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Abstract This paper investigates the consistency property of F'C-normal logic program and presents
an equivalent deciding condition whether a logic program P is an F'C-normal program. The deciding
condition describes the characterizations of F'C-normal program. By the Petri-net presentation of
a logic program, the characterizations of stratification of F'C-normal program are investigated. The
stratification of F'C-normal program motivates us to introduce a new kind of stratification, extended
stratification, over logic program. It is shown that an extended (locally) stratified logic program is
an FC-normal program. Thus, an extended (locally) stratified logic program has at least one stable
model. Finally, we have presented algorithms about computation of consistency property and a few
equivalent deciding methods of the finite F'C-normal program.
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Marek’s forward-chaining construction is one of important techniques for investigating the
nonmonotonic reasoning. In refs. [1, 2], Marek et al. showed that a forward-chaining technique,
supplemented by a properly chosen safeguard, can be used to construct stable models of a logic
program. By the introduction of consistency property over a logic program, they proposed a
class of logic programs, F'C-normal programs, each of which has at least one stable model.
In the process of construction of stable models, an F'C-normal program has the property that
an applied nonmomotonic clause C' would not be negated by the applications of clauses later.
The property ensures intuitively the existence of stable models of a logic program. And we
can construct a stable model by the simplified forward-chaining construction, normal forward-
chaining construction, if a logic program P is F'C-normal. Please note that an FC-normal
program is associated with a consistency property.

Given a logic program P, we can always construct a consistency property Con over P. But
it does not hold that P is F'C-normal with respect to every consistency property Con over P. We
can also construct two consistency properties Con; and Cons over P such that P is FC-normal
with respect to Con; and P is not F'C-normal with respect to Cons.

However, we can construct a consistency property Congorm(p), called normal consistency
property, by the normal forward-chaining construction for all well-ordering over nmon(P) such
that

if P is F'C-normal with respect to a consistency property Con, then Cony,opm(py € Con and

P is FC-normal with respect to Con,orm(p)-
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It is that for a given logic program P we only need to decide whether P is F'C-normal with
respect to Cony,pm(p)- Please note that Cong,opm(p) is unique for a given logic program P.

In this paper, we analyse the consistency property over a logic program and present an
equivalent deciding condition whether a logic program P is F'C-normal. The new deciding
condition shows that if a nonmonotonic clause C is applied at stage « in the construction, and
another nonmonotonic clause C5 is applied at stage 3, where a < 8 and < is a well-ordering over
nmon(P), then the application of Cy would not negate the application of Cy. In the construction
the application of any nonmonotonic clause C' in P could block applications of all nonmonotonic
clauses that would negate the application of C later.

For the stratification of a logic program, Apt et al.’l and Przymusinskil* have introduced
a (locally) stratification over a logic program by defining a rank function rank: for every clause
a < ap,...,0m, 1, .., by rank(a;) < rank(a) for all 1 < ¢ < m, and rank(b;) < rank(a)
for all 1 < 5 < k. The conditions imposed on the rank function rank over a logic program
P protect from the occurrence of the nonmonotonic deduction cycles over P. By the Petri-net
representation N(P) of Pl it follows that N(P) contains no nonmonotonic cycles. Thus, a
(locally) stratified program has the unique stable model.

In this paper, we introduce a new stratification called extended stratification by defining a
new rank function rank*. The conditions imposed on rank* are weaker than that on rank, i.e.
a (locally) stratified program is extended (locally) stratified and an extended (locally) stratified
program may not be (locally) stratified. In an extended (locally) stratified program P, it is
allowed that N(P) contains nonmonotonic cycles. We will prove that an extended (locally)
stratified program is F'C-normal and present an example to show that an F'C-normal program
may not be extended (locally) stratified.

Finally, we present algorithms to compute the normal consistency property over a finite logic
program, and consider a few equivalent deciding methods of the finite F'C-normal program. For
our algorithms, the worst time complexity, deciding whether a finite logic program is F'C-normal,

is still in exponential time.
1 Preliminaries

In this section, we introduce some necessary notions and notations. It is supposed that we
discuss atoms underlying language £ and deal with the propositional case only.

Definition 1.1. (i) A definite logic program P consists of clauses of form a < ay, ..., am,
where a,aq,...,a,, are atoms of language £. We call such clauses Horn program clauses or
simply Horn clauses. The set of atoms occurring in clauses of P is called the Herbrand base of
P, and is denoted by Hp.

(ii) A subset M C Hp is called a model of a set P of program clauses if for all clauses
a+ay,...,amof P,ay,...,a,, € M implies a € M.

Definition 1.2. (i) A general logic program P consists of clauses of form
C=a<+ay,...,am,by,... b,

where a,ay,...,a,,,b1,...,b; are atoms in language £. Here aq,...,a,, are called the premises
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of clause C, bq,...,b; are called the constraints of clause C' and a is called the conclusion of
clause C. We shall write prem(C) = {a,...,an}, cons(C) = {b1,...,b;} and ¢(C) = {a}.
Either one of prem(C), cons(C), or both may be empty. If prem(C) = cons(C) = &, then the
clause C is called an axiom.

(In this paper, a logic program means a general logic program.)

(ii) Let Hp be the set of atoms occurring in clauses of P. A subset M of Hp is called a

model of P if for any clause a < ay,...,am, b1, .., by of P, whenever the premises ay,...,a,,
of C are in M and the constraints by,...,b; of C are not in M, the conclusion a of C belongs to
M.

For a given general program P, let mon(P) denote the set of all Horn clauses in P and
nmon(P) = P\ mon(P). The elements of nmon(P) are called nonmonotonic clauses. And the
monotone operator of derivation closure under the clauses in mon(P) is denoted by cly,on(p)-

For a clause C = a + ay,...,am,b1,..., by, the Horn clause a < aq,...,a,, is called the
Horn projection of C, denoted by Cporrn. Let P be a logic program. Then the Horn program
mon(P) U {CHorn|C € nmon(P)} is called Horn projection of P, denoted by Prrops.

Given a logic program P, sets M C Hp and I C Hp, a M-deduction of ¢ from [ in P is a

finite sequence < ¢y, ca,...,¢; > such that ¢; = ¢ and for all 1 < 7 < I, each ¢; either

(i) c; €I, or

(ii) ¢; = ¢(C) for some axiom C € P, or

(iil) ¢; = ¢(C) for some clause C' = a <+ ay,...,am,, "by, ..., —bs in P such that {aq,...,am} C
{c1,...,ci—1} and {by,...,bp} N M = @.

For the case (iii), we say that the clause C = a + ai,...,am,b1,...," by is applied in
M-deduction of ¢ from I in P. Especially, we say that < ¢1,¢o,...,¢; > is a proof sequence of

¢ from I in P if all applied clauses in the deduction are in mon(P), i.e. all applied clauses are
monotonic clauses in P.

For ¢ € Hp, we say that ¢ is M-deducible from I over P if there is a M-deduction of ¢ from
I over P. We denote Cps(I) = {c| ¢ is M-deducible from I over P}. M is called a stable model
of P from I if Cp(I) = M. Especially, M is called a stable model of P if Cp (@) = M.

Moreover, we present a kind of Petri-net representation for a logic program to describe the
characterization of F'C-normal program.

Given a logic program P, every non-axiom clause

C=a<+ay,...,0,,7by,...,—bg

in P is associated to a transition tc as given in fig.
1, where an arrow with a small circle corresponds to a —>

le | ———
constraint b; in the clause C. It means that the clause 8 @

C' is not applicable whenever b; is deducible.
Define notations:
*tc ={a1,...,am}, “tc ={b1,...,bx} and t3, = {a}.
Generally, we assume that *tc N°te = 2. Fig. 1

Definition 1.3. Let P be a (propositional) logic program and let N be a Petri-net with
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a set S of states and a set T of transitions. N is called the Petri-net representation of P if the
following conditions hold:

(i) S=Hp and T = {tc | C is a non-axiom clause in P}.

(ii) A state s € prem(C) if and only if an arrow from s to t¢ occurring in N.

(iii) A state s € cons(C) if and only if an arrow with a small circle from s to ¢¢ occurring
in N.

(iv) A state s € ¢(C) if and only if an arrow from t¢ to s occurring in N.

We denote the Petri-net representation of P by N(P). The set {a | a «€ P} is the set of
initial states (initial active conditions) of N(P), denoted by I.

Let N(P) be the Petri-net representation of a logic program P. In N(P), a cycle is a
sequence: C' = ajtjasty ... at,a), where t1,...,t, are transitions, a] €°®¢; U°t;(1 < i < p),
aj, €°(1 <i<p)andaj €ty If aj €%t} for each 1 < i < p, then C' is called a monotonic
cycle. A cycle is called a nonmonotonic cycle if the cycle is not monotonic. In this paper, we
always assume a cycle to be a simple cycle.

Example 1.1. The logic program P consists of clauses {a +, b < ¢, ¢ + b, ¢ +
a,~d, e+ c¢,~f, d+ e, ~f}.

In fig. 2, a is the initial state of Petri-net N(P), t3 is first applied (fired) transition and ¢
has to be applied. On the other hand, the application of t5 must negate the application of t3.
This is a contradiction. Thus, P has no stable model.

Moreover, the sequence ctybtyc is a monotonic cycle and ctsetsdtsc is a nonmonotonic cycle
in fig. 2.

Example 1.2. The logic program P consists of clauses {a <, b < ¢, ¢ «< b, ¢ +
a,~d, e <+ c¢,~f, f <+ ¢, e}

In fig. 3, a is the initial state of Petri-net N(P). t5 is first applied (fired) transition. It
follows that if ¢5 is applied first, then the application of t5 will block the application of t4. Sym-
metrically, if £4 is applied first, then the application of ¢4, will block the application of ¢5. Thus,
P has two stable models {a,b,c,e} and {a,b,c, f}.
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Fig. 2 Fig. 3
2 Equivalent deciding condition of F'C-normal program

In this section, we will present an equivalent condition deciding whether a logic program is

an F'C-normal program.
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Definition 2.1[Y,  Let P be a logic program. We say that a subset Coon of P(Hp), where
P(Hp) is the power set of Hp, is a consistency property over P if

(i) @ € Con,

(ii) Ya,pcHp[(A C B)&(B € Con) = (A € Con)],

(iii) Vacu,p[(A € Con) = (clymon(p)(A) € Con)], and

(iv) whenever A C Con has the property that (A, B € A) — Jeocal(A C C)&(B C C)],
then |JA € Con.

Definition 2.21.  Let P be a logic program and Con a consistency property over P.

(i) A clause C = a < ay,...,Gy, b1, ..., 2b; € nmon(P) is FC-normal with respect to
(w.r.t.) Con if VU {a} € Con and not V U {a,b;} € Con for all 1 < i < k whenever a subset V'
of Hp is such that V € Con, clyonp)(V) =V, a1,...,am € V,and a,by,..., by ¢ V.

In other words, if for any subset V' of Hp such that V € Con, clpmon(V) =V, a1,...,am €V
and a,by,...,b; ¢ V, we have V U {a} € Con and V U {a,b;} ¢ Con for all 1 < ¢ < k, then the
clause C = a <+ ay,...,am,b1,..., by € nmon(P) is FC-normal w.r.t. Con.

(ii) P is an F'C-normal program w.r.t. Con if all clauses C in P are FC-normal w.r.t. Con.

(iii) P is an FC-normal program if for some consistency property Con C P(Hp), P is
FC-normal w.r.t. Con.

In ref. [1], it is proved that an FFC-normal program has at least one stable model.

Definition 2.3. Let P be a logic program and Con a consistency property over P, and
let V' be in Con and clponp) (V) = V.

(i) A clause C = a < ay,..., a4, by, ..., —by € nomn(P) is V-applicable if prem(P) CV
and cons(CYNV =@, ie ay,...,a, €V and by,...,bp ¢ V.

(ii) A clause C = a + a1,...,Qm,b1,...,7by € nomn(P) is V-auto-inconsistent if C
is V-applicable and for some i (1 < i < k) b; is in clyon(p)(V U {a}). A clause C' = a +
A1,y Qm, b1, ..., —by € nomn(P) is V-auto-consistent if C is not V-auto-inconsistent. Clearly,
if C is V-auto-consistent, then cly,on(py(V U {a}) N{b1,...,br} = 2.

(iit)[] Two clauses Oy = a ¢ ay,...,dm,b1,..., by, Co = a’ « a},...,al,,—b,,... b,

» ')

in nmon(P) are V-independent. If both C; and Cy are V-applicable, then the following relation
holds:

CZmon(P)(VU {a}) n {bll,,b;} =g < Clmon(p)(VU {a'}) n {bl,...,bk} = J,

(or clyon(py(V U{a}) N {b,...,b} # 0 < clyon(p)(V U {a'})N{by,...,bp} # 2.)

Theorem 2.1. Let P be a logic program and Con a consistency property over P. Then,
the program P is FC-normal w.r.t. Con if and only if for any V' € Con satisfying cl,,on(p) (V) =
V the following conditions hold:

(P1) For any clause C € nmon(P), if C is V-applicable, then C is V-auto-consistent and
VU{a} € Con.

(P2) For any clauses Cy, Cy € nmon(P), if both Cy and Cs are V-applicable, then Cy, Cs

are V-independent.
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Corollary 2.1. Let P be a logic program and Con a consistency property over P. For
any V' € Con satisfying cl,on(p)(V) = V, if the conditions (P1) and (P3) in Theorem 2.1 hold,
then P has stable models.

Proof of Theorem 2.1. (Ouly if part) Assume that P is FC-normal w.r.t. the consis-
tency property Con. Then for all clauses C = a « ay,...,am, "b1, ... by € nmon(P), we have
VU{a} € Con and V U {a,b;} ¢ Con for all 1 < i < k whenever a subset V' of Hp is such that
V € Con,clyonp)(V) =V, a1,...,a,, €V and a,by,...,bx ¢ V.

For the condition (P;), the result is clear for a € V. We assume that a clause C = a +
A1y .oy Am, b1, ... 2 € nmon(P) and ay,...ar € V and a,by,...,b ¢ V. We will prove
that clpon(p)(V U {a}) N {b1,...,br} = @. Otherwise, there exists some b;, (1 < ip < k) such
that b, € clyon(p)(V U {a}). Hence V U {a,b;,} C clyonp)(V U{a}). Since V U {a} € Con,
Climon(p)(V U {a}) is in Con too. Thus V' U {a,b;,} € Con, a contradiction.

For the condition (Ps3), let C1 = a + ai,...,Qm,b1,...,7bg, Co = a' + a},...,al,
=b},...,-b] be in nmon(P) and both V-applicable, i.e. {ai,...,am} CV, by,...,bp ¢ V and
{a1,...,an} CV, b,...,0; € V. Let clyonp)(V U{a}) N {by,...,b)} = @. We will prove that
Clmon(py(V U{a'}) N {b1,...,bx} = &. We discuss it by the following cases.

Case 1. a€V and a’ € V. It is clear.

Case 2. a €V and a’ ¢ V. In this case, we note that VU{b;} ¢ Conforall1 <i<k,V =
lmon(P)(V) = clinon(py(VU{a}) and VU{a'} € Con. Thus, clyonpy(VU{a'})N{b1,..., 01} = @.
Otherwise, there exists some b;, (1 < ip < k) such that V U {b;,} C clyonp)(V U{d'}) € Con.
Hence V U {b;,} € Con. This is a contradiction.

Case 3. a ¢V and a’ € clyonp)(V U{a}). In this case, clponp) (V' U{a'}) C clponp) (VU
{a}). Thus clyonpy(V U{a'}) N {b1,..., b1} = @.

Cased. a ¢ Vanda' ¢ clypon(p)(VU{a}). Let Vo = clion(py(VU{a}). Then clpon(p)(Va) =
V, and V, € Con. By the assumption, we have {b},...,b;} NV, = @. Thus, clpenp)(V U
{a,d'}) = clyon(py(Va U {a’}) € Con because Cs is a FC-normal clause w.r.t. Con. Therefore,
Clinon(p)(V U{a'}) N {b1,..., b} = @ since V U {a,b;} ¢ Con for all 1 < i < k. ( Otherwise,
there exists some b;, (1 < i < k) such that V' U {a,bi,} C clpon(p)(V U {a,a’}) € Con. Hence
V U{a,b;,} € Con. This is a contradiction.)

Finally, we have clon(p)(VU{a'})N{b1,...,bx} = @. Symmetrically, if cl,;,0,,(py(VU{a’})N
{b1,...,br} = @, then clyonpy(V U{a}) N {b},... .0} = 2.

(If part) Assume that P satisfies the conditions (P;) and (P3) w.r.t. Con. We show that P
is FC-normal w.r.t. Con. Given any clause C' = a < ay,..., Gy, by,...,—b; € nmon(P) and
any V' C Hp such that V' € Con, clponp)(V) = V,{a1,...,an} CV and a,by,...,bx ¢ V. By
the condition (P;), V U {a} € Con. Thus, we only show V U {a,b;} ¢ Con for all 1 <i < k. If
there exists some b;, (1 < iy < k) such that V U {a,b;,} € Con, then there exists a set Vy € Con
satisfying clion(py (Vo) = Vo and V U {a, b;,} C Vo. By Kuratowski-Zorn Lemma, there exists a
minimal subset V* of Hp such that V* € Con, VU{a,b;,} C V* and clyonp)(V*) = V*. By the
condition (Py), we note that clp,on(py(V U{a}) N {b1,...,br} = &. Thus clponpy(VU{a}) C V*

(proper inclusion). Thus, we have a clause C' = o’ < df,...,al,,—b,...,-b] € nmon(P) and
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a set V' C Hp such that af,...,a;, € V', a',b},...,b; ¢ V', clpon(p)(V U {a}) C V' C V*
and clyonp) (V' U {a’}) C V*. Therefore, we have clp,onp)(V U {a}) C clyonp)(V U {a,a’}) C
Climon(py(V'U{d’}) € V*. (Please note that V' € Con since V' C V* and V* € Con.)

We can repeat the above procedure until we get a set V" € Con and V" C V* and a clause
C'"=d"+4d},...;a b’l', ..., b} € nmon(P) satisfying the following conditions:

ay,...,ay € V".a" b7, b ¢ V" and clyonpy (V" U{a"}) D V™.
Thus, V U {a,bi, } C clponp)(V" U{a"}), ie. clmonpy(V" U{a"}) N {by,..., b} # 2.

By the condition (P1), cliyonpy(V" U{a"}) N{b7,...,b{} = & . Please note that a € V' C
V", Thus clyon(p)(V" U {a}) N {bY,... b/} = &. By the condition (Ps2), climonp)(V" U{a}) N
{b7,...,b/} = @ if and only if clpon(p) (V" U{a"}) N {b1,...,br} = @. This is a contradiction.

Q.E.D.

Intuitively, the condition (P;) in Theorem 2.1 shows that if C' € nmon(P) is applicable at
some stage of the construction of stable model of P, the application of C' would not negate itself.
And the the condition (Pg) in Theorem 2.1 shows that for any two clauses Ci,Cy € nmon(P)
and any well-order <, if C is applied before C; is applied, then the application of Cy3 would not
negate the application of C;. The condition of F'C-normal program shows that for any clause
C=a+ay,...,am,by,...,~b; € nmon(P), the application of C in some consistency property
Con would not cause any inconsistentency.

Example 2.1. Let P ={a+, b+ ¢, ¢ < a,—b}. Then P is not FC-normal because the
clause C = ¢ + a,-b is V-auto-inconsistent, where V = {a}.

Example 2.2. Let P={a+, b+ ¢, c+ b, c+a,~d, e ¢,~f, f + c¢,me}. Then P
is FC-normal w.r.t. the consistency property Con = P({a,b,c,e}) UP({a,b,c, f}). Clearly, P
satisfies the conditions (P1) and (P3) w.r.t. Con in Theorem 2.1.

On the other hand, we can construct a family of subsets of Hp, denoted by C(P), over a
logic program P as follows: that is the least subset of P(Hp) satisfying the following conditions:

(i) o € C(P),

(ii) for any A C Hp, clmon(p)(A) € C(P),

(iii) for any A C Hp, if A € C(P), then any subset B of A belongs to C(P),
(iv) for any A C Hp, if A € C(P), then clpon(p)(A U {a}) € C(P) whenever any clause
C=a<+ay,...,ay,"by,...,—b; in P is such that {aq,...,an} C A and a,by,..., b ¢ A.

(v) C(P) contains no others.

It is easy to check that the above C(P) is a consistency property over P. We say that C(P)
is normal consistency property of P, denoted by Cong,orm(p). Please note that P need not be
FC-normal here. Clearly, for any consistency property Con such that P is F'C-normal w.r.t.
Con, we have Conyopm(py € Con. In other words, if P is FC-normal w.r.t. Congopm(p), then
CoNyorm(p) is the least consistency property, where P is FC-normal w.r.t., under the inclusion
of sets. In Example 2.2, P is FC-normal w.r.t. Con,,mmp) = P({a,b,c,e}) UP({a b,c, f}), and
P is also FC-normal w.r.t. Con'’ = P({a,b,c,e})UP({a,b,c, f})UP({a,b,d,e})UP({a,b,d, f}).

In fact, we can introduce a well-order < of nmon(P), that is the well-order < determining

some listing of clauses in nmon(P), {yo : & € v}, where 7 is some ordinal. Let O, be the least
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cardinal such that v < 6,. By the normal forward chaining construction in ref. [1], we can
construct a set M= = Uaee7 M3
The Normal Forward Chaining Construction of M~

Step 0. Let M;* = Clmon(P) (D).

Step 1. @ = n+ 1 is a successor ordinal. Given M;, let I(a) be the least A €  such that

YA =G 4 A1, A, by, .., by
where ay,...,a, € M,* and by, ..., by,a ¢ M*. If there is no such I(a), then let M, = M7 =
M 5. Otherwise, let
Mrf—}—l = M; = CZmon(P) (‘]\47]< U {C(Vl(a))})'

Step 2. « is a limit ordinal. Then M = Uz, M5

Finally, M~ = Uae&, MZ.

Clearly, Connorm(p) = Uzewo(p) P(M=), where WO(P) is the set of all well-orders over

nmon(P).
3 Extended stratification over logic program

In this section, we introduce a new stratification, extended stratification, over logic program
by defining a new rank function. We restrict our attention to propositional logic program.
Following refs. [3, 4], a logic program P called (locally) stratified if there exists an ordinal v
and a function rank : Hp — v such that for every clause C = a + ay,...,a,,, 7by,..., by,
rank(a;) < rank(a) for all 1 < i < m and rank(b;) < rank(a), for all 1 < j < k. Using a
generally well-known argument (see ref. [5]) one can show that a stratified program has the
unique stable model.

Please note that in the definition of stratification function rank and in nonmonotonic deriva-
tion, the equal symbol = is applied to dealing with monotonic derivation cycle and the exact
nonequal symbol < is applied to preventing nonmonotonic derivation cycle. It means intuitively
that the earlier applied nonmonotonic clauses would not be negated by the later applied (mono-
tonic and nonmonotonic) clauses.

We, however, note that F'C-normal program has the characterization:

the earlier applied nonmonotonic clause C'; would not be negated by the later applied non-
monotonic clauses Cs because the application of Cy could block the application of Cs.

In Petri-net representation N(P) of an FC-normal program P, both monotonic cycles and
nonmonotonic cycle are allowed to occur. For the convenience of description, we view a transition
te and the clause C corresponding to to to be the same. It is interesting that in the derivation
of FC-normal program, for any nonmonotonic cycle C in N(P), if a nonmonotonic clause C in
C is applied, then all other nonmonotonic clauses in C, which may be applied, are immediately
blocked by the application of C.

Our motivation is how to deal with the two kinds of cycles in N(P).

Definition 3.1. Let P be a (propositional) logic program. P is called extended (locally)
stratified if there exist an ordinal v and a function rank* : Hp — v X v such that for every

clause C =a + ay,...,am,7by,..., by in P, the following conditions hold:
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(i) for all 7, 1 < i < m, max(rank*(a;)) < min(rank*(a)) and

(ii) for all j, 1 < j < k, mm(rank*(b])) < max(rank*(a)),
where rank*(a) = (v, v,), max(rank*(a)) = max(v;, v,) and min(rank*(a)) = min(y;, ;). Ob-
viously, we have

Corollary 3.1. Let P be a (propositional) logic program. If P is (locally) stratified, then
P is extended (locally) stratified.

However, an extended (locally) stratified program may not be (locally) stratified.

Example 3.1. The logic program P consists of clauses {a <, b < ¢, ¢ < b, ¢ +
a,~d, e+ ¢, f,—g, f < ¢c,—e, g f,—e, h+ g, g+ h}. Define a rank function rank* over P
as follows: rank*(a) = (0,0), rank*(b) = (1,1), rank*(c) = (1,1), rank*(d) = (0,0), rank*(e) =
(2,4), rank*(f) = (2,3), rank*(g) = (3,3), rank*(h) = (3,3) (fig. 4).

Clearly, P is extended (locally) stratified, and P is not (locally) stratified since P has two
stable models, {a,b,c,e} and {a,b,¢, f, g, h}.

Example 3.2. The logic program P consists of clauses {a -, ¢+ b, b + a,—c}.

Clearly, P is neither (locally) stratified nor FC-normal.

Moreover, we have an example that an FC-normal program may not be extended (locally)
stratified.

Example 3.3. The logic program P consists of clauses {a <, ¢ + a,—b, b+ a,—c, b+
d, d+ b, c+e, e« c} (fig. 5).

Fig. 4 Fig. 5

Clearly, P is FC-normal. And it is not extended (locally) stratified, if otherwise, there exists
a rank function rank* satisfying the conditions in Definition 3.1. Thus, we have the following

contradictory relations:
max(rank® (b)) = min(rank™ (b)), max(rank®(c) = min(rank*(c)),
min(rank® (b)) < max(rank™(c)) and min(rank*(c) < maz(rank™(b)).

We, however, will prove that an extended (locally) stratified program is F'C-normal.
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The following lemmas are helpful for the proof later.

Lemma 3.1. Let P be a logic program and I a subset of Hp. If ¢ € clon(p)(I) and
c¢ ITU{d| a' <€ P}, then

(i) there exists a proof sequence < ¢, ¢a,...,¢; > of ¢ from I in P, and

(i) there exists a subsequence < ¢;,,¢iy,...,c¢i 1 > of < c1,¢a,...,¢; > and a sequence
Cy,...,C} of clauses in mon(P) such that

(a) ¢;, € TU{d'| o/ +€ P},

(b) forall 1 < j < p, c;; = c(C}_y),

(c) 1 =¢(Cs,).

Proof. (i) By the compactness theorem in propositional calculus.

(ii) By the definition of proof sequence. Q. E. D.

Lemma 3.2. Let P be a logic program and V a subset of Hp satisfying cl,,on(p) (V) = V.
If neither a nor b is in V U {d'| @’ <~€ P}, and b € clpon(p)(V U {a}), then a occurs in the
sequence < ¢1,¢3,...,c >, where < ¢1,¢a,...,c;,b > is a proof sequence of b from V U {a} over
P.

Furthermore, we have a subsequence < a,c;,,¢;,,...,¢;,,b > of < c1,c2,...,¢,,b > and a
sequence C7y,...,C,,C* of clauses in mon(P) such that for all j (1 < j < p), ¢; = ¢(C}) and
b=c(C*), and a € prem(C}).

Proof. By Lemma 3.1 and the definition of proof sequence. Q.E.D.

Theorem 3.1. Let P be a logic program. If P is extended (locally) stratified, then P is
FC-normal.

Proof. Assume that the logic program P is extended (locally) stratified w.r.t. the rank
function rank*: Hp — v X v, where v is an ordinal.

We now prove that P is FC-normal w.r.t. the consistency property Con,,.m(p) defined in
section 2.

For any V' € Congorm(p) and clause C = a < a1, ...,am, b1, ..., b, € P, we assume that
lmon(p)(V) =V, {a1,...,an} SV and V N {a,by,...,b} = @. We will show that

(i) Vu{a} € Conyppm(p) and

(ii) for all 1 <4 < k, VU {a,b;} ¢ Conporm(p)-

By the assumptions and definition of Cong,orm(p), We have V U {a} € Congporm(p)- Thus,
we only prove that V U {a,b;} ¢ Conporm(p) for all @ (1 < i < k). By the construction of
Conyorm(p), We have to prove the following conclusion:

for any V' € Congorm(py, if VU {a} C V" and clyonpy(V') = V', then by,... by ¢ V.

We prove the above conclusion by the following cases.

Case 1. V' = clyonp)(V U {a}).

(Please note that clyonp)(V) =V, {a1,...,an} CV and V N{a,by,...,br} = 9.)

Otherwise, there exists some bj, € clymonp)(V U {a}). By Lemma 3.2, we have a se-
quence < @,C;,,Ciy, .- ,Ci,,b;, > over Hp and a sequence Cj,... ,CI'),C’* of clauses in mon(P)
such that for all j (1 < j < p) ¢;; = ¢(C%) and bj, = ¢(C*). By the definition of rank*,
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we have: max(rank*(a)) < min(rank*(c;,)) < max(rank*(c;)) < ... < min(rank*(c;,)) <
max(rank*(c;,)) < min(rank*(b;,)).

It contradicts min(rank*(b;,)) < max(rank*(a)).

Case 2. clymon(p)(V U{a}) C V' € Conporm(p)-

Please note that the nonmonotonic clause C = a + aq,...,am, b1,...,—b, in P is applied
to V to get V U {a}, and only some monotonic clauses in P are applied in the procedure of
forming clon(py(V U {a}) from V U {a}. Thus, at least one nonmonotonic clause in P has been
applied from clp,on(p)(V U {a}) to V’. We denote the set of these nonmonotonic clauses in P by
P’ ={Ci,...,C¢,...}, and assume that the order of applied clauses is C] < ... < C{ < ... in
some well-order < over nmon(P).

From the set P’ of clauses and C7 < ... < C( < ..., we set Vo = clyon(p)(V U {a}), and if
v = B+1, then set V., = clyon(p) (VsU{c(C?)}), and if 7 is a limit ordinal, then set V., = J,_, V¢.
Finally, we have V' = Uc<|P’|+ Ve.

Additionally, Vo C V..., Ve € ... C V', Vi C V' and V' € Conyorm(p)-

From Case 1, we know that Vo n{by,...,br} = Vo Ncons(C) = &. By transfinite induction
on v, we can prove that V., N cons(C,) = & for any C’, in P'.

Suppose that there exists some b;, € V' = clmon(p)(V'). Consider the Horn projection of

P!, Py oy We know that bj, is in clyon(p+)(V U {a}), where P* = PU Py .. By a similar
reason to that in Case 1, we have a contradiction with min(rank*(b;,)) < max(rank*(a)).

Q. E.D.
Corollary 3.2. An extended (locally) stratified program has at least one stable model.

4 Finite FC-normal logic program

In this section, we focus our attention on finite logic program. By the Petri-net represen-
tation of a logic program P, please note that in the construction of stable models the number

[nmon(P)| jp many cases. In an

of all applicable well-ordering over nmon(P) is much less than 2
application of nonmonotonic clauses, the orders among some nonmonotonic clauses are fixed.
For example, in fig. 4, the order {t3}, {t4,ts5}, {t¢} is fixed. That is, in the application, t3 must
be applied first, and if tg is applied, then it must be the last one. In fact, we only use two
well-orders in Example 3.1.

In ref. [1], Marek et al. presented two versions of normal forward chaining constructions for
general and countable logic program, respectively. If we restrict ourselves to finite logic program
P, then define an index function Ind : nmon(P) — N, where N denotes the set of natural
numbers, to replace a well-order < over nmon(P). For some fixed Ind, we can introduce the
following algorithm to compute M™%

Algorithm 4.1. Finite normal forward chaining construction.

Input: A finite logic program P and an index function Ind of nmon(P).
Output: M4

procedure FFC(P,Ind);

begin
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M .= Clmon(P)(9D);
mark :=1;
while (mark == 1) do
AC = {C € nmon(P)| prem(C) € M and ({¢(C)} Ucons(C))n M = z};
if (AC == @) then mark :=0
else
{1 min 4nd := min{Ind(C)| C € ACY;
Mind .— clmon(p)(MI"d U{e(Cuin _ind) }); }1 *Ind(Cumin _ind) = min _ind*
end(while)
return M!"?;
end;

M1 is called the base set w.r.t. the index function Ind here.

Clearly, the complexity of Algorithm 4.1 is O(|nmon(P)|?), where a computation of ¢l on(p)(.)
is viewed as a unit time.

Modifying Algorithm 4.1 and using the code function < z,y >= %(xz +2zy +y? + 3z +y)
and defining < z,y,z >=< z,< y,z >>, we can compute the normal consistency property
CoNporm(p) of a finite logic program P by the following algorithm.

Algorithm 4.2. Base set of normal consistency property
Input: A finite logic program P.

Output: the base set of the normal consistency property over P, Base C P(Hp).
procedure Base_set(P);
begin

nmong(P) = nmon(P);

Iy :={<0,0>};

M0<0’O> = Clmon(P)(9);

n = 0;

Base := &;

while (n < |nmon(P)|) do
It = o

for every < 4,5 >€ I, do
{1 ASH>:={C € nmon,(P)| prem(C) C M, ~%3> and
({e(C)} U cons(C)) 0 MH7> = o)
kenigs> = A7),
if (k<n,ij> ==0) then
{2 Base:= Base U{M%>}; I, =L, \{<i,j >} }o
else
{3 listing A5"7> 0 {Cccnijn 053 Cccmiishanijs 153
I ij> ={<<n,4,5>,0>, ..., <<n,0,j > kcpnij>—1>}h
Iny1:= L1 Ulcnij>; ¥s

h
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nmony11(P) := nmon,,(P);
for every << n,i,j >,k >€ I,,;; do
{4 M50 = lon(p) (M5597 U{e(Cacnis ) });
nmon,, 11 (P) := nmon,, .1 (P) \ ASH>:},
n:=n-+1;
end(while);
return Base;
end.
For the logic program P in example 3.1, algorithm 4.2 returns to Base = {{a,b,c,e},
{ab,e, f,0, 1},
The worst time complexity of Algorithm 4.2 is O(2/"™*(P)l|nmon(P)|?). For example,
P={a+, ¢ < a,~by, ..., ¢, < a,~b,} although Base = {{a,c1,...,¢,}} and |Base| = 1.
By Algorithms 4.1 and 4.2, it follows that
Theorem 4.1. Let P be a finite logic program. Then, the following holds:
(i) For any index function Ind : nmon(P) — N, MI"? € Base.
(ii) For any M € Base, there exists an index function Ind : nmon(P) — N such that
M = M9,
where M"? is the output set of Algorithm 4.1 and Base is the output set of Algorithm 4.2.
Theorem 4.2. Let P be a finite logic program and Base the output set of Algorithm 4.2.
Then Conyorm(p) = UMeBase P(M) is a consistency property, normal consistency property.
Theorem 4.3. Let P be a finite logic and Con a consistency property over P. If P is
FC-normal with respect to Con, then Cong,opmp) € Con and P is F'C-normal with respect to
Conporm(P).
Theorem 4.4. Let P be a finite logic program and Base the output set of Algorithm
4.2. For M € Base, M is a stable model of P if and only if (VC € nmon(P))(prem(P) C M =
cons(C)NM = o).
Theorem 4.5. Let P be a finite logic and Base the output set of Algorithm 4.2. The
following are equivalent.
(i) P is FC-normal.
(ii) P is FC-normal with respect to Conpopm(p)-
(iii) For any M € Base and any C € nmon(P), if prem(C) C M, then cons(C) N M = @.
(iv) For any M € Base, M is a stable model of P.
Theorem 4.5 shows that for the deciding of a finite F'C-normal program P, we only check

whether P is FC-normal with respect to Conopm(p)-
5 Conclusions

In this paper, we have presented an equivalent condition of deciding whether a logic program
is FC-normal. The deciding condition describes clearly the characterization of an F'C-normal
program. By the Petri-net representation of a logic program, we have introduced extended

(locally) stratification over a logic program, and proved that an extended (locally) stratified
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program is F'C-normal, thus an extended (locally) stratified program has at least one stable
model. Moreover, we have given examples that an F'C-normal program may not be extended
(locally) stratified and an extended (locally) stratified program may not be (locally) stratified.
Finally, we have presented algorithms about computation of consistency property and some
deciding methods of F'C-normal program for finite logic program. The Petri-net representation
of a logic program is useful for investigating the stable models of the logic program and its

complexity.
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