobs. In the instances, on average 78% of the jobs are afflicted
with a non-zero customer cost coefficient. The ratio of customer costs on the total
costs varies between 26% and 82% and its median is 48%. The computational time
was limited to one hour.

Figure 6.19 shows the computational results for the branch-and-bound algorithms
BB-Append and BB-Include as well as solving the MILP (R2dT4) with CPLEX for
instances with an increasing number of jobs from 10 to 30. In detail, the main plot
shows the average computational times in seconds with the average gap to the best
obtained solution on the top. Beside this, a second plot shows the number of not
optimally solved instances. As it can be seen, solving the MILP (R2dT4) showed
the highest average computational time for the most job numbers. Between n = 13
and n = 25, the average computational time increases until for n = 25 none of the
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instance was solved within one hour. The two branch-and-bound algorithms BB-
Append and BB-Include outperformed the commercial solver up to n = 22. But,
between n = 18 and n = 22, the average computational times increase strongly so
that for larger instances, CPLEX led to better solutions, which can be seen on the
gap provided on the top of Figure 6.19. Tt can also be observed, that for instances
with more than 25 and 27 jobs, respectively, the branch-and-bound algorithms did
not found solutions better than the start solution. The best solutions were obtained
by the local search algorithm with 10000 first improvement iterations.

6.5. Conclusion

In this chapter, two branch-and-bound algorithms for the VRPCC were presented.
Both are based on the partition and permutation model which was presented in
Chapter 3. After giving a detailed description of the branch-and-bound method,
some lower bounds for the VRPCC were presented. In detail, in Section 6.2.1, several
lower bounds for the customer cost part were developed and analytically compared.
The computational experiments showed that the lower bound LBjpgp,, which is
the LP relaxation value of a special bin packing problem, had the best trade-off
between small computational time and high bound values. In Section 6.2.2, several
lower bounds for the travel cost part were investigated which are known from the
classical TSP.

After providing lower bounds, in Section 6.3, two branching strategies were de-
signed that build-up the routes successively. With it, the start times of the jobs can
be computed from the partial solution and are not decision variables as in a MILP
formulation of the VRPCC. The computational experiments provided in Section
6.4 showed that both developed branch-and-bound algorithms outperformed solving
one of the presented MILPs of the VRPCC by CPLEX. However, in medium-sized
problems, the branch-and-bound algorithms were not suitable to solve the VRPCC.
As applying CPLEX to solve a MILP formulation of the VRPCC, both branch-and-
bound algorithms were not able to obtain an optimal solution in reasonable time.
To be more precise, a solution better than the start solution was rarely obtained.
This is caused by the fact that the search tree is scanned in a unfavorable order
because of the used backtracking approach.
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7. Summary and Outlook

In this thesis, a new variant of the vehicle routing problem was investigated which
results from a railway maintenance planning problem. The aim of this optimization
problem is the scheduling of maintenance jobs that correct failures which occurred
unexpectedly. In contrast to common vehicle routing problems, the objective func-
tion contains not only travel costs, but also customer costs. These customer costs
are time-dependent and represent penalties that have to be paid for each day from
the time of failure detection to the time of maintenance completion. Consequently,
for each maintenance job, which is represented by a customer, the customer costs
are computed by multiplying its customer cost coefficient with its start day which
is the day on which maintenance is planned.

This new vehicle routing problem with customer costs (VRPCC) was introduced
in this thesis by a non-linear partition and permutation model. In this model, a
feasible solution is defined by a partition of the job set into subsets that represents
the allocation of jobs to vehicles and a permutation for each subset that represents
the order of processing the jobs. Then, the start times of the jobs were calculated
based on the orders given by the permutations. It was taken into account that work
can only be done in eight hour shifts during the night. Based on the start times,
the customer cost value of each job is computed, which are the penalty costs paid
for this job. Then, the costs of a schedule are calculated via the sum of travel costs
and customer costs.

To solve the VRPCC by commercial optimization software, the VRPCC was for-
mulated as mixed-integer linear program. In doing so, the start times became de-
cision variables. Furthermore, it turned out that including customer costs led to
problems harder to solve than vehicle routing problems where only travel costs are
minimized. This was caused by the fact that in the LP relaxation, the start days
were set close to the earliest feasible start day. Consequently, the customer cost
value of the LP relaxation was small. Since the lower bound for the branch-and-cut
algorithm of the solver is the LP relaxation, this lower bound is not tight unless
the customer cost value of an optimal solution is insignificantly small. To improve
the LP relaxation, several alternative formulations were developed. Computational
experiments were conducted to compare the formulations in terms of LP relaxation
value, computational time and, in case of not reaching the optimum, the gap to an
optimal solution, if available. The best performance was achieved with a formulation
that uses binary variables for the start days. With it, the number of jobs allocated
to a single day was limited by an upper bound. Nevertheless, small instances, where
the customer costs have a significant impact on the obtained solution, were still hard
to solve. Medium-sized and large instances could not be solved efficiently by the
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applied commercial solver.

For practical applications, an optimal solution is often not necessary. Instead,
heuristics are used to obtain a good and feasible solution in short time. For this
purpose, several construction heuristics for the VRPCC were designed and investi-
gated. Furthermore, two local search algorithms, first and best improvement, were
applied. The computational experiments showed that the repeated first improve-
ment algorithm, which is applying the first improvement algorithm several times to
different start solutions, was the best heuristic with respect to solution quality.

Further, in order to compare the classical approach, i.e., solving a mixed-integer
linear program of the VRPCC by a commercial solver, with the heuristics, the com-
putational time was limited to ten minutes. In this setting, the numerical exper-
iments indicated that the repeated first improvement algorithm outperformed the
classical approach. To be more precise, for instances with fifteen jobs the repeated
first improvement algorithm found more often an optimal solution than the com-
mercial solver. However, the drawback of this heuristic is that the approximation
quality of the obtained solution cannot be determined.

Although the improvement algorithms obtained good heuristic solutions, one aim
of this thesis was to find an exact solution method to optimally solve small instances
of the VRPCC in reasonable time. As mentioned above, the classical approach,
where the problem is formulated as mixed-integer linear program and then solved
by a commercial solver, was not suitable mainly due to two reasons: Firstly, the
start times of the jobs become decision variables, when the VRPCC is formulated
as mixed-integer linear program, which increases the solution space. And secondly,
the LP relaxations of the developed formulations were not tight because the values
for the start days can be chosen small when the integer constraints are removed.
Because the commercial solver uses a branch-and-cut method to solve mixed-integer
linear programs where the lower bound equals to the LP relaxation improved by
some additional cuts, the lower bounds were small and less branches were discarded.

Since the branch-and-bound method is a suitable approach to solve complex com-
binatorial optimization problems, this approach was chosen and, in this thesis, two
special branch-and-bound algorithms for the VRPCC were developed. To design a
branch-and-bound algorithm that solves a combinatorial problem efficiently, tight
and fast computable lower bounds are needed to discard parts of the solution space.
In this thesis, new lower bounds for the customer cost part of the objective func-
tion were formulated, where most of the bounds are based on solving bin packing
problems. All lower bounds for customer costs were compared analytically and ex-
perimentally, whereby the computational experiments showed that the lower bound
computed from the LP relaxation of a specific bin packing problem had the best
trade-off between computational effort and bound quality. In this thesis, a suit-
able algorithm was developed for this bound, which computes the bound value in
O(nlog(n) + n). For the travel cost part of the objective function, several known
lower bounds from the TSP were compared. The improved assignment bound, firstly
provided in [27], showed the best performance applied to the designed branch-and-
bound algorithms.
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To design a branch-and-bound algorithm, beside efficient lower bound, also suit-
able branching strategies are necessary to split the problem space into smaller sub-
spaces. In this thesis two branching strategies were developed which are based on
the non-linear partition and permutation model to take advantage from the prob-
lem structure. To be more precise, new branches are generated by appending or
including a job in an uncompleted schedule. Consequently, the start times can be
computed directly from the so far planned jobs and more tight lower bounds can be
computed for the so far unplanned jobs.

In this thesis, the first approach for such a branching strategy was to generate a
new branch by appending an unplanned job at the end of an uncompleted route. It
was reasoned that this strategy leads to tight lower bounds because the costs of the
planned jobs are fixed. However, an analysis of the resulting search tree indicated
that the number of generated nodes is large. Because of that, in this thesis a second
branching strategy was developed where new branches are generated by including
an unplanned job inside an uncompleted route. This implies that costs of the so
far planned jobs are no longer fixed because including a job can shift planned jobs
behind, but the corresponding search tree contains significantly less nodes and has a
more suitable structure. The two corresponding branch-and-bound algorithms were
implemented as depth-first search with backtracking to reduce the storage effort.

By means of computational experiments, the developed branch-and-bound algo-
rithms were compared with the classical approach, which means solving a mixed-
integer linear program of the VRPCC by a commercial solver. The results showed
that both branch-and-bound algorithms solved the small instances faster than the
classical approach.

Finally, some possible directions for future research on the VRPCC are pointed
out and discussed.

For practical applications, some additional requirements can be imposed on the
solution. In Section 3.3, some possible extensions of the VRPCC are mentioned.
To apply the presented heuristics and solution approaches, some adaptations would
be necessary. For example, for the branch-and-bound algorithms, the limitation of
the planning horizon or time window restrictions can be integrated in computing
lower bounds on customer costs. Also the requirement that maintenance crews
have certain skills and can only process corresponding tasks can be integrated. For
the application of a commercial solver, according constraints can be formulated as
shown, e.g., in [151]. Tt would be interesting to investigate how such additional
constraints affect to the solution performance.

As stated in Section 2.3.3, in this thesis the branch-and-price method was not
applied to the VRPCC because of the large amount on feasible routes and the time-
dependent costs in the objective function. However, in further research it might be
worth to explore how branch-and-price can be efficiently applied to the VRPCC.
Recent papers like, e.g., [56, 122] show that also vehicle routing problems with less
restrictions to the routes can be solved by the branch-and-price method. And also
problems with time-dependent subproblems were addressed, e.g., in [100, 138].
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As shown in Section 4.4, the customer costs lead to problems harder to solve by
a commercial solver: Even some small instances with fifteen jobs were not solved
within ten minutes. To obtain near-optimal solutions in medium-sized instances,
MIP based local search, compare, e.g., |77, 81, 124|, might be a topic of further
research. For example, after obtaining a start solution by a heuristic, iteratively
some variables can be fixed such that a small subset of variables remains to be
optimized applying a commercial solver.

Also the two developed branch-and-bound algorithms were not suitable to solve
medium-sized instances, which was observed in the computational experiments pre-
sented in Section 6.4.2.3. This is caused by the backtracking approach: To avoid
storing millions of branching nodes, the search tree is investigated in a specific or-
der. Because of that, the branch-and-bound algorithms analyze at first unfavorable
solutions where the most jobs are allocated to a single route. Further research could
improve the branch-and-bound algorithms, e.g., by developing a more suitable best-
first search strategy in order to find faster an improved solution or by tightening the
lower bounds. It might also be worth to develop additional valid constraints like an
upper bound for the number of jobs per route or for the latest start day.
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A. Benchmarks

In the following, benchmarks are defined that were used to compare the solution
methods and heuristics experimentally. For heuristics, which do not guarantee to
solve a problem optimally, the approximation quality is analyzed. Solution methods
to optimally solve the VRPCC are compared in terms of computational time. For
this purpose, computational experiments were made on 24 Intel Xeon CPUs with
2.93 GHz of a NUMA architecture. All developed algorithms and heuristics were
written in the programming language Java. Mixed-integer linear programs were
solved with CPLEX 12.8.

To evaluate and compare the solution approaches in terms of solution quality or
computational time, performance profiles are used as presented in [41| which show
cumulative distribution functions of different approaches for a selected performance
measure.

Definition A.1. A particular VRPCC with defined input data is called an instance.
A certain set of instances used for different computational experiments is called
benchmark.

The computational tests were carried out with artificial instances, because real
data of maintenance activities were rarely available. Furthermore, different com-
panies have different maintenance strategies and approaches. Because of that, the
maintenance data of several companies can be strongly different. To be able to
test the solution methods and heuristics in general, the instances were created by
random varying several design parameters which are explained in the next sections.

Working Shift and Start Time

The working shift has a length of eight hours which are 480 minutes. In all instances,
the start times of the depots are set to to = (0, 480) because a rolling planning hori-
zon is assumed which means that each maintenance machine ends them maintenance
job at the end of the working shift and can travel over day to the first job of the
new maintenance plan. Consequently, the first job can be visited on day one at the
beginning of the working shift.
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A. Benchmarks

Definition of Job and Depot Locations

The location of a job or a depot is defined by an x- and a y-coordinate in a square
with length [. Following the ideas of Marius M. Solomon!, two variants to de-
fine job locations are used: uniformly distributed and clustered. In the uniformly
distributed instances, the x- and y-coordinates of the job locations are integers, gen-
erated uniformly randomly in the interval [1,!]. In Figure A.1(a), an instance with
100 uniformly distributed jobs is shown.

(a) Uniformly distributed (b) Clustered

Figure A.1l.: Example for the locations of 100 jobs.

The job locations of the clustered instances are defined as follows:
1. Select the number of clusters randomly from [2y/n, 2y/n].

2. Generate the center C' € R* = (C,, C,) and the radius R € R of each cluster
whereby C, and C,, are uniformly distributed in [0.17,0.9], and R is uniformly
distributed in [0.057,0.117].

3. Create the locations of the jobs. For each job,

3.1. choose a cluster randomly,
3.2. generate a radius r € [0, R] and an angle ¢ € [0, 2II] by random, and
3.3. calculate the coordinates as x := [cos(¢)r| +C, and y := |sin(¢)r]+C,.

Figure A.1(b) shows an instance where the jobs location are defined clustered.

!The benchmark problems presented 1987 by Marius M. Solomon for the VRPTW [132] are
common to analyze the performance of new developed solution approaches for the VRPTW.
The geographical data of these benchmarks are generated randomly, clustered or randomly and
clustered.
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In both variants, the coordinates of the depots are either chosen randomly from
the inner square [0.251,0.751] x [0.257,0.75] or all depots are defined in the midpoint
(Lz] [5D-

The travel costs and travel times are calculated based on the Euclidean distance
between two jobs. Let [; and [; be the location of two jobs i,j € N,. Then, the
travel costs and times are

dij = [fallli = Lill, | and 7ij := max{5, [ f [li = Llly 1},

With it, the triangle inequality is satisfied for the travel times and costs.

Definition of the Customer Cost Coefficients

The randomized definition of customer cost coefficients is based on three values: the
ratio of jobs with non-zero customer cost coefficient r.. € [0, 1], the type of customer
cost distribution from the set {1, 2,3} and a factor f.. € R. The first |ren] jobs are
afflicted with a non-zero customer cost coefficient. The customer cost coefficient of
a job is computed by multiplying a random generated basic value with the customer
cost factor f... The product is rounded up to get an integer. Thereby, the basic
value is chosen with a certain probability uniformly from a certain interval. For the
three customer cost types, the probabilities and intervals are specified as shown in
Table A.1. For example, the distribution of type three implies that a large base
value is chosen with probability 0.1 and a small base value with probability 0.9. For
each of the three customer cost types, the expected basic value is 40.

type interval probability

1 (10, 70] 1

2 [10, 20] 13
130, 50] 13
(60, 70] 13

3 [150,200] 110
(10, 40] 9/10

Table A.1.: Base distributions to define customer cost coefficients.

Definition of Working Time

The working time of a job is the time needed for processing the job. It is defined by
the parameter f,,q multiplied with a random value from [0.5, 1.5].
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A. Benchmarks

min Q1 Q2 Q3 max

non-zero customer cost coefficient 8 21 33 49 256
travel time to nearest job 5 5 5 11 43
travel costs to nearest job 1 4 7 16 64
travel time to any job 5 18 46 68 127
travel costs to any job 1 26 69 102 190
working duration o7 106 133 177 240
percentage of g¢(S*) 15.9% 37.5% 52.7% 65.3% 81.7%

Table A.2.: Characteristics of benchmark S.

Some Benchmark Classes

In the following, the three benchmark types S, M and L are described detailed.

Benchmark S

Benchmark S contains 180 instances. It is constructed to analyze the influence of
the customer cost structure to the performance of a solution method.

Each instance consists of 15 jobs located in a square with a side length of 100
units which have to be served by two machines. For half of the instances, the job
locations are uniformly distributed and for the other half, the locations are defined
by clusters. For the latter, the number of clusters is between three and seven. The
factor to calculate travel times from the Euclidean distance is one, and the travel
costs factor is 1.5.

The customer costs are defined as follows: The customer cost factor f.. is chosen
randomly from [0.5,2]. From the 90 instances with uniformly distributed job loca-
tions, 30 instances are generated with r.. = 0.33, r.c = 0.66 and r.. = 1, respectively.
From 30 instances with same ratio of jobs with non-zero customer cost coefficient,
in ten instances the customer costs are defined as type 1, 2 and 3, respectively. The
same holds for the 90 instances with clustered located jobs.

Table A.2 provides statistic values for customer cost coefficients, travel times and
costs as well as working duration. Finally, the percentage of customer costs to the
total costs in an optimal solution is provided. As it can be seen, there are instances
more dominated by travel costs and instances more dominated by customer costs.

Benchmark M

Benchmark M collects 100 medium-sized instances. Each instance consists of 30 jobs
which have to be served by two or three vehicles. The locations of the jobs are chosen
randomly in a square of length 300, either uniformly distributed or clustered. The
factors for travel costs and time are f; = f; = 1 for all instances. At least half
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min Q1 Q2 Q3 max

jobs with non-zero customer cost coefficient 15 19 22 26 29
non-zero customer cost coefficient 6 26 47 7 471
travel time/costs to nearest job 5/1 7 14 25 117
travel time/costs to any job 5/1 72 136 196 389
working duration 33 73 97 133 216
percentage of g¢(.5) 32.4% 53.5% 60.9% 68.8% 80.8%

Table A.3.: Characteristics of benchmark M.

min Q1 Q2 Q3 max

jobs with non-zero customer cost coefficient 25 43 62 75 98
non-zero customer cost coefficient 1 15 27 52 369
travel time/costs to nearest job 5/1 5 8 15 65
travel time/costs to any job 5/1 84 141 196 406
working duration 56 85 111 139 166
percentage of g°(.9) 16.7% 481% 621% 741% 88.1%

Table A.4.: Characteristics of benchmark L.

of jobs are afflicted with a non-zero customer cost coefficient. The customer cost
factor f.. is chosen uniformly distributed from [0.5,2.5] and the customer cost type
is selected randomly between 1, 2 or 3. To determine the working duration, for each
instance the factor f,q is chosen randomly between four and nine.

Table A.3 gives statistic values for some characteristics of the instances of bench-
mark M: the number of jobs with non-zero customer cost coefficient, the customer
cost coefficient, travel time/costs and working duration. Furthermore, the percent-
age of customer costs to the total costs in the best-known solution are shown.

Benchmark L

Benchmark L contains 100 large instances which includes 100 jobs that have to
be served by three to five machines. The job locations are generated uniformly
distributed or clustered in a square of length 300. The factors for travel costs and
time are f; = f; = 1 for all instances. Between 25 and 100 jobs are afflicted with
a non-zero customer cost coefficient. The customer cost type is selected randomly
between 1, 2 or 3, and f.. is chosen randomly from [0, 2]. The factor for the working
time f,q is equal to 23.

Table A.4 provides statistic values for the number of jobs with non-zero customer
cost coefficient and the customer cost coefficients itself, travel times and costs as well
as working duration. Finally, the percentage of customer costs to the total costs in
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A. Benchmarks

a best-known solution is given.

Because benchmark L is used to test heuristics and them sensitivity to the ratio of
customer costs and travel costs, four additional variants of benchmark L are created
by multiplying either the travel costs by factor ten or hundred or the customer cost
coefficients by factor ten or hundred.
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B. Algorithm Pseudocodes

Algorithm 1: Algorithm to fill empty routes (FILL)

Input: S

for k=1— m do

if N, =0 then

Cmin — OO

fori=1—-mdo

if |N;| > 1 then

for j € N; do

Create S’ by shifting job j to route N.

if g(5") < cmin and all non-empty routes of S’ are feasible
then

Cmin = g(S/)
JB=1]

| Shift job jp to route Ny in S.

r;turn S
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B. Algorithm Pseudocodes

Algorithm 2: Nearest neighbor heuristic (NN)

Input: f >0 // flezibility: allowed variation from the minimal travel cost value
S =0, ()rem
N :=N

while N # () do

I={(,k)|jeN, ke M, (jk) is feasible}
if |I| = 0 then
return uncompleted schedule S
Let I, € N U Ny be the current last job of route k € M.

dmin = in dj,;
Gmer
max - — | d 'Sdmin1
¢ (ﬁ%{%‘ Ikj 1+ 1)}
(B, kp) := argmin{dy, ;| ¢; = Cmac}
(j,k)el

Append job jp at the end of route II*# and set Ny, = Ny, U{jz} in S
N = N\{js}

If necessary, fill empty routes.

return completed schedule S
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Algorithm 3: Most-expensive neighbor heuristic (MEN)

Input: f € (0, 1] // flexibility: allowed variation from the most-expensive job
S =0, Dkem
N :=N

while N # () do

Cmax = max{c;| j € N}

Cmin — OO
forall j € N do
if ¢; > fcmax then
for k=1— mdo
if (j, k) is feasible then

Let [, be the current last job of route k.
(%, t™) := C(&(ty,) + a, + Tu5, uj)
e(j, k) = dij + t%cmax
if epin > €(j, k) then

L min = €(J, k)

(Jp: kp) = (4, k)

if (jp,kp) is None then
L return uncompleted schedule S
Append job jp at the end of route IT*» and set Ny, = Ny, U{jp} in S.
LN =N\ {js}
If necessary, fill empty routes.

return completed schedule S
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B. Algorithm Pseudocodes

Algorithm 4: Cost-balanced neighbor heuristic (CBN)

Input: g € [0, 1] // weight to balance travel costs and customer costs
Nday // estimated number of jobs visited per day and vehicle,
// see equation (5.1) on page 71
5= (0, O)ken
N :=N
while N +# () do
Cmin = OO

forall j € N do
for k=1—mdo
if (j, k) is feasible then
Let [ be the current last job of route k.
e(j, k) = Bdyy — (1 — B,
if cpin > (j, k) then

L Cmin = Cb(ja k)

(Jp: kp) = (4. k)

Nday

if (jp,kp) is None then
L return uncompleted schedule S
Append job jp at the end of route II*2 and set Ny, = Ny, U {jp} in S.
| N =N\ {js}
If necessary, fill empty routes.

return completed schedule S
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Algorithm 5: Best-of-Greedy algorithm (BoG)

Sbest 1= {(0, ()renr} with g({(0, ())renr}) = o0
for f € {0.0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,1} do
S := schedule from NN heuristic with flexibility f

if g(S) < g(Spes:) then
L Sbest =S5

for f € {0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9, 1} do
S := schedule from MEN heuristic with flexibility f
if g(S) < g(Spest) then
L Sbest =S
for 5 € {0.0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9, 1} do
S := schedule from CBN heuristic with weight g
if §(S) < 9(Shs) then

Sbest =S

return Sy
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B. Algorithm Pseudocodes

Algorithm 6: Rollout algorithm

S = (0, ()rem
N:=N
while N # () do
Jmin = OO
forall j € N do
N := N\ {j}
for k=1—mdo
if (4, k) is feasible then
Append job j at the end of route IT* and set N, = N, U {j}.
Let Sy be the schedule obtained by completing S by means of
a greedy heuristic.
if Sy is feasible and g(Sg) < gmin then
L Imin = 9(Sk)
(B kp) = (4. k)
Remove job j from IT* and set Ny = N, \ {j}.

| N:=NU{j}
if (jp,kp) is None then
L return uncompleted schedule S
Append job jg at the end of route I1*# and set Ny, = Ny, U {jp} in S.
N =N\{js}
If necessary, fill empty routes.

return completed schedule S
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Algorithm 7: Base algorithm for first and best improvement

Input: K // number of improvement runs
Compute S by the BoG heuristic.

Sbest =95

GJmin = g(sbest)

for K runs do

do
| S = first/best improved neighbor of S

while an improved neighbor of S exists
if g(5) < gmin then
Gumin = 9(5)
L Spest = S
/* Compute start schedule for the next iteration which should be at least 15% more
expensive than last obtained schedule S. */
g =1.15¢(S)
while ¢(5) < g do
t S = random neighbor of S

return Sy
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B. Algorithm Pseudocodes

Algorithm 8: Compute LB{ ppp; with polynomial effort.

Input: N, // set of jobs with non-zero customer cost coefficient
T = {ty,1s,... ,tm} // start days with t; <t;11 Vj € {1,2,...,|T| -1}
LBl pgp; = 0
Sort the jobs decreased by aiin to get (11ch7'1 > a;TQTQ >0 > anc%rn
b=20
7=1
fori=1 to n.do
if b+ a; +r; <mu+ R, then
LBl pgp1 = LBippp1 + tjci
b=b+a;+r; // Pack job i completely into bin t;.
else
LB ppp1 = LBipgps + <tj%}zz_b + it (1 - %Rﬁn_b)) Ci
Jj=J+1
B b=a;+r; — (mu + R, — b) // Pack job i fractional into bin t; and tj;..

return LB ppp,
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Algorithm 9: Branch-and-bound with branching strategy append (BB-
Append).

Input: Nyore = (J1,725 -+, Jn)
Calculate an heuristics solution S.
Initialize the best solution so far Spest = S and the upper bound UB = ¢(S).
Start with the first partial solution S = {5}, (51),0,0,...,0,() and
N=N \ {j1}-
while S is not empty do
if the current partial solution S can lead to a feasible solution then
if all jobs are planned then
if g(S) < UB then
L UB = ¢(5)
Shest = 5
S = backtrack(S5)
else
if ¢(S) < UB then
‘ Calculate lower bound LB.

else
L Set LB = 0.
if ¢(S)+ LB < UB then
Further investigate the branch:
Search first job j in Ny, which is unplanned in S.
Append j to the route where the last job was appended to.
else

t S = backtrack(S)

else
t S = backtrack(S)

return Sy
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B. Algorithm Pseudocodes

Algorithm 10: Backtracking for branching strategy append.

Input: S
while S is not empty do
Let j be the last appended job and
k the corresponding route.
if £ < m then
L Shift j to route k + 1.
return S
Search for first j behind j in the sorted list with j' is unplanned.
if j’ exists then
Remove j from route k.
Let k&’ be the non-empty route with largest index or, if all routes are
empty, ¥ = 1. Append j' to route k'.
return S
Remove job j from route k.

return §
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Algorithm 11: Branch-and-bound with branching strategy include (BB-
Include).

Input: Nyore = (J1,725 -+, Jn)
Calculate an heuristics solution S.
Initialize the best solution so far Spest = S and the upper bound UB = ¢(S).
Start with the first partial solution S =it (G1),0,0,...,0,0) and
N=N \ {j1}-
while S is not empty do
if the current partial solution S can lead to a feasible solution then
if all jobs are planned then
if g(S) < UB then
L UB = ¢(5)
Shest = 5
S = backtrack(S5)
else
if ¢(S) < UB then
Calculate lower bound LB.
if LB < UB then
Further investigate the branch:
Include the first unplanned job of Ny as last of route 1.
else

t S = backtrack(S)

else
t S = backtrack(S)

else
t S = backtrack(S)

return Sy
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B. Algorithm Pseudocodes

Algorithm 12: Backtracking for branching strategy include.

Input: partial solution S
while S is not empty do
Let j be the last included job,
k the corresponding route and
p its position in the route.
if p > 1 then
Switch 7 and its predecessor. Then, j is on position p — 1 in route k.
| return S
if £k <m then
Shift 7 to route k + 1 and append it to the end of the route.
| return S
Remove job j from route k.

return §
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