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Low-complexity 2D coherently distributed sources

decoupled DOAs estimation method
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The existing directions-of-arrival (DOAS) estimation met
tributed sources need one- or two-dimensional search, and t
high. In addition, most of them are designed for special angu
result, their performances will degenerate when deal with d ifferent sources with different angular signal
distribution functions or unknown angular signal distribu tion functions. In this paper, a low-complexity
decoupled DOAs estimation method without searching using t wo parallel uniform linear arrays (ULAS)
is proposed for coherently distributed sources, as well as a novel parameter matching method. It can
resolve the problems mentioned above efficiently. Simulati on results validate the effectiveness of our

hods for two-dimensional (2D) coherently dis-
he computational complexities of them are
lar signal distribution functions. As a

approach.

2D coherently distributed source, uniform linear array, direction-of-arrival (DOA), decoupled estimation, quadric rotational invariance

property (QRIP)

1 Introduction

In the fields of radar, sonar and wireless commu-
nication, etc., most sources appear spatial angu-
lar spread, which can be modeled as distributed
source. The conventional DOA estimation meth-
ods, which are designed for point source, will be de-
teriorated when deal with the distributed sourcel.
Based on the fact that the components from the
same sources are correlated or not, the distributed
source can be divided into two types®: coher-
ently distributed (CD) source and incoherently dis-
tributed (ID) source. In this paper, the DOA esti-
mation of the coherently distributed source is con-
sidered. Most of the existed parameter estima-
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tion algorithms are designed for one-dimensional
(ID) coherently distributed source and they all
need one- or two-dimensional searches, such as
DSPE?, DISPAREF!, min-minimum eigenvalue
method, and max-maximum eigenvalue method*.
The DOA estimation algorithms based on general-
ized eigendecomposition!®! and sparse signal repre-
sentation (SSR)® do not need to search, but they
are also restricted to the 1D coherently distributed
source. The 1D distributed source model assumes
that the sources and the local scattering points
around them are in the same plane with the re-
ceiving array. However, in practice, this assump-
tion does not hold. That is, the sources and the
local scattering points are not in the same plane
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with the receiving array, which can be modeled as
a 2D distributed source. In this paper, we consid-
ered the central DOA estimation problem for 2D
coherently distributed source. The 1D coherently
distributed source model is the special case of the
2D coherently distributed source, that is, no az-
imuth angle and its angular spread case.

A 2D coherently distributed source has four
parameters: central elevation DOA, central az-
imuth DOA, elevation angular spread, and azimuth
angular spread. Thus, the parameters estima-
tion method will be more complex. Lee et al.[”]
proposed a low-complexity parameters estimation
method for 2D coherently distributed sources using
an L-linear array. It transforms a four-dimensional
optimization problem into two two-dimensional
optimization problems, so the complexity is de-
creased. In addition, they proposed a sequential
one-dimensional (SOS) method for DOAs estima-
tion of 2D coherently distributed sources using two
parallel uniform circular arrays!®!. The main idea is
as follows: The central elevation DOA is estimated
by TLS-ESPRIT, and the central azimuth DOA
can be given by SOS. The method can estimate the
two parameters using only one-dimensional search.
However, all the methods mentioned above are de-
signed for special angular distribution functions.
For the cases where different sources are with dif-
ferent angular signal distribution functions or an-
gular signal distribution functions are unknown,
the performance of them will degenerate.

Aiming at the above problems, we presented
a low-complexity decoupled DOAs estimation ap-
proach for 2D coherently distributed sources using
two parallel uniform linear arrays. Firstly, TLS-
ESPRIT method is used to estimate the central el-
evation DOA, and then the central azimuth DOA
can be obtained by quadric rotational invariance
property (QRIP) of generalized steering vector.
The proposed method need not search and can deal
with when different distributed sources are with
unknown angular signal distribution functions or
different distributed sources are with different an-
gular signal distribution functions. In addition, a
simple parameter matching approach is addressed.
Simulation results validate the effectiveness of our

method.

2 The 2D coherently distributed source
model

Consider two uniform linear arrays X; and X,
monitoring a wave field of ¢ coherently distributed
sources in additive background noise. Each array
has L sensors, the distance between the two ar-
rays is d, and the distance between the adjacent
elements in each array is A. Their geometries are
illustrated in Figure 1. The outputs of the arrays
X, and X, are expressed as the following contin-
uous integral forms

q
1= Z// a(, ¢)si(V, @; pi)ddde + ng,, (1)
1=1

q
Ty = Z// a(ﬁjw)e—j@ﬂ'd/)\)cosﬂ
1=1

- 5i(0, 5 ;) d0dp + g, (2)
where CL(Q?, C,D):[l, e]'n sinﬂcosga’ . ,ejn(L—l)sinﬁcosg;]T
is the steering vector of the array in the direction
(9, ), where n = 2tA /X and A is the wavelength.
[[]7 is transposed operator. s;(9,; p,) is the an-
gular signal density function of the ith source. No-
tice that the integrating ranges in the above equa-
tions are ¥ € (—m/2,7/2] and ¢ € (0,7], but we
omit them for the simplicity. The parameters 6;,
0e,, ¢; and oy, in the vector p, = [0;,00,, ¢i, 04,]
are the central elevation DOA, elevation angular
spread, central azimuth DOA and azimuth angular
spread of the i¢th source, respectively. The central
DOAs(6;, ¢;) are estimated in this study. n,, and

A
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Figure 1 The double parallel uniform linear arrays geometry.
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n,, are the additive white Gaussian noise.
For 2D coherently distributed source, s;(V, ¢; p;)
can be expressed as

si(0, ;1) = 719:(0, 5 ;) (3)
where 7, is a random variable and g¢;(9, p; ;) is a
deterministic angular distribution function. The
index i denotes that different sources may have
different deterministic angular signal distribution
functions.
Let

b(,) = / [ .00, 0m)do0ds (@

be the generalized steering vector of the coherently
distributed source. If the sources are uncorrelated,
then the covariance matrix of the receiving signal
vector of array X, can be expressed as

q q
R, = Z Z b(Hi)E{’Yi’Y;}bH(Nj) +oily
i=1 j=1
= BI'B" + 71, (5)
where B = [b(p,), b(pt,), - -+, b(p,)] is the steering
matrix, [I'];; = E{vy;7;}. Moreover, o, is the noise
power, and I is an L x L identity matrix. E{-},
x, and H are expectation operator, conjugate oper-
ator, and conjugate transposition, respectively. As
a result, eq. (1) can be rewritten as
x; = By +n,, (6)
in which v = [v1,72, "+ ,7,]". Similarly, eq. (2)
can also be written as
zy =C~v +n,,, (7)

where C = [c(p,), c(py), -+, c(p,)] with the gen-
eralized steering vector c(u;) is defined as

clw) = [ [ atw.ole 00,0, s o
(8)
It can be proved that for d < A, we have (see Ap-
pendix)
e{ja,) ~ biga,yo G st (9)
The matrix form is
C~B®d, (10)
where the rotation matrix @ is

P = diag(e—ﬂﬂ(d/)\) r:os€17 L. 7e—j27'[(d/>\) coséq).

(11)

3 Low-complexity 2D coherently dis-
tributed sources decoupled DOAs estima-
tion method

3.1 The central elevation DOA estimation
using TLS-ESPRIT

The total receiving signal vector of the two arrays
can be expressed as

ml_ B N n,, D~y 4
€xr = = = n7
o B® K 2 K
(12)
B
where ¥ = and n = T .
B n,,

Assuming that the covariance matrix of the to-
tal receiving signal vector « is R,. The signal sub-
space of R, should be a 2L x ¢ matrix, which is
denoted as F',. Moreover, it can be divided into
the upper and lower L X g sub-matrices Fy and
F,. There is a nonsingular matrix 7', which satis-

fies
[ F, BT
F, =

BT

" . (13)

Based on the above equation, total least square—
ESPRIT (TLS-ESPRIT) can be used to estimate
the central elevation DOA. We can summarize the
procedure as follows:

1) Compute the covariance matrix estimation us-
ing R, = % SV x(t)x"(t) from N snapshots.

2) Eigendecomposition of R, to obtain the sig-
nal subspace F. and divide it into the upper and
lower L x g sub-matrices Fy and Fl, which satisfies

. F
="
F,

3) Eigendecomposition of the matrix G =

H
F . .

[ a ] [ F, F, } as G = FAgF", where Ag
F,

is a diagonal matrix whose diagonal elements are
eigenvalues, and F' is the eigenvectors, correspond-

ingly. Partition F' into four ¢ x g sub-matrices, that
Fy Fi

4) Eigendecomposition of £ = —F, F};' to ob-

tain the eigenvalue \; (F'11, F'5; are the noise sub-

space matrices), then the central elevation DOA of
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the coherently distributed source can be given by
N _ arg(\; .
0; = cos™* [—%//\)}, (i=1,---,q).

3.2 The central azimuth DOA estimation
based on quadric rotational invariance
property (QRIP) of the generalized steering
vector

For small angular spread, the generalized steering
vector b(u,;) can be expressed as (see Appendix)

[b(p)li = ™0 b ()], (14)

where h(p;) is a real function which is deter-
mined by ¢;(V, p; p;). Let spatial frequency w; =
nsinf; cos ¢;, and then (14) can be rewritten as

[b(p2:)]1 = ™ [R(p2,)] - (15)

Define the L — 1 vectors b(p,) and b(p;) as b(p;) =
J.b(p;) and b(p,;) = Job(w;), respectively, where
J, = [ILflyo](Lfl)xL and J, = [O,ILfl](Lfl)xL
are the selection matrices. For point source, the
steering vector satisfies the following rotational in-
variance property

B(Hz) = e_jwib(ﬂi)

However, for distributed source, it does not hold.
Fortunately, it satisfies the QRIP as follows:

blp;) 0 b™ () = €770 (p,) 0 b(p,),

where o is Hadamard product.

(16)

Assuming that the signal subspace of covari-
ance matrix R,, is U, = [ug,ug, -+ ,u|", where
,ul are the row vectors of U,. From
subspace theory, the signal subspace U, and
the generalized vector b(p;) have the following

relationship!¥

H H
u17u27...

b(lj’z) = Usg7

where g is a ¢ x 1 vector. Based on egs. (15)—(17),
it follows that

(17)

U’EggHukfl = ejQWiugflggHuh (k =1, 7L)
(18)
Using vec(ABC) = (C" @ A)vec(B), where vec(-)
is vector operator and ® is Kronecker product, eq.
(18) can be rewritten as

Q.€ = e Q.,
where the ¢? x 1 vector & = vec(gg") and the

(19)

(L —1) x ¢* matrices Q, and Q, are

T H T H
u; @ u, u, @ u;
uy ® uy u; @ ul

1= . ) QQZ .

T H T H
Uy @uy Uy QU

Eq. (19) shows that the spatial frequency of co-
herently distributed source can be obtained from
the generalized eigendecomposition of the pencil of
matrix (Q}Q,, Q] Q,) and /> is the generalized
Therefore, the central azimuth DOA
procedure can be summarized as follows:

eigenvalue.

1) Compute the covariance matrix estimation us-
ing R,, = L3 ()2 (t) from N snapshots.

2) Eigendecomposition of R, to obtain the sig-
nal subspace US, then @, and @, can be computed
correspondingly.

3) Compute the generalized eigendecomposition
of pencil of matrix (Q)'Q,,Q)Q,), using the
phases of the ¢ generalized eigenvalues whose mod-
ulus are near to one to estimate the spatial fre-
quency w;.

4) The central azimuth DOA of coherently dis-
tributed source can be given by ¢; = f (91,@1) =

cos™! [“—] )

nsin 0,
3.3 Min-minimum eigenvalue spectrum
parameter matching method

The proposed method can give a decoupled DOAs
estimation for 2D coherently distributed. For the
single source, there is no parameter matching prob-
lem. However, if there are multiple sources, param-
eter matching must be given for obtaining the cor-
rect DOAs estimation. A simple parameter match-
ing method based on the orthogonality of subspace
was addressed in ref. [9], but it is designed for
point source only. For distributed source, it does
not hold.

In order to solve this problem, 1D min-minimum
eigenvalue spectrum®! is generalized to 2D case for
parameter matching. For ¢ distributed sources, one
needs to compute the ¢ 2D min-minimum eigen-
value spectrum values and compares them with
each other to finish the parameter matching.

Let G, be the noise subspace of the covariance

matrix R, , it follows G’Sb(ul) = 0. Therefore, the
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parameter of coherently distributed source is the
solution of the following minimization problem:

p; = arg min bH(u)GnGSb(u). (20)
"

Substitute A3 into eq. (20), and one has
(0:, 61 h(p,)) = arg min h"D™(,¢)
©,.0:h)

o A H

-G,G, D(0,)h. (21)
Here, D(0,¢) = diag(a(f,¢)) and the expression
of h(p;) can be seen from Appendix. As a re-
sult, the eigenvalue of D" (8, ¢)(A}'WCA}'SD(9, @) will
be minimum when (6,¢) equals to (6;,¢;) and
h(p;) is the corresponding eigenvector. Notice
that D" (8, QS)énéSD(H, ¢) is a nonnegative defi-
nite matrix with nonnegative eigenvalues and real
eigenvector h(p;), so eq. (21) can be rewritten as

(6;, ¢ h(p;)) = arg min h"Q(0, ¢)h,
0,¢:h)

where Q(0,¢) = Re[D"(0, )G, G. D(0,$)]. For
uniform linear array, the constrain condition
h(1)=1 holds, so the central DOA of coherently
distributed source can be obtained from

(6:,¢i:h(p,) = arg  min  h"Q(6, ¢)h.
0.¢:h(1)=1)
In what follows, we use h'w = 1 instead of

h(1) = 1, where w = [1,0,---,0]" is an L x 1
vector. The Lagrange cost function is

L(0,¢;h) = K" Q(0,)h + 26(1 — h w),
where [ is Lagrange coefficient. With Lagrange

multiplier method, the 2D min-minimum eigen-
value spectrum can be expressed as

f(8;, ) = argmax w'Q'w, (22)

where QT is the Moor-Penrose inverse of Q(6, ¢).
Obviously, the 2D min-minimum eigenvalue spec-
trum function value will be the largest one when
(0, ¢) equals to (0;,¢;). This property can help us
to realize the parameter matching. The matching
procedure is summarized as follows:

1) Compute ¢;; = cos ' {&;/(nsinf;)} from the
central elevation DOAs estimation {6;,--- ,8,} and
the spatial frequency estimation {w;,--- ,@,}.

2) Substitute the ¢2 combinations (6;, ¢;;) into
(22) and calculate the function value f(6;,¢;), re-
spectively.

3) If f(0,,¢,) is the largest, then (6,,,¢,)
is the correct matching. Also, calculate w,, =
7sin 6,, cos ¢,,.

4) Get rid of the {6,,, &y, } from {#;,--- ,6,} and
{&1, -+ ,@&,}, then let ¢ = ¢ — 1 and repeat steps
1)-4).

4  Simulation results

The sensor elements number is L = 8, the distance
of adjacent sensors in each array is A = \/2, and
the distance between the two arrays is d = \/10.

Case 1.
ministic angular signal distribution functions.

Two sources are with the same deter-

Consider two coherently distributed sources with
Gaussian deterministic angular signal distribution
p, = [10°,3°,25° 4°] and p, = [30°,5°,40°,6°].
The signal-noise ratio (SNR) is 15 dB and the
snapshot number is N = 500. Figure 2 shows the
two spatial frequencies estimation with 50 indepen-
dent trials. Correspondingly, the spatial frequen-
cies estimation are @; = 0.4944 and w, = 1.2033.
The central elevation DOAs estimation using TLS-
ESPRIT are 6, = 9.9923° and 6, = 30.0542°,
respectively. Therefore, one can build the corre-
sponding parameter matching Table 1. At first, we
substitute (A1, ¢11) and (0, ¢1o) into eq. (22) when
0, = 0.3458°. Compare the function values of (22)
and select the largest one as the correct parameter
matching result. Based on the same method, we
can give the true parameter matching result when
6, = 30.0542°. By this mean, the true central az-
imuth DOAs ¢, = 23.8144° and ¢, = 41.5118°
can be obtained. With 20 independent trials, the
central DOAs estimation results of coherently dis-
tributed sources are plotted in Figure 3.

Table 1 The spatial frequency and central elevation DOA
matching

@ = 7wsinf cos ¢

Azimuth DOA
matching w1 w2

01 é11=Ff(0r,01) b2 = f(O1,00)
O ¢o1 = f(f2,01)  baz = f(f2,00)

0

With 500 Monte Carlo simulations, the root-
mean-square-error (RMSE) of the central azimuth
DOA estimation versus SNR of our method and
SOS® are depicted in Figure 4. As can be seen
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Figure 2 The spatial frequency estimation using QRIP (50

tirals).
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Figure 3 The 2D DOA estimation results (20 trials).

from the figure, our method has the same per-
formance as SOS whenever the SNR is low or
high. However, our method has lower computa-
tional complexity than that of the SOS method.
In addition, SOS cannot give the correct DOA es-
timation results for the case that different sources
are with different deterministic angular signal dis-
tributions.

Case 2.
deterministic angular signal distribution functions.

Three sources are with the different

Three coherently distributed sources with g, =
[20°,3°,95°,2°]" ) p, = [10°,3°,30°,4°]", and py =
[70°,5°,60°,6°]" are impinging on the receiving ar-
rays. Their deterministic angular signal distribu-

100 ; : . "
________________ —8— SOS of 1st source
****** | = — —— =1 —— — — —|—©— QRIP of Ist source 1
77777 | T T T T T 7 T T T 7 7|—<—SO0S of 2nd source
*********** —&— QRIP of 2nd source] |

SNR (dB

=

Figure 4 RMSE of the central elevation DOA estimation versus
SNR.

Figure 5 The spatial frequency estimation using QRIP (50
tirals) (three sources are with different deterministic angular
signal distribution functions).

tion functions are Gaussian and uniform. The SNR
and snapshot number are the same as case 1. At
first, the central elevation DOAs estimation using
TLS-ESPRIT are 6, = 9.8977°, 6, = 69.9958°,
and 05 = 20.0488°, and the spatial frequency esti-
mation based on QRIP of the generalized steering
vector are w; = 84.5723°, w, = 27.0691° and w3 =
—5.3656°, which can be seen in Figure 5. After
parameter matching, the correct central azimuth
estimation are qgl = 30.0567°, (52 = 60.0554°, and
<;A53 = 94.9918°, respectively.

From the two different cases, it can be seen that
the proposed method can give more exact DOAs
estimation results. It need not search and can deal
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with that different sources are with different angu-
lar signal distribution functions or unknown angu-
lar signal distribution functions. Thus, the robust-
ness of our method is good.

5 Conclusion

Herein, a low-complexity decoupled DOAs estima-
tion method without searching using two parallel
uniform linear arrays (ULAs) is proposed for co-
herently distributed sources, as well as a simple
parameter matching method. Compared with the
existed methods, our approach need not search and
can deal with that different sources are with dif-
ferent angular signal distribution functions or un-
known angular signal distribution functions. In
addition, a simple parameter matching method,
which is generalized from 1D min-minimum eigen-
value spectrum, is derived to solve parameter
matching problem. Out method is suited to fast
parameter estimation and tracking.

Appendix The approximated steering vector
and rotational invariance property for small an-
gular spread

For arbitrary DOA 9, ¢, we have ¢ = 60; + 0 and
© = ¢; + @, where 9, § are the small deviation be-
tween ¥, and the central DOA 6, ¢. For small
angular spread, one has

[CL(’L9 (;0)] p = ejnk sin 9 cos ¢ — ejnk sin(9i+1§) cos(¢p;+p)
)
~ ejnk(sin 0;+9 cos 0;)(cos i —@ sin ¢;)
— ejnk sin 0; cos ¢;
X ejnk(ﬁ cos 0, cos ¢p; — @ sin 0; sin ¢;) (Al)
Here, we use the facts that sind ~ ¥, sing =~ ¢,

cost ~ 1, cos¢ ~ 1, and 9% ~ 0 for small ¥ and
@. Substitute (A1) into (4), and one obtains

[b(p,)]i =~ eSO iy ()], (A2)
With the vector form as follows:

where

D(0;, ¢:) = diag(a(0;, ¢:)), (A4)

[h(u/)]k — // eﬁjnk(&cos& cos ¢;— @ sin 0, sin ¢;)

- 9i(0; + 0, ¢ + &3 p;)dVdG.  (AB)

For the common deterministic angular signal dis-

tribution functions, such as Gaussian and uniform,
we can give the closed forms of [h(u;)]x.

For example, if g;(9, ¢; p;) has Gaussian shape,
that is,

9i(0, 3 ;) = 3 o 1/2((9=0:)* /o5 +(p—6:)/03,)
ﬂ09i0¢i

Then, the expression of h(u;) are

B n?k? (03 sin? 0, sin® ¢;+05 cos? 0; cos? 4;)
[(p)li =e :
If ¢;(Y, ¢; p;) has uniform shape, that is,
1/(2\/50’&)-\/30’& <7§< \/ga'gi,
1/(2\/30-%) - \/§U¢i <p< \/go-ti?i?

0 otherwise.

ORI TRIES

Then, the expression of h(u,;) are
sin(v/3 koy, cos 8; cos ¢;
[h(ﬂi)]g - \(/3771::7091. cos 0; cos ¢; )
sin(v/3nko, sin 6, sin ¢;)
' V3nka,, sin 0; sin ¢, .
Substitute (A1) into (8), and we have

— ejnk sin 0; cos ¢,

'//ejnk(&coseiCosd)i—@sin@isin@)

. e—j(27’td/)\)(coséi—1§sin 0:)
- gi(0; + 9, ¢; + & Mz‘)d@d‘ﬁ-
If d < ), it follows that edmd/NFsind) 1 g6 we
can rewrite the above formula as follows:
[C(Hi)]k _ e—j(?ﬂtd/)\) cos 9iei777€ sin 6; cos ¢; [h(ui)]ky
(A6)
where the expression of [h(u;)]r can be seen from

(A5). From (A2) and (A6), the following relation-
ship holds:

C(V’i) ~ e—j(?ﬂtd/)\) cos eib(l’l’i)'

le(p)]k

With the matrix form as
C~B9, (A7)
where the rotational matrix @ is

b — diag(efﬂﬂ(d/)\) c08017 L 7e7j27t(d/)\) coseq)'

Obviously, the steering matrices B and C have a
rotational invariance property.
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