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—— Abstract

Given a simple graph GG and an integer k, the goal of the k-CLIQUE problem is to decide if G' contains
a complete subgraph of size k. We say an algorithm approximates k-CLIQUE within a factor g(k) if
it can find a clique of size at least k/g(k) when G is guaranteed to have a k-clique. Recently, it was
shown that approximating k-CLIQUE within a constant factor is W[1]-hard [20].

We study the approximation of k-CLIQUE under the Ezponential Time Hypothesis (ETH). The
reduction of [20] already implies an n Viogk)_time lower bound under ETH. We improve this lower

Q(log k)

bound to n . Using the gap-amplification technique by expander graphs, we also prove that

there is no k°V) factor FPT-approximation algorithm for k-CLIQUE under ETH.
We also suggest a new way to prove the Parameterized Inapproximability Hypothesis (PIH)
k
under ETH. We show that if there is no n(%e% ) time algorithm to approximate k-CLIQUE within a
constant factor, then PIH is true.
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1 Introduction

In this paper, we study the k-CLIQUE problem: given a simple graph G and an integer k,
decide whether G contains a complete subgraph of size k. As shown in [18], k-CLIQUE is one
of the most classical NP-complete problems. Its inapproximability in the classical complexity
regime has also been studied extensively [10, 4, 5, 14, 11, 15, 28]. Along a long line of
research, it was proved that even approximating CLIQUE into a ratio of n!~¢ is NP-hard.

In recent years, the hardness of approximating k-CLIQUE has received increased attention
in the parameterized complexity regime. When guaranteed that the maximum clique is of
size k, people wonder if there is an algorithm which runs in f(k)n®® time, and can find a
clique of size at least k/g(k), for some computable functions f and g. Such an algorithm is
called a g(k)-FPT-approximation for the k-CLIQUE problem.
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Previously, [6] ruled out all g(k)-FPT-approximation algorithms of k-CLIQUE for any
g(k) = o(k) under the Gap Exponential Time Hypothesis (Gap-ETH) 1. They even showed
that assuming Gap-ETH, it is impossible to find a clique of size (k) in f(k)n°E*) time.
However, as Gap-ETH is such a strong hypothesis that it already gives a gap in hardness of
approximation, it is still of great interest to prove the same lower bound under an assumption
without an inherent gap. People may further wonder:

Assuming ETH, does finding a clique of size (k) in k-CLIQUE require f(k)n=*) time?

In a recent work [20], Lin showed that k-CLIQUE does not admit constant factor FPT-
approximation algorithms unless W[1] = FPT. This was the first successful attempt to bypass
Gap-ETH to prove the hardness of approximating k-CLIQUE. Unfortunately, [20] reduces a
k-CLIQUE instance to a constant gap k’-CLIQUE? instance with k’ = 2° " As there is no
f(E)n°® time algorithm for k-CLIQUE assuming ETH, [20] actually ruled out f(k)no(g/@)
time constant approximation algorithms for k-CLIQUE under ETH. Comparing to [6], such a
lower bound is still far beyond satisfaction, and it remains open to avoid the huge parameter
blow-up in the gap-producing reduction to obtain a better lower bound.

The main result of this paper is

» Theorem 1. Assuming ETH, for any constant ¢ > 1 and any computable function f, no
algorithm can find a clique of size k/c in the k-CLIQUE problem in f(k)n°1°8%) time.

As an application, we combine our main result with the classical gap-amplification
technique to rule out any k°())-ratio FPT-approximation algorithms for k-CLIQUE under
ETH. Let us not fail to mention that [24] recently proved similar lower bound based on a
weaker hypothesis W[1] # FPT. Our result is formally stated as follows.

» Corollary 2. Assuming ETH, for any g(k) = k°1), the k-CLIQUE problem has no g(k)-
FPT-approximation algorithm.

We also study the relationship between the constant gap k-CLIQUE problem and the
parameterized inapproxzimablity hypothesis (PIH) [21], a central conjecture in parameterized
complexity. Roughly speaking, PIH states that it is impossible to approximate a 2-CSP
instance over k variables with alphabet [n] to a constant factor in FPT time. It is known
in [10] that if PIH is true, then there is no FPT algorithm for constant gap k-CLIQUE.
However, the reverse direction is not known yet. Furthermore, although PIH can be deduced
from Gap-ETH via standard reductions in [7, 8], proving PIH under gap-free hypotheses
(e.g. ETH, W[1] # FPT) is still quite open and is believed to require a PCP-like theorem
in parameterized complexity. We show that an almost-tight running time lower bound of
constant gap k-CLIQUE could imply PIH. Our theorem suggests a new way to prove PIH
under ETH, namely, by using constant gap k-CLIQUE as an intermediate problem. It is
formally stated as follows.

» Theorem 3. If there is no f(k)nqﬁ) time algorithm for constant gap k-CLIQUE, then
PIH is true.

1 Gap-ETH states that no subexponential time algorithm can distinguish whether a 3SAT formula, is
satisfiable or every assignment satisfies at most 1 — e fraction of clauses for some ¢ > 0.

2 Given k € N, € € (0,1) and a simple graph G, the constant gap k-CLIQUE problem is to decide whether
G contains a K} subgraph or G contains no K., subgraph.
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1.1  Our Techniques

From 3SAT to gap k-CLIQUE. Recall that the reduction in [20] consists of two steps.
First, it reduces k-CLIQUE to k2-VECTORSUM, while introducing a quadratic blow-up
of the parameter. Next, it transforms k-VECTORSUM to CSP on k' = 20(k*) variables
{xa, . :d@,...,d; € F*}, and then to constant gap k’-CLIQUE. The two steps together
cause the parameter to grow from k to 20+°).

To give a tighter lower bound of constant gap k-CLIQUE under ETH, we deal with the
above two steps separately. First, we show a reduction directly from 3SAT to k-VECTORSUM,
resulting in a tighter lower bound of k-VECTORSUM under ETH. Then, we give a more succinct
reduction from k-VECTORSUM to CSP on k' = 2°9() variables {Zar,...ap 1 Q1,...,05 € F},
and then to constant gap k’-CLIQUE. In our new reduction, the parameter blow-up throughout
is only 20 leading to an nf2(1°2%) Jower bound for constant gap k-CLIQUE.

Since the second step is more complicated, we will briefly introduce the ideas here.

Given an k-VECTORSUM instance (V,..., Vg, t—), we build a CSP instance on variable set
X ={%q,, .. ap : 01,-..,ar € F}. Each variable takes value in F” where m is the dimension
specified by the k-VECTORSUM problem. In the yes-case, let ¥; € Vi,...,0, € Vi be a
solution that sum up to ¢, we expect Tay....a tO take the value Zie[k] a;U;. Similar to [20],
we want to make the following three types of tests:

V(ar,...,ak), (b1,...,bx) € F* test whether o, oy + Tby . by = Tay-tbr.....an-+br-

Y(ai,...,a;) € F¥ a € F, test whether Tay,....ai+a,..ax — Lay,....an € Vi

V(ai,...,ar) € F¥ a € F, test whether oo, 1o ayta — Tay....ap = at.

If an assignment passes most of the linearity tests, then there must be vectors w1, ..., U €
F™ such that x4, .. 4, = Eie[k] a;i; for most (ay,...,a) € F¥. The second step is meant to

guarantee that the selected vectors indeed come from the input. Finally we need the third
step to check whether they sum up to .

Note that in our reduction from 3SAT to k-VECTORSUM, we require the dimension m to
be at least Q(klogn). Thus in the CSP instance, we cannot simply leave the alphabet to be
F™ = n®*) | which is too large. To reduce the dimension, we pick £ = ©(k + logn) matrices
Ay, ..., Ay € F*™ independently at random, and define a new CSP problem on variable set
Y = {y&ﬁ : a, E € F*}, where each Yz 5 is supposed to take the value

y&ﬁ‘ = (&Alxg, e ,O_ZAZIL'B')
= (@AY il . GAL Y BiTh)
i€[k] i€[k]
= > By (AT, .., Adlj]) M)
i€([k],j €[k]
£ ) BiaCiy
i€[k],j€[k]

Now the alphabet size is only F¢ = 20)»0(1)  With this idea in mind, we add local
constraints to enforce that the assignment to Y is of the above quadratic form (in terms of
aq,...,ax and By, ..., Bk), and then use locally decodable properties of quadratic polynomials
to extract information about vectors 7, ..., Uk.

In a high level, our construction generalizes that of [20] by replacing the linear code with
the Reed—Muller code based on quadratic polynomials.
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Expander graph production. To obtain an FPT time lower bound for k-CLIQUE with k(")
gap, we apply the standard expander graph product technique. Starting from a constant gap
k-CLIQUE instance, we amplify the gap using an expander graph H on vertex set [k]. The
new instance contains k! groups of vertices. Each group corresponds to a unique path of
length-t random walk on H, and forms an independent set of size nf. A vertex in a group
represents a length-t sequence of vertices from the original instance. Two (sequences of)
vertices are linked if and only if the vertices contained in them form a clique in the original
instance. By properties of expander graphs, we get a k'~-CLIQUE instance with gap (¢’)
for some constant ¢’. Take t = o(logk), we can rule out k°M-ratio FPT-approximation
algorithms for k-CLIQUE under ETH.

From gap k-CLIQUE to PIH. The proof that strong lower bound of constant gap k-CLIQUE
implies PIH goes as follows. First, we reduce constant gap k-CLIQUE to constant gap k-
BICLIQUE in the canonical way. Next, we use a combinatorial object called disperser to
amplify the gap from a constant to @. The result then follows from the Kovari-Sés-Turan
Theorem which states that every 2k-vertex graph without a Kjog 1 10g x-Subgraph has at most

O((?k)%b%sk) edges.

1.2 Organization of the Paper

The paper is organized as follows. In Section 2, we put some preliminaries, including the
definitions of problems, hypotheses, and some algebraic and combinatorial tools used in our
proofs. In Section 3, we prove the ETH lower bound of constant gap k-CLIQUE. In Section 4,
we show how to amplify the gap to rule out k°)-ratio FPT-approximation algorithms for
k-CLIQUE under ETH. In Section 5, we show how an almost-tight running time lower bound
of constant gap k-CLIQUE implies PIH. Finally, in Section 6, we conclude with a few open
questions.

2 Preliminaries

2.1 Problems
Here we list all the computational problems which are relevant to our paper.

3SAT. The input is a 3-CNF formula ¢ with m clauses on n variables. The goal is to
decide whether there is a satisfying assignment for .

CSP. The input of a constraint satisfaction problem is a set of variables X = {x1,...,2,}
together with a family of constraints {C,Cy,...,C,,} and an alphabet 3. For every
i € [m], C; = (i, R;), where §; = (vj,,...,7j, ) is an {;-tuple of variables for some
¢; € [n], and R; C ¥% indicates a restriction on valid assignments for those ¢; variables.
The goal is to find an assignment o : X — ¥ such that for all ¢ € [m], o(3;) € R;. We
call n,m, q and |X| respectively the number of vertices, the number of clauses, the arity
(= max;¢[m) £i), and the alphabet size of this CSP problem.

k-CLIQUE. The input is an undirected graph G = (V1U. ..UV, E) with n vertices divided
into k disjoint groups. The goal is to decide whether we can pick one vertex from each
group, such that they form a clique of size k.

k-BICLIQUE. The input is an wundirected bipartite graph G =
(VU.. .UV, U1U...UU, E), where n vertices are divided into 2k disjoint groups.
The goal is to decide whether we can pick one vertex from each group, such that they
form a biclique Ky .



B. Lin, X. Ren, Y. Sun, and X. Wang

DENSEST k-SUBGRAPH. The input is an undirected graph G = (V4U...UVy, E) with n
vertices divided into k disjoint groups. The goal is to pick one vertex from each group,
such that they induce maximum number of edges.

k-VECTORSUM. The input consists of k groups of vectors Vi, ..., Vi, C F? together with
a target vector t € F¢, where F is a finite field of constant size. The goal is to decide
whether there exists v7 € Vq,... U, € Vi such that Zle T =1 Throughout our paper
we only need the version that ¢ equals to 0, and will omit it afterwards.

2.2 Hypotheses
Now we list some computational complexity hypotheses which are related to our results.

» Hypothesis 4 (Exponential Time Hypothesis (ETH) [16, 17, 25]). 3SAT with n variables
and m = O(n) clauses cannot be solved deterministically in 2°™) time. Moreover, this holds
even when restricted to formulae in which each variable appears in at most three clauses.

Note that the original statement in [16] is does not enforce the requirement that each
variable appears in at most three clauses. For the restricted version, we first apply the
Sparsification Lemma in [17], which implies that without loss of generality we can assume
the number of clauses m = O(n). Then we apply Tovey’s reduction [25], which produces a
3SAT instance with at most 3m + n = O(n) variables and each variable appears in at most
three clauses. Thus the restricted version is equivalent to the original statement.

The next hypothesis is Parameterized Inapproximability Hypothesis (PIH), a central
conjecture in parameterized complexity. We state it in terms of inapproximability of DENSEST
k-SUBGRAPH as follows.

» Hypothesis 5 (Parameterized Inapproximability Hypothesis (PIH) [21]). There exists a
constant € > 0 such that DENSEST k-SUBGRAPH has no (1 + ¢) factor FPT-approximation
algorithm. In other words, no algorithm can distinguish the following two cases in f(k)-n°®
time, for any computable function f:
(Completeness.) There exist v1 € Vi,...,vx € Vi such that they form a clique.
(Soundness.) For any vi € V1,...,v; € Vi, they induce only (g)/(l +¢) edges.

The factor (1 + ¢) can be replaced by any constant larger than 1, and the conjecture
remains equivalent. Note that the original statement of PIH in [21] says that DENSEST
k-SUBGRAPH is W[1]-hard to approximate, but for our use, we choose a relaxed form which
states that it has no constant ratio FPT-approximation algorithm, as in [12].

It is worth noting that the relationship between PIH and gap k-CLIQUE is not completely
known yet. If for a graph the number of edges induced by k vertices is only ~ &2 (’;), it
cannot have a clique of size > ¢k. Thus, PIH implies k-CLIQUE does not admit constant
ratio FPT-approximation algorithms. However, the other direction is not necessarily true
(forbidding small clique does not imply low edge density), and it remains an important open
problem that whether PIH holds if we assume k-CLIQUE is hard to approximate within any
constant factor in FPT time [12].

2.3 Low Degree Test

Let F be a field of prime cardinality. We say a function f is J-close to a function class F if it
is possible to modify at most § fraction of values of f such that the modified function lies
in F.
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The canonical low degree test proposed in [23] can query a function f at d+ 2 points, and
accepts with probability 1 whenever f is a degree-d polynomial,

rejects with probability at least € > 0 if f is not d-close to degree-d polynomials, where
€,0 are two constants.

Throughout our paper we will consider the function class F to be vector-valued degree-d
polynomials, namely,

F={(f1,for--., fo) : F™ = F* | Vi € [€], f; is a degree-d multivariate polynomial}.

By slightly modifying the proof in [23], the low degree test can be easily generalized to
vector-valued version, as formally stated below:

» Lemma 6. Let d < |[F|/2 and m € N. There is an algorithm which, by querying the
function f = (f1, fa, ..., fo) : F™ — F¢ at d + 2 points,
accepts with probability 1 whenever f lies in F,
rejects with probability at least min(8/2,cd=2) if f is not §-close to F, where ¢,§ are two
constants.

Moreover, the queries are generated by selecting @, h € F™ uniformly at random, and f is
queried at {Z + th|0 <i < d+ 2}.

The proof is implicit in literature. We omit it here due to the page limitation. Readers
can refer to our arxiv version 3 for a full proof.

2.4 Expander Graphs

Given a d-regular undirected graph G on n vertices, define its normalized adjacency matriz
to be a matrix A where A;; equals to the number of edges between (4, j) divided by d. Define

G)= max_[A7],.
15]=1,(5,1)=0

G is an (n,d, \)-expander if and only if A(G) < A, and we have the following two Lemmas.

» Lemma 7 ([2]). Let G be an (n,d,\)-expander, B C [n] be a set of size < en for some
0<e<1and(Xy1,Xo,...,X:) be a sequence of random variables denoting a length-t random
walk where the starting vertex is also picked uniformly at random. Then,

Privi <i<t,X; € B < ((1—Nve+ Nt
» Lemma 8 ([22]). For some constants d € N, A < 1 and for sufficiently large n, an
(n, \, d)-expander can be constructed in n®M) time.

2.5 Disperser

» Definition 9 (Disperser [9, 26, 27]). For positive integers m,k,¢,r € N and constant
e € (0,1), an (m, k,¢,r e)-disperser is a collection T of k subsets I, ..., I C [m], each of
size £, such that the union of any r different subsets from the collection has size at least
(1—¢e)m.

3 https://arxiv.org/abs/2111.14033
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Dispersers could be constructed efficiently by probabilistic methods, as in the following
Lemma.

» Lemma 10. For positive integers m,¢,r € N and constant € € (0,1), let £ = [22]
and let Iy,..., I, be random (-subsets of [m]. If Ink < ™ then T = {I1,...,I}} is an
(m, k, 2,7 €)-disperser with probability at least 1 — e~ ™.

Due to the page limitation, we also put the proof into the Appendix of our arxiv version.

3 An Improved Lower Bound for Constant Gap k-CLIQUE under ETH

3.1 Reduction from 3SAT to k-VECTORSUM

To prove Theorem 1, we first need an f(k) - n®**)-time lower bound for k-VECTORSUM under
ETH. Previously, it is known that k-CLIQUE has no f(k) - n°®)-time algorithms assuming
ETH [8]. Combining this with the reduction from k-CLIQUE to ©(k?)-VECTORSUM [1],
we only have an f(k) - n2V®)_time lower bound for k-VECTORSUM under ETH. It is an
interesting question whether there is an FPT reduction from k-CLIQUE to k’-VECTORSUM
with &' = O(k). In this section, we give a reduction directly from 3SAT to k-VECTORSUM,
which suits our purpose. Recall that in the ETH statement we can assume without loss of
generality that each variable appears in at most 3 clauses, which is a key ingredient in our
proof.

» Theorem 11. There is a reduction which, for every integer k € N, and every 3SAT
formula ¢ with m clauses and n variables such that each variable appears in at most 3
clauses, outputs a k-VECTORSUM instance I' = (F,d, Vi, ..., Vi) with the following properties
in 2°000/F) time.

F = Fs.

d=O(n).

For any i € [k], distinct @,V € V; and any a € F5 \ {0}, € # a- .

For any i € [k], distinct @, V,w € V; and any a € F5 \ {0}, 4 — & # a - (¥ — 7).

(Completeness.) If ¢ is satisfiable, then there exists v7 € Vi,...,0; € Vi such that

Zf=1 7; = 0.

(Soundness.) If ¢ is not satisfiable, then for any 01 € Vi,..., 0 € Vi, Zle 7; # 0.

» Remark 12. Note if the size of the produced k-VECTORSUM instance N appears to be only

20(n/k) " we can use brute force to solve it in N¥ = 2°(") time, thus solve 3SAT in 2°) time.

Therefore, we only need to consider the case N = 29(/%) without loss of generality, and in
this case d = O(n) = O(klog N).

Proof of Theorem 11. Let C = C;U...UCy, be a partition of the clauses into k approximately
equal-sized parts. We will let vectors in V; represent partial satisfying assignments for C;,
and use entries of vectors to check consistency of those partial assignments.

Define X to be the set of variables appearing in exactly two different parts and define Y
to be the set of variables appearing in three different parts. Let d = |X| + 2|Y|, we associate
one entry of vector to each variable x € X and two entries to each variable y € Y. In
the following, we abuse notation a bit and use #[z] to denote the entry in a vector & € F?
associated to a variable z € X, and use ¥[y, 1], U]y, 2] to denote the two entries associated to
a variable y € Y.

The construction of vector set V; proceeds as follows. Let Z; be the set of variables
appearing in C;. For an assignment 7 : Z; — {0, 1} which satisfies all clauses in C;, we map
it to a vector ¥ € F? in the following way.

90:7
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Let € Z; N X be a variable appearing in C;, and Cj;, (j1 < j2),
in case that 7(z) = 0, set ¥]z] = 0.
in case that 7(z) = 1, set ¥[z] =1 if i = j1, and set U[z] = —1 if i = jo.

Let y € Z; NY be a variable appearing in C;,,Cj, and Cj, (j1 < j2 < js),

in case that 7(y) = 0, set 9]y, 1] = 0 and ¥y, 2] = 0.

in case that 7(y) = 1, set ¥]y,1] = 1 and ¢[y,2] = 1 if i = j1; set ¥]y,1] = —1 and
U]y, 2] = 0 if i = jo; and set ¥]y, 1] = 0 and 0y, 2] = =1 if i = js.

For the remaining entries of ¥ (which are associated to variables in (X UY') \ Z;), set
them to be 0.

It’s easy to see the whole reduction runs in 2°("/¥) time, and the dimension d = O(n).

Now we prove the third and the fourth properties.

For two distinct vectors @, ¢ € V;, suppose 4[j] # 9]j]. It must be the case that one of
them is 0 and the other is +1. Thus they still differ after being multiplied by any a € F5\ {0}.

For three distinct vectors @, 7, w € V;, suppose u[j] # w[j], then either ¥[j] = wW[j] or
0[j] = d[j]. In the former case, u[j] — W[j] # 0 = W[j] — 0[j], so they still differ after
being multiplied by any a € F \ {0}. In the latter case, suppose @ — 1 = a - (& — ¥), then
a[j] — @[] = a - (W[j] — v[j]) will lead to @ = —1 and thus @ = ¥, a contradiction. Therefore,
U — W # a- (W—7) for any a € Fy \ {0}.

Next follows the proof of completeness and soundness.

Completeness. If the 3SAT formula ¢ has a satisfying assignment 7, we can pick one
vector ¥; from each V; according to the restriction of 7 on Z; N (X UY'). Let ¢ = 25:1 U; be
the sum of picked vectors.
For a variable € X, let C;,,C;,(j1 < j2) be the two clause parts in which x appears,
in case that 7(z) = 0, ¥[z] = 0 since this entry equals to 0 in all vectors.

in case that 7(z) = 1, ¥[z] =1+ (—1) = 0 where 1 comes from ¢}, [x] and —1 comes from
{;Jé [JE]

For a variable x € Y, let C;,,C;,,C;, (j1 < j2 < js) be the three clause parts in which «
appears.

in case that 7(z) = 0, ¥z, 1] = U[z,2] = 0 since these entries equal to 0 in all vectors.

in case that 7(z) = 1, ¥z, 1] =1+ (—1) = 0 where 1 comes from ¥/}, [z, 1] and —1 comes

from @}, [z, 1], and ¥z, 2] = 14 (—1) = 0 where 1 comes from @}, [z, 1] and —1 comes from

17j3 [$, 1].

Soundness. If the 3SAT formula ¢ has no satisfying assignments, any collection of partial
assignments satisfying individual clause parts must be inconsistent on some variable in X UY".
For any v; € Vi,...,0, € Vi, let 0 = Zle U;.

Suppose assignments for a variable x € X which appears in C;, and C;, are inconsistent,
there must be one 0 and one %1 in @}, [] and ¥, [x]. Since this entry equals to 0 in all other
vectors, it results that ¢]x] # 0.

Suppose assignments for a variable € Y which appears in C;,,C;, and C;, (j1 < j2 < Js3)
are inconsistent. If the values for = specified by ¥;, and ¥}, are inconsistent, there must be
one 0 and one %1 in @}, [z, 1] and ¥}, [z, 1], while in all other vectors this entry equals to 0,
thus @[z, 1] # 0. Otherwise the value for z specified by ¥;, and ¥;, must be inconsistent,
there must be one 0 and one +1 in 7}, [z, 2] and T}, [z, 2], while in all other vectors this entry
equals to 0, thus o]z, 2] # 0.

Therefore, Y% | @ # 0 as desired. <



B. Lin, X. Ren, Y. Sun, and X. Wang

3.2 Reduction from k-VECTORSUM to Constant Gap k-CLIQUE

» Theorem 13. There is an FPT reduction which, given as input a k-VECTORSUM instance
Ty = (F,d,Vi,..., Vi) with the following properties:
F=1Fs,
d = O(klogn) where n = Zle |Vi| denotes instance size,
for any i € [k], distinct @,V € V; and any a € F5\ {0}, € # a - U,
for any i € [k], distinct 4, V,W € V; and any a € F5 \ {0}, 4 — & # a - (W — 7).
outputs a k'-CLIQUE instance G = (V, E) such that
kK <ck for some constant c,
(Completeness.) if Tg is a yes-instance of k-VECTORSUM, then G contains a clique of
size K/,
(Soundness.) if Ty is a no-instance of k-VECTORSUM, then G doesn’t contain a clique of
size ek’ for some constant e < 1.

The first step of the reduction involves ¢ = 2k + 4logn matrices A1, ..., A, € FF*2, For
a € F* v € F?, define a bilinear function f(a,v) = ((a, A1v), ..., (o, Agw)) € F¢, where (-, -)
denotes inner product.

» Lemma 14 ([20]). We can find £ = 2k+4logn matrices Ay, Aa, -+ , Ay in time polynomial
in n, k, which satisfy the following properties:

1. for any nonzero vector v € F?, there exists i € [¢] such that A;T # 0,

2. for any i € [k], distinct @,V € V; and nonzero a € F* | f(a, @) # f(a,©),

3. for any i € [k, distinct @, v,% € V; and o, o € F¥, f(a, @) + f(o/,9) # fla+ o/, 10).

The reduction then goes as follows. For every a, 8 € F*, we introduce a variable ZTa,8
which takes value in F*. In the yes-case of k-VECTORSUM, there exists ¥, € Vi,..., 0 €
Vi such that Zle ¥, = 0, and we expect ZTo,p to be f(a,ZfZl B:0;), in other words,
Zle Z?Zl a; B (A1[d]V}, . .., Ag[i]U;) where A, [i] indicates the i-th row of the w-th matrix.
Note that f(a, Zle B:U;) is a degree-2 polynomial of o and .

For simplicity of notation, we will use e; € F* to denote the i-th unit vector, and use
1 € F* to denote the all-one vector.

We want to apply four types of tests on those variables:

1. Check whether z : F?* — F? is a vector-valued degree-2 polynomial. This can be done
by the low-degree test described in Lemma 6. For each &, E, t1,ty € F* check whether
{z iEy By |0 < i < 3} are point values of a degree-2 polynomial. Each test is applied
on 4 variables, and we say the arity of each such test is 4 in shorthand.

2. Check whether z which maps («, 3) to z4,g is linear in both o and §, i.e., whether
Total s = Tapg + Ta g, Va,o,f € FF and 24 545 = Tap + Tap, Vo, B, 8" € FE. The
arity of each such test is 3.

3. For each u € [k],«, 3 € F¥, check whether 24 g1c, — Ta.s = f(a, ) € F for some v € V,.

The arity of each such test is 2.
4. For each a, 8 € F*, check whether x4 gy1 — Za,3 = 0. The arity of each such test is 2.

Construction of the Graph. The vertices are divided into three types. Vertices in each
type are further partitioned into groups, and each group forms an independent set:
type-1 There are (|F|?*)2 groups, each of which indicates a test of type 1, and consists of

< |F|* vertices corresponding to all satisfying assignments of the 4 variables in the test.

type-2 There are 2(|F|*)3 groups, each of which indicates a test of type 2, and consists of

< |F|? vertices corresponding to all satisfying assignments of the 3 variables in the test.

type-3 There are |F|?* groups indexed by («, ) € F?*, each consisting of F* vertices which
correspond to F¢ possible assignments for variable ZTa,8-
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We make copies of vertices, so that the numbers of type-1 groups and type-2 groups are
the same, and their sum equals to the number of type-3 groups. Specifically, the three types of
vertices are made into 2, |F|*, 4F2* copies, respectively. The total number of groups is therefore
k' = 8|F|** while the total number of vertices is at most 2|F|**+4¢ 4 2|F|4k+26 4 4|F|4F+¢ =
‘F‘O(k—&-logn)_

The edges are specified as follows:

1. A variable (type-3) vertex and a test (type-1/2) vertex are linked if and only if they
specify the same assignment for the variable, or the test is irrelevant of that variable.

2. Two test vertices are linked if and only if they are consistent in all variables which appear
in both tests.

3. Two variable vertices are linked if and only if the assignments specified by them can pass
the above-mentioned third and fourth tests, or there is no such a test between them.

Two different copies of a same vertex are always linked.

Proof of Completeness. If Iy is a yes-instance of k-VECTORSUM, i.e., there exists ¥/} €
Vi,...,0x € Vi such that E?Zl % = 0, by letting x5 take value f(a, Ele Biv;), it’s easy
to see that such an assignment can pass all tests. Therefore, by picking a vertex from each
group accordingly, one can obtain a clique of size k’.

Proof of Soundness. If Iy is a no-instance of k-VECTORSUM, we will prove that there is
no clique of size > (1 — )k’ in G for some small constant .

Prove by contradiction. If there is a clique of size > (1 — €)k’, it must contain vertices
from > (1 — 2¢) fraction of type-3 groups which represent variables, vertices from > (1 — 4¢)
fraction of type-1 groups which represent low-degree tests, vertices from > (1 — 8¢) fraction
of type-2 groups which represent linearity tests To41a’,8 = o, + Zo’,g and vertices from
> (1 — 8¢) fraction of type-2 groups which represent linearity tests zo g+ = Ta,8 + Ta,p-

In the following, we will denote by T g the assignment for z, g specified by the clique.
If no assignment for z, g is specified, set T, g arbitrarily as long as it is consistent with all
selected test vertices (it is always possible since the selected test vertices are themselves
consistent). As almost all low-degree tests and linearity tests are passed, we have:

» Lemma 15. If e < {5 where c is the constant in Lemma 6, and there is a clique of size
> (1 —e)k/, then the function m(a, ) = Tap (o, B € F*) is 9e-close to a function on a, B of
the form

k k
DD aibiCi
i=1j=1

where C; ; € F! denotes the coefficient of the term a;f;.

Proof. Plugging § = 9¢ into Theorem 6, if 7(«, 3) is not d-close to any degree-2 polynomial,
at least min(6/2,cd=2) > 4e fraction of the degree-2 polynomial tests will not be passed.
However, when there is a clique of size > (1 — )&/, only < 4e fraction of degree-2 polynomial
tests may fail. Therefore, 7 must be 9e-close to a function of the form

ko k ko k kok k k
Z Z oA+ Z Zﬂi@ij‘ + Z Z a;3;C; 5 + Z D;o; + Z EBi+F (2)
i—1 j—1 i=1 j—1 i=1 j—1 i—1 i—1

where each coefficient is in F'. We only need to prove that if they also pass most of the
linearity tests on o and on 3, all coefficients except C; ; must be zeros.
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Suppose A; ; # 0 for some i, j € [k]. Regarding Zo4a/,8 —Ta,3 — To,p as a function on 3k
variables o ... o, ¢ ... o, B1 ... By and expand it by (2). There is a term Ai,j(aia; +aja)
which can never be canceled. The function z44a/,8 — Ta,3 — Zo’,g is DOt a zero function and
by Schwartz-Zippel Lemma, only \TQI fraction of a, @', 8 can make it equal to zero. However,
by union bound, there are at least 1 — 8 — 3 - (9¢) > \%I fraction of («,a’, ) such that
To 8, %o’ 8> Tata’,3 are all specified value according to the clique, consistent with equation
(2), and satistying To g + To/,8 = Tato’,3, & contradiction. Therefore, Vi, j € [k], 4; ; = 0.

Similar arguments can be applied for the other coefficients and are omitted here. The
only term remaining is Zle E?Zl a;3;C; ; as desired. <

We call a variable z, g good if the clique consists of a variable vertex of it and it satisfies
Ta,3 = Zle Zle a;3;C; ;. Let & = 2¢ 4+ 9¢, from the above we know at least (1 —¢’)
fraction of variables are good. Recall that from the construction of our graph and the
property of clique, all arity-2 constraints between good variables are satisfied.

We call an o € F¥ excellent if Prge ,px[2a, is good] > % By Markov’s Inequality, at
least 1 — 3¢’ fraction of a’s are excellent.

» Lemma 16. For each excellent a and for each u € [k], Zle a;C;i o = f(a, V) for some
unique U € V.

Proof. For any fixed v € [k] and «, the set of edges between the vertex of z,g
and the vertex of z,p4e, for all f can be partitioned into disjoint length-5 cycles
{Za,8,Ta fteys- - > T ftde, | since the characteristic of F is 5. Observe that if at most
two variables in a 5-cycle are not good, there still exist two adjacent vertices that are good.

For an excellent «, at most % < % fraction of variables x, g are not good by definition, so
there must exists a 8 € F¥ such that z, s and 24 1., are both good variables. According
to the definition of good variables, we have

k
ZTa,Bte, — Ta,B = E iCin
=1

and from the third type of constraints between them we can infer that

Ta,fte. — LTa,f = f(a’ 77)

for some ¥ € V.

Additionally, since for ¥ € V,,, f(«, ) are all different (the second property in Lemma
14), for an excellent « and for all u € [k], we can deduce Zle ;C; 4 = f(a, V) for some
unique v € V,,. <

In the following when u € [k] is fixed and omitted, we use ¥, to denote the unique vector
in V,, specified by an excellent a. For an « which is not excellent, we also assign a unique
vector ¥, € V,, to it arbitrarily so that v, is defined for all a € F*.

» Lemma 17. If there is a clique of size > (1 — e)k’, then for each u € [k],
Ciw = (A1[d]Y, . .., Ali]?)
for some unique U € V,,, where A, [i] indicates the i-th row of the w-th matriz.

Proof. Fix any u € [k], we first argue that at least > 1% fraction of a specify the same
v € V,,. It suffices to prove

3
Pr (i, =] > —.
a,a/ErRIF’“[U v ] — 10
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If this is not true, by union bound 3 - 13—0 + 3(3¢’) < 1, there must exist «, o’ such that
the following two conditions hold:
1. a,d/,a+ o' are all excellent.
2. Uy, Usry Ut are all different.

Now that they are all excellent, we have

contradicting with the third property in Lemma 14.
Therefore, at least 13—0 -3 > ﬁ fraction of « are all excellent and Specify the same

v € V. Now suppose C;, # (A1[i]7, ..., Ae[i]), then there are at most 1= ; fraction of

a € F* making Zle a;C; ., = f(o, ¥) by Schwartz-Zippel Lemma. However7 we have > IF\
fraction of such «, a contradiction. |

» Lemma 18. If there is a clique of size > (1 — e)k’, then there exists ¥y € Vi, ..., U € Vi
such that Zz ¥ = 0.

Proof. From Lemma 17 we know that for each u € [k], C; ., = (A1[i]7, ..., A;[i]0) for some
unique ¥ € V,,. Thus %, g indeed equals to f(a, Zle B:7;) for every good variable x, 3.

The remaining proof is very similar to the proof of Lemma 16. Edges between the vertex
of 24,5 and the vertex of z, g41 for all 3 € F¥ can be divided into disjoint length-5 cycles
{Za,8,Ta 41, -+ T p+4.1} since the characteristic of F is 5.

For an excellent o, at most § < 2 fraction of variables x4 g are not good, so there must
be two variables z, 3 and x4 g+1 which are both good. According to the definition of good
variables, we have

k
Ta,ft+s — Ta,p = f (O[, Zgz>
i=1

and from the fourth type of constraints between them we can infer that

—

To,p+1 — Ta,8 = 0.
Therefore, f ( Ez p ;) = 0 for every excellent o
Suppose Zz Ui # 0, then there exists z € [€] such that A; (El L ¥;) # 0 by the first

property in Lemma 14. There are at most IJF\ fraction of « such that f(« Ele 7;) =0 by
Schwartz-Zippel Lemma, but we have > 1 — 3¢’ fraction of excellent «, a contradiction. <«

3.3 Putting Things Together

Combing Theorem 11 with Theorem 13, we obtain an improved lower bound for constant
gap k-CLIQUE under ETH as follows.

» Theorem 1. Assuming ETH, for any constant ¢ > 1 and any computable function f, no
algorithm can find a clique of size k/c in the k-CLIQUE problem in f(k)n°1°8%) time.

Proof. Without loss of generality assume f is non-decreasing and unbounded. Given a 3SAT
formula ¢ with n variables, each appearing in at most 3 clauses, we first run the reduction
in Theorem 11 to produce a k-VECTORSUM instance of size 2°0("/%) then run the reduction
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in Theorem 13 to produce a constant gap ¢*-CLIQUE instance of size at most ¢¥20("/k)

Using the graph product method, we can amplify the gap to any constant, while keeping the
parameter k' = c°*) and instance size n’ < ¢0¥)20(n/k)  Therefore, an f(k')n°(ek) time

algorithm for constant gap k’-CLIQUE would lead to an algorithm for 3SAT in
f(k/)(n/)o(logk’) < f(cO(k))(CO(k)2O(n/k))o(k) < 20(77.)

time, contradicting ETH. The last inequality holds because n can be sufficiently large
compared to k. |

Below we present two remarks about possible extensions of our results on ETH lower
bounds of gap k-CLIQUE.

» Remark 19 (On higher degree Reed-Muller Codes). It is natural to extend our idea to obtain
a reduction from k-VECTORSUM to a CSP problem with < 2°(%) variables using Reed-Muller
code with larger degree polynomials. However, the reduction from CSP to k-CLIQUE has such
an important property: when there is a clique of size ¢k for some constant €, the following
two conditions hold:

1. A constant fraction of arity-d constraints (d > 2) are satisfied.

2. All arity-2 constraints between a constant fraction of variables are satisfied.

The second condition holds because an arity-2 constraint between two variables can be
directly transformed into an edge between two vertices. If there is a large clique, it means all
arity-2 constraints between the involved variables are simultaneously satisfied. However, if we
use larger degree polynomials, the arity of constraints has to be larger, too. It cannot directly
fit into the framework of k-CLIQUE. If this barrier can be broken, it may be possible to
obtain reductions with an even smaller parameter blow-up using larger degree polynomials.

» Remark 20 (On locally decodable codes). Our reduction implicitly depends on the property
of 2-query locally decodable code, that we could decode f(«, ;) for some fixed o by querying
only 2 positions. As pointed out in [13], 2-query locally decodable code has at least an
exponential blow up. Hence our method is optimal in this sense. We could also consider how
to remove this dependence.

4 k°(D_Ratio FPT Inapproximability of k-CLIQUE under ETH

In this section, we show how to use expander graphs to amplify the gap efficiently, and how
it leads to an improved inapproximability ratio of k-CLIQUE in FPT time under ETH. The
idea comes from the classical technique used to amplify gap in the non-parameterized version
of CLIQUE problem, which was proposed by Alon et al. [3].

» Theorem 21. For some constants d € N0 < A < 1 and for any t € N, there is an
algorithm which runs in O(k*>d?'|V'|?!) time, on input an instance I' = (V, E) of k-CLIQUE
problem, outputs an instance I of k'-CLIQUE problem such that

k' = kd!.

(Completeness.) If T' has a k-clique, then TV has a k'-clique.

(Soundness.) If ' has no ek-clique, then I" has no clique of size k'((1 — \)\/z + A)!~ 1.

Proof. Let H be an (k, \,d)-expander constructed from Lemma 8. We construct IV as
follows. Each of the k' = kd'~! groups in I" is associated with a unique path of length-t
random walk on H. We use (cy,...,¢t) to name a group in I, where each ¢; € [k] indicates
a group in I'.
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A vertex in I is a length-t sequence of vertices in I'. Namely, there is a vertex (uq, ..., u)
in the (cq,...,c)-th group in IV if and only if each w; is belongs to group ¢; in I'. Therefore,
the total number of vertices is at most kd*~!|V| in I".

A vertex (uq,...,u) in group (c1,...,¢:) is linked to a vertex (vy,...,v:) in group
(d1,...,dy) if and only if

(C]_,...,Ct) 7& (d17--~7dt)a

and the vertices {v1,...,vs,u1,...,us} form a clique in T

The reduction runs in O(k?d?!|V|*") time by simply enumerating every pair of vertices in
I"” and checking if there is an edge between them.

Completeness. Let {v1,...,v;} be an k-clique in I'. Then in group (¢, ...,¢) in IV, we
can pick the vertex (ve,,...,v.,). It’s easy to see those vertices form an kd'~!-clique.

Soundness. For any clique V in I, let U be the collection of vertices in I which appear
as part of the name of a vertex in V. Since V is a clique in I, it follows by construction
that U is also a clique in T" and thus |U| < ek. Recall that each (cy,...,c;) represents a
length-t random walk on H, and all those ¢;’s lie in a set of size < ek (which corresponds
to the collection of groups that vertices in U belong to). By plugging n = k,|B| < ek
into Lemma 7, the number of different groups that vertices in V' belong to is bounded by
kd'=1((1 — X)y/2+ A)i1, and so is |V]. <

For any function §(k) = o(1), by setting ¢ to be as large as some o(log k), we can make
e = ((1 = N)y/E + A1 smaller than k—9*) while keeping k¥’ = kd*~! < kM), Thus, by
combining Theorem 1 and Theorem 21, we have the following corollary.

» Corollary 2. Assuming ETH, for any g(k) = k°1), the k-CLIQUE problem has no g(k)-
FPT-approximation algorithm.

5 From Constant Gap k-CLIQUE to PIH

In this section we will show that strong lower bound of constant gap k-CLIQUE implies
PIH. For simplicity of notation, we additionally define problems GAP-CLIQUE(k, ¢) and
GAP-BICLIQUE(k, ¢) (k > (), whose definitions are almost the same as k-CLIQUE and
k-BICLIQUE, except that the soundness parameter is . We have the following theorem:

» Theorem 3. If GAP-CLIQUE(k, ¢k) does not admit f(k) - nO(5t) time algorithms for
some 0 < e < 1, then PIH is true.

The proof is relatively elementary and consists of three steps: first reduce constant gap

k-CLIQUE to constant gap k-BICLIQUE, then use a disperser to compress the soundness
logk

k
case, the density of every 2k-vertex bipartite subgraph is low.

parameter to finally use the Ké6vari-Sés-Turan Theorem to show that in the soundness

» Lemma 22. If GAP-CLIQUE(k, €k) does not admit f(k) - nO (%) _time algorithms for

some 0 < & < 1, then neither does GAP-BICLIQUE(k, k).

Proof. We reduce a GAP-CLIQUE(k, €k) instance G = (V1U. ..UV, E) to a GAP-BICLIQUE(k,
132k) instance G' = (U1U. .. UU,, W1U...UW,, E) as follows.

The vertex sets in each side are just copies of V, i.e., U; = W; = V;, Vi € [k]. Two vertices
u € U;,w € W; where i # j are linked if and only if their corresponding vertices are linked in
G, while two vertices u € U;, w € W; are linked iff they correspond to the same vertex in G.
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The completeness case is obvious. In the soundness case, suppose we can pick %k’
vertices from different parts of U and %k vertices from different parts of W such that they
form a biclique. Let the collection of picked vertices be S. Then there must be an index set 7
of size ek such that Vi € Z, (SNU; # 0) A (SNW; # 0). Moreover, |SNU;| = [SNW;| =1 by
our construction of edges between U; and W;. Then consider the set | J;.,(SNU;) which is of
size at least ek. The vertices in it must form a clique of size |Z| in the original graph G. <«

» Lemma 23. If GAP-BICLIQUE(k, k) does not admit f(k) - nO(56%) _time algorithms
for some constant 0 < € < 1, then for any constant 0 < ¢ < 1, no algorithm can solve
GAP-BICLIQUE(k, clogk) in f(k)-n°® time.

Proof. Given a GAP-BICLIQUE(k, ¢k) instance G = (U U...UUk, W1U...UWy, E), let
(= fsci”fgk} and let Z = (Iy,...,1I;) be a (k, k, ¢, clogk,1 — ¢)-disperser. Since the size of
is independent of n, we can deterministically enumerate all possible Z to find a valid one in
f(k) time. The existence of such a disperser is guaranteed by Lemma 10. We construct a
new GAP-BICLIQUE(k, clogk) instance G’ = (U{U...UU;, W{U...UW/, E) as follows.
The groups of vertices in G’ correspond to the combination of groups in G according
to the disperser. Specifically, for 1 < i < k, let I; = {i1,...,%}, then each vertex in U
will correspond to a tuple of vertices (u;,,...,u;) where u;, comes from U;, in G for all

1 < j < {. The construction of right vertices W7,... W/ is similar. The size of the new

instance is therefore at most nf = n@(wer),

An edge between a left vertex (u;,,...,u;,) and a right vertex (wj,,...,w,,) exists if and
only if the vertices {u;,,...,u;,,w;,,...,wj,} form a biclique K, in G.

The completeness case is still obvious, and we focus on the soundness case. Prove by
contradiction, if there exists clog k vertices from different groups of U’ and clog k vertices
from different groups of W’ which form a biclique Kciogk,clogk, let S be the collection of
vertices which appear as part of one of the 2clog k tuples. For 1 < ¢ < k, arbitrarily pick one
vertex from each SNU;, SNW; if not empty, then we claim that the resulting collection must
be a biclique of size > €k on both sides. The promise of biclique is from our construction,
while the size is guaranteed by properties of the disperser.

Therefore, an f(k)-n®™M) time algorithm for the GAP-BICLIQUE(k, ¢log k) problem would

.\ o)
lead to an f(k) - (no(ﬁ))
problem. This completes the proof. |

= (k) - n®(5e%) time algorithm for GAP-BICLIQUE(K, k)

» Theorem 24 (Kdvari-Sés-Turan, [19]). For any graph G on n vertices, if G does not contain
K, as a subgraph, then G has at most O(n?>=1/9) edges.

Proof of Theorem 3. By plugging in a = clog k for some sufficiently small constant 0 < ¢ < 1
such that the O(k2~1/(¢1°2k)) in Theorem 24 is no more than £’k? for some constant 0 < &’ < 1,
Theorem 24 and Lemma 23 imply that if GAP-BICLIQUE(k, k) does not admit f(k) 0 (reex).
time algorithms, then no FPT algorithm can distinguish the following cases for a k-BICLIQUE
instance G = (U, W, E) with
(Completeness.) there exists u; € Uy, ..., up € Ug,w; € W1, ... w, € Wy such that they
form a biclique Ky, j.
(Soundness.) for all uy € Uy,...,up € Ugp,wy € Wi,...wp € Wy, the vertex set
{u1,...,ug,v1,...,v} induce a subgraph with at most O(k>~1/(¢logk)) < c/k2 edges for
some constant 0 < &’ < 1.
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We link all pairs of vertices which are on the same side but not in the same group. In
the completeness case, we can find 2k vertices from distinct groups such that they form a
clique and thus the number of edges induced is (22k). In the soundness case, the number of
edges induced by 2k vertices from distinct groups is at most e'k? + 2(12“) <é ’(2;) for some
0<e’ <1,

At last, by Lemma 22, if GAP-CLIQUE(k, k) does not admit f(k) - nO(m7) _time
algorithms for some 0 < ¢ < 1, then neither does GAP-BICLIQUE(k, %k), hence no
FPT-algorithm can approximate DENSEST k-SUBGRAPH to an &’ factor. |

6 Conclusion

In this paper, we provide a tighter ETH-lower bound for constant gap k-CLIQUE by replacing
the Hardamard code used in [20] by the Reed-Muller Code with degree-2 polynomials. We use
gap amplification techniques by expander graphs to rule out k°(-ratio FPT-approximation
algorithms for k-CLIQUE under ETH. We also study the relationship between the constant
gap k-CLIQUE problem and PIH. We show that almost tight lower bounds for constant gap
k-CLIQUE can imply PIH.

A natural open question is whether we can derive such a lower bound for constant gap
k-CLIQUE under ETH. Formally, it is stated as follows:

Question 1. Assuming ETH, does constant gap k-CLIQUE admit an algorithm in f(k) -
nO(wew) time?

It is also worth noting that assuming ETH, there is no 2°(")-time algorithm for non-
parameterized MAX-CLIQUE problem on n-vertex graphs. Hence, it is natural to ask whether
our technique can be analogously applied to non-parameterized MAX-CLIQUE to obtain tight
lower bounds:

Question 2. Assuming ETH, does constant gap MAX-CLIQUE admit an algorithm in 2°(")
time?
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