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A Generalisation of the Nonlinear Small-Gain Theorem for Systems
with Abstract Initial Conditions

Jing Liu and Mark French

Abstract— We consider the development of a general non-
linear small-gain theorem for systems with abstract initial
conditions. Systems are defined in a set theoretic manner from
input-output pairs on a doubly infinite time axis, and a general
construction of the initial conditions (i.e. a state at time zero)
is given in terms of an equivalence class of trajectories on
the negative time axis. By using this formulation, an ISS-
type nonlinear small-gain theorem is established with complete
disconnection between the stability property and the existence,
uniqueness properties. We provide an illustrative example.

I. INTRODUCTION

The use of the small-gain theorem in control theory dates
back to the 1960s by [23] and [16]. The original version of
the small-gain theorem involves systems with finite linear
gains from input to output with or without a bias term (see
e.g., [3]). Extensions of the small-gain theorem to nonlinear
gains have been studied by many researchers. The work
on the small-gain theory involving nonlinear gains began
with [6], [13], where the monotone gain was proposed for a
nonlinear generalisation of the classical small-gain theorem.
In [9], the authors developed a nonlinear ISS-type small-gain
theorem in the sense of [18] for interconnection of nonlinear
systems in state space representations, which led an extensive
follow-up literature (e.g., [1], [7], [8]). Several interesting
extensions of the small-gain theorem were also obtained
for systems with special structures such as Volterra systems
[24], general networks [2], large-scale complex systems [10],
stochastic systems [12], hybrid systems [11], [14], etc.

Note that the classical small-gain theorem obtained in
the input-output framework has the benefit that the stability
property is completely disconnected from the existence,
uniqueness properties, etc (see e.g., [3]). Most of the results
of the ISS-type nonlinear small-gain theorem were obtained
for nonlinear state space models, and a priori requirements of
existence and uniqueness properties of systems are imposed
(e.g., requiring smoothness or Lipschitz continuity of dy-
namical functions), and extra “observability” conditions are
imposed to guarantee that the state trajectories are bounded
when the input and output are bounded.

One major contribution of this article is that we pro-
vide a uniform framework to study input-output theory
incorporating abstract initial conditions. Both systems and
the corresponding initial conditions are defined from a set
theoretic manner. No special structures such as state space
model, Volterra series representation are required. Another
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contribution of this article is that we present a nonlinear ISS-
type small-gain theorem without the extra “observability”
conditions and with complete disconnection between the
stability property and the existence, uniqueness properties.
The main idea of the proof is motivated by [9]. On one
hand this can be reviewed as a generalisation of the input-
output framework to incorporate initial conditions, and on
the other hand a generalisation of the ISS/IOS framework to
incorporate more general system classes.

The paper is organised as follows. In §II, we introduce
definitions of systems and initial conditions, which involve
only input-output structures. In §III, we present our main
result in this paper and the corresponding proof, and give an
illustrative example. We draw a conclusion in §IV.

II. SYSTEMS AND INITIAL CONDITIONS

Let S denote the set of all locally integrable maps R — X’
where X is a nonempty set. For any interval J, we regard S
as a subspace of S by identifying S; with the set of maps in
S which vanish outside of J. We define a truncation operator
Tj;:S — S and a restriction operator Ry : St — Sy with
J C I as follows:

. A U(t)v ted
T;:8S—>S, v—=THw= (t»—> { 0. otherwise )
R;:8— S8y, UHRJUé(tr—)v(t), tGJ).

We let R, £ R ) and R_ = R(_w,0]-

For any u,v € § and any 7 € R, the 7-concatenation of
u and v, denoted uw A, v, is defined by: (u Ar v)(t) = u(t)
if t < 7;and (uA;v)(t) = v(t) if t > 7. We abbreviate
uhNvEu No V.

Define V C S to be a signal space if and only if it is a
vector space. Suppose additionally that V is a normed vector
space and the norm ||-|| = [-||,, is also defined for signals of
the form Tyv, v € V, J C R. We can define a norm ||-|| ;
on Sy by |[v]|; = ||Tyv|| for v € Sy (define ||v]; £ oo if
Tyv € S\ V). The extended space V, of V is defined by

Veé{UES\Va,b,(—oo<a<b<oo):T(aﬁb)UEV},

and the interval space V(J) £ R;V for any J C R; we let
Vt=RV, V" =RV, V) =R, V.and V. = R_V..

The essence of a system in the input-output sense is that
only the relationship between inputs and outputs is relevant.
In this sense, notions of a system should be made without
the axiomatical postulation of state.

Definition 1: Given normed signal spaces ¢,) and W =
U x Y, a system () is defined to be a subset By C W..
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The signal pair (u,y) € U, X Y, is called an input-output
pair. At this stage, we do not impose any further requirements
on the input/output partition. In the rest of this section, unless
specified otherwise, we always regard v € U, as an input and
y € V. as an output for the system Q.

This is slightly different from both Zames’s representation
of input-output systems by operators [21] and Willems’s
structure of input-output systems by behaviours with in-
put/output partition [15]. Here, we allow both (u,y;) and
(u,y2) with y; # yo belong to the same set By. And
it does not require that for any u € U, there exists a
y € Y. such that (u,y) € Bg. For example, Let U =
Y 2 L%(R;R) and consider the system () represented by
the set Bo = {(u,y) € Ue x Ve | y? =u}. It is easy to
verify that for u(t) = e 2I!l,t € R and y(t) = e~ "t € R
we have both (u,y) and (u,—y) belong to B¢, and that
for u(t) = —e 2!l t € R, there is no y € L?(R;R) such
that (u,y) € Bg. We will see in the subsequent sections that
this definition of systems allow us to define initial conditions
for systems appropriately and to treat in a unified manner
systems with initial conditions of a structurally different
type (e.g., both time delay distributed parameter and ODE
systems), and to make it compatible with the definition of
interconnected systems.

Definition 2: A system @ (Definition 1) is said to be
linear if the set B is a vector space, i.e., \jwi + Aawa €
B for any wy,wz € B and any Ai, Ay € R. It is said to
be time-invariant if w € B¢ implies w(- + 1) € B for all
T eR.

Definition 3: Given normed signal spaces U and ), an
operator ® : U — VI is said to be causal if,

VU,’U c U:,Vt > 0 : [U|[O,t] = v|[07t] =
(@0, = (PV)]j0,4] »
while a system @ (Definition 1) is said to be causal if

Yu,v € U, Vt € R : [u|(,oo’t] = V|(—00,8] =
B (—00.t) = Bl (=0t

where BY £ {(u,y) € W, | 3y such that (u,y) € Bg}.
The definition of a causal system generalises the definition
of a casual operator. Note that any operator ® : U — VI
can be represented by a system Bo = {(u,y) € U, X
Y. | Roy = R_u = 0,Ryy = ®(Ryu)}. According to
above definition, the operator ® is causal if and only if the
system By is causal. In consideration of system’s properties,
we are interested in the trajectories on the positive direction
time line [¢,00). In order to define the well-posedness of a
system, we first introduce the two properties of existence and
uniqueness of a system. In the following, we fix the initial
time ¢ = 0 if not otherwise specified and use the notation %5
defined as follows to denote the system (Q’s past trajectories:

%é £ R_%Q

3 + such that
:{wEWe_‘ wy € W suc a}. 0

w_/\w+ S %Q

Definition 4: A system () (Definition 1) is said to have the
existence property if for any w_ € B and any uy € ur
there exists a y; € Y. such that w_A(uy,y;+) € Bo;
and the uniqueness property if for any w_ € B, and any
U4 S u:,

w*/\(uﬁLver)aw*/\(u*Hng) € %Q
with y, g1 € V5 = yy =4y,

and is well-posed if it has both the existence and uniqueness
properties.

Well-posedness means that the future output y, can be
deduced from the set B (representing system properties)
and the past input-output pair (u_,y_) and the future input
uy. We define the concept of output processes input by

{(u,y), (u,y") € B, y(t) =y'(t) for t <0} = {y =v'}.

Then well-posedness is equivalent to output processes input
(see e.g. [20] in which the property of output processes
input together with some other properties are postulated as
axioms that need to be satisfied when defining input-output
dynamical systems).

As discussed in intuitive terms in [22], the state is a clas-
sifier of input-output pasts. Thus intuitively the state should
contain all the information of past history of the system
which at any time together with the future input completely
determine the future output. In the following, we will give a
precise way to define the state of a system. The original idea
is from [4, §7] and from the viewpoint of observability, for
any observable nonlinear system represented by a state space
model, the initial state can be reconstructed from observed
output signals given some known input signals (see e.g. [5]).

Given normed signal spaces U/,) and W £ f x ), and
consider the system @ (Definition 1). We will now introduce
an equivalence relation on %é = R_*Bg (see (1)) and
show how this yields the state. Let Q*~ (u4.) denote the set
(possibly empty) of all future output trajectories generated
by the system past input-output trajectories w— € B, and
future input uy € U, ie.,

QU (uy) = {yy € VI |w_N(uy,yy) € Bo}.

Note that the set Q- (u.) is possibly empty for some u, €
Uj . However, if the system @ is well-posed, then there is
a unique element in Q- (uy) for every w_ € B, and
every u4 € US. In this case, Q“~ (-) defines an input-output
operator from future inputs to future outputs.

Next we define an equivalence relation ~ on %5
R_%Bg (see (1)) by using (2) as follows: for any w_,w_ €
%é, we say

L

wo o~ - & QU (uy) = QU (uy ), Yuy €US. (3)

Note that the definition of equivalence relation ~ on B
doesn’t require the system () to be well-posed; if so then
Qv-(-) defines an operator from Ut to VF. Given this
equivalence relation ~ on %5, the equivalence class of an
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element w_ in B é is the subset of all elements in B, which
are equivalent to w_ denoted by [w_], defined as:

[w_] & {1[)_ € B, | W_ ~ w_}. 4

Definition 5: We define &g the initial state space of Q) at
initial time 0 as the quotient set SBé/ ~ which contains all
equivalence classes in ‘B, related to the equivalence relation
~, 1.e.,

6o 285/ ~2 {[w ]| w_eBg}. )
From the equivalence relation ~, for any z¢ € &g, we
can define the set Q*°(u4) by:

Q™ (uy) £ Q™ (uq),

Note that the above definition of initial state space doesn’t
require the system to be well-posed. If so, then, for every
w- € B, Q- (-) is an operator from U to Y. This in
turn implies that, for every oy € S¢, Q*°(-) is an operator
from U to Y.

If the initial time is chosen to be {5 € R not 0, we can
similarly define the initial state space denoted by 63 of a
system () at initial time ¢y by the same procedure.

We can use a real-valued function y defined as follows to
denote the size of elements in the initial state space G,:

VU+ € Llj,Vw_ € . (6)

x: 6o — R,
x> X(20) £ inf {Jw_|| | w_ €xo}. (7)

The function x gives us information about the size of the
smallest past input and output pair that can be used to
generate the corresponding initial state. The computation of
x is a classical problem in optimal control theory (see e.g.,
[17] for state space models).

Definition 6: A function v : [0,a) — R, is said to be of
class C if it is continuous, strictly increasing and satisfies
~(0) = 0; moreover, if a = 0o and lim_, ¥(8) = oo, then
it is said to be of class K. A function 5 : [0,a) xRy — Ry
is said to be of class KL if it is such that 5(-,t) € K for
each fixed ¢ € R, and the function (s, -) is decreasing and
lim;_, o B(s,t) = 0 for each fixed s € [0, a).

ITI. GENERALISED NONLINEAR SMALL-GAIN
THEOREM

Given normed signal spaces U/,) and W £ U x .
Consider the form of feedback configuration shown in Fig. 1.
The signals u; and y; (¢ = 0,1,2) belong to the extended
signal spaces U, and )., respectively. Define w; = (u;, y;)
for ¢ = 0,1,2, thus w; for ¢« = 0,1,2 belong to W,. The
symbols G and H represent two subsystems which consist of
all the input-output signal pairs wy = (u1,y1) € W, related
to G and all the output-input signal pairs wy = (ug,y2) €
W, related to H, respectively, when the switches are open.
(Here G, H are relations (i.e., “multivalued functions™).)
When the switches are closed, the interconnection equation
wo = w1 + wy also holds.

U u
0o+t 1 e Y1
U Y2 4 0
2 H le———— F—y
Fig. 1. Nonlinear feedback configuration |G, H]

The subsystems GG and H are represented by the sets ‘B
and By (Definition 1) !, respectively; and the corresponding
initial state spaces & and Gy at given initial time O are
defined according to Definition 5. Note that the definitions
of corresponding initial state spaces are not related to the
well-posedness of the systems. We define the interconnected
system [G, H| shown in Fig. 1 (i.e., with the switches closed)
by the following set B (g, m)

Do) 2 {(woaw17w2) € We X We x W, ’
wy € Bg, w2 € By, wy = w +w2}. (8)

In B¢, ;) we view the external input wg as the (closed-loop)
input and the internal signals (wq,w2) as the (closed-loop)
output.

We make the following notations to let the statement of the
main result in this paper more concise. For any xy € G
and any ui4 € U, we let G, ui4 denote any of y14 €
Y+ (if exists) such that wy_ A (uiy,y14) (for any wy_ €
Zp) is an input-output signal pair of G. Similarly, for any
20 € &y and any yo, € VI, we let H, yo, denote any
of ugy € U (if exists) such that wo_ A (ugy,y2y) (for
any ws_ € Zp) is an output-input signal pair of H. Note
that both G, and H are “multivalued functions”. Denote
(G, H,] by the closed-loop relation which consists of all
positive time input-output signal pairs (wo, w1 4, wa4 ) With
woy € W denoting inputs and (w14, waey) € W x Wi
denoting outputs of [G,, H,,] such that

Wo4 = W14 + Way, ©)

wit = (U4, Goytng),  woy = (Hagyzs, Yot )

Lemma 1: Consider the feedback configuration shown in
Fig. 1 (i.e., with the switches closed). Let G, H be two causal
time-invariant systems with above notations and [G, H] be
causal. Suppose that there are functions 1,32 € KL and
v1,72 € Koo such that for any zg € &g, 29 € &y and any
t>0,u1+ EZ/lj,y2+€y§,

[(Groua)(B)] < Bi(x(@0), ) + M (llure o)
|(Hzoy24) ()] < B2(x(20),8) + 72(lly2+l10.4))»

where (10) holds for all the “images” G, u14+ and H, yo4+ of
each u;4 € Uj and Yoy € yj , and the real-valued function
x is defined in (7). Then there are class K., functions

(10)

INote that when considering H, we need interchange the role of U, and
Ye and think of y2 € Ve as the input and ug € U, as the output.
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ni,0i, (i = 1,2) independent of xg, zo, U1+, Y2+ such that
for any t > 0,

X(@(t) < m(x(@o)) + 01([[ (w14, Gagua+)lljo.4)):
x(2(t)) < m2(x(20)) + O2((H=o Y2+, Y2+)

where z(t) € &, and z(t) € &Y are the corresponding
states of G and H related to initial states xy and zo at time
t > 0 with 2(0) = o and z(0) = 2o, respectively.

Proof: According to the definition of state in Definition
5, The inequalities (11) are immediately obtained by letting

ni(s) = Bi(s,0) + s, 0i(s) = vi(s) + s,

for any ¢ = 1,2 and any s > 0. [ ]

Note that, for any function x : [0,7) — R, of class K,
any function v of class K, and any a > 0, b > 0 with
a+b < r, we have?

pla+b) < po(l+v)(a)+po(l+v7)(b).

(1)

0.6))>

12)

where I stands for the identity function, i.e., I(s) = s for
any s > 0.

Theorem 1: Under the same conditions and notations in
Lemma 1. If there exist two functions p € K, and € € K,
such that

m o (I+p)ora(s) < (I+e)7(s),

Then, for any function a € K, there exists a function 5 €
KL such that for any ¢ = 1,2 and all £ > 0, and all w4 €
Ur x yr,

lwit ()] < B(x (20, 20),t) + (@ +7)([wo+llg.4))

where the real-valued function y is defined in (7) and v €
Koo is defined as follows, for any r > 0,

Vs>0, (13)

(14)

y(r) =T+ T +p 7)oy + (I +e7)?om) (r),

1(r) = (I +720 (I +e7)%)(r),

yalr) = (I +vyo (I +p71)%)(r).

(15)

Proof: Choose s = (I +¢)o~v1(5), (8§ > 0) in (13), we
have v 0 (I + p) oy o (I +¢)ov1(8) < 7(8),(8§ > 0).
Hence, we get

yeo(I+e)om(8) <(I+p) 1(8), V4>0, (16)

For any initial states xg € G¢g and zp € Gy and any
wor = (Uos,Yor) €EUT x YT, we define two nonnegative
constants b1g = 81 (x(x0),0) and bog = B2(x(20),0). Then,
from (9) and (10), we obtain that

||U1+||[o,t) < |\U0+||[o,t) + ||HzOy2+||[o,t)

< Hu0+||[0,t) + b0 + 72(||y2+||[0,t))’ vt > 0.

Similarly, we have

||Z/2+||[o,t) < ||ZUO+||[0¢) + ||Gxou1+||[o,t)
< 1Yo+ lljo,6) + 010 + 11 (lua+ g 4), ¥t > 0.

2if b < v(a) then pu(a+b) < po (I +v)(a); and if a < v=1
ia+8) <o (I+v-1)b),

(b) then

Hence, we get

a1t ljo,e) < llwo+lljo,) + b20
+yo0(l+¢)o ’)’1(\|U1+||[0,t)>

t7r20 (I+571)(||y0+||[0,t) +b1o).  (17)
From (16), (17) and (I — (I 4+ p)™)~1(:) = (I + p~H)(-),
we have, for all ¢t > 0,
e+l < (427 (ot g, + b20
20 (L2 ) (lyos Nl +b10)) - (18)
Similarly, we have, for all ¢ > 0,
< (T+27Y) (llyos N,z + bro
10 (I+p~)luot g +b20) ) - (19)

08) = HU0+||[0,t) + HU1+||[0,t)
Ifyz+ ll(0,4)- Hence, by applying
(12) to (18) and (19), we obtain that there exist a class K,
function « such that, for any ¢ = 1,2 and all £ > 0,

(20)

< Y(llwotlljo,¢)) + K(x (20, 20)),

where v € K is defined in (15).
From (11) in Lemma 1 and (20), and by using (12), we
know that, for any ¢ > 0,

x(x(t), 2(t)) < (m +n2)(x (o, 20))

+ (01 + 02) (max{[|wit g 4 s [lwa+ljg.4)})
< 51 (X(l‘o, ZO)) + 52(|‘w0+||[0,oo))

vt >0, 1)

A
= Sco)

where x(t) and z(t) are the corresponding states at time ¢ >
0 of GG and H related to initial states =y and zg, respectively;
and 61(s) = (1 +n2)(s) + (61 +602) o (I + p~1) o k(s) and
d2(s) = (01 + 02) o (I + p) o y(s), Vs > 0.

It’s easy to see that both d; and o are of class Ko
functions. Next we estimate the bound of |w;(t)|,7 = 1,2
for any ¢ > 0. Since both G and H are causal and time-
invariant, by using (10) and (21), we have for any ¢ > 0 and
any uiy € US, and any yo, € VI,

[(Gaoua) ()] < Bi(x(2(t/2)),/2) + v (lluatllg )

< Ailowet/2) 4 mllunslly o)
[(Hyyo ) (0] < BaC(2(6/2)),1/2) + a2 5 1))
< Bas00rt/2) + 72(lly2+ I 5.0))-

Thus, by applying (9) and (22), we have, for all ¢ > 0,

lur(8)] < [uot(8)] + [(Hzoy24) (1)

< luot llj,e) + Ba(s00,t/2) +v2lly2+ 12 15
Y2+ ()] < [yo+ (O] + [[(Gaouas ) @]

< lyo+llo,6) + B1(500:/2) + 1 lluatllz 4))-
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Hence, we get, for all £ > 0,

furs (O] < o g 1) + Balsoc:£/2)
320 (I +2) o lur g )
+y20(+ 571)(Hyo+||[o,t) + P1(550,1/2))
< luolljg,) + B2(s00,t/2)
+ I+ ) (luasllg )
+720 (I +e M) ([lyotll.p) + Br(500,/2))
< B3(s00st) + (L +p) " (llurs Iz )
+ 73([[wotlg,4))
with 73 € K, defined in (15) and B3 € KL defined by

B3(r,8) 2 Ba(r,5/2) +vo0 (I +e1)
o(I+¢)opBi(r,s/2)), Vr>0, ¥s > 0.

(23)

Next we apply [9, Lemma A.1] 3to (23), it follows that a
function (54 of class KL exists such that, for all ¢ > 0,

a1 ()] < Baso0,t) + (I = (I +p)7 1)~
o (I+p7") ema([[worllp o0y) (24)
= Ba(sc0,t) + (I +p71)? 0 13(llwo lljg,00 )
where we use the fact that (I — (I + p)~1)71(s) = (I +
p~H)(s) for any s > 0.

Similarly, there exist a function 85 € KL such that, for
all ¢t > 0,

[ya+(t)] < B5(500st)
+ I+ onulllwosll.00))
with 74 € K defined in (15).
Note that, for all ¢ > 0, |uay(t)] < |ugs(t)] + |ur+(¢)]

and |y14+(t)| < |yo+(t)] + |y2+(t)|. Hence, from (24) and
(25), we have, for all t > 0,

[wit (8)] < Bo(s00,t) + Y(lwot llj,00))»

with Bg(r,s) = max{B4(r,s), B5(r,s)}, Vr > 0,¥s > 0,
and v € K, defined in (15).

Since soe = 01(X(20,20)) + d2([[wo+ljg,)) (see (21)),
from (20) and (26), we have for any ¢ > 0,

(25)

i=1,2, (26)

|wig ()] < Y([lwotlig,00)) + min {/‘G(X(%» 20)),

B (01 (w0, 20)) + 02 [[wor g oc) ) ) } 27)

Given any function o of K., there are only two cases
X(20,20) < K10 a(llwo+lp,00)) OF [[wotllg,00) < a~lo
k(x(zo, 20)), thus from (27) and by considering the fact that

et B € KL, A € Koo such that T — X\ € Koo, and let pu € (0,1].
Then, for any function § such that § — I € K, a function B e KL
exists such that, for any s > 0,d > 0 and any nonnegative real function
2(t), defined and essentially bounded on [0, 00) and satisfying 2(t) <
B(s, t)"")‘(”ZH[Mt,oo))""d for any ¢ € [0, 4+00), we have z(t) < B(s,t)+
(I=X)"10o5(d) for any ¢ € [0, +00). [Here, when applying to (23), we let
B £ B3, A £ (I+p)71nu' £ %76 £ I+p71 and d = 73(||w0+H[0,oo))']

for any fixed ¢ > 0 the function 34(-,t) € K, we have for
any t > 0,
wir ()] < Y(lwo+ ll,00)) + £ 0 K7 0 all[wos [l g, o))
+ Bs (91 (x(0, 20)) + 62 0 @ 0 K(x (20, 20)), 1)
Thus, by the causality of [G, H] and the definition of

extended space, for any o € K and any ¢ = 1,2 and
all t > 0, and all wo,. € US x VI, we have,

lwit (B)] < B(x(20,20),t) + (a +7)([lwosllo,r)),

with B(r, ) £ Bs((01 + 62007 ok)(r),s), Vr >0,Vs >0,
and v € K, defined in (15). [ |

A. Illustration

We next illustrate Theorem 1 by considering the following
special example for systems with time delay and nonzero
initial conditions. Consider the feedback configuration shown
in Fig. 1. The subsystem G is defined by the set

Be = {w1 € W, | w1 = (u1,y1) satisfies 29)}, (28)
Yi(t) = —ayy (t — 1) 4+ e(em® — 1), (29)

and the subsystem H is defined by the set
By = {ws € W, | wy = (ug,ys) satisfies 31)}, (30)
ua(t) = sat{—bua(t — 12) + sat[y2(t)]}, 31

with the interconnection conditions uy = u1 + ue and yy =
y1 + Y2, where a > 0,0 > 0 are fixed real numbers, and € €
R, 71 > 0,72 > 0 are small parameters, and the saturation
function sat : R — R satisfying sat(s) = s when |s| < 1
and sat(s) =1 when s > 1 and sat(s) = —1 when s < —1.

The corresponding initial state spaces S and Gy at
given initial time 0 are defined according to Definition 5.
The interconnected system [G, H] is defined as (8). Both G
and H are causal and time-invariant, and [G, H] is causal.

Note that, for any x; > 0 and any £; € (0,a), when
z(t) = —ax(t — 1) + f(t), the following inequality

2(t)] > max{

(]. + 1431)(127'1

p ||93||[t—2ﬁ,t] J
(I1+1/k1)(am +1) T
a — E] [t—Tl,t]

implies 4 that L22(t) < —2¢; [(t)[*. Also note that, for any
ko > 0 and any e5 € (0,b), when 2(¢) = sat[—bz(t — 72) +
g(t)], the following inequality

(1 + Iig)b2’7'2
> A T ve)E Ta
|2(t)] max{ 2

||Z||[t—2m,t} )
(]. + 1/52)([)7'2 + ].)
202D ol
4This follows from &(t) = —axz(t) + ax(t) — ax(t — 1) + f(t)

—ax(t)+ari1(01)+ f(t) for some 01 € (t—71,¢) that |£(t) + az(t)]
a’n lzllii—ar g + (@ + D) [1fll}i—r, 4 By using the fact that A
B < max{(l + k1)A,(1 + 1/k1)B} for any A > 0,B >
and k1 > 0 in the previous inequality, we have |&(t)+ ax(t)]
max{(1+ k1)a?71 [ally_sr, 2 (1 + 1/k0)(ar + 1) fll_r, )
(@ —e1) |z(t)| and thus z(8)@(t) < —e1 |z ()|%
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implies ® that-£ 2% (t) < —2|2(t)| sat(e2 |2(t)]).

So, for the subsystems G and H, by applying the
Razumikhin-type theorem (see [19, Theorem 2]), we have
that, for any 1 > 0, ke > 0 and any &1 € (0,a),
ga € (0,0), 1f1+“17)a“<1and%<1 then
there exist Bu, ., € ICE ﬂ,{z e € KL such that, for any
zo 2 [(u1_,y1-)] € &g, 20 = [(ua—,y2_)] € &g, and any
uiy EUS, yor € VI, and any t > 0,

ly1+()] < ﬂm,al(Hyl—H [—271,0] 1) +71(||“1+H[0,t))
< Brr,er (X(@0), 1) + 11 l[ur+ o 4))
< Brses (lua—[l1_ary 0 - 1) + 22+l 10,1))
< Brssea (X(20),t) + v2([y2+ | 0.4))

with the real-valued function y defined in (7) and v, € Ko,
Yo € Ko defined as follows

(1+1/k1)(am +1)

lug (1)

v (s) = le] (e®* — 1), Vs >0,
a—ée1
Ya(s) = (L+ 1/;2)3)72 +1) sat(s), Vs > 0.
— &3

Theorem 1 now asserts that, for the interconnected system
[G, H], the inequalities (14) will hold if there exist two
functions p1(s), p2(s),s > 0 of class K such that

o (I +pr1)ova(s) < (I+p2)~"(s),

Graphically, the above inequality (32) is equivalent to say
that the distance between the curves (x, y2(z)) and (71 (y), )
grows without bound in the first quadrant of Cartesian
coordinate system (x,y). So, if 71 0 ¥2(1) < 1, then (32)
will be satisfied for some functions p1, p2 of class o

Hence, for the interconnected system [G, H], the inequal-
ities (14) will hold if the parameters ¢ € R, 7 > 0,72 > 0
satisfying

Vs>0. (32)

_ h—
7'1<Tfé7a 812, T2<7'2*é7622,
(1+k1)a (14 K2)b
|€| < a—e&p
Ko)(bT ’
(14 2)(ar + 1){exp[ L2l — 1)

for any k1 > 0, k2 > 0 and any £; € (0,a), 2 € (0,b).
Note that for any 77 < 1/a and any 75 < 1/b, we can always
choose k1, ko and €1,e5 so that the above inequalities are
satisfied.

IV. CONCLUSION

In this paper, we develop a general ISS-type nonlinear
small-gain theorem by defining a system and its correspond-
ing initial conditions from an input-output point of view.
It inherits the property of classical small-gain theorem that
the question of stability is absolutely disconnected from the
question of existence and uniqueness. An illustration of our

>Similarly, this follows from 2(t) = sat (— bz(t)+b7—2z'(92)+g(t)) for
some 02 € (t — 72,t) and from |bra2(02) + g(t)| < b272 ||2 Zlt—2ry,g +
(b2 + Dlgly_ry < max{(1 + £2)b272 ll2lly_gr . (1 +
1/62)(0r241) llglljp—ry 4} < (b—e2) [2(2)] that 2(£) () < 2(t) sat (—
ba(t) + (b — £2)2(1)) = — |2(t) sat(e2 |=(E)]).

main result is provided. On the one hand this can be viewed
as an extension of the operator theoretical input-output theory
to include initial conditions, but retaining the generality of
the system class, and on the other hand an extension of
the ISS/IOS framework to incorporate very general system
classes (e.g., not tied to state space representations).
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