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—— Abstract
We study the (w-)regular separability problem for Biichi VASS languages: Given two Biichi VASS
with languages L; and La, check whether there is a regular language that fully contains L, while
remaining disjoint from L. We show that the problem is decidable in general and PSPACE-complete
in the 1-dimensional case, assuming succinct counter updates. The results rely on several arguments.
We characterize the set of all regular languages disjoint from Lo. Based on this, we derive a (sound
and complete) notion of inseparability witnesses, non-regular subsets of L;. Finally, we show how to
symbolically represent inseparability witnesses and how to check their existence.

2012 ACM Subject Classification Theory of computation — Models of computation

Keywords and phrases Separability problem, Vector addition systems, Infinite words, Decidability
Digital Object Identifier 10.4230/LIPIcs.STACS.2023.9

Related Version Full Version: https://doi.org/10.48550/arXiv.2301.11242

Funding Funded by the European Union (ERC, FINABIS, 101077902). Views and opinions expressed
are however those of the author(s) only and do not necessarily reflect those of the European Union
or the European Research Council Executive Agency. Neither the European Union nor the granting
authority can be held responsible for them. The second author was supported by the DFG project
EDSQSYN: Effective Denotational Semantics for Synthesis.

1 Introduction

The separability problem asks, given languages L1 and Ly, whether there exists a language
R that separates L; and Lo, meaning L1 € R and RN Ly = (). Here, R is constrained to be
from a particular class S of admitted separators. Since safety verification of systems with
concurrent components is usually phrased as an intersection problem for finite-word languages,
and separators certify disjointness, deciding separability can be viewed as synthesizing safety
certificates. Analogously, deciding separability for infinite-word languages is a way of
certifying liveness. If S is the class of (w-)regular languages, we speak of reqular separability.

Separability problems have been studied intensively over the last few years. If the input
languages are themselves regular and S is a subclass [36, 35, 34, 33, 37, 38, 30, 14], then
separability generalizes the classical subclass membership problem. Moreover, separability
for languages of infinite-state systems has received a significant amount of attention [16, 15,
13,12, 9, 8, 11, 1, 44, 42, 10, 7]. Let us point out two prominent cases.

First, one of the main open problems in this line of research is whether regular separability
is decidable for (reachability) languages of vector addition systems with states (VASS): A
VASS consist of finitely many control states and a set of counters that can be incremented
and decremented, but not tested for zero. Moreover, each transition is labeled by a word
over the input alphabet. Here, a run is accepting if it reaches a final state with all counters
being zero. While there have been several decidability results for subclasses of the VASS
languages [16, 13, 12, 9, 8], the general case remains open. Second, a surprising result is that
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if K and L are coverability languages of well-structured transition systems (WSTS), then K
and L are separable by a regular language if and only if they are disjoint [13]. As VASS are
one example of WSTS, this result also applies to their coverability languages.

Regular separability in Biichi VASS. In this paper, we study the regular separability
problem for Biichi VASS. These are VASS that accept languages of infinite words. A run
is accepting if it visits some final state infinitely often. Since no condition is placed on the
counter values, Biichi VASS languages are an infinite-word analogue of finite-word coverability
languages, where acceptance is defined by the reached state (not the counters). The regular
separability problem is to decide, given Biichi VASS V; and Vs, whether there exists an
w-regular language R such that L(V;) C R and L(Ve) N R = 0.

Our main results are that (i) regular separability for Biichi VASS is decidable, and
that (ii) for one-dimensional Biichi VASS (i.e. those with a single counter) the problem is
PSPACE-complete. Here, we assume that the counter updates are encoded in binary.

Given that Biichi VASS accept using final states and their transition systems are WSTS,
one may suspect that there is an analogue of the aforementioned result for WSTS: Namely,
that two languages of Biichi VASS are separable by an w-regular language if and only if they
are disjoint. We show that this is not the case: There are Biichi VASS V; and Vs, such that
L(Vy) and L(Vs) are disjoint, but not separable by an w-regular language. In fact, we show
an even larger disparity between these two problems for WSTS in the infinite-word case: We
exhibit a natural class of WSTS for which intersection is decidable but regular separability is
not. Thus, regular separability for Biichi VASS requires significantly new ideas and involves
several phenomena that do not occur for finite-word languages of VASS.

New phenomena and key ingredients. We first observe that we can assume one input
language to be fixed, namely an infinite-word version D,, of the Dyck language. Then,
following the basic separator approach from [16], we identify a small class B of w-regular
languages such that L is separable from D,, if and only if L is included in a finite union of
sets from B. Here, a crucial insight is that a Biichi automaton can guarantee disjointness
from D,, without knowing exactly when the letter balance crosses zero. Note that a negative
letter balance is the exact condition for non-membership in D,,. In contrast, in the finite
word case, there are always separating automata that can tell when zero is crossed [16]. This
insight is also key to the example differentiating disjointness and separability in Biichi VASS,
and to the undecidability proof for certain WSTS despite decidable disjointness.

We then develop a decomposition of Biichi VASS languages into finitely many pieces,
which are induced by what we call profiles. Inspired by Biichi automata, the idea of a
profile is to fix the set of transitions that can and have to be taken infinitely often in a
run. Finding the right generalization to Biichi VASS, however, turned out to be non-trivial.
Our formulation refers to edges in the Karp-Miller graph, augmented by constraints that
guarantee the existence of an accepting run. The resulting decomposition has properties
similar to the decomposition of VASS languages into run ideals [28], which has been useful
for previous separability procedures [16, 11].

We associate to each profile a system of linear inequalities and show that separability
holds if and only if each of these systems is feasible. While this yields decidability, checking
feasibility is not sufficient to obtain a PSPACE-upper bound in the one-dimensional case.
Instead, we use Farkas’ Lemma to obtain a dual system of inequalities so that separability
fails if and only if one dual system is satisfiable. A solution to a dual system yields a
pattern in the Karp-Miller graph, called inseparability flower, which witnesses inseparability.
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Compared to prior witnesses for deciding properties of VASS languages (e.g. regularity [17],
language boundedness [6], and other properties [2]), inseparability flowers are quite unusual:
they contain a non-linear condition, requiring one vector to be a scalar multiple of another.
For one-dimensional Biichi VASS, the condition degenerates into a linear one. This allows
us to translate inseparability flowers into particular runs in a two-dimensional VASS subject
to additional linear constraints. Using methods from [4], this yields a PSPACE procedure.

Related work. It was already shown in 1976 that regular separability is undecidable for
context-free languages [41, 25]. Over the last decade, there has been intense interest in
deciding regular separability for subclasses of finite-word VASS reachability languages: The
problem is decidable for (i) reachability languages of one-dimensional VASS [12], (ii) cov-
erability languages of VASS [13], (iii) reachability languages of Parikh automata [8], and
(iv) commutative reachability languages of VASS [9]. Moreover, decidability still holds if one
input language is an arbitrary VASS language and the other is as in (i)-(iii) [16]. As discussed
above, for finite-word coverability languages of WSTS, regular separability is equivalent to
disjointness [13]. Moreover, the aforementioned undecidability for context-free languages has
been strengthened to visibly pushdown languages [27]. To our knowledge, for languages of
infinite words, separability has only been studied for regular input languages [32, 24].

Our result makes use of Farkas’” Lemma to demonstrate the absence of what can be
understood as a linear ranking function (on letter balances). There are precursors to this. In
liveness verification [39], Farkas’ Lemma has been used to synthesize, in a complete way, linear
ranking functions proving the termination of while programs over integer variables. In the
context of separability for finite words, Farkas’ Lemma was used to distinguish separable from
non-separable instances [16], similar to our approach. The novelty here is the combination of
Farkas’ Lemma with the new notion of profiles needed to deal with infinite runs.

The languages of Biichi VASS have first been studied by Valk [43] and (in the determin-
istic case) Carstensen [5]. Some complexity results (such as EXPSPACE-complexity of the
emptiness problem) were shown by Habermehl [23]. More recently, there have been several
papers on the topological complexity of Biichi VASS languages (and restrictions) [21, 18, 22].
See the recent article by Finkel and Skrzypczak [22] for an overview.

2 Preliminaries

Dyck Language. We use an infinite-word version of the Dyck language over n pairs of
matching letters a;,a;. We denote the underlying alphabet by ¥, := [J;_,{a;,a;}. The
Dyck language contains those infinite words where every occurrence of a; has a matching
occurrence of a; to its left: D, := {w € ¥ | Yo € prefix(w): Vi € [1,n]: ¢;(v) > 0}. Here,
@i+ 3¥ — Z is the ith (letter) balance function that computes for a given word w the
difference |w|,, — |w|a;. We also use p(w) for the vector (¢1(w),...,on(w)) € Z™.

Biichi VASS and Automata. A Biichi vector addition system with states (Biichi VASS)
of dimension d € N over alphabet X is a tuple V = (Q, qo, T, F') consisting of a finite set of
states @), an initial state gy € @, a set of final states F' C (), and a finite set of transitions
T C Qx¥*xZ%xQ. The size of the Biichi VASS is [V| := |Q+1+|F|+ 3, 5.4er 0]+
Z?Zl max{log [0(7)|,1}. If d = 0, we call V a Biichi automaton.

The semantics of the Biichi VASS is defined over configurations, which are elements of
Q x N%. We call the second component in a configuration the counter valuation and refer to
the entry in dimension i as the value of counter i. The initial configuration is (go,0). We lift
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the transitions of the Biichi VASS to a relation over configurations — C Q x N% x ¥* x () x N¢
as follows: (q,m) % (¢, m') if there is (¢,w,d,q") € T so that m’ = m + 6. A run of the
Biichi VASS is an infinite sequence of transitions of the form (gg,0) = (g1, m1) —» ---
Thus, the sequence starts in the initial configuration and makes sure the target of one
transition is the source of the next. The run is accepting if it visits final states infinitely
often, meaning there are infinitely many configurations (¢, m) with ¢ € F. The run is said to
be labeled by the word w = wow; - -+ in £¥. The language L(V) of the Biichi VASS consists
of all infinite words that label an accepting run. Note that we can always ensure that every
accepting run has an infinite-word label, by tracking in the state whether a non-e-transition
has occurred since the last visit to a final state. An infinite-word language is (w-)regular, if
it is the language of a Biichi automaton. As we only consider infinite-word languages, we
just call them languages.

Karp-Miller Graphs. We work with the Karp-Miller graph KM(V) associated with a Biichi
VASS V [26]. Since we are interested in infinite runs, we define the Karp-Miller graph as a
Biichi automaton. Its state set is a finite set of extended configurations, which are elements
of Q@ x (NU {w})?. The initial state is the initial configuration in the Biichi VASS. The final
states are those extended configurations (¢, m) with ¢ € F'. The transitions are labeled by
T, so instead of letters they carry full Biichi VASS transitions. An entry w in an extended
configuration denotes the fact that a prefix of a run can be repeated to produce arbitrarily
high counter values. More precisely, the Karp-Miller graph is constructed as follows. From
an extended configuration (¢, m) we have a transition labeled by (¢1,a,d, ¢2), if ¢ = ¢1 and
m + § remains non-negative. The latter addition is defined componentwise and assumes
w+k:=w=:k+wforall kK € Z. The result of taking the transition is the extended
configuration (g2, m3), where my is constructed from m + ¢ as follows. We raise to w
all counters 4 for which there is an earlier configuration (g2, my) with m; < m + 6 and
mq (i) < [m + 6](i), earlier meaning on some path from (go,0) to (¢, m). If this is the case,
the path from (g2,m1) to (g2, m + &) can be repeated indefinitely to produce arbitrarily
high values for counter i. We refer to the repetition of such a path in a run as pumping.

The Karp-Miller graph over-approximates the language of the Biichi VASS in the following
sense. Every infinite sequence of transitions that leads to a run of the Biichi VASS is the
labeling of an infinite run in the Karp-Miller graph. Moreover, if the run of the Biichi VASS
is accepting, so is the run in the Karp-Miller graph. In the other direction, every finite
transition sequence in the Karp-Miller graph represents a transition sequence in the Biichi
VASS. The sequence in the Biichi VASS, however, may be longer to compensate negative
effects on w-entries by pumping.

3 Problem, Main Result, and Proof Outline

A language R is a regular separator for a pair of languages Ly, Lo, if R is regular, L1 C R, and
RN Ly =0. We write Ly | Ly for the fact that a regular separator exists. We consider here
languages of Biichi VASS, and formulate the regular separability problem as follows. Given
Biichi VASS Vi, Vs, check whether L(Vy)| L(Vs) holds. Our main result is the following.

» Theorem 3.1. The reqular separability problem for Biichi VASS is decidable.

It should be noted that our procedure is non-primitive recursive, as it explicitly constructs
the Karp-Miller graph of an input Biichi VASS, which can be of Ackermannian size [31,
Theorem 2]. In the case of VASS coverability languages (and even for more general WSTS),
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Figure 1 Left: A Biichi VASS accepting a language S with SN Dy =0 but S f D1. Here, e1 € Z
is the one-dim. vector with entry 1. Right: A regular language that is not included in a finite union
of languages P; ;. and S, k, but that is included in Sy for @ = (1,1), k = 1. The horizontal and
vertical dimensions denote the balance for a; resp. as.

it is known that regular separability is equivalent to disjointness [13]. Thus, for finite
words, separability reduces to the much better understood problem of disjointness. For the
infinite-word languages considered here, the situation is different.

» Theorem 3.2. There are Biichi VASS languages L1, Lo with L1 N Ly = () and Ly [ Ls.
There are classes of WSTS where intersection is decidable but separability is not.

For the second statement, we introduce the class of weak Biichi reset VASS, which are VASS
with reset instructions, with the additional constraint that each run can only use resets a
finite number of times.

For the first statement of Theorem 3.2, let us give an intuition. We choose L1 = L(V),
where V is the Biichi VASS in Figure 1(left), and Ly = Dy, the Dyck language. To show
L(V) ) Dy, suppose there is a Biichi automaton A with n states such that L(V) C L(A)

and L(A) N D; = . Then A has to accept (afa*)* € L(V). However, pumping yields
m=n-+1

that for some m > n the word (a7"ay™ ") € D; also has to be accepted by A, contradiction.

Moreover, to show L(V) N D; = () we observe that in accepting runs of V), almost every visit
(meaning: all but finitely many) to the final state drops the letter balance by 1. Therefore on
any accepting run this balance eventually becomes negative, yielding a word outside of D1.

In the remainder of the section, we outline the proof of Theorem 3.1. Assume we are
given Ly = L(V;) and Ly = L(Vs) and this is a non-trivial instance of separability, meaning
L1, Ly are not regular and L; N Ly = (). For proving separability, we could enumerate

regular languages until we find a separator. The difficult part is disproving separability.

Inseparability of L; and Lo is witnessed by a set of words W C L; so that every regular

language R containing them already intersects Ls, formally: W C R implies R N Ly # ().

Showing the existence of such a set W is difficult for two reasons. First, it is unclear which
sets of words ensure the universal quantification over all regular languages. Second, as we
have a non-trivial instance of separability, W (if it exists) will be a non-regular language. So
it is unclear how to represent it in a finite way and how to check its existence.

To address the first problem and understand the sets of words that disprove separability,
we use diagonalization. Call an (Ls-)separator candidate a regular language that is disjoint
from Ly. Let Ry, Ro, ... be an enumeration of the separator candidates. If L is not separable
from Lo, for every R; there is a word w; € Ly with w; ¢ R;. We call such a set of words
W = {wy,ws,...} that escapes every separator candidate an inseparability witness.

» Observation 3.3. L [Ls if and only if there is an inseparability witness.

9:5

STACS 2023



9:6

Regular Separability in Biichi VASS

Our decision procedure will check the existence of an inseparability witness. We obtain the
procedure in four steps: the first is a simplification, the second is devoted to understanding
the separator candidates, the third is another simplification, and the last characterizes the
inseparability witnesses and checks their existence.

Step 1: Fixing Lo. We first reduce general regular separability to regular separability from
the Dyck language. The reduction is simple and works just as for finite words [16].

» Lemma 3.4. Given Bichi VASS V1 and Vs, we can compute a Biichi VASS V over ¥, so
that L(V1) | L(Vz) if and only if L(V) | Dy, where n is the dimension of Va.

Step 2: Understanding the Separator Candidates. To understand the regular languages
that are disjoint from D,,, we will define basic separators, sets P; ; and Sy, on which we
elaborate in a moment. The following theorem says that finite unions of basic separators are
sufficient for regular separability. This is our first technical result and shown in Section 4.

» Theorem 3.5. If R C X% is reqular and RN D,, = (), then R is included in a finite union
of basic separators.

For the definition of P, , we note that the words outside D,, have, for some index i € [1,n],
an earliest moment in time where the balance between a; and a; falls below zero. To turn
this into a regular language, we impose an upper bound k¥ € N on the (positive) balance
between the letters a; and a; that is maintained until the earliest moment is reached. This
yields the regular language

P = {we Xy | Jve prefix(w): ¢;(v) < 0AVu € prefix(v): p;(u) < k}.

The family of languages P; ;, already captures the complement of D,,. The problem is
that we may need infinitely many such languages to cover the language R of interest. For
every bound k, a regular R with RN D; = () may contain a word with a higher balance before
falling below zero, take for example R = ajay. The first insight is that if R can fall below
zero from arbitrarily high values, then the underlying Biichi automaton has to contain loops
with a negative balance. The R thus contains words uv with an unconstrained prefix and a
suffix that decomposes into v = v vs - - - so that every infix w = vy has a negative balance on
letter a;. The observation suggests the definition of a language that contains precisely the
words u.v. To make the language regular, we impose a bound k on the positive balance that
can be used during the infixes w. Call the resulting language S; ;. Unfortunately, taking the
P, and the S; j, as basic separators is still not enough: Figure 1(right) exhibits a regular
language, disjoint from Dj, that is not included in a finite union of P; ;; and S, j, because it
contains infixes where the balance on each letter exceeds all bounds in each coordinate.

The second insight is that we can catch the remaining words with a version of S; ;, that
weights coordinates with some & € N™. Let us give some intuition on this. The words from R
that we cannot catch with a P; ; must come across, for each 7 that becomes negative, a loop
with positive balance on ¢ (otherwise, the balance on those ¢ would be bounded). But then,
the only way such words can avoid D; is by ending up in a strongly connected component
where every loop (with a final state) makes progress towards crossing 0, i.e. is negative in
some coordinate. One can then conclude that even all Q>¢-linear combinations of loops
(a convex set) must avoid the positive orthant Q%, C Q™. By the Hyperplane Separation
Theorem (we use it in the form of Farkas’ Lemm;i), this is certified by a hyperplane that
separates all loop effects from QZ%,. This hyperplane is given by some orthogonal vector
x € N”, meaning that every loop balance must have negative scalar product with . Hence,
we can catch these words by:
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Sz = {u.v € ¥y

a.) Vf € infix(v): (x, ¢o(f)) <k, and
b.) v =wp.v1.v9 - AV EN: (&, 0(v0)) <O

Coming back to Figure 1(right), the weight vector = (1,1) guarantees that the weighted

balance decreases indefinitely and also the weighted balances of all infixes stay bounded.

In [16], a similar argument has been used to show sufficiency of basic separators.

Step 3: Pumpable Languages. With the basic separators at hand, the task is to understand
the sets of words witnessing inseparability. While studying this problem, we observed that
the argumentation for the P;; was always similar to the one for the S, ;. This led us to
the question of whether we can get rid of the F; ;. in separators. The answer is positive, and
hinges on a new notion of pumpability for languages over ¥,,.

Call infinite words u and v equivalent, written u ~ v, if v can be obtained from u by
removing and inserting finitely many letters: There are ug, vy € ¥* and w € X% such that
u = upw and v = vow. We say that a language L C X% is pumpable if for every w € L
and every k € N, there exists a decomposition w = wow; and a word w(, € ¥} that is a
prefix of a word in D,, such that wj.wi € L and the letter balance satisfies the following:
(a) p(w)) > ¢(wp) and (b) for the indices ¢ € [1,n] where ¢; becomes negative on some
prefix of w, we have @, (w()) > max{p;(wp),0} + k. The consequence of this definition is that
i€[1,n] P; ;. Indeed, for every word w € L
and every k € N, there is a word w’ € L with w ~ w’ where the letter balance exceeds k
before becoming negative, and thus w’ ¢ Py. With the previous characterization of separator
candidates, what is left to separate L from D,, are the languages Sy k.

a pumpable language leaves every language Py, := |J

» Lemma 3.6. If L C X% is pumpable, then L | D,, if and only if L |jimDn, where L |im Dy
means L C UEGX Sz.i; for some finite set X C N" and some k € N.

In our context, pumpability is interesting because we can turn every Biichi VASS language
into a pumpable language without affecting separability.

» Theorem 3.7. Let V be a d-dim. Biichi VASS over %,,. We can compute a d-dim. Biichi
VASS Voump that satisfies the following:

1. L(Voump) s pumpable,

2. there is a k € N so that L(Vpump) € L(V) € L(Vpump) U Pr, and

3. L(V) | Dy, if and only if LVpump) | Dn-

The construction of Vyymp employs the Karp-Miller graph in an original way, namely to
track the unboundedness of letter balances. Let V be the (d + n)-dimensional Biichi VASS
obtained from V by tracking the effect of the letters from 3, in n additional counters. For
V, we construct the Karp-Miller graph. The relationship between the languages of KM(V)
and V is as follows. For all words where every letter balance stays non-negative, their runs

in ¥ can be mimicked in KM(V). For all other words, where the balance eventually becomes

negative, this only holds if the corresponding counter in V has been raised to w beforehand.

Essentially, the new Biichi VASS V,mp restricts V to those runs that have counterparts in

KM(V). This is achieved with a simple product construction of ¥V and KM(V). The thing
to note is that every word from L(V) that does not make it into L(Vyump) belongs to Py,

where k is the maximum concrete number in KM(V): A run in V that cannot be mimicked

in KM(V) will at some point have a negative letter balance, before reaching w in KM(V) in
that component; thus all counter values had been at most k until that point.
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Figure 2 Left: The Biichi VASS V constructed from the Biichi VASS V found in Figure 1(left).
Note how the added second counter tracks the letter balance of the now removed transition labels,
incrementing on letter a; and decrementing on letter a;. Right: The Biichi VASS Vyump corresponding
to V as given by Theorem 3.7. Here we did not mark the final states to reduce visual clutter; every
state that includes g is considered final. Similarly, the two labels above the loop in the top right

correspond to two distinct transitions. Note that Vyump essentially looks like KM(V), just with
different transition labels.

An example on how to construct V and Voump can be found in Figure 2, where both were
constructed for the Biichi VASS found in Figure 1(left).

In the proof of Theorem 3.5, we make use of Theorem 3.7 (recall that a regular language
is the language of a 0-dimensional Biichi VASS). This may look like cyclic reasoning, but it
is not: We will show Theorem 3.7(1)+(2) directly, using the arguments above. With this, we
prove Theorem 3.5, which in turn is used to derive Lemma 3.6 and Theorem 3.7(3).

Step 4: Non-Separability Witnesses and Decidability. Because of pumpability, it remains
to decide whether a Biichi VASS language L(V) is included in a finite union (J . y Sz » for
some k. Part of the difficulty is that we have no bound on the cardinality of X. To circumvent
this, we decompose L(V) into a finite union | J, L. (V), where 7 is a profile, meaning a set of
edges in KM(V) seen infinitely often during a run of V. We then show that each L. (V) is
either (i) included in a single separator Sy x or (ii) escapes every finite union (J,¢ x Sw,k-

Here, it is key to show an even stronger fact: In case (i), not only L, (V) is included in
some Sy i, but the entire set of runs in KM(V) that eventually remain in 7. The advantage
of strengthening is that finiteness of KM(V) allows us to express inclusion in Sy j, for some k,
as a finite system of linear inequalities over &: We say that (1) the balance of every primitive
cycle, weighted by x, is at most zero and (2) the balance, weighted by @, of some cycle
containing all edges from 7 is negative. Here, (1) and (2) correspond to Conditions a.) and
b.) of Sg k. If they are met, then the runs of KM(V) along 7 are included in S j for some k.

We then prove that if the system is not feasible, then V has runs that escape every
finite union (J, ¢ x Sz,k- To this end, we employ Farkas’ Lemma: It tells us that if there is
no solution, then the dual system has a solution. The solution of the dual system can be
interpreted as an executable linear combination of primitive cycles with non-negative balances.
We show that these cycles can be arranged in a pattern in KM(V) we call inseparability
flower. Such an inseparability flower then yields a sequence of runs py, p2, ... in KM(V) such
that pj escapes Sy for every vector . Finally, pumpability allows us to lift these runs of
KM(V) to runs of V and thus conclude inseparability.

This equips us with two possible decision procedures: We can either check solvability of
each system of inequalities, or detect inseparability flowers in KM(V).
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4 Basic Separators

We prove Theorem 3.5, that any regular language R over X,, with RN D,, = () is contained
in a finite union of languages P; ; and S 5. Note that a single value of k is sufficient, since
we have P, C P; p+1 and Sz C Sz k41 for each i, x, k. The proof decomposes the Biichi
automaton for R in a way that allows us to forget about connectedness issues and reason
over cycles (and their letter balances) using techniques from linear algebra. We make use of
the following basic fact from linear programming [40, Corollary 7.1f].

» Theorem 4.1 (Farkas' Lemma (variant), [40]). Let A € Q™*™ be a matriz and let b € Q™
be a vector. Then the system Ax < b has a solution x € Q% if and only if y'b>0 for
each vector y € QY with y A>0.

Decomposing with profiles. We decompose R = L(A) into a (not necessarily disjoint)
union of several languages, each linked to a so-called profile. 'We will later see that for
pumpable R, every such profile language already has to be contained in a single Sy .

» Definition 4.2. Let A be a Biichi automaton. A profile of A is a set w of transitions of A
for which there exists a cycle o in A such that (a) o contains exactly the transitions in 7,
and (b) o starts (and ends) in a final state gr.

We denote by TI(A) the finite set of profiles of .A. Moreover, we associate to every accepting
run p of A its profile II(p), which contains exactly the transitions appearing infinitely often
in p. This definition is sound, as the infinitely occurring transitions of an accepting run must
form a cycle due to repetition, which visits a final state due to acceptance.

Given a profile 7 of A, we define L,(A) C L(A) to be the language of all words that
have an accepting run p of A with II(p) = w. Note that this language is still regular: From
A one can construct a Blichi automaton that guesses a point after which only transitions
from 7 can occur, and once this point is reached it keeps a list of already used transitions
from 7 in each state. Then only once all transitions of = have been used the state becomes
final and the list is set back to empty.

This now allows us to view R as the union of the languages L. (A) with = € TI(A). We
show that each language L. (A) is either contained in S, j, for some x, k, or there is a cycle
that, assuming the pumpability from the previous section, makes L, (A) intersect D,,.

» Lemma 4.3. Let A be a Biichi automaton over ¥, and let m be one of its profiles. Then
one of the following conditions holds:

(i) There is a number k € N and a vector x € N such that Lr(A) C Sy, or

(ii) there is a cycle o’ in A over w' with p(w’) > 0, and o’ contains all transitions from 7.

Assume L, (A) # 0, otherwise Condition (i) trivially holds. We build a system A x < b of
linear inequalities as follows. It contains one inequality (x, p(v)) < 0 for each word v read by
a primitive cycle of transitions in 7. By primitive cycle we mean a cycle that does not repeat
a state. Moreover, the system contains the inequality (x, p(v;)) < —1 for the cycle o, over
v, that justifies the profile w. Let us quickly remark that the solution space of the system
A x < b is independent of the precise choice of the justifying cycle o,: To see this, we claim
that A,z < b holds if and only if all primitive cyles in 7 have an x-weighted balance at most
zero, and at least one primitive cycle in 7 has a strictly negative x-weighted balance. For
the “if” direction, note that a sufficiently long repetition of o, will contain each primitive
cycle as a (possibly non-contiguous) subsequence. This means, the repetition, and thus o,
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must have a strictly negative x-weighted balance. For the converse, we observe that o, can
be decomposed into primitive cycles. Thus, if o, has strictly negative x-weighted balance,
then so must at least one of its constituent primitive cycles.

Applying Farkas’ Lemma to Arx < b either yields a solution = € Q% or a vector
y € QY with yT A, >0and y'b < 0. In both cases we assume wlog. that the given vector
has entries in N, as we can always multiply with the lcm of the denominators.

Suppose we have a solution . We claim that then L, (A) C Sy, where k = |Q| - h and
h is the maximal length of a transition label of A. This is because @ weights primitive cycles
non-positively, and k is chosen such that for any infix v of a word in L. (A), if |v] > k, then
v’s associated transition sequence has to contain a primitive cycle. Thus, infixes at almost
all start positions of a word in L, (A) must have x-weighted balance < k.

If we obtain a vector y = (y1,...,Ym), then we can view it as a selection of rows in the
matrix A,, where the jth row is being selected y; many times. Since each row corresponds
to a cycle, this is also a selection of cycles. Then by y'b < 0 we selected o, where we
can insert the other selected cycles. By y' A, > 0 this forms a cycle o’ as required, with
non-negative letter balance for all letter pairs.

Here, we used a system of linear inequalities A,x < b, which was solely dependent on A
and m. We reasoned that if this system has a solution, then Condition (i) has to hold. This
is a fact that we want to refer to in a later proof, and therefore we formalize it here.

» Corollary 4.4. If A is a Biichi automaton with a profile ™ for which there is an © € N"
with Ayx < b, then L;(A) C Sy, for some k € N.

With Theorem 3.7 and Lemma 4.3, we can now show Theorem 3.5. Suppose R = L(A) for
some Biichi automaton A. First, applying Theorem 3.7 with d = 0 yields a Biichi automaton
Apump such that L(A) C L(Apump) U Py for some ¢ € N and L(Apymp) N Dy, = 0. Therefore,
it suffices to show that L(Apymp) is included in a finite union of languages Sy . Suppose not.
Then the set L(Apump) decomposes into the sets Ly (Apump) for 7 € II(Apymp). By Lemma 4.3,
we know that for some 7, Condition (ii) must hold: Otherwise, each L (Apump) would be
included in some S, ;. But if (ii) holds for 7, then there is a cycle ¢’ in A,ump that contains
7 (and thus visits a final state) and reads a word v with ¢(v) > 0. Now for some finite prefix
u, the word wv® belongs to L(Apump). Since ¢(v) > 0, there is some lower bound B € Z such
that for each ¢ € [1, n] and every prefix p of uv*, we have ¢;(p) > B. Finally, since L(Apump) is
pumpable, we can exchange a prefix in w = wv* to obtain another word w’ € L(Apump) Where
every prefix p has ¢(p) > 0. Hence w’ € D,, and thus L(Apump) N Dy, # 0, a contradiction.

5 Deciding Regular Separability

We now present the algorithm to decide, given a Biichi VASS V whether L(V) | D,,. We
first employ Theorem 3.7, because for pumpable languages we only have to deal with one
type of basic separators. The next step is to generalize the notion of profiles from Biichi
automata to Biichi VASS. Recall that for a sequence x of transitions in V, d(x) denotes its
effect on the counters of V. If  is a transition sequence in KM(V), then y is labeled with
a transition sequence of V, so we define 6(x) accordingly. Since we consider Biichi VASS
with input alphabet %,,, we write ¢(x) for the image of the input word under ¢. Again, this
notation is used for transition sequences in KM(V). We also write A(x) = (d(x), ¢(x))-

» Definition 5.1. Let V be a Biichi VASS. A profile for V is a set w of edges in KM(V) for
which there exists a cycle o in KM(V) such that (i) o contains exactly the edges in 7, (ii) o
starts (and ends) in a final state, and (iii) §(o) > 0.
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Clearly, every Biichi VASS has a finite set of profiles, which we denote by II(V). Moreover,
II(V) can be constructed effectively: Given a set of edges, a simple reduction to checking
unboundedness of a counter can be used to check if it is a profile. Furthermore, to every run
p of V, we can associate a profile: The run p must have a corresponding run in KM(V), which
has a finite set TI(p) of edges that are used infinitely often. Thus, p decomposes as pgp; such
that p; only contains edges from 7. Then, p; decomposes into 105 --- such that each o;
uses every edge from II(p) at least once and starts (and ends) in a final state. Since < is a
well-quasi ordering on N”, there are r < s such that 6(o,---05) > 0. Thus, 0 = 0.+ - 05 is
our desired transition sequence showing that II(p) is a profile. For each = € II(V), we denote
by L. (V) the set of all words accepted by runs p of V for which II(p) = w. Then clearly:

> Lemma 5.2. L(V) = U, cnp) L (V).

A system of inequalities for each profile. Our next step is to associate with each profile
m € II(V) a system of linear inequalities. We need some terminology. A w-cycle is a cycle o
in KM(V) that only contains edges in 7. If in addition, o visits each state of KM(V) at most
once, except for the initial state, which is visited twice, then o is a primitive w-cycle. Clearly,
a primitive m-cycle has length < |7r|. Moreover, from every m-cycle o, one can successively cut
out primitive m-cycles until it is empty. Therefore, if 71,..., 7, are the primitive m-cycles of

KM(V), then there are numbers 71, ..., 7, € Nsuch that A(o) = r1-A(m)+- -+ 7m - A(Tm).

We call o a complete mw-cycle if this holds for some rq, ..., 7, > 1. Observe that if 7 is a profile,
then this is always witnessed by a complete m-cycle: Take any cycle o witnessing that m is a
profile. Then o!™! contains each primitive 7-cycle as a subsequence. Hence, the cycle o™ 7!
is complete: We can carry out the cutting in each factor ol so as to cut some 7; at least
once. Moreover, " |7l still witnesses that 7 is a profile, since §(c™171) =m - |7| - 6(c) > 0.

Let us now construct the system of inequalities associated with w. Let o be a complete
m-cycle witnessing that 7 is a profile and let 7q,..., 7, be the primitive m-cycles. Let
A, € ZMmFTDX" he the matrix with rows ¢(71),...,0(Tm), (o), and let b € Z™*! be the
column vector (0,...,0,—1). Then clearly, A& < b is equivalent to (x, p(c)) < 0 and
(@, (7)) <0 for each primitive 7-cycle 7.

Inseparability flowers. An inseparability flower is a structure in the Karp-Miller graph
KM(V) as depicted below. It consists of a final state ¢ and three cycles a, 8,7 that all start
in ¢ and that meet the given conditions.

(a) 5(afy) >0
(- (@5 elap) =0
T p(apy) € Q- p(a)

Let us give some intuition on why such a flower is the relevant structure to look for. True

to its name, an inseparability flower guarantees the existence of an inseparability witness, i.e.

a family of words accepted by the pumpable Biichi VASS V that escape every basic separator
Sz.i- Such a family of words therefore needs an accepting run for each member, and the three
conditions of the flower provide such runs: The first condition ensures that the three cycles
actually correspond to a transition sequence enabled in V. The second condition guarantees
that for every & € N”, the x-weighted letter balance of a or of g is positive; unless they are

both zero, in which case the third condition ensures that a3+ has x-weighted balance zero.

This allows us to construct, for each k, a run that escapes Sg j for all x: By sufficiently
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—61|(11
61|5,1
Ole
O 0
((qlvwvw)vw) - ((Qvavw)zw)
0l
eile B —eilay
Q € (_11
(g0, w, 0), w) ——— ((q1,w, 0),w) —— ((g2,w, 0), w)
0le 0le
61|€X 0le
((QO7W70)71) T ((Q1,UJ,O),1) — ((q27w70)7 1) — ((QQ,UJ,UJ),O) - ((QI7W7UJ)70)
Ole Ole —eila; —
W 0‘(1,1
61‘6

— ((40,0,0),0) T|€> ((q1,0,0),0) Tk) ((¢2,0,0),0)

Figure 3 The Karp-Miller graph KM(Vpump) of the Biichi VASS Vyump from Figure 2(left). Here
we did not mark the final states to reduce visual clutter; every state that includes ¢; is considered
final. For similar reasons, we also only labelled the edges of the graph with letters and counter
effects. The proper edge labels would be full transitions of Voump, including source and target state.

repeating each cycle «, 8, and «, we obtain a run that for each € N", will either (i) have
infixes with x-weighted balance > k, or (ii) attain some x-weighted balance infinitely often.
Each of these properties rules out membership in S5 ;. Proposition 5.5 proves this formally.

» Theorem 5.3. Let V be a Biichi VASS such that L(V) is pumpable. Then the following are
equivalent: (i) L(V) Y D,. (i) There is a profile w € II(V) such that the system A x <b
has no solution € N™. (iii) There exists an inseparability flower in KM(V).

The decision procedure. Before we prove Theorem 5.3, let us see how to use it to decide
separability. Given Biichi VASS V; and Vs, we can compute V so that L(Vy) | L(Vz) if and
only if L(V) | D,,, by Lemma 3.4. Then Theorem 3.7 tells us that L(Voump) is pumpable
and we have L(V) | D,, if and only if L(Voump) | Dr. Finally, by Theorem 5.3, we can check
whether L(Voump) | Drn by checking the systems A,z < b for satisfiability: If there is a
solution for every m € II(Voump), then we have separability; otherwise, we have inseparability.
Since the systems A,z < b are constructed directly from KM(Voump), we need to explicitly
construct the latter. Therefore our procedure may take Ackermann time, because Karp-Miller
graphs can be Ackermann large [31, Theorem 2].

» Example 5.4. Consider the instance of regular separability where our two inputs are the
Biichi VASS V found in Figure 1(left), and another Biichi VASS accepting the language D;.
Since we are already in the case of wanting to decide L(V) | Dy, we can skip the first step of
applying Lemma 3.4. The second step is to apply Theorem 3.7 and construct Vyymp, which
we have already done for this case in Figure 2(right).

Now we have to construct KM(Vpymp), which can be found in Figure 3. There are two
relevant parts of KM(Voump), where we can find cycles involving a final state: (1) the part on
the right, where the state tuples contain w twice and the counter value is 0, and (2) the part
at the top with triple ws. In the following we will only write down the states, as the counter
values and the other contents of the state tuples will be clear from context.
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For part (1), the Biichi VASS Vyump has only a single profile m; containing only the two
edges between ¢; and ¢o. Since each 7i-cycle o only consists of repetitions of the primitive
cycle g1 ﬂi Q2 E@» q1, we have (o) < 0. Therefore the system A, & <b trivially has a
solution = = 1.

Regarding part (2), Veump has exactly two more profiles: profile m, containing only the
two edges between ¢; and go, and profile 73, which additionally contains the two loop edges
on gs. The cycles of 75 look almost exactly like the cycles of m; with only the counter values
of the nodes in the graph being different. Thus, the system A,,z < b is the exact same
system as A, < b and also trivially has a solution = 1.

For 73, we have as primitive cycles both the loop edges on ¢ as well as the primitive
cycle of my. To obtain a complete m3-cycle, we simply insert both loops into the mo-cycle

. Ole —e1lay ei|ar 0la, . .
at go forming the cycle 0 = ¢1 — ¢ q2 q2 q1- Since o contains all
primitive cycles exactly once without overlap, it is automatically complete. We also have
d(o) = 0, meaning o is a cycle witnessing w3 as a profile. Thus these cycles lead to the
following system of inequalities A, x < b:

1-2:. <0 loop 1
—1-21 <0 loop 2
—1-2:. <0 mo-cycle
—1-2; <-1 complete m3-cycle

Clearly this system has no solution; the first and last inequality are contradictory. Therefore
we conclude regular inseparability for L(V) and D;.

While not part of the decision procedure, for an inseparable instance of the problem
as we have here, we can also find an inseparability flower in KM(Vyump). In this case

0|€ 0|le 0|€ 761‘0,1 761‘0,1 0‘6,1
we have « = 1 — @@ —> q1, 8 = 1 — 2 ¢, and
0 a a ola
Y=q i) Q2 e1/as q2 e1/a q2 2 q1- This selection of cycles meets all the requirements

of a flower: §(aBv) =0, p(af) =0, and p(afy) = -3 =3 ¢(a).

Inseparability flowers disprove separability. The remainder of this section is devoted to
proving Theorem 5.3. The implication “(i)=-(ii)” follows by applying Corollary 4.4 to KM(V),
viewed as a Biichi automaton (see full version). For “(iii)=-(i)”, we employ Lemma 3.6:

» Proposition 5.5. If L(V) is pumpable and KM(V) has an insep. flower, then L(V) [ D,,.

Proof. Suppose there is an inseparability flower «, 5,7~ in KM(V) and also L(V) | D,,. By
Lemma 3.6, there is a k € N and a finite set X C N™ such that L(V) C ¢ x Sz,x- We claim
that for every & € N, at least one of the following holds:

(z, p(a)) >0, (x, p(8)) >0, or (z,p(afy)) = 0. (1)

Indeed, if (x,p(a)) < 0 and {(x,p(5)) < 0, then p(af) > 0 implies that (z,¢(a)) =
(x,0(B)) = 0. Since p(afy) = N - p(a) for some N € Q, we have p(afvy) = 0. This
proves the claim. Because of (1), the sequence a*+!3F+1~k+1 either has an infix x with
(x, (X)) > k or we have (x, (a1 3F1yk+1)) = 0. Since §(a* Tk +1) > 0, there is
a run p such that pa®*13*F+1yk+1 is a run in V. Hence, p(a*T1pF+1F+1)@ i a run in V
whose word cannot belong to S for any & € N", contradicting L(V) C U cx Sz.k- <
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Constructing inseparability flowers. It remains to show the implication “(ii)=-(iii)”. Suppose
there is a profile m € TI(V) whose associated system of inequalities A,z < b is unsatisfiable.
By Farkas’ Lemma, there exists a y € N™*! such that y " A, > 0 and y'b < 0. From this
vector y, we now construct an inseparability flower in KM(V).

Let o be the complete 7-cycle in KM(V) that was chosen to construct A,. Let 71,...,Tm
be the primitive 7-cycles. Since o is complete, there is a vector 7 = (rq,...,7y,) € N™ so that
T1yeeoyPm > land A(o) = r1-A(11)++ -+ 7m - A(Ty). Moreover, since o contains every edge
of m, we can wlog. write ¢ = gq - - - 0, such that between o;_1 and o;, ¢ arrives in the initial
state of 7;. The decomposition allows us to insert further repetitions of the primitive cycles.
For z = (z1,...,2m) € N™ with z > 7, we define 0% as og7;' "oy 72" " 0p,. Then
A(07) = z1-A(11) +- - -+ 2m - A(Ty). In particular, for s,¢ > r, we have A(c%0t) = A(o5T?).

Recall that every transition in a Karp-Miller graph is labeled by a VASS transition, and
so every transition sequence x in KM()V) is labeled by a transition sequence in V, which we
denote by trans(x). We now define the transition sequences «, 3, and v as trans(c®) for
suitable vectors z. For «, we take trans(o), the transitions labeling the complete m-cycle.
Observe that o = o™. We proceed to define 3 = trans(c®) and ~ = trans(ct). The choice of
the vectors s and t has to meet the requirements on an inseparability flower: p(a8) > 0,

§(aBy) > 0, and p(aBy) € Q- p(a).

Step I: Building 8. We will define s so that p(af) = p(c"0%) = p(c"%) > 0. The
remaining two requirements (i.e. §(afy) > 0 and ¢(afy) € Q- p(a)) will be ensured with
an appropriate choice of ¢ in Step II. Let us now describe how to pick s. Recall that y is the
vector from the application of Farkas’ Lemma. It can be understood as assigning a repetition
count y; to every primitive cycle 7; in the profile and a repetition count y,,11 to the complete
m-cycle o. Since y " A, > 0, and since our goal is to make ¢(af3) non-negative, we will use y
to construct a vector ¥ = (J1,...,9m) € N™ so that ¢(c¥) = y" A,. The right definition is
Ui := Yi + Ym+1 - 15 for i € [1,m], because

m m

Y A= i o(T) +Ymr1 - 9(0) = Y (Wi + ymr1ri)p(ni) = p(0?).

i=1 i=1
We now choose M € N such that s = M - g —r > r. This is possible since all entries in g
are positive, due to y,41 > 0 by y b < 0, and r; > 0 for all 4 by definition. Then we have

p(af) = o(a"0®) = p(0™ %) = p(aM¥) = M - p(c¥) > 0.

Step II: Building . It remains to define ¢ so that v = trans(o?) satisfies d(aBy) =
§(a™T#Tt) > 0 and p(afy) € Q- ¢(a). The idea is to choose ¢ so that r + s + ¢ is a positive
multiple of . Such a choice is possible, because r has positive entries everywhere: We pick
N € N such that t := N -7 — s — 7 > 7. Then indeed §(afBy) = §(a"T5tt) = §(aV'7) =
N 6(0™) = N -8(0) > 0 and p(afy) = p(0™+*H) = p(eN") = N - p(o™) = N - p(a).

6 One-dimensional Buchi VASS

Our second contribution is the precise complexity of separability for the 1-dimensional case.

» Theorem 6.1. Regular separability for 1-dimensional Biichi VASS with binary encoded
updates is PSPACE-complete.

For the lower bound, we use a simple reduction from the disjointness problem L N Lo Z 0
for finite-word languages of 1-dim. VASS [20]. However, we can also show that separability
is PSPACE-hard even if the input languages are promised to be disjoint.
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For the upper bound, we rely on the results in Section 5, but need a modification. There,
to simplify the exposition, we first make the input language pumpable, which may incur an
Ackermannian blowup. A closer look at the results, however, reveals that we can also check
separability directly on the Karp-Miller graph of V as defined in Section 3.

» Proposition 6.2. Let V be a Biichi VASS with L(V) C %. Then L(V) [ D,, if and only if

KM(V) has an inseparability flower.

Proposition 6.2 allows us to phrase inseparability as the existence of a run in V that
satisfies certain constraints. Recall that if V is 1-dimensional and over ¥p, then V has two
counters the second of which tracks the letter balance.

» Corollary 6.3. Let V be a 1-dimensional Biichi VASS with L(V) C %% and L(V)N Dy = 0.

Then L(V) ) Dy if and only if there exist states p,q,r with v final, and a run in V as follows:

A N (1) y3 < ya and also (a) x3 < x4
or (b) x1 < z2 and y1 < Y2

(90,0,0) = (p,21,y1) = (p,2,y2) — (q,%3,y3) — (¢, T4, ys)
a v (2) ys <yr
(3) x5 < 8

(4) if ys = yo, then ys = ys.

i) (T,I‘5,y5) i) (T7x67y6) i> (T,£E77y7) i> (T7 1'872-/8)

B

Observe that an inseparability flower in KM(V) must carry w in the second coordinate,
meaning the letter balance is unbounded. Otherwise, it would yield an accepting run of V,
which cannot exist because L(V) N Dy = @. If the flower has w in the second coordinate, we
can construct a finite run as above. The cycles o7 and o9 plus Condition 1 ensure that indeed
the second coordinate becomes w. Condition 2 is ¢(af) > 0. Condition 3 says é(aS7y) > 0.
Finally, to express p(a8v) € Q- (), note that for integers a € Q - b iff b = 0 implies a = 0.
Condition 4 expresses that ys — y5 = 0 implies yg — y5 = 0.

In order to apply Corollary 6.3 for deciding L(V1) | L(V2) for 1-dim. Biichi VASS Vi, Vs
with binary counter updates, we would like to follow the approach for the general case and
use Lemma 3.4 to first construct V so that L(V;) | L(Vz) if and only if L(V) | D;. From V,
we would then construct the 2-dimensional Biichi VASS V that tracks the letter balance, and
on V we would then check the conditions of Corollary 6.3. The problem is that, under binary
updates, the intermediary V may become exponentially large. We use the fact that also V
has binary counters available. This allows us to directly construct a compact variant of V:

» Lemma 6.4. Given 1-dim. Biichi VASS Vi, Vs with binary updates, there is a a 1-dim.
Biichi VASS V with L(V1) N L(Vs) = 0 iff L(V) N Dy = 0, L(V1) | L(Vs) iff L(V) | D1, and
we can construct in time polynomial in |V1|+ |Va| the 2-dim. Biichi VASSV (binary updates).

Detecting constrained runs in 2-VASS. It remains to check for the existence of runs in
V as described in Corollary 6.3, and to check whether L(V;) N L(V,) = (). Both of these
problems reduce to what we call the constrained runs problem for 2-VASS. Recall that
Presburger arithmetic is the first-order theory of (N, 4, <,0,1). We will use the existential
fragment to express conditions on counter values of VASS like the ones from Corollary 6.3.
The constrained runs problem is the following:
Given A 2-dim. VASS V (with updates encoded in binary), a number m € N, states ¢1, ..., ¢n
in V, a quantifier-free Presburger formula ¢ (z1,y1,...,Zm,Ym), and s,t € [1,m], s < t.
Question Does there exist a run (qo,0,0) = (q1,21,y1) — -+ — (Gms Tm, Ym) that visits a
final state between (gs, Ts,ys) and (g, x4, y¢) and satisfies Y(x1, Y1, -, T, Ym)?

9:15

STACS 2023



9:16

Regular Separability in Biichi VASS

Lemma 6.4 and Corollary 6.3 imply that if L(V1) N L(Vs) = 0, then L(Vy) | L(V2) reduces
to the constrained runs problem on V. Moreover, checking L(V;) N L(Vz) = () reduces via a
product construction to checking emptiness of a 2-VASS. Such a 2-VASS has an accepting
run iff (¢o,0,0) = (q,z,y) = (¢, 2,y') with (z,y) < (2/,7') and ¢ final. Hence, this problem
also reduces to the constrained runs problem for 2-VASS. We thus need to show:

» Proposition 6.5. The constrained runs problem for 2-VASS is solvable in PSPACE.

For Proposition 6.5, we show that if there is a constrained run, then there is one with at
most exponential counter values along the way. For this, we use methods from [4].

Complexity in higher dimension. We leave open two natural questions: (i) What is the
complexity of regular separability for Biichi d-VASS, for each d > 27 (ii) What is the
complexity of regular separability for Biichi VASS (where the dimension is part of the input)?

Given that the regular separability and the disjointness problem usually (but not al-
ways [27, 42]) coincide regarding decidability, we expect the complexity of regular separability
to be PSPACE in every fixed dimension d and EXPSPACE in general. The lower bounds
follow from Theorem 6.1 for fixed d and from [13] (because disjointness is EXPSPACE-
complete [19, 29]). However, it is not clear how to show the upper bounds.

The clearest obstacle is that inseparability flowers involve a non-linear condition: The
requirement p(af7y) € Q- ¢(a) is not expressible in Presburger arithmetic. There are several
generic results providing EXPSPACE upper bounds for detecting particular types of runs in
VASS [17, 2, 3]. However, the numerical properties directly expressible there are confined to
Presburger arithmetic. The only reason we could obtain the PSPACE upper bound for d = 1
is that the non-linear condition degenerates into a linear condition in dimension one: It is
equivalent to “p(afy) =0 or ¢(a) # 0"
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