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ABSTRACT OF THE DISSERTATION

Bayesian Method for Support Union Recovery in
Multivariate Multi-Response Linear Regression

by

Wan-Ping Chen
Doctor of Philosophy in Statistics
University of California, Los Angeles, 2015

Professor Yingnian Wu, Chair

Sparse modeling has become a particularly important and quickly developing topic
in many applications of statistics, machine learning, and signal processing. The main
objective of sparse modeling is discovering a small number of predictive patterns
that would improve our understanding of the data. This paper extends the idea of
sparse modeling to the variable selection problem in high dimensional linear regres-
sion, where there are multiple response vectors, and they share the same or similar
subsets of predictor variables to be selected from a large set of candidate variables.
In the literature, this problem is called multi-task learning, support union recovery

or simultaneous sparse coding in different contexts.

We present a Bayesian method for solving this problem by introducing two nested
sets of binary indicator variables. In the first set of indicator variables, each indicator
is associated with a predictor variable or a regressor, indicating whether this variable
is active for any of the response vectors. In the second set of indicator variables,
each indicator is associated with both a predicator variable and a response vector,

indicating whether this variable is active for the particular response vector. The
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problem of variable selection is solved by sampling from the posterior distributions
of the two sets of indicator variables. We develop a Gibbs sampling algorithm for
posterior sampling and use the generated samples to identify active support both in
shared and individual level. Theoretical and simulation justification are performed in

the paper.

The proposed algorithm is also demonstrated on the real image data sets. To learn
the patterns of the object in images, we treat images as the different tasks. Through
combining images with the object in the same category, we cannot only learn the

shared patterns efficiently but also get individual sketch of each image.
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CHAPTER 1

Introduction

Variable selection is a fundamental problem in linear regression, especially in modern
applications where the number of predictor variables or regressors can exceed the
number of observations. Under the sparsity assumption that the number of active
variables is small, it is possible to select these active variables even if the number of

candidate variables is very large.

During the past decade, the problem of variable selection in high dimensional
linear regression has been intensely studied in statistics, machine learning and signal
processing. Many variable selection methods have been developed, such as the Lasso
by Tibshirani (1996) [Tib96], SCAD by Fan and Li (2001) [FLO01], elastic net by Zou
and Hastie (2005) [ZHO03], and MCP by Zhang (2010) [Zhal0]. In addition to these
penalized least squares methods, Bayesian approaches have also been proposed, for
example, stochastic search variable selection (SSVS) by George and McCulloch (1993)
[GM93], Gibbs variable selection (GVS) by Dellaportas et al. (2000) [DFN00], and
RVM by Tipping (2005) [Tip01].

Variable selection methods have also been proposed for group sparsity. For ex-
ample, Yuan and Lin (2006) [YLO6] proposed the group Lasso method under the
group sparsity assumption. Simon et al. (2012) [ST12] generalized group Lasso to

sparse group lasso. In the Bayesian framework, Farcomeni (2010) [Farl0] proposed



a Bayesian constrained variable selection approach that can also be used for group
selection. Raman et al. (2009) [REWO09] proposed a Bayesian group Lasso method
by extending the standard Bayesian Lasso. Chen et al. (2014) [CCCnt| introduced a

Bayesian approach for the sparse group selection problem.

The linear regression problems treated by the above methods usually involve a sin-
gle response vector. In some applications, there can be multiple response vectors, and
these response vectors may be explained by the same or similar subsets of variables
to be selected from a large set of candidate variables. Such shared sparsity pattern
enables different response vectors to collaborate with or to borrow strength from each
other to select the active variables. Such a problem has been studied by Tropp et al.
(2006) [Tro06] under the name of simultaneous sparse coding, where each response
vector is a signal, each predictor vector is a base signal or an atom, and the collection
of all the base signals form a dictionary. The goal is to select a small number of
base signals from the dictionary to represent the observed signals. The problem has
been studied by Lounici et al. (2009) [LPT09] under the name of multi-task learning,
where the regression of each response vector on the predictor variables is considered
a single task. Obozinski et al. (2011) [OWJ11] studied this problem under the name
of support union recovery, where the word “support” means the subset of variables
selected for a response vector, and “support union” means the union of subsets of
variables selected for all the response vectors. If the supports of different response
vectors are similar, then the union of the supports will only be slightly bigger than

the supports of individual response vectors.

In this paper, we propose a Bayesian method for solving the above support union
recovery problem, by assuming two nested sets of binary indicator variables. In the

first set of indicators, each indicator is associated with a variable, indicating whether



this variable is active for any of the response vectors. The set of variables whose indi-
cators are 1’s then become the union of the supports. In the second set of indicators,
each indicator is associated with both a variable and a response vector, indicating
whether this variable is active for explaining the particular response vector. So the
second set of indicators gives us the supports of individual response vectors. Variable
selection can then be accomplished by sampling from the posterior distributions of the
two sets of indicators. We develop the Gibbs sampling algorithm for posterior sam-
pling and demonstrate the performances of the proposed method for both simulated

and real data sets.

1.1 Variable selection

In machine learning and statistics, variable selection is a process of selecting a subset
of relevant variables from all the candidate predictors. The desired task is that we can
have good predictive ability on the new observations, or can explain the relationships

in the data, through the promising model constructed by the selected features.

The algorithm of variable selection combines the search technique for the suggested
new variable subsets, and a way of measuring used to evaluate the different variable
subsets. The simplest algorithm is to test each possible subset of variables and find the
best one which minimizes the error rate. However, when there are tens or hundreds
of thousands of variables available in the dataset, it will be an exhaustive search of
the predictor space and computationally intractable in most cases. Therefore, how to
efficiently distinguish the relevant variables from other redundant variables has been
the major issue. Different evaluation metrics and constrains are used in different

algorithm. In this paper, we are going to focus on Lasso and Bayesian variable



selection.

1.1.1 LASSO

Suppose we have a response vector Y € R™ and a design matrix X = [X;,---, X,| €
R™P We want of find a linear model Y &~ X (3 to describe the relationship between
Y and X, where § € RP. If n > p, this is the classical linear regression problem. We
can solve the problem by minimizing the ordinary least square,

in ||Y — X | 1.1
Inin || el (1.1)

The solution is well-defined and can be found easily. However, high technology has
made it possible to collect large amount data over the recent years, and the number
of features often exceeds the number of examples, it means p > n. In this case, we
believe many features in the data could be redundant and irrelevant. The idea is
illustrated in Figure 1.1, where (3 is a sparse vector that has many zero components.
Therefore, the goal is to dig out and identify nonzero coefficients and estimate their
values. In order to incorporate the sparsity into the ordinary least square, a penalty

term can be added in Eq (1.1). This goal becomes

arg min {|[Y = X85+ AllBllo} (1.2)

where ||3]|o, the 0-norm, denotes the number of nonzero components in  and A > 0
is a regularization parameter. Unfortunately, this optimization problem is computa-

tionally intractable, because the 0-norm is non-convex.

Consider the convex relaxation, Tibshirani (1996) [Tib96] proposed an alternative
version to replace the sparsity constraint by the l; norm ||3||;, which is the sum of

the absolute coefficients. It is known as Lasso (least absolute shrinkage and selection
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Figure 1.1: The linear regression model Y =~ X /3, with p > n and a sparse X.

operator), and represented as

arg yuin {[[Y" — X8+ A|Bll:} . (13

Through the /; norm, more and more coefficients will be driven to zero by increasing
the value of A\. Thus, Lasso can automatically find a sparse model that includes more

relevant features and discards the others.

Lasso with the /; norm regularization has achieved great success in many applica-
tions. However, in some cases, the explanatory factors used to predict the response
variable are represented by a group of features but not just a single feature. For exam-
ple, in microarray gene expression data analysis, these groups may be gene pathways.
Then, the selection of relevant features is extended to the selection of groups of fea-
tures. Yuan and Lin (2006) [YLO6] introduced group Lasso for this problem. Suppose
the p predictors can be divided into L different groups with p; predictors in each group

[, X, is the sub matrix of X with columns corresponding to the predictors in group
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Figure 1.2: The group Lasso model with L groups for selection of relevant groups of

features.

[, and BY is the coefficient vector of that group. It is illustrated in Figure 1.2. The

introduced group Lasso criterion is

L L

arg/grel]iRI;{IIY—ZXzﬁ‘”||§+AZ\/EIIB(”IIQ}, (1.4)
=1 =1

where the |/p; terms accounts for the varying group size, and || - || is the Euclidean

norm. In fact, If each group consists of just one variable, this reduces to the regular

Lasso in Eq. (1.3).

The group Lasso gives a sparse set of groups with the tuning parameter \ con-
trolling the sparsity level. Larger value of A implies more regularization and entire
predictors of some groups may be drop out of the model at the same time. In the
contrary, if a group is included in the group Lasso model then all coefficients in
the group will be nonzero. It means, the group Lasso considers just the group-wise

sparsity but not the sparsity within each group. However, sometimes we would like
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Figure 1.3: The sparse group Lasso model that considers both group-wise sparsity

and sparsity within each group.

sparsity at both the group and individual predictor levels. For example, when we
want to construct the land climate model using ocean climate variables in the climate
research, not only the relevant location on the ocean, but also the particular impor-
tant feature(s) at the location are the goals we are looking for. The revised model
is illustrated in Figure 1.3, where the coefficient vectors corresponding to the active

first and the third group have some zero terms.

To generalize group Lasso, Simon et al. (2012) [ST12] proposed the sparse group

Lasso, and the estimator is given by

L L
arg min {||Y = XY+ MDD VilIBYe + )\2||5||1} : (1.5)
=1 =1

BER™

where the regularization combines the Lasso and group Lasso penalties. If \; = 0 its

gives the Lasso criterion, while Ay = 0 gives the group Lasso criterion.



1.1.2 Bayesian Variable Selection

Consider the general linear regression
Y = X[+ w, (1.6)

where Y corresponds to the n x 1 response vector, X = [X,---,X,] corresponds
to the n x p design matrix, 8 is the p x 1 unknown coefficient vector, and w is the
n X 1 random error. The random error w is assumed to follow a multivariate normal
distribution with mean 0 and covariance matrix o2I. The regression problem is trying
to express the response variable with a number of the predictors. In sparse coding,
the aim is to select a small and promising subset from the over-complete potential

predictors, while controlling the trade-off between bias and variance.

To define a Bayesian approach for variable selection, the variable selection problem
is considered as a model selection problem. In the 27 possible models, each model Sy
is represented by a binary vector § = (d1,--- ,d,), where ; = 1 indicates predictor X
is included in the model. Let p(d) denote the prior probability of model Ss. Based on
the Bayesian rule, the posterior probability of model Sy is obtained through updating

the prior probability with observation data Y and X:

__ PE)LY]s, X)
POl X) = S5 P(0*)L(Y 6%, X)’ (1.7)

where L(Y|6, X)) = [ L(Y|Bs5, X )dP(fs) is the marginal likelihood under model Sy,
and L(Y|Bs, X, ) is the likelihood of Y conditional on the coefficients S5 in model S.
Eq. (1.7) describes the posterior probabilities for each of the candidate models, and
these posterior probabilities also provide weights to be used in model selecting. In

general, the goal is to find a single "best” model for further consideration.

George and McCulloch (1993) [GM93] proposed a stochastic search variable se-



lection(SSVS) algorithm for normal linear regression. They used proposed Gibbs
sampling to search the model with the highest posterior probability. In their ap-
proach, by using the latent variable §; = 1 or 0, a normal mixture model with a low

and a high variance centered at zero for each regression parameter 3; is represented:
Bild; ~ (1= 6;)N(0,7%) + §;N(0,77). (1.8)

If §; = 0, the coefficient §; which corresponds to the normal distribution with very

2

low variance 7°, could be efficiently estimated by 0. In the other way, if §; = 1, a

non-zero estimate of 3, which follows the normal distribution with high variance TjQ,

should be included in the model.

In 1997, to improve the efficiency of computation, George and McCulloch modified
SSVS by iteratively samples the predicator inclusion indicator for the jth predicator
d; from its Bernoulli full conditional posterior distribution given the other predicators

in the model, 6_; = {0.,# j,=1,--- ,p} for =1,--- . p.

1.1.3 Gibbs sampling

Gibbs sampling is one of the Markov chain Monte Carlo (MCMC) algorithms for
simulating a sequence of samples from the posterior distribution of a multivariate
probability distribution, when the joint distribution is not know explicitly or is diffi-
cult to sample from directly. Suppose we have a joint distribution p(6y,--- ,6,) that
we want to sample from. If we know the full conditional distribution for each variable,
which is the distribution of the variable conditional on the known information and
all the other variables: p(6,|6_;), we can use the Gibbs sampling to simulate samples

from the joint distribution by sampling each variable in turn. The procedure is:



1. Begin with a vector of initial values 8(*) = («9§°), e ,9;,()0)).

2. Repeat fort=1,2,---,T.
Generate QY) from p(91|9§t_1), 9:(;—1)7 . ’91()15—1))
Generate 8;“ from p(92|9§t), 0?‘1)7 . ,‘97(;5—1)>

Generate 65 from p(6,|0\7, 65 ... 8" )
3. Return samples {8V, ... M)},

4. Discard samples in burn-in period.

In the algorithm, at each repeating procedure in step 2, each variable is sampled
from the distribution conditional on the most recently generated parameter values in
turn. Through exploiting the updating schemes, the sequence of the simulated sam-
ples will converge to a stationary distribution, which is the desired joint distribution.
However, it may take a while for the stationary distribution to be reached. In order to
discard samples that may not accurately represent the desired distribution, a burn-in
period is commonly used to ignore samples from the beginning. Then just the left

samples are considered.

1.2 Multi-task Learning

Multi-task learning [Car97] is a kind of machine learning that learns related tasks in
parallel while using a shared representation. Based on the assumption that there are
commonalities among related tasks, multi-task learning often leads to better perfor-

mance than single-task learning. In fact, multi-task learning can be treated as an

10



inductive mechanism. It improves generalization performance by using the informa-

tion contained in the training signals of related tasks as inductive bias.

Assume we have M learning tasks and all data for the tasks come from the same
space {X,Y}, where X C RP, and Y C R. For each task m € {1,---, M}, we have
n samples

{(lea ylm)> (X2m7 y2m)7 Tty (Xnma ynm)}

sampled from a distribution f,, on {X,Y}. So the total data available is:

{(Xa ) (X, yna) by (X, vane), 5 (Xoar, Ynar) -

We assume that f,, is different for each task, but that the f,, are related. The goal
of multi-task learning is to learn M functions fl, . fM such that fm(XZm) R Yim. 1L

M =1, it becomes the standard single-task learning problem.

The multi-task learning problem has been studied in the statistics literature and
shown the benefits of such multi-task learning relative to individual task learning
when tasks are related. Based on the minimization of regularization functions that
have been successfully used in single-task learning, Evgeniou and Pontil (2004) [EP04]
presented an multi-task learning approach by molding the relation between tasks in
terms of a novel kernel function. Obozinski, Taskar, and Jordan (2006) [OTJO06]
proposed a novel type of joint regularization of the model parameters in order to
couple feature selection across tasks. Argyriou, Evgeniou, and Pontil (2008) [AEPO0S]
presented a method for learning sparse representation, which is shared across multiple
related tasks. This method built upon the 1-norm regularization problem using a new
regularizer, which controls the number of learned features common for all tasks. These
methods work on the assumption that all tasks are related. However, this assumption

can be violated in many real-world problems and reduce the performance. Some

11



methods assume that tasks can be grouped in clusters and parameters of tasks within
the same cluster are shared (Bakker and Heskes (2003) [BH03]; Kumar and Daum
I11(2012) [112]).

In this paper, we focus on learning related tasks. We adopt a simpler setting
in which the same input data Xj;,, are used for all the tasks. It means, for every
i € {1,---,n} the vector X;,, is the same for all m € {1,---,M}. However, the

output values y;,, are different for each m. Therefore, the data we need is

{y117"' 7yn1}7”' a{yle"' 7ynM}7{X17"' 7Xn}

We wish to learn a low-dimensional representation which could be shared across

multiple related tasks.

1.2.1 Group Lasso in multi-task learning

In order to deal with the situation of coupling multiple related tasks, Obozinski, Wain-
wright, and Jordan (2011) [OWJ11] has extended the idea of group lasso penalty [YLO6]
and introduced a group lasso method to recover the union of the supports Sg =
U%:l S, in the multiple linear regression, where S, is the support set that contains

the variables with nonzero coefficient for the m-th singular regression model. The

multiple linear regression is written as
Y =XB+W,

where Y is a n x M response matrix, X is a n X p design matrix, B is a p x M matrix
of the unknown regression coefficients, and W is a n x M noise term. This method

is know as the L;/Lo-regularized multi-task regression. In this case, the criterion to

12



estimate the coefficient matrix is

: 1 5
arg min,, (S = XBI 4 1Bl ). (19)
where || - || is the Frobenius norm, and || B||;, /i, is the block 1 /l; norm
p /M 1z, |
=3 (o) =1 (10
j=1 \m=1 j=1

The Ly norm is applied to the regression coefficients for all responses for each predic-
tor, 47, and these L, norms for the p predictors are combined through the L; norm.
Because the L; part of penalty prefer sparse solutions, there is only a sparse set of
predictors to have nonzero regression coefficients. The Ly part of penalty doesn’t
encourage sparsity. Once a predictor is selected in the model, all entries in the corre-
sponding coefficient vector for all responses will be nonzero, although the values are
allowed to vary across different responses. Otherwise, the predictor is not relevant
to any of the responses, and is drop out of the model. Therefore, the structure as-
sumption in the multivariate group lasso is that all responses in the multiple linear

regression are relevant to the same set of predictors.

The multivariate group lasso just consider the shared sparsity, but ignore the
individual sparsity for each response. It is not realistic in many natural situations.
We assume some responses can be irrelevant to the predictors in the union support,
and would like to identify them. A sparse group lasso, the more general penalty
consider sparsities in both ways, is introduced in SLEP [LJY09]. The criterion to
solve the coefficient matrix is:

. 1
arg_min <5HY—XBH§+A1HBH1+A2HBH11/12)- (1.11)

BeRpXM
Besides the block [y /l; norm, the sparse group lasso apply the L; part of penalty

13



to all entries in the coefficient matrix B. It encourages the sparsity within the row

vector that the group lasso doesn’t cover.
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CHAPTER 2

Bayesian Variable Selection in Multi-response

Linear Regression

2.1 Problem Set-up and the Model

Consider the following multiple linear regression model

Y = XB+W, (2.1)
where Y = [Y1,- -+, Y] is anx M response matrix of observations, X = [X3, -+, X,

€ R™*P is the fixed n x p design matrix, B = [, -, Bu] is a p x M matrix of the
unknown regression coefficients, and W = [wy, - -+ ,wps] € R™M is the corresponding
noise matrix. Here the error term w,, is an n x 1 noise vector that follows a multivariate
normal distribution with zero mean vector and covariance matrix o2, where I, is
the n-dimensional identify matrix. Thus a group of M response vectors are to be

regressed on the same design matrix X. The model can also be written as
Yy = X B + Wi ~ No(X B, 02L,), m=1,--- , M, (2.2)

where B, = (Brms -+ Bpm) 18 the coefficient vector for the m-th response vector Yy,.
The estimation of each column of B, f,,, is a single linear regression problem with

response vector Y, and design matrix X, and can be solved individually. However,
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in this study, we solve the M individual regression problems together by exploiting

the similarities among f3,,, or by imposing constraint on the matrix B.

In particular, we are interested in finding the sparse model for the multi-response

model (2.2). Suppose S,, is the support set for the m-th response vector, i.e.

Sm=A{j €{L,---,p} | Bim # O} (2:3)

In some applications, the multiple response vectors could be related by a set of shared
sparsity variables. It means the support sets S,, may be the same or similar for
different m. Thus each response vector depends on variables specific to itself in
addition to the ones that are shared. In this case, finding the set of variables which
are related to any of the multiple response vectors simultaneously is more benefit than
identifying .S,, separately. Therefore, in the assumption of structural, it is natural to
believe certain variables are related to several responses, corresponding to rows of B
have many non-zero entries, while certain variables are relevant to some but not all,
corresponding to rows would be element-wise sparse, while certain variables are not

relevant to any responses, corresponding to rows have all zero entries.

Obozinski et al. (2011) [OWJ11] focus on the problem of recovering the union of

the supports,
Ss = U%zlsm = {] < {17 T 7p} ’ Zﬁj}m # 0}’ (2'4)

which is denoted as Sg, support union of the shared model in this paper. This support
union of the shared model corresponds to the subset of indices j € {1,--- ,p} that are
included in at least one support set S,,, m =1,---, M. In this paper, we go deeper
to the second level. Consider not only the group sparsity but also the individual
sparsity, we are interested in identifying each nonzero entries in the true coefficient

matrix B. Thus another union of the support sets is introduced here, we call it the
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support union of individual models, which is defined as

SI:{<j7m> ‘ 6]7m7é0>] € 17 7p>m€ 17 7M} (25)

This support union of individual models, Sy, is a subset of pair of indices, which
indicate which particular model is the shared variable active for. To target the ”sup-
port union recovery” problem, a Bayesian approach is adopted and the corresponding

Bayesian algorithms are proposed to recover the unknown support sets Sg and S;.

2.2 Group-Wise Gibbs Sampler

In support union recover problem, Obozinski et al. (2011) [OWJ11] set the group
structure fro each variable across multiple response vectors, and the group Lasso
approach was adopted. Consider the corresponding Bayesian approach, it is straight-
forward to apply Bayesian group selection algorithm to replace the group Lasso ap-
proach. Thus one set of the indicators is defined to denote whether X is active or
not. Similar to group Lasso, we want to select the "best” subset of variables from

Xi,-+-, X, to explain the multiple responses Y7, - - - , Y, simultaneously.

First, following SSVS in George and McCulloch (1993) [GM93], a p x 1 vector

/

of indicator variables, § = (d1,...,6,)’, is introduced to indicate which variables are

selected. It is defined as:

1, if Xj is selected or active '
0, if X; is not selected or inactive

Consider the prior assumption for (§;, 8;). The prior distribution of d, is assumed to
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follow the Bernoulli distribution with

8j7 lf (5]' — 0 .
P(5;) = j=1-p. (27)

Then the prior distribution of the coefficient f;,, given the indicator 4, is set as
/ijm|5j ~ (1 - 5j)70 + 5]N(Oa Tj2,m)7m = 17 T 7Ma (28)

where 7 is a point mass at 0. That is if X is inactive, i.e. §; = 0, then 3;,, = 0 for all
m=1,---, M. Otherwise N(0, TJQm) is the prior distribution of 3;,,. We also assume
that the prior distribution of (d;, 8;,,) are independent form =1,--- M, j=1,...,p,
and they are independent of the prior distribution of the residual variance o2, which

is assumed to follow an inverse Gamma distribution, o® ~ IG(a/2,b/2).

Based on the prior assumptions, the sampling scheme of component-wise Gibbs
sampler in Chen et al. (2011) [CCL11] is modified. We sample (&;, 81, , Bjm)
one at a time by fixing the other components ¢6_; and 8_;,,, m = 1,---, M, where
0_; denotes all the indicators except 0;, and [_;,, denotes all the coefficients for
Y., except Bj,. Therefore in the Gibbs sampler, we need to computer the posterior
probability P(6; = 1|Y,0_;,{B—jm,m =1,--- M}, o), where the calculation of the
likelihood ratio

Z. _ P(Y|6] - 175—j7{ﬁ—j7m7m - 1a te 7M}70-)
J P(Y|6; =0,0_;,{B—jm,m=1,--- M}, 0)

is the key step. Due to the independent assumption of Y7, --- Yy, it is easy to show
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that

(Ym’(sj - 17 5—]’7 6—j,m7 U)
(Ym’(sj = 0; 57]'7 57j,m7 U)

P
P

_ ﬁ J POYonld; = 1,05, Bjm: Bjms 0) P(Bjm|0; = 1)dB;m
J PYnld5 = 0,65, Bims Bjm: )P (Bjmld; = 0)dB;m

m=1
M 2.2
_ | | g exp{ B X Ty } (2.9)
- ) 2( +2 1 :
fter? \/XJ/XJsz,m + o2 20 (U + X! X]Tj m)
R;m J JQ’W *2 UQTij
where R;,, =Y, — Zi# XiBim. Define r;,, = KT and 037, = A" e et
7,m

We then can rewrite Z; as:

M 2
. 2
Zj = H \/ O/ Tim €XD {2;’*2 } ; (2.10)

J7m

The group-wise Gibbs sampler is described in Algorithm 1. In practice, we start
from the null model and then iterate the steps in Algorithm 1 to generate the posterior

samples of d;, §;, for the posterior inference.

Algorithm 1: Group-Wise Gibbs Sampler for Support Recovery

1. Randomly select a variable X;. Compute R;,, = Y, — Z#j XiBim, for m =
1,---, M.

2. Compute the likelihood ratio Zj according to Eq. (2.10), and then evaluate the

posterior probability of ¢;

1-0,)Z;
W ] J

3. Sample §; based on the posterior probability in (2.11). If §; = 0, then set
Bjm =0, m=1,--- M, otherwise, sample f3;,, ~ N( a2 ).

ij7 ]m
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4. After repeat above steps for all variables, compute the current residual matrix,
Res =Y — X B. Then sample 0% ~ [G(*“2M Z(diaq(RSSIRes)Hb). Go to Step
1.

2.3 Two-Layer Structure and Two-Layer Gibbs sampler

In the group selection methods, once a variable, X, is selected, then X; is active
for all the responses, Yi,--- ,Yy. However, we can further assume that the selected
variable might not be active for all response vectors simultaneously. In other words,
we are interested in finding the best union of supports sets, Sg, and we also assume
that the variable in Sg might be inactive for some response vectors. Therefore, unlike
the single indicator set-up in the group-wise Gibbs sampler, two nested sets of binary
indicator variables are used. The first set of indicators § = (6;,--- ,9,)" is associated
with variables, Xy, ---, X, respectively, and ¢; is defined to indicate if the variable,
X, is active for any of the response vectors. Specifically if §; = 1, then the variable
X is selected, and d; = 0 otherwise. In the second set of indicators, each indicator
is associated with a variable an a response vector, indicating whether this variable is
active for explaining the particular response vector. Thus for each variable X;, we
define the indicator vector n\) = (n;1,- -+ ,n;u:), and if n;,, = 1, the variable X is

active for the m-th response, Y;,, and 7;,, = 0 otherwise.

Similar the the group-wise Gibbs sampler, the prior distribution of 4, is also
assumed to follow the Bernoulli distribution with P(§; = 0) = 6, and P(0; = 1) =
1—6;,i.e. Ber(1—#6;). Consider the prior assumption for the second set of indicators.
Following Chen et al. (2014) [CCCnt], the prior distribution of the indicator in the

second set, 7, is chosen as a mixture distribution depending on the indicator in the
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first set: ¢;, and is represented as
Njml0j ~ (1= 6;)70 + 0;Ber(L — pjm), (2.12)

where P(1;, = 0) = pjm. Based on Eq. (2.12), if the j-th variable, X, is not selected
in Sg, i.e. 0; = 0, then n;,,, = 0 for all m = 1,--- , M, however, when d; = 1, 1,
still could be 0 or 1 due to the Bernoulli prior distribution. Then for the coefficient,

Bj.m, given the indicators d; and 7, ,,, the prior distribution of f3;,, can be defined as

Bim05 Nim ~ (1= 03m5m) %0 + 051;mN (0, 77,,), (2.13)

where 7 is a point mass at 0. That is the prior of 3, is N(0,77,,) only when §; =1
and 7;, = 1, i.e. X, is in Sy and is active for the m-th response Y,,. Otherwise
Bj.m 1s set to be zero. In fact, this coefficient prior has also been used in Chen et

al. (2014) [CCCnt]. For the prior assumption on the noise variance o?

, as usual,
we choose the inverse gamma conjugate prior 0% ~ IG(a/2,b/2). Finally in the prior
distribution, (0;,7jm,Bjm), jJ = 1,---,p are assumed to be independent and given

d; =1, Mjm,Bjm), m = 1,---, M are assumed to be independent of each others,

too.

Based on the prior set-up, we can use Gibbs sampler to draw posterior samples
of the indicators and the coefficients. Similar to group-wise Gibbs sampler in Al-
gorithm 1, the key step is to compute the likelihood ratios of the indicators in the
first and second sets respectively, and then the posterior probabilities for §; = 1 and
Njm = 1 can be computed accordingly. Thus we can sample these indicators from the
corresponding posterior Bernoulli distributions. First, consider the multi-response

model in Eq. (2.1). Based on the assumption of independence between Y7, -+ Yy,
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the likelihood ration Z; of the variable X is represented as
Z :P(Y’(Sj:175*j7{5*j,m7m:17'”7M}’U)
’ (Y’(S:O 6*j7{5*j,m7m:17”' 7M}7U)

ﬁ Y |5 1,5_]',6_]'7”“0')
Y |5 0,5_]‘,/6_]'7”“0')

(2.14)

m=1
Let k = {(k1, -+ ,kn): km =0o0r 1,m =1,--- M} denote the set of all possible

combinations of (1, ,m;m). It is easy to show that

M
Zi= Y (] bikn)s
k=(k1, ,kpr) m=1

o fP(leﬁj,manj,m:kma(s =1 57]75 7,ms ) <5Jm777jm_k |6 _1)dﬂjm
(Y |6 _O 5—J7B—jm> )

If k,, = 0, then we can simply obtain b;x,,—0 = pjm- When k,, = 1, then
B T e { =g B = B XY (Rim = B X5) = 2} dBim
Y

1—pim 1 1 1
= L= pim) /GXP {(— — 55X X;) B + ;R},ijﬁj,m} dBjm

2 2
27T7'j2m 2jm 20

(1= pjm) (52 R X;)°
= ———=-exp p :
2172 2(ij T3 X 55

Jm

p]m) { (R/ X, )2 J2m }
- exXp -
\/X 2. + 02 20%(0? + X} X;77,)

J'3m
Y r?
= (1 — me) X 0;727)1/7']-2’1% exp {20]_#} . (215)
jm

Thus the likelihood ration Z; of the indicator J; can be represented as

M 2 km
X Tm 1—km
Z; = Z {H [((l—pjﬁm) X 1/aj7%/7ﬁmexp{2;*'2 }> Pgm )]}
kar)

}4;:(]“7...7 m=1 J,m
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Once X; is not selected, then we can simply set 7;,, = 0 and 3;,, = 0 for all m =
1,---, M. Otherwise, if the variable X is included in Sg, i.e. §; = 1, then we need to
check if X is active or not for each individual response Y, separately. Following the
component-wise Gibbs sampler in Chen et al. (2011) [CCL11], the likelihood ratio
Qjm of the variable X; with respect to the m-th model, Y,,, is computed and can be

show as

_ P(Youlnjm = 1,0 jms B—jm, 0,0, =1)
P(Yo|njm = 0,1m-jm; B—jm,06; = 1)
_ S POl Bims i = 1 0—jmy B—jam, 06 = 1) P(Bjm |njm = 16; = 1)df;m
P(Yu|njm = 0,n—jm, B—jm, 06; = 1)

Qj,m

_ g - exp { (R;‘,ij>27-j2,m }
JXiXi72, + 0 20%(0? + XjX;75)

r?.
= \/ G Tjam ©XP { 52 } : (2.17)
7,m

Based on both likelihood ratio functions, Eq. (2.16) and Eq. (2.17), the corre-
sponding posterior probabilities of 0; = 1 and 7,,, = 1 can be derived. The proposed
Gibbs sampling algorithm is summarized in Algorithm 2. Note that we would start
from the null model by setting d; = 0;71;,, = 0 and 3;,, = 0 for all j and m. Based

on our experiences, this initial model works well.

Algorithm 2: The Two-Layer Gibbs Sampler for Support Recovery

1. Randomly select a variable X;. Compute R;,, = Y, — > _. oy XiBim, for m =
1,---, M.

2. Compute the likelihood ratio Z; according to Eq. (2.16), and then evaluate the
posterior probability of ¢;

(1-6,)Z;

P((S] = 1|Y,5_j,{ﬁ_j,m,m: 1, 7]\4},0’) = (1—9)Z—|—9
W ] J

(2.18)
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3. Sample §; based on the posterior probability in (2.18). If §; = 0, then set ;,, =
0, and B, = 0, for all m = 1,--- ;M. Otherwise, for each m = 1,---, M,
compute the likelihood ratio @;,, according to Eq. (2.17), and sample 7;.,

based on the posterior probability
(1 = pjm)Qjm
(1 - pj,m)Qj,m + Pjm

If njm =0, set B, = 0; otherwise, sample f3;,,, ~ N (7, J]*?n)

P(”],m - 1‘Ym>77—j,m76—j,ma‘7; 53 = 1) - (219)

4. After repeat above steps for all variables, compute the current residual matrix,
Res =Y — X B. Then sample 0% ~ [G(*2xM Z(qu(R;ises)Hb). Go to Step
1.

2.4 Sample Version of Two-Layer Gibbs Sampler

In Algorithm 2, the computation of Z; in Eq. (2.16) involves 2™ cases and can be
computational expensive, especially when the number of the responses, M, is large.
To save computational cost, instead of deciding whether the j-th variable, X;, is
selected or not based on the posterior probability in Eq. (2.18) directly, we adopt
another method as below. If the current variable is not selected in the support union of
the shared model, i.e., 6; = 0, we propose to active this variable first by setting §; = 1,
and sample the individual indicators 7, , and coefficients 3;,, from the corresponding
conditional distributions via the component-wise Gibbs sampling approach in Chen
et al. (2011) [CCL11], i.e. the Step 3 in Algorithm 2. We then decide whether to
keep the sampled indicators and coefficients via the Metropolis-Hasting acceptance-
rejection rule. Conversely, if the variable is selected in Sg, i.e. §; = 1, we then propose
to turn down this indicator by switching ¢; to 0, and setting all the corresponding

indicators 7;,, and coefficients f3;,, to be zero. Therefore, we determine whether
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to accept this proposal or not via the Metropolis-Hastings acceptance-rejection rule,
too. Thus this proposal method can be treated as the sample version of the two-ayer

Gibbs sampler. The details of these stages are shown in following.

Let ©; = (§;,719, 89) be the parameter set of the j-th variable, X, where n{) =
(i1, snjm), and BV = (B;1, -+, Bjm) are the corresponding second set indicators

and coefficients. The proposed transition of ©; can be defined as

T(@? - @]1) — P(B(j),ﬁ(j)|R(j),5j =1,0) (2.20)

TO; =0 =1, (2.21)

where 00 = (§; = 0,79 = 0,3 = 0), Ol = (§; = 1,79, DY), RO = (R;y,--- , Rjap),
and {59, 7D} are sampled from the joint posterior distribution. Here T'(69 — ©}) is
the proposal distribution for changing 4, from 0 to 1, and T(@]l- — @?) is the proposal
distribution to switch d; to 0. Suppose the variable X is not included in Sg currently,

i.e. 0; = 0. Then after sampling 7;,, and ijm by setting §; = 1, we calculate the
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acceptance probability flj as:

P(©}) T(6! e
P(6Y) T(6) — 06j)
P(6; = 1,1 J>5J|Yajn<ﬂ>5 o) 1
~ P56, =01 =0,80 =0]Y,5_,, 1 ,ﬁ< D,0) P(W), 30 |RW),8; = 1,0)
Y,

_ ﬁ P lﬁimamm 0; =1,0-5,B—jm, )P<Bj,mvﬁj,m|5j =1 X 19
( ’5 - Ovéfj’ﬁfj,m?‘ﬂ 0]’
1

X =
[0 P(Bjmlfjm: Rims 6; = 1,0) P(Rjm|Rjm, 6; = 1, 0)

ﬁj,m
2 2
1-— Pim exp _(7 + ’7'~ X/XJ AZ R/ ﬁ p(l i)
2 27'~2 o? jm T I Jm

m=1
1-46
% J
0,
M 1 ol o+ 72 X' X R},
— H — Pim Zim o — Gm G A2 35 (Bjam = Tjam
B ; T P 272 o2 hm 2 mam 2072
m=1 pjzm J,m J.m J,m

(1=pj,m)Qjm

T o) Qo pin? n=7 denotes all the
J,m J,m J,m

where pjm = P(Njm = 1|Rjm,0; = 1,0) =

second set indicator vectors except n¥), and 57 denotes all the coefficient vectors
except BY). So based on Metropolis-Hastings acceptance-rejection rule, we accept
the proposed samples, §; = 1 and (89, @) = (39, 41)), with probability P, =
min{1, fl]} Otherwise if the variable X is active already, that is §; = 1, then based
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on the current f*0) = (8%, -+, B%,,) and n*0) = (¥, -+ ,n5,,), we have

DJ(@ — 0Y)

_ P(O}) T(6)— 6
n P(@}) (@1 — @0)
_ P(5;=0,7Y =0,89 = 0]Y, 573, 7,89, 0) *0) )| RO) 5. —
= TP, = Ly, B oD fei ) LR 8 =10)
(1 P(Yould; = 0,05, 6—m:0) L0
m=1 P Y |6]*m777]m’6 1 5—]’5—Jm’ )P(ﬂ;m’n;mwj - 1) 1- ej

és

P ]ml”_ym? ]maé —1 ) (n}:m’Rj,m75j = 1,0’)
1

3
I

I
=

pjm Ujm

< p]m)(l—nj,m) . 6]- |
p]m 1—9]

Thus the probability of accepting the proposed to remove the variable X; from Sg is
Pdel = min{l, D]}

m=1

=

m=1

The modified algorithm is shown in Algorithm 3. As mentioned before, in this
algorithm, component-wise Gibbs sampler is used to generate the proposal samples

of njm and B;,, for the corresponding response Y,, individually.

Algorithm 3: Sample Version of Two-Layer Gibbs Sampler for Support

Union Recovery

1. Randomly select a variable X;. Compute R;,, = Y, — Z#j XiBim, for m =
1,---, M.

2. If §; = 0, sample {(Ajm,B5m),m = 1,--- , M} based on the component-wise
Gibbs sample (step 3 in Algorithm 2) through R;,,. Compute flj in Eq. (2.23).
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Switch d; from 0 to 1 with probability P,uy = min{l,flj}. If §; = 1, set

/’7j7m — ﬁj,’rrL7 5J7m = /Bj,m7 m = 1, PN ’M'

. If §; = 1, suppose the current coefficients and indicators in the second set are
Bim = Bfm and 1jm = n5,,, m =1,--- , M. Compute ﬁj in Eq. (2.25). Change
d; from 1 to 0 with the probability Ps; = min{1, ﬁj}. If the proposal is rejected,
it means the variable X; is kept in the shared model. Then we can re-sample
Njm and Bjm,, m =1,--- , M for each individual regression model according to

the component-wise Gibbs sampler by R; ,.

. After repeat above steps for all variables, compute the current residual matrix,

Res =Y — X B. Then sample 02 ~ [G/(2rxM 2(dialResRes)) th) g 6 Step

1.
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CHAPTER 3

Simulation

In this chapter, through simulation examples, we illustrate the performance of the
proposed two-layer Gibbs sampler for support union recovery in multi-response linear

regression.

3.1 Group-Wise v.s. Two-Layer Gibbs Sampler

Example 3.1 Consider a multi-response linear regression example with M = 3
response vectors. In this example, there are p = 50 predictor variables of length

n = 80. The predictor variables are defined by

where k is a pre-specified constant, and G,’s and G are independently generated
from multivariate normal distribution with zero mean vector and identical covariance
matrix Igg. Here we set & = 1, then the correlation between any two variables
is 0.5. The true active variables in the shared model are X7, Xg, Xg, X171, X129, i.e.
Ss ={7,8,9,11,12}, and the corresponding coefficients of 3 single regression models
are shown in Table 3.1. Some variables in Sg are not active in all individual regression

models. The other coefficients are all set to be zero. Then each response vector Y,,
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is generated according to the linear model Y,, = X f3,, + w,, where w,, ~ Ngo(0, Ig).

Table 3.1: Example 3.1: The true coefficients of the support union in the shared

model

X; || Bix | Biz2 | Bis
X7 1.5 | 1.7 0

Xe || 151722

Xo || 15] 0 |22

X, 322541

Xl 32] 0 |41

The group-wise Gibbs sampler, Algorithm 1, and two-layer Gibbs sampler, Al-
gorithm 2, are used in this example. In the group-wise Gibbs sampler, the first
set of indicator variables, 6;,7 = 1,---,p, are only adopted in the model, while in
the two-layer Gibbs sampler, in addition to J;, the second set of indicator variables,
Njm,J = 1,---,p, m =1,--- M are also added into the model. The prior param-
eters are set as 6; = P(0; = 0) = 0.5, pjm = P(njm = 0|0; = 1) = 0.5, 77, = 20
for all j € {1,---,50}, m € {1,2,3}, and a = b = 0.001 as the non-informative

2. The initial model is set as null model,

parameter for inverse Gamma prior for o
ie. 0; = 0; njm = 0 and B;,, = 0 for all j and m. Totally we run 500 sweeps.
After discarding the first 300 sweeps, samples collected from the last 200 sweeps are
used for the inference about support union recovery. First the posterior probabilities
P(6; = 1Y) for Algorithm 1 and Algorithm 2, and P(n; = 1|J; = 1,Y) for Algorithm
2, are estimated based on the posterior samples. Then for the posterior inference, the

median probability criterion is used according to Barbieri and Berger (2004)[BB04].
Thus the threshold probabilities for including predictor in the shared and individual
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model are both set to 0.5, i.e. P(0; = 1|Y") > 0.5 and P(1;,, = 1|6; = 1,Y) > 0.5.

The posterior probabilities of P(d; = 1|Y") for Algorithm 1 and Algorithm 2 are
shown in Figure 3.1. In fact, in both algorithms, the estimated posterior probabilities
of X7, Xg, Xy, X171, X172 are all higher than 0.5, and even equal to 1. Therefore, for
the support union in the shared model Sg, the selection results of the support union
recovery in group-wise Gibbs sampler and two-layer Gibbs sampler both agree with
the true model. There is one phenomenon that the posterior probabilities, P(éj =
11Y"), of the inactive variables in the two-layer Gibbs sampler, i.e. the bottom figure
in Figure 3.1, are generally higher than those in the group-wise Gibbs sampler, i.e. the
top figure in Figure 3.1. The reason is the likelihood ratio, the key step in calculating
the the posterior probability P(J; = 1]Y’). The likelihood ratio of indicators in the
first set in the two-layer Gibbs sampler, i.e. Z; in Eq. 2.16, consider all possible
combination of indicators in the second set. However, because only indicators in
the first set are adopted in group-wise Gibbs sampler, the likelihood ratio, Zj in
Eq. 2.10, just consider the situation that the variable X; is active or inactive for
all regression models simultaneously. Therefore, Z; is higher than Zj, and then the
posterior probabilities in two-layer Gibbs sampler are higher than those in group-wise

Gibbs sampler.

Then, for the two-layer Gibbs sampler, i.e. Algorithm 2, ]5(77j7m =1/, = 1Y)
for 7 € S are shown in Figure 3.2. For those nonzero coefficients in Table 3.1, all
corresponding indicators in the second set have posterior probability higher than 0.5.

Therefore, based on the median probability criterion, these are treated as active.

Thus, both the group-wise Gibbs sampler and two-layer Gibbs sampler can suc-
cessfully recover the support union in the shared model, Sg, correctly. In addition,

by using the second set of indicators 7;,,, the two-layer Gibbs sampler even indicate
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Figure 3.1: Example 3.1: The estimated posterior probabilities of §; : ]5((5]- =1lY).

Top: Group-wise Gibbs sampler. Bottom: Two-layer Gibbs sampler.
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Figure 3.2: Example 3.1: The estimated posterior probabilities of
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Njm : P(Njm = 1]0; = 1,Y) obtained by the two-layer Gibbs sampler
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the particular regression model these variables in Sg are active for. The posterior
means of the coefficients for the selected variables in both algorithms are shown in

Table 3.2.

Table 3.2: Example 3.1: The estimated coefficients. (a) Group-wise Gibbs sampler
(Algorithm 1).(b) Two-layer Gibbs sampler (Algorithm 2).

Xj ﬁj,l Bj,? Bj,3 Xj 5]‘,1 /Bj,z 53‘,3
X7 || 155 | 1.56 | 0.13 X7 || 157|155 0
Xs || 1.37 | 1.84 | 2.38 Xs || 1.37 | 1.84 | 2.40

Xy || 1.49 | 0.02 | 2.12 Xg || 149 0 |2.16

X1 || 3.10 | 2.57 | 4.15 X1 || 3.09 | 2.57 | 4.16

Xip | 321 [-0.02 (394 | | Xpp | 318] 0 |3.97
(a) (b)

3.2 Two-Layer Gibbs Sampler

Example 3.2 Performance of sample version of two-layer Gibbs sampler
In this example, we set M = 5 and there are p = 200 predictor variables of length
n = 80. The variables are generated by Eq. 3.1 and & = 2 is chosen here, then
the correlation between any two variables is 0.8. The true active variables are
{X7, Xs, Xo, X11, X192, Xi9, X9, Xo1}, 1. Ss = {7,8,9,11,12,19,20,21}, and the
corresponding coefficients of 5 individual regression model are shown in Table 3.3.
The other coefficients are all set to be zero. Then each response vector is generated

according to the linear model Y,, = X 3,, + wy,, where w,, ~ Ngo(0, Ig).
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Table 3.3: Example 3.2: The true coefficients of the support union in the shared

model

Xj || Bir | Biz | Bis | Bia | Bis
X709 17 0 | 12|15

Xg || 09| 17]22]12] 0

Xog |09 | 17] 0O 0 0
X1 0 |25 0 0 | 1.3
X232 0 [ 41]23] 0

Xl O 06| 0 |04 O

Xoo || O 0 0 0 | 0.7

Xo1 || 15| O 0 0 0

To demonstrate the efficiency of the sample version of the two-layer Gibbs sam-
pler, both the two-layer Gibbs sampler, Algorithm 2, and sample version of two-
layer Gibbs sampler, Algorithm 3, are used in this example. In both methods,
the prior parameters set-up are chosen as ¢; = 0.5, p;,, = 0.5, T]'Q’m = 20 for all
je{l,---,50}, me{l,---,5}, and a = b = 0.001 as the non-informative parame-
ter for inverse Gamma prior for o2. The last 200 draws are kept from the total 500
sweeps as the posterior samples, and the median probability criterion is also adopt

for the posterior inference.

The estimated posterior probabilities of P(J; = 1|Y) are shown in Figure 3.3. The
estimated posterior probabilities of X7, Xg, Xy, X11, X12, X19, X990 and X5 in both fig-
ures are all singinificantly higher than 0.5. Compare the probabilities of those inactive

variables in the two figures, due to the Metropolis-Hasting acceptance-rejection rule,

35



more inactive variables in sample version of two-layer Gibbs sampler have probabili-
ties higher than 0.1. Then P(njm =1|9; =1,Y) for j € Sg are shown in Figure 3.4

and Figure 3.5. The results in two methods are very similar to each other.

The elapsed time is 90.13 seconds for the original two-layer Gibbs sampler, and
29.70 seconds for the sample version of two-layer Gibbs sampler. It means the sample
version do speed up the calculation and save more than half of time to get the correct
results. The posterior means of the coefficients for the selected variables are shown

in Table 3.4.

Table 3.4: Example 3.2: The estimated coefficients. (a) Two-layer Gibbs sampler (b)

Sample version of the two-layer Gibbs sampler

i || Bit | Biz | Bis | Bija | Bis X | Bix | Biz | Bis | Bia | Bjs
X7 || 1.04]158 | 0 |1.04]1.53 X7 [ 1.01 1160 0 |0.99 | 1.54

Xg || 0741171 1226 | 1.16 | 0O Xg || 0741171 | 225 | 1.14| O

Xo (1082173 ] O 0 0 Xy 1086|173 O 0 0

X1 0 |261 O 0 | 1.32 X1 0 |260| O 0 1.32

X2 || 314 0 407|236 ] O X2 || 318 0 | 407|240 0O
X9 0 1068 0 [056] O Xig 0 (071 0 [059| O
Xoo 0 0 0 0 |0.64 Xao 0 0 0 0 ]0.65
Xo1 || 169 O 0 0 0 Xo1 || 1.69 ] O 0 0 0

Example 3.3 In this example, three different values of residual variance, 1, 5,
and 10, are used for generating three different sets of response vectors. By applying

the proposed sample version of two-layer Gibbs sampler on the three sets of response
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Figure 3.3: Example 3.2: The estimated posterior probabilities of §; : P(§; = 1]Y).

(a) two-layer Gibbs sampler (b) sample version of two-layer Gibbs sampler.
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vectors, we want to know the influence of residual variance on the recovery results.
Using the same date generating scheme and parameters setting in Example 3.2, the

selection results with 50 replications are summarized in Table 3.5.

We measure the true positive rate (TPR), false positive rate (FPR) and accuracy
for both first and second set of indicator variables, 6; and n;,, respectively. True
positive rate is the probability that the estimated set contains the true active variables.
It is a measure of correct recovery. False positive rate is the rate of mis-containing the
inactive variables. It measures the prediction errors. Accuracy is the rate of correct
prediction, which is the sum of true positive and true negative over total variables.
For TPR and accuracy, the higher the better, and for FPR, the lower the better. The

values in Table 3.5 are the mean values over 50 replications.

Table 3.5: Example 3.3: The average rates of 0 and 7 after 50 replications.

0 n
TPR | FPR | Accuracy | TPR | FPR | Accuracy
o>=1 1 0.9950 | 0.0055 | 0.9945 | 0.9884 | 0.0011 | 0.9987
o?=5 | 0.8475 | 0.0229 | 0.9719 | 0.8505 | 0.0042 | 0.9930
0% =10 || 0.7900 | 0.0436 | 0.9497 | 0.7495 | 0.0082 | 0.9872

From the results in Table 3.5, we can see large variance do affect the recovery

results. Both TPR and accuracy decrease, and FPR increases when the variance
increases, no matter for indicators in the first or second sets. However, the results
may not be unacceptable. With the extreme high variance 10, the TPR for dis 0.
79 , it means it miss less than two active variables in average. The FPR for ¢ is

0.0436. it means about 7 from 192 inactive variables are incorrectly included in the

model. As for the accuracy, both values for two sets of indicators are higher than
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94%. Therefore, the proposed two-layer Gibbs sampler still did a good job in support

union recovery.

Example 3.4 Consider another multi-response linear regression model. There
are M = 10 regression models and p = 400 predicator variables of length n = 100. The
variables are generated by Eq. 3.1 with £ = 1. Thus the correlation between any two
variables is 0.5. The true active variables are { X7, Xg, Xg, X11, X12, X13, X14, X15}, 1.€.
Ss ={7,8,9,11,12,13,14, 15}, and the corresponding coefficients of the 10 individual

regression models are shown in Table 3.6. The other coefficients are all set to zero.

Table 3.6: Example 3.4: The true coefficients of the support union in the shared

model.

Xi |l Bix | Biz2 | Bis | Bia | Bis | Bis | Bir | Bis | Bio | Bi1o
X7 0.9 1.7 0 1.2 0.5 0 2.1 0.7 0 0.8
X3 0.9 1.7 2.2 1.2 0 0.4 2.1 0.7 0 0.8
X9 0.9 1.7 0 0 0.5 04 2.1 0 0.5 0.8
X1 0 1.3 0 0.9 0 0 1.2 1.3 0 0
X192 0 0 0 0.9 0 0.7 1.2 0 0.8 0
X3 0 0 0 0 1.3 (0] 0 0 0 0
X4 0 0 0 0 0 0 0 0 0.7 0
Xis5 0 0.6 0 0 0 0.5 0 0 0.7 0

The sample version of two-layer Gibbs sampler, Algorithm 3, is applied in this

2 is chosen from the pre-specified candidate set

example. The tuning parameter 7
{1,20, 40,100} by 5-fold cross validation. The other prior parameters set-up are
chosen the same as those in Example 3.2, and the median probability criterion is also

adopted for the posterior inference.
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Sample Version of Two—-Layer Gibbs Sampler: posterior probability of d;

probability
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variable

Figure 3.6: Example 3.4: The estimated posterior probabilities of §; : P(d; = 1]Y).

2 is chosen as 20. The estimated posterior probabilities of

By cross validation, 7
P(8; = 1]Y) are show in Figure 3.6. Probabilities of all active predictor variables,
and one additional variable Xy, are higher than 0.5. The estimated posterior prob-
abilities of P(n;,, = 1|0; = 1,Y) for j € {Ss,202}, are shown in Figure 3.7. The

posterior means of the coefficients for the selected variables and X5y are shown in

Table 3.7.
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Table 3.7: Example 3.4: The estimated coefficients of the support union in the shared

model.

X; Bj1 Bi2 | Bz | Bia | Bis | Bis | Biz | Big | Bie | Bj1o

X7 0.82 | 1.56 | O 1.08 | 047 | O 216 | 0.73 | 0O 0.81
X3 0.85 | 1.70 | 2.18 | 1.33 | O 0.29 | 2.00 | 068 | O 0.81
Xo 0.82 | 191 | O 0 0.40 | 034 | 222 |0 0.52 | 0.85
X111 0 1.40 | 0 088 | 0 0 1.23 | 1.23 | 0 0
X192 0 0 0 1.00 | 0 063 | 1.15 | 0 0.79 | 0
Xi3 0 0 0 0 1.23 | 0 0 0 0 0
X4 0 0 0 0 0 0 0 0 0.67 | 0
X5 0 0.69 | 0 0 0 062 |0 0 0.7 0
Xop2 || O -0.33 | 0 0 0 062 |0 0 0.7 0
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3.3 Comparison between Gibbs and Lasso on Different Re-

sponse setting

In this section, we compare the performance between Gibbs and Lasso on different
response setting. First, we can use the two sets of indicators, {0;,7 =1,--- ,p} and
{jm,j=1,---,p,m=1,--- M}, to describe the linear regression for each response

vector, Y,,, in the three different settings separately. They are shown as:

Component-Wise Y, = 01m(B1.mX1) + -+ + Mo (BpmXp) + win (3.2)
Group-Wise Yy, = 61 (BrmX1) + -+ 4 0p(BpmXp) + win (3.3)

Two-layer Yy, = 61m1m(B1,mX1) + -+ + 6pnpm (BpmXp) + wm  (3.4)

In Eq. (3.2), each component, f3;,,X;, is multiplied by the indicator in the second
set, 1;m- That is, in the component-wise setting, whether the variable X; is active
for the m-th response vector, Y;,, depends individually on the specific indicator 7; ,.
Instead, in Eq. (3.3), the component 3;,,X; in the group-wise setting is multiplied
by the indicator in the first set, ;. That is whether the variable X; is active for all
response vectors, Y,,,m = 1,--- M, depends on the same indicator J; simultane-
ously. Consider the proposed two-layer setting. By Combining two sets of indicators
together, each component in Eq. (3.4) is multiplied by d;7;,,. Thus whether the vari-
able X is active in the m-th response vector, Y,,, is decided by both ¢; and n; .

Only when ; = 1 and 7;,, = 1, the variable X; is active for the response vector Y.

Example 3.5. Comparision

In this example, we extend the dimension of the response vectors to M = 15. There
are p = 200 predictor variables of length n = 80. As defined before, the variables
are generated by X; = G; + kG, where k = 2 is a pre-specified constant. In the

setting, the correlation between any two variables is 0.8. The true active variable set
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is {X7, Xg, Xo, X11, X12, X13}, i.e. Sg = {7,8,9,11,12,13}, and the corresponding
coefficients of 15 single regression models are shown in Table 3.8. The cell with gray
color means the variable is not active for this singular regression model. The other
coefficients are all set to be zero. Then each response vector is generated according

to the linear model Y,, = X f3,, + wy,, where w,, ~ Ngo(0, Ig).

Table 3.8: Example 3.5: The true coefficients of the support union in the shared

model.

X; |l Bj1| Bjz2| Biaz| Bial| Bis| Bis| Biz| Bjs| Bio | Biio Bil Biia Bii3 B4 Bjis

X7109]1710 1.2 10510 2110710 08108250 0 0.9
Xg |09 17122120 04 (21]|07]0 0810825130 0
X9 |09 (1710 0 05104210 050808 |25|0 0510
X1l O 0 0 0 1.3]0 0 0 0 0 0 0 0 0 0
Xi2]l O 0 0 0 0 0 0 0 0710 0 0 0 0 0
Xi3]l O 0.6 |0 0 0 0510 0 0 0 0 0 0 0 0

In sample version of two-layer Gibbs sampler, i.e. Algorithm 3, two sets of indica-
tors, 0; and 7, ,,, are adopted, and the prior parameters are set as ¢; = 0.5, pj,,, = 0.5
for all j € {1,---,200}, m € {1,---,15}. In Group-wise Gibbs sampler, i.e.
Algorithm 1, only the first set of indicators, ¢;, is adopted, and the parameter
0;, 7 =1,---,p are all set to be 0.5. As for the component-wise Gibbs sampler, we
treat each response as a special case of multi-response linear regression with M = 1,
and apply Algorithm 3 on each response vector separately. Then the union of the
selected predictors from each singular regression model are chosen as the support
union in the shared model. The other prior parameters for the three algorithms are

set as 77, = 20 for all j € {1,---,200}, m € {1,---,15}, and a = b = 0.001 as the
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non-informative parameter for inverse gamma prior of ¢2. The initial model is set as
the null model, i.e. §; = 0; n;,, = 0 and B;,, = 0 for all j and m, and the median
probability criterion is adopt for the posterior inference. Totally we run 500 sweeps.
After discarding the first 300 sweeps, samples collected from the last 200 sweeps are

used for the inference.

The chosen sets of the support union in the shared model, Sg, by the three different
algorithms are shown in Table 3.12. The selection results of the two-layer Gibbs
sampler agree the true model, but the selection results of Group-wise Gibbs sampler
miss identify three active predictor variables, X1, X2, and X3, which are active for
just one or two singular regression models. Thus due to the weak group signal for the
variables Xi1, X12, and X3, this group-wise Gibbs sampler has the under-selection
problem. As for the component-wise Gibbs sampler, the selection result reveal the
problem of over-selection. 29 predictor variables are chosen as active. Focus on the
true active variable set, Sg. The posterior means of the coefficients are shown in

Table 3.9, Table 3.10, and Table 3.11.

Table 3.9: Example 3.5: The estimated coefficients by the sample version of the

two-layer Gibbs sampler

Var Bj,l @,2 Bj,3 Bj,él Bj,f) 63’,6 Bj,? Bj,s Bj,g Bj,m Bj,ll Bj,lZ Bj,l?) Bj,14 31,15
X7 || 0.90] 1.46] 0 1.15/ 0.57] 0 2.07| 0.60| 0 0.83] 0.82] 2.58| 0 0 0.85

Xg || 0.91] 1.86] 2.24| 1.18| O 0 2.03| 0.78| 0 0.67| 0.84| 2.35| 1.22| 0 0

X9 || 0.90] 1.68| 0 0 0.45| 0.36| 2.20( 0 0.51] 0.78| 0.77] 2.47] 0 0.54| 0
Xi11]| 0 0 0 0 1.23/ 0 0 0 0 0 0 0 0 0 0
Xi2]l O 0 0 0 0 0 0 0 0.68| 0 0 0 0 0 0
Xi3]| O 0.73| 0 0 0 0.69| 0 0 0 0 0 0 0 0 0
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Table 3.10: Example 3.5: The estimated coefficients by the Group-wise Gibbs sampler

Var| Bi1| Biz| Bis | Bia| Bis| Bis| Biz| Bis| Bis| Biad Biad Bind Biad Biad Biis
X7 1 0.84 1.71 0.15 | 1.19 0.93 0.39 2.07 0.54 0.17 0.87| 0.82 2.58 0.07| 0.01] 1.01
Xg || 0.87 2.15 2.19 | 1.10 0.51] 0.29 2.07 0.72 0.24 0.67] 0.86| 2.34] 1.14 0.01 -0.14
Xg || 0.89 1.84 -0.09 | 0.05 0.71] 0.51] 2.17 0.11] 0.74 0.73| 0.75 2.49 0.03 0.52 -0.07
X1 O 0 0 0 0 0 0 0 0 0 0 0 0 0 0
X2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
X3l O 0 0 0 0 0 0 0 0 0 0 0 0 0 0
Table 3.11: Example 3.5: The estimated coefficients by the Component-wise Gibbs
sampler

Var || Bj1 | Bz | Bis | Bial| Bis| Bis | Bi| Bis| Bio | Bind Binil Biaz Bias Bind Bis
X7 || 0.90] 1.63| 0 1.14| 0.46| 0 2.03| 0.53| 0 1.02| 0.78| 2.58| 0 0 0.95
Xg || 0.93] 1.91| 2.28| 1.09| 0 0 2.06| 0.70| 0 0.95| 0.75| 2.23| 1.19| 0 0
Xg || 0.93] 1.68| 0 0 0.37, 0 2.16| 0 0.42| 0.86| 0.67| 2.42| 0 0.55 0
X111l O 0 0 0 1.11] 0 0 0 0 0 0 0 0 0 0
X121 0 0 0 0 0 0 0 0 0.54| 0 0 0 0 0 0
X3 0 0.96| 0 0 0 0.56| 0 0 0 0 0 0 0 0 0
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Table 3.12: Example 3.5: The selection results of support union in the shared model.

Algorithm Ss
Two-layer 789111213
Group-wise 789

Component-wise 789111213510 16 40 45 47 49 50 51 54 60 69 83
91 94 106 130 134 155 179 183 184 199

Sparse group Lasso || 78 9 13 10 27 46 55 72 105 149 154 156 184

Group Lasso 78913 10 27 46 55 62 105 131 154 184

In addition to Bayesian approaches, we also compare the simulation results with
the Lasso type methods. Here the group Lasso function, mcLeast R.m, and sparse
group Lasso function, mc — sgLeastR.m, in SLEP MATLAB toolbox are used for
this simulation study. According to the response vector setting in the multi-response
linear regression described in Eq. 3.3 and Eq. 3.4, the group Lasso corresponds to
the group-wise Gibbs sampler, and sparse group Lasso corresponds to the two-layer

setting.

Consider the selection results of support union in the shared model, Sg, shown in
the last two rows for sparse group Lasso and group Lasso in Table 3.12. The results of
both Lasso methods are similar. 4 out of 6 true active variables, X7, X5, Xg, X13, are
detected as active in both methods. Additional 10 and 9 variables, i.e. numbers in the
gray color, are false detected as active by the two Lasso methods respectively. There-
fore, both Lasso methods have over-selection problem for the support union in the
shared model. Focus on the true active variable set, Sg. The coefficient estimations,

Bjm for j € Sgand m =1,---,15, are shown in Table 3.13 and Table 3.14.
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Table 3.13: Example 3.5: The estimated coefficients by the sparse group Lasso

Var Bj,l 53;2 /Bj,?» Bj,zl Bj,f) Bj,ﬁ Bg;? Bj78 Bj,9 Bj,m ngn Bj,l2 Bj,l:s B',14 31,15
X7 |1 047 1.12] 0 1.1650.20| 0 1.52| 0.13| 0 0.43| 0.37| 1.91| 0 0 0.08
Xg || 0.09] 1.04| 1.05 0.25] 0 0 1.03| 0 0 0 0.07) 1.22| 0.24] 0 0
X9 || 0.87] 1.71] 0 0.06| 0.43| 0.22| 2.08| 0.09| 0.40| 0.73| 0.67| 2.33| 0.02| 0 0
X111l O 0 0 0 0 0 0 0 0 0 0 0 0 0 0
Xi2]l O 0 0 0 0 0 0 0 0 0 0 0 0 0 0
Xi3]l O 0.29| 0 0.03| 0 0.08| 0.03| O 0 0 0 0.03] 0 0 0
Table 3.14: Example 3.5: The estimated coefficients by the group Lasso
Var Bj,l @,2 Bj,?) Bj,él Bj,B 33‘,6 33‘,7 Bj,S Bj,g Bj,m /éj,ll /3’]',12 Bj,lB Bj,14 3j,15
X7 || 0.70] 1.45| 0.46| 0.75| 0.63| 0.29| 1.67| 0.40| 0.22| 0.63| 0.65| 2.01| 0.24| 0.08| 0.44
Xg || 0.59] 1.37| 0.88| 0.63] 0.43| 0.23| 1.43| 0.39| 0.21| 0.51| 0.58| 1.66| 0.47| 0.08] 0.08
Xg || 0.81] 1.73| 0.36| 0.42| 0.63| 0.40| 1.98| 0.27| 0.49| 0.70| 0.72| 2.28| 0.22| 0.31| 0.11
X111l O 0 0 0 0 0 0 0 0 0 0 0 0 0 0
Xi2]l O 0 0 0 0 0 0 0 0 0 0 0 0 0 0
Xi3]| 0.02] 0.05] 0.02 0.02] 0.02| 0.02| 0.04| 0.01] 0.01| 0.02| 0.02| 0.05| 0.01| 0O 0.01
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Based on the same tuning parameter set-up and the number of iterations, the
selection results with 100 replications are summarized in Table 3.15. We measure the
true positive rate (TPR), false positive rate (FPR) and accuracy for both first and
second set of indicator variables, d; and n; ,,, respectively. For TPR and accuracy, the
higher the better, and for FPR, the lower the better. The values in Table 3.15 are

the mean values over 100 replications.

Consider the first set of indicator variables, d,. Although the component-wise
Gibbs sampler produces the perfect identified rates for the true active variables, i.e.
TPR = 1, it has the highest FPR in three Gibbs sampler algorithms. It means when
learning related tasks independently, it is easy to have over-selection problem. How-
ever, the problem can be solved by multi-task learning through Bayesian approaches.
Both group-wise and two-layer Gibbs sampler have very low FPR, 0.0005, and 0.0006
respectively. It means in the two Bayesian algorithms, about 10 variables are false
selected as active in total 100 replications. In contrast, the over-selection problem
still exists in two Lasso algorithms. Both group Lasso and sparse group Lasso have
high FPR, 0.0373, 0.0424 respectively. In other words, on average 8 variables are false
selected as active in each replication. The advantage of two-layer setting is in TPR,
where the value rise significant from 0.5282 in group-wise Gibbs sampler to 0.9833 in
two-layer Gibbs sampler, and from 0.5833 in group Lasso to 0.7783 in sparse group
Lasso. The same as accuracy, the value of accuracy goes up when the second set of
indicator variables, 7;,,, are added in the multi-task regression model. As for the
second set of indicators, 7;,,. Two-layer Gibbs sampler produces over 99% TPR and
accuracy, and has the lowest FPR: 0.0002. It means on average 0.5 indicator from
total 2965 inactive indicators of the second set are false selected as active. Thus, by

adopting the two sets of indicator variables together in the multi-task learning, the
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proposed two-layer Gibbs sampler cannot only dig out the shared variables but also

indicate which particular response vector the variable is active for.

Table 3.15: Example 3.5: The average rates of o and n after 100 replications.
0 U
TPR | FPR | Accuracy | TPR | FPR | Accuracy

Component-wise 1 0.0414 | 0.9223 | 0.9669 | 0.0056 | 0.9944
Group-wise 0.5283 | 0.0005 | 0.9853
Two-layer 0.9833 | 0.0006 | 0.9989 | 0.9909 | 0.0002 | 0.9997

Group Lasso 0.5833 | 0.0373 | 0.9496
Sparse group Lasso || 0.7783 | 0.0424 | 0.9583 0.8660 | 0.0249 0.9753
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CHAPTER 4

Application in Image Studies

In this section, the proposed Bayesian algorithm is applied in image analysis. Based
on the sparse coding theory of Olshausen and Field (1996) [OF96], an image I can

be represented as a linear composition of Gabor wavelet elements

p
I:ZCjGj+U7 (41)
j=1
where (G;,j =1,...,p) is a dictionary of Gabor basis functions defined on the same

domain as I, {¢;,j = 1,...p} are the coefficients, and U is the unexplained residual
image. In this situation, the basis functions are treated as representational features

and assumed over-complete.

Example 4.1 Given a domain x = {(z1,x2)| 1 € {1,2,---,10}, 25 € {1,2,--- ,10}},
the image can be represented as (10 x 10) x 1 image vector. We define the Gabor

basis dictionary as

1 u?  0? 27U
G(U,’U) = exp [—5(;3 + 0_—3>:| COSs [T:| s (42)
U = Ug+ x1c080 + x98inb, (4.3)
v = vy —x15infd + xycosb, (4.4)

where (ug,v9) € x has the same domain as image, 0, = 1,0, = V2, A\ = /27 and

0 = {0,7/3,2m/3} is the angle between the xi-axis of the image and the u-axis of
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the Gabor functions. Thus, we have 300 Gabor basis functions in total whose norms
are all equal to 1 on y. For simplicity, we use Xi,---, X309 to index all the basis
functions, and X; is a 100 x 1 vector, ¢« = 1,2,---,300. The true active variables
in the shared model are { X7, X71, X161, X180}, i.e. Sg = {17,71,161,180}, and the
corresponding coefficients of 5 single regression models are shown in Table 4.1. Then
each response vector Y,, is generated according to the linear model Y,, = X 3,, + w,,

where wy, ~ Nygo(0, I100)-

Table 4.1: Example 4.1: The true coefficients of the support union in the shared

model.

The sample version of two-layer Gibbs sampler, i.e. Algorithm 3, is applied in the
example, and the prior parameters are set as ¢; = 0.5, p; ,, = 0.5, 7;,,, = 40 for all j €
{1,---,300}, m € {1,--- ,5}, and @ = b = 0.001 as the non-informative parameter for
inverse gamma prior of o2, Totally we run 1000 sweeps. After discarding the first 500
sweeps, examples collected from the last 500 sweeps are used for the inference about
support union recovery. The estimated posterior probabilities of indicators in the first
set, ]3((5]- =1lY), j=1,---,p, are shown in Figure 4.1. It is clear that the posterior
probabilities of X7, X71, X161, and Xig9 are all higher than 0.5. Therefore, based
on the median probability criterion, the selection result agrees with the true model.

The P(njm = 116, = 1,Y) for j € S, are shown in Figure 4.2. For those nonzero
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Sample Version of Two—-Layer Gibbs Sampler: posterior probability of d;

probability

00 02 04 06 08 10

0 30 60 90 120 150 180 210 240 270 300

variable

Figure 4.1: Example 4.1: The estimated posterior probabilities of §; : P(d; = 1Y),

coefficients, the corresponding indicators in the second set have posterior probabilities
larger than 0.5. Therefore, these are treated as active. The corresponding means of

the coeflicients for the selected variable are also shown in Table 4.2.
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Table 4.2: Example 4.1: The estimated coefficients.

Xj 5j,1 Bj,2 Bj,3 ﬁj,4 ﬁj,5

X1z 6.14 710 | 8.75 774 | =174
Xn 7.04 | 9.29 0 0 8.60
X161 6.27 8.53 6.01 | 7.41 -8.93
X150 9.26  |-10.09 |0 0 8.52
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4.1 Real Images

This section presents the performance of the proposed two-year Gibbs sampler on the
real images. To fix notation, a Gabor basis defined in 4.2 is of the form G(u,v) =
exp{—[(v*/02) + (v*/0})]/2} cos(2mu/N), where o, < 0,. We can translate, ro-
tate, and dilate G(u,v) to obtain a general form of Gabor basis: B, s.(u,v) =
g(t/s,v/s)/s* where & = (v — z)cosa+ (v — y)sina, § = —(v — z)sina + (v —
y) cos av. (z,y) is the central position, s is the scale parameter, and « is the orientation.
Let D be the domain of image lattice. The dictionary of Gabor basis is Dictionary =
{Bsy.s.0:V(x,y,s,a)}, where (z,y) € D, and a € {ar/A,a =0,--- ;A —1} (eg., A
= 5).

In real image learning, we assume that the images are defined on the same image
lattice which is the bounding box of the objects in these images. The Gabor basis are
generated on the same domain of the image lattice. The following are the parameter
values we use in all image examples in this paper (unless otherwise stated). Length
of Gabor wavelets = 7. The orientation a takes A = 5 equally spaced angles in [0, 7].
0; =0.5, pjm =05and 75, =20 forall j € {1,--- ,p}. m € {1,--- ,M}. o2 is given
as 0.001.

Example 4.2. In Example 4.2.1, we apply the sample version of the two-layer
Gibbs sampler to a set of M =5 cup images. The cup images are resized to 50 x 50
(height x length), so each cup image is represented as (50 x 50) x 1 image vector.
Totally 50 x 50 x 5 = 12500 Gabor basis functions are chosen in this example. There
are 4852 out of 12500 Gabor basis are chosen as active in the shared model. Figure 4.3
displays the results. The image on the top displays the shared model learned by the

sample version of two-layer Gibbs sampler, where active Gabor basis are multiplied
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Figure 4.3: Example 4.2.1. The 5 cup images are 50 x 50 (height x length). The
top image shows the image recovered by the shared model. Each block displays the
observed image and the corresponding recovered images by sample version of the
two-layer Gibbs sampler. Samples collected from the last 500 sweeps are used for

inference after discarding the first 500 sweeps.

by the average of the estimated coefficients. For the remaining 5 pairs of plots, the
top plot shows the original image I,,,, and the bottom plot shows the recovered image

by the individual support S,,. Figures 4.4 - 4.7 display more examples, where the

results are obtained by the same algorithm.

o8



¥

Figure 4.4: Example 4.2.2. The 8 handwritten digits of number 4 images are 30 x 30.

Samples collected from the last 200 sweeps are used for inference after discarding the

y

first 300 sweeps.

Figure 4.5: Example 4.2.3. The 6 handwritten digits of number 5 images are 30 x 30.

Samples collected from the last 200 sweeps are used for inference after discarding the

J

first 300 sweeps.
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Figure 4.6: Example 4.2.4. The 12 cat images are 50 x 50. Samples collected from

the last 500 sweeps are used for inference after discarding the first 500 sweeps.
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Figure 4.7: Example 4.2.5. The 9 bicycle images are 50 x 50. Samples collected from

the last 500 sweeps are used for inference after discarding the first 500 sweeps.
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Figure 4.8: Example 4.3. The 6 butterfly images are 34 x 50. First row: original
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images. Second row: recovered images by Gabor basis with length = 5. Third row:

recovered images by Gabor basis with length = 15.

Example 4.3. In Example 4.3, we apply the same algorithm to a set of M = 6
butterfly images. The butterfly images are resized to 34 x 50 (height x length), then
6 butterfly images are represented as 1700 x 6 image matrix. The parameters set-up
are the same with those in Example 4.2. However, Gabor basis of two different scales
are adopted for comparison. The lengths of the Gabor basis at these two scales are
5 and 15 respectively. Figure 4.8 and Figure 4.9 display the results. In each block of
Figure 4.8, the top plot shows the original image, the middle plot shows the recovered
image by Gabor basis with length = 5, and the bottom plot shows the recovered image
by Gabor basis with length = 15. The two plots in Figure 4.9 display the two shared
models learned by the two different Gabor basis sets, where active Gabor basis are
multiplied by the average of the estimated coefficients. From the recovered results
on both individual images and shared models, we can see the results by Gabor basis

with length = 15 are foggier and cannot detect the details.

Example 4.4. In Example 4.4, two-layer Gibbs sampler is applied to a set of

M = 4 deer images with different backgrounds. In order to get more clear images,
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Figure 4.9: Example 4.3. The shared models. (a): Gabor basis with length = 5. (b):
Gabor basis with length = 15.

the number of sweeps is increased to 2000, and only the last 500 sweeps are used
for inference after discarding the first 1500 sweeps. 4971 Gabor bases are chosen as
active from the total 12500 bases. The sum of active bases for each image, i.e. the

size of Sy, is 8273.

The recovered results are shown in Figure 4.10. Due to the contrast between the
deer in the image and the background, the recovered results are different. We can see
there are a lot of sketches for the background in the first and the last recovered images,
because compare to the deers, the two images have a higher greyscale background.
Therefore, the deers are left white in the recovered images. As for the third image,
because it has a more consistent and low greyscale background, the recovered image

clearly sketch the deer and let the background white.
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Figure 4.10: Example 4.4. The 4 deer images are 50 x 50. Samples collected from
the last 500 sweeps are used for inference after discarding the first 1500 sweeps. First

row: original images. Second row: recovered images.
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CHAPTER 5

Full Bayesian approach

In the Bayesian framework, the prior distribution is used to express one’s uncertainty
about the parameter. The parameters of the prior distributions are called hyper
parameters. One could assign the given value for a hyper parameter. For example,
the failure probabilities, #; and p;,, in Eq. (2.7) and Eq. (2.12), of the Bernoulli prior

for the first and second sets of indicators, d; and 7;,,,, and the variance, 72,, in Eq. 2.13,

s Tjm
of the normal prior for the coefficients, are all pre-specified hyper parameters in the
proposed two-layer Gibbs sampler. One could also assign a probability distribution,
which is called a hyper-prior, on the hyper parameter itself, so the value of the
hyper parameter could be updated by iteration. For example, we assume the hyper-
prior distribution of residual variance, o in Eq. (2.2), follow an inverse Gamma
distribution, 0? ~ IG(a/2,b/2). Then it is kept updating by the inverse Gamma
distribution IG((a+nxM)/2, (> (diag(Res' Res))+b)/2), i.e. the Step 4 in Algorithm
3. In this chapter, we consider to extend the proposed two-layer Gibbs sampler,

i.e. algorithm 3, to a full Bayesian framework by adding hyper-priors for the hyper

2
parameters 0;, pj,, and 7.
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5.1 Beta Hyper-Priors for ¢; and p,,

First, consider the hyper parameters, 0; and p;,,, the failure probabilities of the
Bernoulli prior in the first and second sets of indicators, ¢; and 7, ,,,. In the proposed
two-layer Gibbs sampler, we assume d; and 7, ,, follow the Bernoulli distributions

respectively as below:

dj ~Ber(1—-46;),5=1,---,p

Njml0j ~ (1 —0;)v0 + 6;Ber(l — pjm),j=1,---,p, m=1,--- M.

Without any prior information, we simply set the failure rates 6; = p;,, = 0.5,
j=1,---,p, m=1,--- M. However, Scott and Berger (2010) [SB10] mentioned
that to set the probability at 0.5 in the Bernoulli prior might not have multiplicity
control, if p is large and the model is sparse. Taking advantage of the characteristic
that Bernoulli and Beta are conjugate distributions, they suggested setting a Beta
hyper-prior distribution instead of the given the probability = 0.5. Thus, the Beta
hyper-prior assumption is adopted to modify the proposed method here.

In order to reduce the number of hyper parameters and simplify the calculation,
we set 0; = 6 and pj,, = pforall j =1,--- ,pand m =1,--- , M. We assume the
hyper-priors of 6 and p follow Beta(r,s) and Beta(t,u), respectively, and other prior

2

setting of d;, 7jm, Bjm, and o° are the same as those in the two-layer structure.

Then we can add one more step in Algorithm 3 to draw 6 and p from the posterior

distributions listed below:

9~Beta<7“—|—p—z5j,s+25j>, (5.1)

J J

p ~ Beta (t YD A= ma)dut Y > nj,m5j> : (5.2)
7 m 7 m
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where ) d; is the sum of the indicators in the first set, i.e. the number of variables in
the support union of the shared model Ss, and » ;> (1 —n;m)d; and 3, 3= 1jmd;
are the sum of two different products of the indicators in first and second sets, which
correspond to the total number of zero and nonzero corresponding coefficients of the

active variables in all regression models, respectively.

To demonstrate the performance of the modified algorithm that include Beta
hyper-priors for 6 and p, we use the data generated by the setting in Example 3.2.
Thus there were M = 5 response vectors and p = 200 predictor variables of length
n = 80. The true active variable set was {X7, Xg, Xg, X11, X12, X19, X020, X201}, i.€.
Ss = {7,8,9,11,12,19, 20,21}, and the corresponding coefficients of 5 single regres-

sion models are shown in Table 3.3.

Consider the parameter setting in the Beta hyper-priors. According to Castillo
and van der Vaar (2012) [CV12], to have small variance in the Beta distribution and
to meet the sparsity assumption, s and u should be small, and r and ¢ can be decided
through the variable size and the number of the response vectors, respectively. We
set s=u=1,r=32,and t = M + 1 = 6 as the parameters of Beta hyper-priors for
6 and 7 in this example, while the hyper parameter 72 is set as 20, and o2 is assigned
by inverse Gamma with parameters a = b = 0.001. We use the last 200 sweeps
from total 500 sweeps for the inference in each replication. Based on the median
probability criterion, the selection results of 100 replications of the simulation are
shown in Table 5.1. In order to compare the results with those in the sample version
of the two-layer Gibbs sampler, Algorithm 3 is applied on the same 100 simulation
data, and the same parameter setting is adopted, except 6 and p are set as the given

value 0.5. The results are shown in Table 5.2.

The first column in Table 5.1 and Table 5.2 shows the frequencies of P(; =
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Table 5.1: The selection frequency of the modified algorithm with Beta hyper-priors
for 6 and p

Xj (Sj i1 | M52 | 15,3 | Mha | M5

X7 | 100 || 100 | 100 | 1 | 100 | 100

Xg || 100 || 100 { 100 | 100 | 100 | O

Xy || 100 || 100 | 100 | O 0 2

Xi1 || 100 1 100 | 1 0 | 100

Xi2 || 100 || 100 | O | 100 | 100 | O

Xig || 97 1 97 | 0O 78 1

Xgo || 100 || O 0 0 3 | 100

Xo || 100 || 100 | O 0 0 1

Table 5.2: The selection frequency of the sample version of the two-layer Gibbs sam-

pler

Xj 5j i1 | M2 | M3 | Nia | N5

X7 | 100 {| 100 | 100 | 1 | 100 | 100

Xg || 100 || 100 | 100 | 100 | 100 | 1

Xy || 100 || 100 | 100 | O 0 0

Xip || 100 ] O | 100 | 1 2 1100

Xio || 100 || 100 | O | 100 | 100 | 1

Xig || 96 0 ]9 | O 75 1

Xoo || 99 0 0 0 1 99

Xo1 || 100 || 100 | O 0 0 0
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11Y") > 0.5 in 100 replications of the simulation, i.e. the frequencies of including the
true active predictors in the shared model. In fact, both two methods work well in
recovery of the support union in the shared model Sg. 7 and 6 out of 8 true predictors
are chosen as active with 100 percentage in the modified algorithm with beta hyper-
priors and in sample version of the two-layer Gibbs sampler, respectively, and the 3

others are all equal or higher than 97 percentage.

Consider the indicators in the second set: 7;,,. The left 5 columns in Table 5.1
and Table 5.2 show the frequencies of P(n;, = 1|0; = 1,Y) > 0.5 for j € Sg in 100
replications of the simulation, i.e. the frequencies of including the active predictor in
each individual model. The cell with grey color means the corresponding coefficient is
zero, i.e. the predicator is not active in this particular regression model, and therefore
the lower the frequency is better. In Table 5.1 and Table 5.2, the values in grey cells
are all equal or smaller than 3. As for the frequencies in white cells, it means the
corresponding coefficients are nonzero, only 192 : 97, 1194 : 78 in Table 5.1, and
Moo : 96, Niga @ 75, M5 1 99 in Table 5.2 are not equal to 100 percentage. In
particular, these frequencies correspond to (192 = 0.6, S194 = 0.4 and Byp5 = 0.7,

which are relatively smaller values.

The average true positive rate, the average probability of correct recovery, and the
average false positive rate, the average probability of incorrect recovery, are listed in
Table 5.3. The results coming form the two algorithms both give good performance
in identify the true 8 predictors in the shared model. The average true positive rates
for the indicators in the first set ¢; are 0.9963 and 0.9938 respectively. It means in
total 100 replication of simulation, only about 5 and 3 predictors are not correctly
included in the shared mode respectively. However, compare the average false positive

rates, the modified algorithm has about five times lower average rate, 0.0012, than
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0.0059 in sample version of two-layer Gibbs sampler, in false including any of the 192
inactive predictors in the shared model. As for recovery of the support union of the
individual models S7, i.e. finding the particular regression model the predicator is
active for, there is no significant difference between the two algorithms. 0.9868 and
0.9842 are the average true positive rates of the 19 active indicators in the second set
n;m respectively. The average false positive rate decrease from 0.0052 to 0.0038 by

adding Beta hyper-priors, the change is not very much neither.

Based on the results, updating the hyper parameters # and p by Beta hyper-
priors can decrease the false positive rate, prediction error, in both sets of indicators.
However, the influence is not significant. Therefore, using the value 0.5 as the given

hyper parameters for 6; and p;,, is acceptable.

Table 5.3: The average rates of 4 and 7.
0 U
TPR | FPR | TPR | FPR

Sample version of two-layer Gibbs sampling || 0.9963 | 0.0059 | 0.9868 | 0.0052

With Beta hyper-priors for 6 and p 0.9938 | 0.0012 | 0.9842 | 0.0038

With inverse Gamma hyper-prior for 72 0.9463 | 0.0001 | 0.9305 0

5.2 Inverse Gamma hyper-prior for 72

In the two-layer structure, we assume the coefficients follow the distribution as below,

Biml0js Mjm ~ (1 = 8;1.m) Y0 + 0;mj.mN (0, Tjg,m%
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i.e. if the variable X; is active for the m-th regression model, the corresponding
coefficient f3;,,, follow the Normal distribution with zero mean and variance 77,,. In
order to simplify the calculation, we set Tﬁm =72forall j =1,---,pand m =

1 M.

yrt,

Like what we did in Example 3.4, we can adopt cross validation to tune the
proper 72 value based on the current data set. However, due to the high sparsity in
the coefficient matrix, the value of 72 used in the algorithm usually has to be set much
higher than the assumption. To modify the current approach, we can assign a hyper-
prior distribution for the hyper parameter 72. Here we choose inverse Gamma with
parameters ¢ and d as the hyper-prior for 72, i.e. 7> ~ IG(c/2,d/2). To incorporate
the hyper-prior in the sample version of the two-layer Gibbs sampler, we can add a

step to draw 72 from the posterior distribution

7_2 ~ IG (C d+ Zm Zj ﬁim/ Zm Zj 6j77j,m>

. : (5.3)

where 37 37087,/ 37,20, 0i1jm takes the average of squared coefficients over the

support union of the individual models Sj.

The simulation data in Section 5.1 are used to demonstrate the performance. Here
we set ¢ = d = 0.1 as the parameters in the inverse gamma hyper-prior of 72. The
other hyper parameters are chosen as 6; = n;,, = 0.5, forj=1,--- ,p, m=1,--- | M,
and a = b = 0.001 for the inverse Gamma hyper-prior of o?. We run 500 iterations
and the last 200 posterior samples are collected. With 100 replications, the frequencies
of including the predictors in the shared and in the individual models are shown in

Table 5.4.

The under-detection problem happens more frequently both in the shared model

Ss, and in the individual models S;. The frequencies are 65 in d19, 92 in d9g, 63 in
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Moz, 15 1n 194, and 92 in 7my5. The poor performance happens especially in the
predictor Xj9, whose two nonzero corresponding coefficients are relatively smaller:
B192 = 0.6, and 194 = 0.4. However, it has very good performance in not including
the false predictors in each of the individual models. The values in the grey cells in
Table 5.4 are all equal to zero. It means in the 100 replication of simulation, the
modified algorithm with inverse Gamma hyper-prior for 72 didn’t have any chance

to include the false predictors in all individual regression models.

The TPR and FPR shown in the third row of Table 5.3 also reveal this phe-
nomenon. The TPR of including the active predictors in the shared and in the
individual models are 0.9463 and 0.9305 respectively. Both values are lower than the
rates in the sample version of two-layer Gibbs sampler and in the modified algorithm
with Beta hyper-priors. However, the FPR of incorrectly including the inactive in
the shared and in the individual models are extremely low as 0.0001 and 0, which

definitely have the dominant position.
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Table 5.4: The selection frequency of the modified algorithm with inverse Gamma

hyper prior for 72

X; 5j M1 | M52 | M58 | T4 | M55

X7 | 100 {| 100 | 100 | O | 100 | 100

Xg || 100 || 100 | 100 | 100 | 100 | O
Xy || 100 || 100 | 100 | O 0 0
X5 || 100 | O | 100 | O 0 | 100

Xi2 || 100 || 100 | O | 100 | 100 | O

Xig || 65 0 63 0 15 0

Xoo || 92 0 0 0 0 | 92
Xop || 100 || 100 | O 0 0 0
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CHAPTER 6

Model Selection Consistency

In this chapter, we investigate the theoretical properties of our proposed procedure in
terms of model selection consistency in sparse Bayesian variable selection. Let Sy,
denote the true individual model for m = 1,--- , M, and Sy denote the true multi-
response model which consider all M singular models together. We use 7, as the
true parameter of variable X; in m-response vector, and B* for the true parameter
matrix. In fact, consistency of an estimate in linear regression includes the model
selection consistency and parameter estimation consistency. However, the two issues
are independent. In this article, we focus on the consistency of model selection. Once
the consistency of model selection is proven, the corresponding parameters can be

estimated through specified technique.

Theorem 1. Let Y = [Y1,---,Yy] be the multiple response matriz and X be the
n X p design matriz, where p is fivzed. Assume (X'X)/n — C when n — oo, where
C 1is positive definite and the set that is the collection of possible models, S, contains
the true model Sy, and median model Sy,., which is the model defined with median

criterion. Fix 0; > 0,pj,m > 0,7, > 0, and assume

1—6, 1= pim
V2m7(j1y > min{ 7 2.1} and V277, > i7 (6.1)
J ,Oj,m
fOT all] = 17"' P and m = 17"' 7M7 where T(,1) = miﬂ{Tj,l,"' ,Tj7M}. Let T(1) be
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the minimum of 7¢;1y,j = 1,-+- ,p. Then we have

lim P(Spe = SolY) = 1. (6.2)

n—oo
With the minor restrictions shown in Eq. 6.1, the theorem shows the proposed
selection results based on the median probability criterion converge to the true model.

It means if the number of observations is large enough, we can find the true model.

The consistency of model selection means that the true model will be eventu-

ally selected if there is enough data. According to Zhao and Yu (2006) [ZY06], the

requirement in the multiple linear regression is: for each m € {1,---  M}:
P({j : Bjun # 0} = {j : Bim # 0}) = 1,88 n — 00, (6.3)

Based on the posterior median criterion and the two-layer model we proposed, we

could rewrite the requirement in Eq. (6.3) in two statements:

P({j: P = 1Y) > 1)

={j:3me{l,--- M}, B, #0}) = 1,as n — oo, and (6.4)
. 1

P({j: P(jm = 1Y) > 5}

=1{j:B;nm#0}) = 1,as n — oo, for each m € {1,--- , M}. (6.5)

The first statement is for the shared model, and the second statement is for the
singular models. It means the posterior median model will eventually coincide with

the true model.
Before the proof of Theorem 1, we need the following two Lemmas.

Lemma 1. Let Y,, be the m-th response vector and X be the n X p shared design

matriz, where p is fived. S, = {j : Bjm # 0} is the support set for the m-th
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response vector. Let Xg denote the sub matriz of X with columns corresponding to
the set Sy,, and 85 denote the vector of true parameters for model S,,. Note that
with Bs,, that we refer to the subset of parameters included in model S,,. Assume
(X'X)/n — C when n — oo, where C is positive define. By conditioning on S,, that
we mean model S, is deemed to be the true model. There exist a product measure
P& on (R, B(Roo)) such that there exist Q € B(Roo), of Pg -probability 1, such
that

By | Sy Y 23 B, (6.6)

m

where s denotes convergence in probability. Further,
N _
VI(E[Bs,,|Sm, Yin) — 55,,) = N(0,0°Cg), (6.7)
where % denotes convergence in distribution and note that E|Bs,, |Sm, Ym] is a random

variable as a function of Y,,.

Proof. For the condition in the following proof, we need

X5 Xg,

n n—oo

y D,

for some D,, that is positive definite matrix. We take a matrix Eg_ whose columns
are elementary vectors which corresponding to S,,. From the assumption, we have
lim, 0o (X'X)/n = C, where C is positive define. Applying the Theorem 5.2 in
Friedberg [FWRO02], we obtain that

. X4 X5, . By X'XE;,
lim —=»——" = [j;jm —2» ™
n— 00 n n—o0 n

— Ey CEs, =Cs,, (6.8)

where Cjg_that corresponds to S, is the principal sub matrix of C', and Cg, is
positive definite, since every principal sub matrix of a positive definite matrix is

positive definite.
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If S, is assumed as the true model, we have fg, |S,, ~ N(0,0%1,, ), where d,, =
#5S,, is chosen from © which is an open set of R4 and the prior density of Bs, |S,,
is continuous and positive on ©. Using the condition in Eq. (6.8), we have two

asymptotic theorems from Ferguson [Fer96] in the the following.

From Chapter 21 in Ferguson [Fer96], the asymptotic of posterior distribution is
A~ d _ “
Vn(Bs,,|Sm, Ym — Bs,, ») — N(0,J l(ﬁsm)), (6.9)

where /Bgmm is the MLE of g, and J(B%, ) = (X4 Xg,,)/0% is the Fisher informa-
tion. It implies that

/BSm‘Sﬂ’U Ym - BSm,n i 0 (610)

According to Theorem 18 in Ferguson [Fer96], it leads that

V(Bsm — B85.) = N(0,J7(55,)), (6.11)
and it also implies
Bopm — By 0. (6.12)

Therefore, we have

lim P(|Bs,,|Sm, Ym — B5,,| > €)

n—00
€

. N € . A )
< nh—glo P(|6Sm‘smaym - BSm,n‘ > 5) + JLIIC}OPGﬁSm,n - 6Sm‘ > 2) = 0.
based on Eq. (6.10) and Eq. (6.12). That is,
B |Sms Yon > 5 . (6.13)
According to Eq. (6.8), we further can obtain
VA(E[Bs,, |Sm: Y] — 85,) % N(0,02C51), (6.14)
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Lemma 2. Let Y = [Y1, -+, Yu]| be the n x Mresponse matriz in the multi-response
linear regression model, Y, = (Y1, -+, Yimn)' be the m-th response vector, and X be
the nxp shared design matriz, where p is fivzed. Assume (X'X)/n — C whenn — o,
where C' 1s positive definite. Assume the set that is the collection of all possible models,
S, contains the true model Sy, and the median model S,,., which is defined with median
criterion. Fix 0, > 0,p;m > 0 and 7j,, >0, j =1,--- ., p,m = 1,--- M. If the
prior distribution of B |0m, Njm is defined as Eq. (2.13), we have

lim P(S,|Y) = 1.

n—oo
Proof. Let the prior distribution of 3, is defined as
Biaml 03y Mjm = (1 = 0513m)N (0, a2) 4 8;1;mN(0,77,,,), (6.15)

where 0 < a,, < 7jm, Vm, j, and a,, — 0 when n — oo. In this prior assumption, we

need prove that

1, dme{l,--- ,M}:j € Snos

P, = 1Y) - (6.16)
0, Vme{l,--- ,M}:j & Smo,
and
17 j € Sm,Oa
P(jm =1[0; =1Y) — (6.17)
07 j ¢ Sm,Oa

when a,, = 0, where S, is the true model for the m-th singular regression model.

From Eq. (6.15), given any @ € S for Lemma 1, we have 5o|Q ~ N(0,0%1;), where
d = #@, is chosen from © that is an open set of R and the prior density of So|Q
is continuous and positive on ©. Therefore, we can obtain fg|@, Vi, i B,V Q€S.

That is, for each response vector Y,,

BlYm L 8. (6.18)
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If we consider all M response vectors together at the same time, Eq. (6.18) becomes

BlY & B*. (6.19)
Hence
P =LY)
dim P; = 1Y) = lim ——5~~—
_ P(BY. 5 =1,Y) .
-1 ) iy 1-16))
n300 P(Y) P
P(BY 5. =1.Y)P(BY. Y .
= lim G ’5? Y) P(BY, )dﬂ(”
n—00 P(5Y).Y) PY)
— tim [ P, = 1189, V)P (39[Y)
n—oo
— P(5; = 1)89"), (6.20)
where Eq. (6.20) holds by Eq. (6.19), and g)* = ( 5155 35 ar) 1s the vector of true

coefficients for variable X; in the multi-response linear regression model. Then the

posterior probability of §; converges to

p(ﬁ(j)*’(sj =1)
P(0))
B >0 P(B9* 0D, 6; = 1)
- > ) P(B@* n0) §; =1) + P(BW* nli) = 0,§; = 0)
1

= (6.21)
1+ 1?—@01

P(; =1]pY") =
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where

P(BY* nl) = 0[6; = 0)
> P(BU* n0)]6; =1)

I1 P (B} mlnjm = 0,9; = 0)

C) =

m=1
M *2
1 Bim
H a exXp <— 302 )
_ m=1
- M %2 1-15m *2 Nj,m
B] m J 1 j,m J
Zn(ﬂ) H <:0],ma exp ( 202 ( — Py m)T exp 272
m=1 J,m
-1
M *2 2 2 Nj,m
o L —pjm an Bj,m n — Tjm
= | T o (e (et
; Pim  Tjim 2 arT;:
77(]) m=1 Js D> n°jJm

If j should not be included in any Sy, i.e. 57, =0,V m, then we have
1

M j,m
0 1— im an 7>
Lt i (S T pim (S 2™

Pjm  Tjm

P(5; = 1|89*) = (6.22)

It converges to 0 when a,, — 0. That is, P(6; = 1|Y’) — 0, when a,, — 0, if j should

not be included in any S, o.

If j should be included in at least one Sy, it means at least one g7, # 0,

B2 g2 _q2
. a _ Pim ®n""im
m € {1,---,M}. Because when ;,, # 0, we have F— exp( 2t — 0

when a,, — 0. In this case, C; — 0 when a,, — 0. Therefore, we get P(§; =1|Y) — 1

when a,, = 0,if 3me {1,--- ,M}:j € Syo. Then Eq. (6.16) is proven.

Similarly, we can have

P(pY* nl) =0,5; = 0)

__ (6.23)

SACy+ 1
J

P(é; = 09") =
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where

> P39 n05; = 1) =

= =g =0

Using the same argument, we can get the result:

0, 3Ime{l,---,M}:j€E S,
P(s; = 0Y) — (6.24)
1, Vme{l, -, M}:jé Smo

Next we consider the active support in each singular model. Suppose we know j

is included in at least one S, , then we want to know on which specific model the

variable is active through the posterior conditional probability:

Pjm =1Y) = Pjm =1,6; = 1Y) = P(njm = 1{0; = 1,Y)P(; = 1|Y).

Then

n—0o0

(6.25)
Pni,,=1.0.=1Y
lim P(njm =1,0; = 1Y) = lim (i P(’;}) Y)
_ P(Bjm:njm =1,6; =1,Y)
= im, P(Y) 4Piam
-1 Jm 13, L) d 2 LB
o P(Bim,Y) P(Y) b
= lim [ P(jm =1,0; = 1Bjm, Y)dF (B;m|Y)
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Here Eq. (6.26) is held due to Eq. (6.19) and it can be expressed as

P(njm=1,0; = 1(8},,)
P(B5,)

— P(/B;,m”r/j,m - 175]‘ = 1)
P (B2 s i = 1,8 = 1) + P(B2 s jn = 0,8; = 1) + P (B2, jm = 0,8; = 0)
_ (1—6;)(1 = pjm)

o Tim By, '
(1= 001 = pian) + (1 = 03)pim + 03) %2 exp (= 2% - )

(6.27)

If j is included in Sy, 0, i.e. 8}, # 0, Eq. (6.27) converges to 1 when a,, — 0. If j is
not included in Sy, 0, i.e. G5, =0, Eq. (6.27) converges to 0 when a,, — 0. That is,
when a,, — 0, we have that Eq. (6.17) is obtained.

Similarly, using the same approach, we can have

n—oo
= P(njm = 0,0; = 1|5},,)
_ P( ;,m777j,m:075j:1>
P(B s jym = 1,05 = 1) + P(B; s njym = 0,65 = 1) + P55, njym = 0,0; = 0)
o (1 B ej)pj,m

- *2
_'qum

(1= 0)(1 = prm) 2 exp (=52 (= — &) + (1= 0;)psom + 0

and

lim P(njm =0,6; =0]Y)

n—oo
= P(jm =0,0; =0[3},)

= P( ;,m”"/j,m:&(sj:())
P (B2 s i = 1,8 = 1) + P(B2 s jn = 0,8; = 1) + P (B2, jm = 0,8; = 0)
0,
*2

an 'Bj,m '
(1= 0)(1 = py) o exp (=52 (= = ) + (L= 0o+ 0,

Tjm
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Then we can get the result

07 ] € Sm,07

’ (1=0;)pjm . ¢ S
(1-0,)pj,m~+0;° J m,05
07 .7 € Sm,U:
P(njm =0,6; =0]Y) — N (6.29)
Toimtsr I F Smo-

When a,, — 0, it implies that the prior distribution of g, ,,, converges to Eq. (2.13).
Therefore, Eq. (6.16), Eq. (6.17), Eq. (6.24), Eq. (6.28), and Eq. (6.29) hold if the
prior distribution of f3;,, is defined as Eq. (2.13). Assume the true model S is
identified by the inclusion A,,, = {(j,m) : nj» = 1} and exclusion of the remaining

Bjm = {(j,m) : njm = 0}. Let S be the model chosen from all 2?7 possible models,

then
Jin P8 = S1¥) = iy P (D)4 (1 BnlY)
— tim [T P4l ¥) [T P(Bil Y]
—1
Because

lim P(A;,,|Y)= lim P(n;, =1Y) =1,
n—o0

n—0o0
lim P(B;,,|Y) = lim P(n;, =0]Y)
n—oo n—oo

= 1.
through Eq. (6.17), Eq. (6.28), and Eq. (6.29). Therefore, we can obtain

lim P(S,|Y) = 1. (6.30)

n—oo
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Proof. Proof of Theorem 1

To accomplish the proof, based on the median probability criterion, we need to

show that the two sets of indicator variables should follow the equations as below

. >1/2, 3Ime{l,--- ,M}:j€ S,
P(0; =1|Y,Sy) — P; (6.31)
<1/2, Vme{l,--- ,M}:j¢ S,

2 1/27 ] € Sm,Oa

P(1jjm =118, = 1Y, So) = Pjm (6.32)
< 1/27 .7 ¢ Sm,Oa
where 0; = §; x 1(n\9) # 0).
From Lemma 1, by conditional on model S,, o, we have
Bm,O’Yma Sm,() i 5;170- (633)

Let Sy, o be the complement of Sy, 0, i.e. Sy, is the set with inactive variables for the

m-~th singular model, then

. . P50 > € Y| Smo)
am P80l > el¥m, Smo) = m ——p 715

~ im fp<ﬂm,07 an,o\ > €, Y0,|Sm.0)dBm0
n—oo fp(ﬁm,anm‘STn,O)dﬁm,O

o PUBsol > o) [ P(Bno YillBisol > & Smo)dBns
n—ro0 fp(ﬁm,OaYmHBrcn,d > €,9m,0)dBm,0

= lim P(|57, 0] > €|Sm,0)

=0,
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that is,
ﬁfn 0|Sm 0 Ym % ﬁmo - (634)

Using Eq (6.33) and Eq. (6.34), we have

B|Sm0; Y = B5 ¥ m =1, M. (6.35)

Hence

lim P(0; = 1|Y,Sy) = lim P(ﬁ(j),éj = 1Y, Sy)dsY

: P(BY,5; = 1,Y|S) | ;

= lim dpy

n—o0 (Y|SO) b
~ lim P(ﬁ(j)ﬁg: =1,Y[5) P(B(J)7Y|So)d6(j)

2L TPBOYIS) POV
= lim [ P(3; =189, Y, S)dF(89|Y,S,)

n—oo
= P(SJ = 1‘5(j)*750)7 (636)

where the Eq. (6.36) holds by Eq. (6.35). Then the posterior probability of d; is

P(~j = 1|B(j)*750)
_ P(BY*,8; = 1]S)
P(BU9)*|S)
020 P(B* )65 = 115y)

= - . 6.37
> yirz0 P(BI* @), 65 = 1]Sg) + P(BW)*, n0) = 0,8; = 0].So) (037

If 3me{l,---, M} such that j € S, , there is at least one model m such that

o 7 0. Therefore, P(B*9,6; = 0,79 = 0[S) should be equal to 0 and then we
obtain that

P(6; = 1|8V* Sp) = 1 (6.38)

based in Eq. (6.37). That is lim, ., P(6; = 1|Y,Ss) > 1/2 if variable X; is in at

least one true singular model Sy, o.
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If variable X; is inactive in any singular model m, ie. (7, = 0,V m. Then

Eq. (6.37) can be expressed as

1
P(B*(9) n(1)=0,6;=0|Qo)

1 + ZW(J);,&O P(ﬁ(J)*7U(3)75g=1|Q0)
_ 1
= -
1+ J -
(1-05) 2, ) 0 [Im=1 ((1—pj,m) %j,m) T (pgm) i
1
= 0. M 1 j,m 1—n; » —1- (639)
1+ —(1_19j) [an;ﬁo Hm:l <x/ﬁ—nm) (pj,m) (1 — Pj,m) J,m:|
Let 7(;1) = min{7;1,--- , 7}, then we have
M .
1 )m,m 1-n; . 1
>\ (7 (pjm) " (1 - pj,m>’“’”) <
nW#£0 <m1 ( 27 Tjm V2T (jm)

Therefore, based on the assumption in Eq. (6.1), we can show that Eq. (6.39) is less
than 1/2. That is, lim, . P(6; = 1|Y,Sy) < 1/2 if X; is an inactive variable in all

singular models. Therefore, Eq. (6.31) is obtained.

Next we consider the consistency of the support in each singular model. Suppose

variable X is active in the m-th singular model, then the following equation
holds with prior assumption. Hence we can get

hm P(ann = 1|Y,So) = hm P(’I]j7m = 1|5] = 1, Y, So) (641)
n—00 n— o0
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via Eq. (6.36) and Eq. (6.38). Then

P(njm =1Y
lim P(T]]m =1|Y,Sy) = lim (Mjm .Y So)

Jim, o Y 5
N
~ [P sy
= lim [ P(njm = 1[Bjm, Y, S0)dF (Bjm|Y, S0)
= P(njm = 1|5 1 So), (6.42)

where Eq. (6.42) is held based on Eq. (6.35), and can be expressed as

P(1jm = 11B}n> S0) = P(0jn = 1,0; = 1|8,,, So)
P8}, m5m = 1,0, = 1|5)
P(B; 15)
P(B} s Mjm = 1, d; = 1|S)
P( ;m,njm:l,(s 1So) + P( Jm:njm:0>gj:1’30)

because
P(B} s Mjam = 0,05 = 0[S0) = P (B}, Mjm = 016; = 0, 50) P(5; = 0]Sp) = 0

Suppose j is included in Sy, 0, it means 7, # 0, then Eq. (6.43) is equal to 1 because
P(B} s Mjm = 0,0; = 1|Sp) = 0. On the other hand, if X; is not active in the m-th
singular model, that is 7, = 0, Eq. (6.43) becomes
1
L+ g2/ 20T

Therefore based on the assumption in Eq. (6.1), we obtain Eq. (6.43) is less thanl/2.

(6.44)

Thus Eq. (6.32) is proven. Combine Eq. (6.31) and Eq. (6.32)

lim P(Sme = S()|Y, So) =1. (645)

n—o0
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Finally, we have

lim P(Sme = S(]’Y) = lim P(Sme = So‘Y,So)P(SdY)—i—
n—oo n—oo
2P—1

lim > P(Sme = SolY, Sk) P(Sk|Y)
k=1

> lim P(Sme = SolY, So)P(So]Y)

n—oo

=1

Y

according to Eq. (6.45) and Lemma 2, and the proof of Theorem 1 is completed. [
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CHAPTER 7

Empirical Results

In this chapter, with the proposed two-layer Gibbs sampler for learning the multi-
response linear regression, we conduct a number of numerical simulations to evaluate
the performance of support union recovery on different finite sample size. Depending
on the different number of tasks and on the different sparsities of the regression
vectors, we study how the sample size affect the accuracy of support union recovery
both in the shared model and in individual models. Besides, we also compare the
performance of the proposed two-layer Gibbs sampler and the sparse group Lasso.
In each replication, we measure the true positive rate (TPR), false positive rate
(FPR), and accuracy, of the first and the second set of indicator variables, ¢; and
n;m, respectively. True positive rate, which is also called the sensitivity, measures the
proportion of the variables in the support union which are correctly chosen as active.
It is a measure of correct recovery. False positive rate measures the proportion of the
variables outside the support union which are mis-identified as active. It measures the
prediction errors. Accuracy measures the proportion of true results of all variables.
For TPR and accuracy, the higher the better, and for FPR, the lower the better. The

performance is evaluated by taking average over 100 replications.
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7.1 Simulation on Different Number of Tasks

In the first study, we consider the scenario when the number of tasks M varies. We

set the predicator vector X; as
XJ’ - Gj + G,

where Gjs and G are independently generated from multivariate normal distribution
with mean zero and covariance matrix [,. Then the correlation between any two
predictors is 0.5. The sparsity of the linear regression vector is linear proportional to
the dimension p, i.e., s = ap, where « is the parameter that controls the sparsity of the
model. We set a = 1/16 and choose two different sizes of regressors p = {128, 256}.
In the setting of the coefficients, half of the active variables in the support union
have nonzero coefficients over all tasks, one quarter of the active variables in the
support union have nonzero coefficients in half tasks, and the remaining quarter of
the active variables in the support union have nonzero coefficient in quarter of the
tasks. The values of the nonzero coefficients are chosen randomly from {0.5,1,2,3}.
We apply the sample version of two-layer Gibbs sampler for support union recovery
with M = {4,8,12,16}. The setting of prior parameters are: 0;,, = p;, = 0.5, Tﬁm =
20,a=b=0.001 forallm=1,--- , M,57=1,---,p.

Fig. 7.1 shows results of support union recovery of the shared model with two
different number of predictors p = {128,256}, which are displayed in two different
rows respectively. After 100 replications, the mean value of the true positive rate
(TPR), the false positive rate (FPR), and the accuracy versus the rescaled sample
size r = n/[2slog(p — s)], where s = |Sg| is the number of variables in the support
union of the shared model, are shown in the left, the middle, and the right column,

respectively. It shows the increase in the number of tasks do improve the performance
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of support union recovery of the shared model, no matter in true positive rate, in
false positive rate, or in the accuracy. Given the same rescaled sample size, when the
number of tasks increases, the true positive rate, i.e. the sensitivity, and the accuracy
increase, and the false positive rate, i.e. the prediction errors, decrease. Besides, the
results show that with the two-layer Gibbs sampler, the support union recovery in
the shared model rapidly reaches very good performance when the rescaled sample
size is equal or bigger than 0.5. There are sharp increases or sharp decreases when
the rescaled sample size increase from 0.2 to 0.5. Therefore, by pooling data across
tasks, two-layer Gibbs sampler can efficiently help related tasks collaborate with each
other to detect the true active variables. Furthermore, once the rescaled sample size
is big enough, the proposed Bayesian method can achieve high precision on support

union recovery in the shared model.

Fig. 7.2 shows results of support union recovery of the individual models in two
different dimensions p = {128,256}. Generally, the performance gets better when the
number of tasks increase. And when the rescaled sample size get bigger, there is no
much difference between models with different number of tasks, because all achieve
high performance of recovery, i.e, the TPR and accuracy are close to 1, and the FPR is
close to 0. Therefore, with the proposed two-layer Gibbs sampler, we can successfully

and efficiently recover the support for each individual model simultaneously.

7.2 Simulation on Different Sparsity Ratios
In this section, we study how the sparsity ratio affect the results of support union

recovery. We fix the number of tasks M = 8, and study three linear sparsity ratios:

a = {1/8,1/16,1/32}. We set the dimension p = {128,256}. The setting of the
{1/8, p g
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Figure 7.1: Plots of support union recovery of the shared models, Sg, versus the con-
trol parameter r = n/[2slog(p—s)] with different number of tasks: M = {4,8,12,16}.

The two rows present results for the number of regressors p = 128, 256, respectively.
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Figure 7.2: Plots of support union recovery of the individual models, S, ver-
sus the control parameter r = n/[2slog(p — s)] with different number of tasks:
M = {4,8,12,16}. The two rows present results for the number of regressors

p = 128, 256, respectively.
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predicator vector Xj, the coefficients, and the prior parameters are the same with

those in Sec. 7.1.

The results of support union recovery in the shared model and in the individual
models are shown in Fig. 7.3 and Fig. 7.4. In both figures, the influence of sparsity ra-
tio happens apparently when the rescaled sample size is small. When rescaled sample
size is small, there is significant different between models with different sparsity ratio.
The lower the sparsity ratio, the lower the TPR and accuracy, and the higher the
FPR. However, once the rescaled sample size is big enough, the influence of sparsity
decreases, because the results show that all models achieve high precision in recovery
rapidly. The only exception case is when the sparsity ratio is 1/32, and the rescaled
sample size is as low as 0.2. In this situation, the sample size used to do union sup-
port recovery is just 8 and 17 when the corresponding predictor number is 128 and
256 respectively. Therefore, although the TPR is higher than the other two sparsity
ratios 1/8 and 1/16, the FPR is also the highest. It means in this situation, with the
lack of sample size, it can’t correctly recover the true active variables, and has serious

over-selection problem. Once the sample size gets larger, the problem disappears.
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Figure 7.3: Plots of support union recovery of the shared models, Sg, ver-

sus the control parameter r = n/[2slog(p — s)] with different sparsity ratios:
a = {1/8,1/16,1/32}. The two rows present results for the number of regressor

p = 128, 256, respectively.
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Figure 7.4: Plots of support union recovery of the individual models, S, ver-

sus the control parameter r n/[2slog(p — s)] with different sparsity ratios:

a = {1/8,1/16,1/32}. The two rows present results for the number of regressor

p = 128, 256, respectively.
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7.3 Simulation on Different Methods

In this simulation, we compare the performance between the proposed sample version
of two-layer Gibbs sampler and sparse group Lasso. We set the number of tasks M =
8, sparsity ratio o = 1/8, and the dimension of predictors p = {128,256, 512}. Fig. 7.5
shows results of support union recovery in the shared model with three different
number of predictors p = {128,256, 512}, which are displayed in three different rows
respectively. The performance of true positive rate is shown in the left column. Two
lines by the two different methods seem to very close, but the proposed Bayesian
method achieves high precision faster than sparse group Lasso when the rescaled

sample size increases.

As for the false positive rate and accuracy, when the rescaled sample size is as small
as 0.2, the proposed Bayesian method has worse performance, due to the problem of
over-selection. However, once the rescaled sample size equal or bigger than 0.5, the
situation is reversed. In all three cases with different dimension of predictors, the
proposed Bayesian method has a sudden sharp decrease in the false positive rates,
and a sudden sharp increase in accuracy, when the rescaled sample size increase from
0.2 to 0.5. However, the influence of rescaled sample size on the sparse group Lasso

is less apparent.

Fig. 7.6 shows results of support union recovery in individual models. In the three
different measures, TPR, FPR and accuracy, the performance of the two-layer Gibbs
sampler is better than that in sparse group Lasso, except when the rescaled sample
size is 0.2. With the proposed Bayesian method, when the rescaled sample size is
equal or bigger than 0.5, the values of true positive rate and the accuracy are close

to 1, and the value of false positive rate is close to 0. Combine the results together,
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the proposed two-layer Gibbs sampler do have better recovery performance on the

support union in the shared model and in the individual models simultaneously.
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Figure 7.5: Plots of support union recovery of the shared models, Sg, versus the
control parameter 7 = n/[2slog(p — s)] by two-layer Gibbs sampler and sparse group
Lasso. The three rows present results for the number of regressor p = 128,256,512,

respectively.

99



p=128,M=8,s=8

2 4 o o
i o— __—o
P / o — °
= o
> X /
g o °
3
9] ©
x o
°
o
£ = .
[s) o
5 o
~ [—8~ Two-layer Gibbs sampler
8 s |—— Sparse group Lasso
a
<
o
T T T T
0.0 0.5 1.0 15
n/[2s log(p-s)]
p=256,M=8,s=16
(=]
< 7] g—0o—o—p
- o
5 @ .
o) [}
>
o
o
(] ©
x o
B
o
£ < °
5 -
o o
o ~ o [= Two-tayer Gibbs sampler
8 s |—— Sparse group Lasso
a
<o
o
T T T T
0.0 0.5 1.0 15
n/[2s log(p-s)]
p=256M=8s=32
o
S c—o—o—0¢
= o
> @ o
o
]
(=]
g ©
© o 7
B
(3]
£ < o
5 -
o o
o ~ -=~ Two-layer Gibbs sampler
8 S T O [—— sparse group Lasso
a
o
o

T T T T
0.0 0.5 1.0 15

n/[2s log(p-s)]

Prob of False Recovery: n Prob of False Recovery: n

Prob of False Recovery: n

02 04 06 08 10

0.0

1.0

04 06 08

0.2

0.0

02 04 06 08 10

0.0

p=128,M=8,s=8

—s— Two-layer Gibbs sampler
-1 |—— Sparse group Lasso

,&o\
e,

- O0—opo—p—o0o
T T T T
0.0 0.5 1.0 15

n/[2s log(p-s)]

p=256,M=8,s=16

-8~ Two-layer Gibbs sampler
-1 —— Sparse group Lasso

o
N — o,

T T T T
0.0 0.5 1.0 15

n/[2s log(p-s)]

p=256,M=8,s=32

|-~ Two-layer Gibbs sampler
1 |—— Sparse group Lasso

o
N — e

T T T T
0.0 0.5 1.0 15

n/[2s log(p-s)]

Accuracy: n

Accuracy: n

Accuracy: n

02 04 06 08 10

0.0

1.0

04 06 08

0.2

0.0

02 04 06 08 10

0.0

p=128,M=8,s=8

—
— 0 —o
°7o

-8~ Two-layer Gibbs sampler
-1 [—— Sparse group Lasso

T T T T
0.0 0.5 1.0 15

n/[2s log(p-s)]

p=256,M=8,s=16

e e—o—o
°7Zo
o

|-~ Two-layer Gibbs sampler
1 |—— Sparse group Lasso

T T T T
0.0 0.5 1.0 15

n/[2s log(p-s)]

p=256,M=8,s=32

e—o—o
°%o

—s— Two-layer Gibbs sampler
T |~ Sparse group Lasso

T T T T
0.0 0.5 1.0 15

n/[2s log(p-s)]

Figure 7.6: Plots of support union recovery of the individual models, S, versus the

control parameter 7 = n/[2slog(p — s)] by two-layer Gibbs sampler and sparse group

Lasso. The three rows present results for the number of regressor p = 128,256,512,

respectively.
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CHAPTER 8

Conclusion

A Bayesian variable selection method is studied in this work for recovering the union
of support sets, where two nested sets of indicators are augmented into the multi-
response linear regression model. Firstly, a two-layer Gibbs sampler based on the
two-layer setting is proposed for the posterior sampling. The posterior probabilities
of indicators are computed with likelihood ratio functions. By sampling the two sets of
indicator variables with the posterior probabilities, the union of the support sets can
be recovered, and active variables for specific responses can be identified. Secondly,
after learning the multi-response linear model, variable coefficients can be estimated
using posterior samples of indicators. Furthermore, a sample version of two-layer
Gibbs sampler with the Metropolis-Hastings acceptance rejection rule is introduced
to improve the performance. Instead of posterior probability, transition probability

is used to check whether variables are kept in the current state.

To evaluate the presented approach, a simulation study is conducted, showing
the promise on identifying active variables in multi-response linear regression models.
The result shows that using the sample version of the two-layer Gibbs sampler can
improve the performance, reducing around 35% cost on computation. The presented
sample-version approach also achieves high precision compared to Lasso methods in

terms of finding active variables. For instance, in a simulation case that our two-
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layer approach finds exactly all the 6 active variables out of 200 variables, two Lasso
methods identify around 14 active variables with 10 variables that are not active (false
positives) and two active variables that are not selected (false negatives). Finally, on
the study of sketching images with Gabor basis, we show that a shared sketch of an

object can be found effectively from different images that have the same object.

We have observed that the selection results can be sensitive to the set-up of
the prior parameters, e.g., values of success probability of indicators, and values of
coefficient variance. To address this issue, instead of using fixed values, we propose
using Beta hyper-prior for the success probabilities and using inverse Gamma hyper-
prior for the coefficient variance. The experimental result shows that the proposed
approach significantly reduces false positives on both sets of indicators compared to

a pre-given value.

Finally, the asymptotical property of the proposed Bayesian method is investigated

and proved. An empirical study is also conducted. The result confirms the property.

As for the final remark, in this study, we consider the homoscedastic model, i.e.
the covariance matrix of the error vector in each single task shares the same identity
matrix. How to extend the proposed method to the heteroscedastic multi-response

model can be an interesting project.
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