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MULTIPLICATIVE PERTURBATION ANALYSIS FOR THE
GENERALIZED CHOLESKY BLOCK DOWNDATING PROBLEM

MAHVISH SAMAR* AND XINZHONG ZHU

(Communicated by T. Buric)

Abstract. This article is devoted to the multiplicative perturbation analysis of the generalized
Cholesky block downdating problem. The strong rigorous multiplicative perturbation bounds
are first presented by bringing together the modified matrix-vector equation approach with the
technique of Lyapunov majorant function and the Banach fixed point theorem. Then, the weak
rigorous multiplicative bounds are developed by using the matrix-equation approach. Numerical
results demonstrate that these bounds are constantly tighter than the additive perturbation bounds.

1. Introduction

Suppose that A € R is symmetric positive definite, B € R?*™ and C € R"™*"

m
are symmetric positive and semi-definite, then the symmetric quasi-definite matrix K €

R(m+m)x(mtn) can be expressed as

T
K= {‘; fc} (1.1)

The matrix K always has the generalized Cholesky factorization

K=LJ,,L", (1.2)

Li; O I, O
L= 5 Jm n— )
[Lm Lzz} " { 0 —IJ
Ly € R Ly € R are lower triangular and Lp; € R, From (1.2), it can be
simply verify that

where

A=LyLY,, B=LyLl,, C+LyLY, =LnLk.
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If the diagonal elements of the lower triangular matrices, L;; and Lj; are positive, the
factorization (1.2) is unique and L is known as the generalized Cholesky factor [1].

In this paper, we consider the generalized Cholesky block downdating problem
(GCBD)

Llpinl' =YY =V, VT, (1.3)

Given that K is the same asin (1.1) and ¥ = (YWT,, YnT) € R™m<k find a lower triangular
matrix

b

Vo1 Vo

where Vi € RV Vyy € R are lower triangular with positive elements and V5 €
Rp™ . From [2, Corollary 1], it is simply to show that when ||L~'Y||, <1 the GCBD
problem (1.3) is always exists and the matrix V' is known as the GCBD factor. More-

over, in this case

A=Y YT =vi v, B-YYI=vy 1V, C+VuV +Y.rT =v,vih.

V= |:V11 0 :| 6R(m-‘rn)><(m+n)

This problem is reduced to the Cholesky block downdating problem if we choose
K =A, ie.,, B and C are nonexistent. The Cholesky block downdating problem
has acquired remarkable consideration, and its special case, i.e., single downdating
(Y e R’”Xl), has been extensively studied in the literature; see [3, 4, 5, 6, 7, 8, 9, 10]
for details. Additive perturbation and multiplicative perturbation are the two distinc-
tive types of perturbation models of matrix factorizations. The additive perturbation
analysis for the GCBD problem has been considered in [1 1, 12].

Obviously, an additive perturbation can be obtained from the multiplicative pertur-
bation, but the derived additive perturbation bounds will destroy the unique structures
of multiplicative perturbations and lose their tendency [13]. Since the matrix scaling
technique is often employed to provide better-conditioned problems [13], the multi-
plicative perturbation has received significant attention, and has some elements of in-
terest compared with the additive perturbation; see [13, 14, 15, 16, 17] and references
therein. Until now, there has been no work on the multiplicative perturbation bounds
for the GCBD problem. So, it is interesting to introduce the multiplicative perturbation
bounds for the GCBD problem.

Particularly, for (1.3), we assume two types of multiplicative perturbation matri-
ces, W=1,4.n+NonL: (1) W=1I,.,+N is a general matrix; (2) W =I,,+,+N isa
lower triangular matrix. The rest of the paper is organized as follows: In Section 3, we
will develop the strong rigorous multiplicative perturbation bounds by using the modi-
fied matrix-vector equation approach [13, 18, 19, 20], the Lyapunov majorant function
(e.g., [11, Chapter 5]), and the Banach fixed point theorem (e.g., [1 1, Appendix 5]).
Moreover, we will use the matrix-equation approach [21] to derive the weak rigorous
multiplicative bounds in Section 4. These bounds will be less expensive to compute as
compared to the strong, rigorous multiplicative perturbation bounds. Section 2 provides
some useful notation and preliminary knowledge. Finally, we provide some numerical
experiments to verify the theoretical results, and we show the numerical comparison
between the multiplicative rigorous perturbation bounds and the additive rigorous per-
turbation bounds [ 11, 12] for the GCBD problem in Section 5.
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2. Preliminaries

Some notations can be endorsed in [21] to make the presentation apparent. We
still illustrate them here to make easier for readers.

The Frobenius norm and spectral norm for a given matrix Z = (z;;) € R™*" are
denoted by ||Z||r and ||Z]|2, respectively. The following inequalities hold for these two
matrix norms; see [22] for details.

IORSl, <1l IR, 1SNl >  N1QRS|F < Q2 IR £ [IS]l2 5 2.1

whenever the matrix product QRS is well-defined.
For any matrix Z = [z1,22,...,2,] = (zij) € R"™*", denote the vector of the last i

elements of z; by z(jf) and define

(n) 000 -0
1 2
n—1 i 210 0 -~ 0
S 2 2 0 0
lvec(Z) := _ eERM, vec(Z):=| . | eR", slt(Z):= | 31232
() Z'n oo :
Zn Znl Zn2 " Znn—1 0

%211 o --- 0 211 0O ---0
1
21 32220 0 2122+ 0
low(2):=| . ~. . |, t@:=|. . . .1,
1
Znl Zn2 " 3% Znl Zn2 Znn

sut(Z) =slt(Z")T, and diag(Z) = diag (z11,222, - - ;Zun ) » Where v| = "(";1) . Using the

structures of these operators, we have

lvec(Z) = Ryyecvec(Z), vec(t(Z)) = Ryvec(Z), vec(low(Z)) = Riowvec(Z),
(2.2)
where

Rivee = diag (G1,Ga,-,Gy) € RNV, G; = [On— -1y 1)s Ta—i-1)] € BRI,
Ry = diag (G1,Ga,--,Gy) € R, Gy = diag (0 1)x 1o Tn_i_1)) € R,
Riow = diag (G1,Ga,+.Gy) € R Gi = diag (0 1)x(i-1):1/2.]n-i) € R"™".
Moreover,

Rlvecxlj\"/ec = Iv17 Nli;ec vaec = xlb (23)

Let Ivec’ : R" — R™” be the right inverse of the operator ‘lvec’ such that Ivec-Ivec’ =
1,,xv, and lvec’-lvec = It. Then the matrix of the operator ‘lvec’ is R’ _ . That is,

Ilvec'(Z) = R vec(Z).

Ivec
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Let D, € R™" be the set of diagonal matrices with positive diagonal elements.
Then, for any D, = diag(oy,02,...,0,) € D,, it follows that

low(ZD,) = low(Z)D,, low(D,Z) = D,low(Z). (2.4)

Moreover, from [23, Lemma 5.1], we have

[low (Z) + Dylow (Z") D, || < /1 + 63 12l (2.5)

where ¢p, = y. max {o0;/0;}. From [21], we have

i<j<n

[low(Z)||lF < |1 Z] - (2.6)

If Z is symmetric, then

1
low(Z < —|IZ||F. 2.7
[low(Z) || ﬂll i3 2.7
Also, we have

[low (Z+2Z") ||, < V22| - (2.8)

The Kronecker product between Z = (Z;;) € R™*" and X € RP*? is definedas Z® X =
[zi X | € R™P*" _Some useful results of the Kronecker product are listed below [24]:

vec (ZCX) = (XT @ Z)vec (C), (2.9)
ITvec(Z) = vec (ZT) , (2.10)
1X @ Z[l, = IX][, 121, (2.11)
(X®Z)(B®C) = (XB® ZC), (2.12)
(X®Z)_l =X"'oz ' if X and Z are nonsingular, (2.13)

where B and C are of suitable orders.

3. Strong rigorous multiplicative perturbation bounds
Let us consider that the matrices L, Y and V in (1.3) are perturbed as
L—IW, Y—YU, V=AYV,

where W = Ly, +N € Romtn)x(min) gy — p 4 M e ROmtn)x(min) and AV e
R(mtm)x(m+n) jg 3 Jower triangular matrix with positive diagonal elements. Therefore,
the perturbed form of (1.3) is
(VA AV in(V+AT = (L + N) Ly n LT (Ln +N)T
— Lpin +M)YY T (L + M) (3.1)
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Extending (3.1) and using (1.3), we have
Viuin(AV) T+ (AV) VT =N (LinL") + (LIinl")NT =M (YYT) — (YY) M"
+ N (LIynl" ) NT =M (YY) MT — AV (AV) T
(3.2)
Premultiplying (3.2) by V! and right postmultiplying it by VT lead to

Jnin(AV)TV T LV AV) i
=V (N (LIsnL") + (LInsn LYNDY VT v (M (YY" + (YY) M) v T
+ VN (LpnL")NT =M (YYT) MT — AV I (AV)T) VT (3.3)
As performed in [8, 9, 11, 14], from (3.3), we have
VAV yin =low (V1 (N (LI yin L") + (Lmin L") NT) V)
—low (V' (M (YY) + (yy")M")vT)
+low (VI (N (LIsn L") NT =M (YY) MT = AV, (AV)T) VT
(3.4)
Applying the operator ‘vec’ to (3.4), and noting (2.2), (2.9) and (2.10), we get
(Jyin @V 1) vec(AV)
= R1()W ((V71 (ij+nLT) & Vﬁl) + (V71 ® V71 (L];n+nLT)) H) VCC(N)
— Riow (V@YD) T@V ) + (v 1@V (YyT))IT) vec(M)
+ Riow (V'@ V) vee (N (LIsn L") N =M (YY) MT — AVI,pn(AV)T).

As performedin [8, 9, 11, 14], we can obtain

vec(AV) = (J,tn @ V) Riow ((V H{LIninLN) @ V)
+ (V' @V (LJyiaL")) TT) vee(N)
— (I ®V) Riow (V'Y @V + (V' @v! (YYT)) ) vec(M)
F ([ tn®V) Rigy (V'@ V)
x vec (N (LIyinl" ) NT =M (YYT) M — AV Jin(AV)T), (3.5)

and show that (3.5) is equivalent to

vec(AV) = Rivee (S in @ V) Riow ( (V7 (Ll ) @ V)
+ (V' @V (LluaL)) 1) Vec( )
— Rivee (I tn @ V) Riow (VI (¥YH TRV
+ (v levi(ry")) )vec
+ Niyee ( i @ V) Rigw (V RV~ )vec (N (Um+nLT) NT
~M (YY) M" — AVIn(AV)T). (3.6)
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As a matter of convenience, suppose
Orm = Rivec (Jm_}:n ® V) R jow ((V_l (ij+nLT) ® V_l) + (V_l & V_I(L-]m-'rnLT)) H)
Oy = Rivee (St @ V) Rigw (V@Y T@Vv )+ (v iev ! (ryT))m)
Ry = Riee ([ L, ®V) Rigw (V'@ V). (3.7)
Then, (3.6) becomes
lvec(AV) = (Qrm vec(N) — Qy vec(M)
+Ry vec (N (LIpinL"YNT =M (YY) M" — AV, n(AV)T)). (3.8)
Thus, applying the operator ‘Ivec T’ to (3.8) yields
AV = lIvec T (Qry vec(N) — Qy vec(M)
+Ry vec (N (LdpsnL")NT =M (YY) M = AV, n(AV)T)) . (3.9)

We will derive the rigorous multiplicative perturbation bound for AV using the method
of the Lyapunov majorant function and the Banach fixed point theorem based on the
operator equation (3.10) as shown in [8, 9, 11, 14]. The equation (3.9) can be written
as an operator equation for AV:

AV = ®(AV,N,M)
= Ivec' (Qry vec(N) — Oy vec(M)
+Ry vec (N (LIpsnl")NT =M (YY) M — AV, (AV)T)). (3.10)

Suppose that H € R("+0)x(m1) jg Jower triangular with positive diagonal ele-
ments and has the same structure as that of AV, ||H||p <1 forsome 1 >0, ||N||r =01
and ||M||r = 05. Then it follows from the definition of the operator ‘Ivec’” and (2.1)
that

lo(H,N M)l < [|Quull, 01 +|Qy [l 02+ [Rv ||, (ILIZ0T + [[Y[305 +1%) . (B.11)
Using (3.11), we get the Lyapunov majorant function of the operator equation (3.10)
q(n,01,02) = | Quull, 01 +|Qy |l 02 + IRy [l (IL]3 07 + [[Y[307 +n?)

and the Lyapunov majorant equation

qg(n,01,00) =1, ie.
10l 01+ 1Qr [l 02 + IRv I, (ILIF0T + Y 5305 +n?) = . (3.12)

Suppose that o7,

0, €Q=1{01,00>0:1—4|Ryll, (| Qwul, 01+ Qx| 0
+|[Rv |, (IL507 +IY|303) ) >0}
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Then, the equation (3.12) has two nonnegative roots: n; (01,02) < M2 (01,07) with
ni(01,02) = f(01,02)
_ 2(IQuyllz 01+ 11Qr [l o2+ IRy [l (IILI30F + ¥ [1393)) .
1+\/1—4HRVI|2(HQLMH201+HleI202+IIRsz(||L||§ i+lYl303))
Let the set A (07,07) be A(07,07) = {H € RU"WXm41) - H has the same structure
as that of AV and ||H||r < 1}, which is closed and convex. Furthermore, we can

simply verify that the operator ®(-, N, M) maps the set A (o1, 0,) into itself for H,H
A (0-17 62) s

HCD(H7N7M) _CD(H7N7M)||F < qln (f(6170-2)70-1762) HH_I:I”F

Since the derivative of the function ¢ (1,07, 07) relative to 1 at f (oy,0,) satisfies
q/n (f(0-1762) 0-1762)
=1- \/1 4Ry 5 (1 Qeumll, o1 +11Qx [l o2+ IRy [l (ILI50F + (Y [505)) < 1,

when 01,0, € Q) = {01,062 > 0: 1—4|[Ry[|2(|| Qeum 201 + | Oy 202+ [ Rv |2 (I|LI[507 +
|Y||503)) > 0}. Then the operator ®(-,N,M) is contractive on the set A(0y,02)

for 01,0, € Q). Thus, from the Banach fixed point theorem, we have that the oper-

ator Equation (3.10), i.e. the matrix equation (3.2), has a unique solution in the set

A(01,00). As aresult, ||AV||r < f(01,07) for 01,0, € Q. We summarize these

results in the following theorem.

THEOREM 3.1. Given a lower triangular matrix L € R(mtm)x(mtn) 3y igp positive
diagonal elements and a matrix Y € Rk guch that the generalized Cholesky fac-
torization VJy VT = LJernLT YYT holds. Suppose W = L ,+ N € RUmtn)x(mtn)
and U =Ly in+M € R (m+n)x (m-+n) f

1RV 12 (1Qeaell IN 17+ (1O [l 1M1l + [IRv [l (IZIBINIIE + Y I131M] 7)) <

then the following generalized Cholesky factorization holds:
(V+AV)pin(V +AV)T
=Lw(IW)T YU (yu)",
= (It +N) LhnL" T+ N)" = (hien +M)YY T (D + M)
and
[AV]|7
2 ([IQuumll INTF+ 11Oy 1o MIle+ 1Ry [l (IEISIN A+ Y 5 1MI17))

1+\/1—4||Rsz (lQwmlly INIE+ 1Oy [l 1M+ IRV |, (ILISINIE+IY I3 1MI1E))
(3.14)

2 (IQully INIlF + 1y Il M7 + 1Ry |l (ILIZINIE + 1Y IZ1M17)) - (3.15)
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Proof. 1t is absolutely not difficult to check that the condition (3.13) is the same
as the one in Q. So, (3.14) and thus (3.15) hold. [

REMARK 3.2. The resulting first order multiplicative perturbation bound can be
obtained from (3.15) by neglecting high-order terms

AVl < Q> INI|F +11Qy (|5 1M]|F
= ”QLMHz HW _Im+n||F + HQY”z ||U_Im+nHF' (3.16)

We used W = I,,., + N as a general matrix in the previous analysis. Next, we choose
W =IL,+n,+N asalower triangular matrix. Thus, from (3.10), (2.2) and (2.3), it follows
that

Ivec(AV) = (Qrrlvec (N) — Qy vec(AY)
+ Ry vee (N(Lyn L )NT = MY Y )MT — AVJ,n(AV)T)). (3.17)
where
Or1r = Niyee ( m+n ® V) X iow ( (V_l (L],n+nLT) 024 V_l)
+ (V' @V LIpgnl ")) TT) R L. (3.18)

Based on the results of Theorem 3.1, we have the following theorem.

THEOREM 3.3. Given a lower triangular matrix L € RUH)*m+n) swish positive
diagonal elements and a matrix Y € RHXK sych that the generalized Cholesky fac-
torization VJy VT = LJernLT YYT holds. Suppose W = L ,+ N € RUmtn)x(mtn)
and U = ILyin+M € R (m+n)x (m-+n) f

IRVl (| Qe I INllF + 1Oy Iy [1MI|e + [[Ry [l (ILIZINE + 1Y [3]M]7)) <

then the following generalized Cholesky factorization holds:
(V+AV)Jin(V+AV)T
=Iw(IwW)' —yu(yu)",
= (Insn+N) LlsnL™ Iy + N) " = (lysn + M) YY" (L + M),

and

1AV
2 (| Qcrlly INF+ 11Oy [, IAY ||+ [[Ry [l (ILIZINIE+IY 3 1MIIF) )

/14 IR [l (10 2 [N+ QI M7+ 1Ry 1 (ILIZIN I+ ¥ 131M113)
(3.20)

2 (0l INIlF +11Qy Il 1M1 + 1Ry [l (ILIZINIIE + 1Y 12]1317)) - (3.21)
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REMARK 3.4. By ignoring the high-order terms, we can investigate a first-order
multiplicative perturbation bound from (3.21):

IAVI[E < [[Qrr iz INllF + [|Qr [l [|M]| 7
=Qrrlz W = bnsallp + 1y 121U = Ll - (3.22)

4. Weak rigorous multiplicative perturbation bounds

To obtain the explicit expression of weak rigorous multiplicative perturbation bounds
for the GCBD problem, we will adopt the matrix-equation approach originated by
Chang [21] in this section.

THEOREM 4.1. Given a lower triangular matrix L € RUH)Xm+0) swish positive
diagonal elements and a matrix Y € Rk guch that the generalized Cholesky fac-
torization Vi VY = L1y LT =YY holds. Suppose S = (ST ST)T e RUmm>k gpq

H e R0 X0m<n) po lower triangular of the following form
Hi; O
H =
[H21 sz} ’

where Hyy € R™™ and Hy; € R™" are lower triangular, Hyy € R"*™. Define N = eH
and M = €S for some € > 0. If

LY, (1Y 2+ YM]12)

HNH2 <1, )
1—[|N]}>

4.1)

then (L (Ipsn+N))Ipsn (L (g + N = (¥ (Lpsn + M) (Y (I + M))" has the gen-
eralized Cholesky factorization

(V+AV) Ty (V+AV)T
= (hutn+N) LhinL (Insn + N = (in + M)YY T (L + M) (4.2)

Proof. For any [f| < € from the first condition of (4.1), it follows that
leH ||y < [leH]l, = [IN]l, < 1. (4.3)

Then L(I,+y, +tH) is nonsingular. Thus, we have

(L (ILysn 4+ tH)) Jpsn (L (I + tH)) T = (¥ (Lpin +28)) (Y (I +£5)) T

= (L(bnn +1H)) (Jmsn — ZZ") (L (Iyin +tH))"
where Z = (L (Lyyn+1H)) " (Y (Inin+18)) = (Ipsn+1H) " L™YY (L1 +1S)). From
(4.3) and noting (2.1), we get

1

hpen ity < — L
H(’"JF"JF ), 1—[tH||,
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Furthermore,

L7, (Yl + [lesy )

1Z]]2 <
1—eH]|,

<u<l. (4.4)

Using Zeyl’s theorem on eigenvalues of Nermitian matrices (e.g., [25], pp. 181), for
the i-th eigenvalue of J,, — ZZT,

2i(Tmn) + Amin (—ZZ") < X (Fmin —ZZ") < AilJmtn) + Amax (227 -

Note that (4.4) implies Amin (—ZZ") > —u?. Assume the eigenvalues of a matrix be
ordered in non-decreasing order. Thus, for 0 <i < n,

1_“ Az(Jm+n_ZZ ) 1»

and for n <i<m+n,
1—u? <A (Jnsn —ZZ") < L.
That is, Jy.n, —ZZ" is nonsingular and has m positive eigenvalues and n negative

cigenvalues, s0is (L (Iysn+1H)) Jysn (L (Lpin-+tH)) = (¥ (Insn+18)) (Y (Lgn+25)) T .
In addition, we obtain

T Gn G},
(L (Bnnt+tH)) T (L (I +tH)) T = (Y (hppn2S)) (Y (I +28)) T = Goy — G

where

Gi1 = (Liy (In +1H11)) (Liy (b +tH1)) " = Y (D +2S)) (Yo (I +1S))
Gy = (Lo (In + tH2)) (Log (I + tH) )" — (Lay (I, + tHay ) (Lag (I, + tHyy )"
+ (Y (I +185,)) (Y (L +1S0)) .
Note that

* X

tH = {’H“ O]. (4.5)

Then [|tH1||, < ||tH||, < 1, which implies that (Ly; (L, +1H;;)) is nonsingular. Thus,
G can be rewritten as

G = (Li1 (In+tH1)) (In — ZwZ%) (Lit (In +tH))",

where Z,, = (L1 (In+ tHU))_1 (Y (L +1Sm)) . Similar to (4.5), we can note that Z,, is
the principal submatrix with order m of Z. Then, using (4.4), ||Zx|l, < ||Z]. < u < 1.
Accordingly, I, — ZmZ£ is symmetric positive definite, so is G . Furthermore, Gy, is
clearly symmetric positive semi-definite. Thus, for each |t| < €, (L(Lytn+1H)) Jmtn
(L(Lysn+1H))" = (Y (hyyn +18)) (Y (Inyn +18))" has the generalized Cholesky fac-
torization

V(I)Jm-&-nVT (t) = (L (Im+n +IH))Jm+n (L (Im-'rn +tH))T
— (Y (bysn+18)) (Y (Lysn +15))" .
Note that V(0) =V and V(g) =V +AV. Then (4.2) holds. [J
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THEOREM 4.2. Given a lower triangular matrix L € RUH)Xm+0) syish positive
diagonal elements and a matrix Y € Rk guch that the generalized Cholesky fac-
torization VyinV' = LI inLY —YYT holds. Suppose W = I, n+ N € ROntn)x(m+n)
and U = Ly p+ M € RO x(mtn) - pp

LY, (1Y 2+ YM]12)

IN2 < 1, I <1, (4.6)
and
(N Y 0N+ ) VT
VL ] ) <30 @)

then the generalized Cholesky factorization (4.2) always exists and

vl <@+v2), ine (LG vDRL) ) IV L (NI BIM)

m+n€Wm+n

F@+v2)inf (e (VD)) [Vl (IEIBINTG + 7 I31M1) -
(4.8)

Proof. Let W(t) = Lytn+tN and U(t) = L+, +tM, for any |t] < €. Using (1.3)
leads to

(LU +N)) Syt (L (s EN) = (¥ (D EM)) (¥ (L + 1)
= (L(bnsn+N)) (Fnsn — (L(Ipin+1N)) ™" ((Y (bypen + M) (Y (Lo + tM))T>
X (L (Iern "’tN))_T) (L (Im+n —H‘N))T )

and

2Ly (Y 2+ 1M il2)
L= [[N]l2 ’

and considering the results of Theorem 4.1, it follows that (4.6) holds,

H m+n +tN (Y (Im-'rn +tM))H2 <

(L(Lnsn +tN)) Jpin (L (Lysn N = (¥ (L +tM)) (Y (L +tM))T
is positive definite and has the unique generalized Cholesky factorization, i.e.
(VAAV(0)msn(V+AV ()T
= (L(Tnsn +N)) Jirten (L (B +IN))" = (¥ (e +-EM)) (Y (I +1M)) T, (4.9)
which, with AV(0) =0 and AV (&) = AV, implies (4.2). Using (4.9) and (1.3) leads to
(EN (LImnL") + 1 (LI n L") NT+ N (L nl") NT) = (eM (YYT)
+iM (YY) M + M (YY) MT)
= Vsn(AV ()T + AV ()i VT + AV (1) (AV (1)) 7.
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Pre-multiplying the above equation by V! and post-multiplying by VT lead to
Jnin(AV () VT L VTIAV (£) T
=tV N (LIpin L") VT 0V (LD u L) NV T 02V IN (LT L) NTV T
— (VM YT YTy (YT MY 2y (v ) MY
— VAV () Din(AV () TV T, (4.10)

Since VAV (¢) is a lower triangular matrix. Using the symbol ‘low’ and noting (4.10),
we get

VAV (£) i = low (tV_lN (LInsnL") VT 420V (L) NTV_T>
+low <t2V1N (LImsnLT) NTVT)
—low (lVlM YY"y v vt (vyT) MTVT)
—low (ﬂV—IM (rr™) MTV‘T>
—low (V‘IAV(I)Jme (AV(t))TV‘T> . (4.11)

Applying the Frobenius norm to (4.11) and considering (2.1), (2.7) and (2.8) yields

[V AV (1) Jnn] |
<V2 (||fV‘1N (L") V| eVt (YY) VT )

H( SAVOnn(AV )V
+\ﬁ(thV’lN(Um+nLT)NTV*THF+Hsz”M(YYT)MTV*THF)
V2|V N @Il ) VL [fev =t | (ry ) v )
1 _ 2 _ 2 _ 2
+72(}|V LAV (0)|[f+ v VL + v vy ) (4.12)
Assume p(t) = ||V AV (1) Jin || and
q(t) = 2 ([[tV N | (| (LI n L) V4 v = [[ (Y T VT )
o ([lev="NL] o+ v a7
Then, the above equation can be rewritten as

p(t)* = V2p(t) +4(r) > 0.
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Equation (4.7), clearly shows that ¢(r) < 1/2, for |t| < &. Therefore, p(r) < p;(r) or
p(t) = pa(t), where

P = (1= VT=20) < pal) = -+ T30, @)

Note that p(¢) is continuous and p(0) =0 = p;(0) < p2(0) = /2. Then p(¢) < pi(t),
forany |r| < €. Consequently, p(g) < p; ( ) ie.

(4.14)

||V71Av(t)Jm+n||F (1_ 1_2q(t))<

5_
Sl

Putting = € in (4.11)
VAV g =low (VIN (LInsnl") VTV (L LT) NTVT)
+low (VIN (LInsnL") NTVT) —low (VIM (rr™) MTVT>
—low (V—lM yHyvT4vt(vy") MTV‘T>
—low (V—lAVJm+n (AV)TV—T) . (4.15)
Right multiplying by D+, € Dy,1,, and noting V = Dm+,,17 and (2.4) yield
VAV =low (f/—lN (LInsnl") VT 4+ Dy (VN (Lsnl") V1) D, +n)
+low< N (LayinL" )NV ) —low (V‘IM (YYT)MTV—T>
—low (V—lM YY"V T+ D (VM (rY") v D, +n>
—low (‘V/IAVJ,H”(AV)TVT) . (4.16)

Implementing the Frobenius norm on (4.16) and utilizing (2.5), (2.6), and (2.1) lead to

VAVl < 14 G (VTN (Ll )V

MY v
+ VN (LIpin L") NV e+ [V M (YY) MTV T,
VAV Tin(AV)TVT|

<1+ VLIV L (ILIINTE+ 1Y 131M] F)

viav],|[v-iav|,
+ VLIV, (IZIBINIE + 1Y 13 11M17) - (4.17)
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Considering (4.14), (2.1), (4.6) and (4.7), we obtain
V= AVl <2+ V2)\ 1+ GV VL (IZIBINTE + Y I3 ]M]L)
+ @V VLIV L (ZIBINIE + IYI3IMIE) . 4.18)
which, along with the fact that ||J,,1,||2 = 1 and the supporting proof

AV |[F < ||[VV ' AV o < V]2

|~ VAV [mgall, by @) (4.19)

shows the bound (4.8). [

To check the efficiency of bounds, let us prove that the bound (3.15) is significantly
sharper than (4.8). Taking into consideration [26, Corollary 3.4], for any Dy, € Dp4p
and X e ROmH)x(mtn) yging (2.11) and (2.12), we obtain

||QLMH2 = || Rivec (Jm741:n & V) (Irn+n ®D;-1i-n) (Im-'rn ®Dm+n)

X Riow ( (V LIpinl") @ V) + (VT @V (L)) H)

2

=|| Rivec (Jm+n & VD,;_IM) NXlow < (V71 (ij_H,LT) ®Dm+nV71)

+ (V' ®@DyinV " (LIinL")) H) by (2.12)

2

<|[VDuiall,

Riow ( (VN LI ninL") @ DV 1)

+(v! ®Dm+nV‘1(LJm+,,LT))H) by (2.11)

2

B —1
= HVDm+" H2 I veclgg)“(2=1

Riow ( (VN LIninL") @ DypynV 1)

+ (V' @DV (LIminL")) H) vec(X) (4.20)

2

Taking into account (2.9), (2.2), (2.4), (2.5) and (2.1) yields

max
[| vee(X)l2=1

xlow ( (V_l (ij+nLT) ® Dm-‘rnV_l)

+ (V' @DV (LIinL")) n) vec(X)

2

= max
[[ vec(X)[2=1

Riow vec (Dm+nv—1x(um+nLT)V—T

+ Dm-&-nv_1 (ij+nLT)XTV_T> by (2-9)

2
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=  max Hvec(low (DernV’lX(LJmHLT)V’T
I vee(X) =1

T

o+ Durin DV X Wea WV DL By 22)

= max 10w (D X (LIa LTV T)
X|p=1

+ Dm+n10W (Dm+nV_1X(LJm+nLT)V_T)TD_l

m+n F

< H)I(Iﬁaxl,/ L4+ 83  ADmnV X (L nL)VT| o by (2.5)
s

g \/ 1+ C5m+ﬂ

Hence, putting (4.21) into (4.20) gives

IQurl < (, inf ¥ k(DL IV Ml 22
m+n€Dm+n

Therefore, we can demonstrate that,

l0vlo < (, int TF G DL JIVEIV T @29
m+n€Dm+n

IRvla < (, otk @DuL) ) V- a2

by (2.4)

DV, | (LIsn L")V |, by (2.1) (4.21)

Dm+n EDm+n

(4.24) together with the fact k (VD,;}M) > 1 and (4.22) indicates that the bound (3.15)
is absolutely tighter than (4.8).

REMARK 4.3. By ignoring the high-order terms, we can obtain a first-order mul-
tiplicative bound from (4.8):

AV, int (1 G,k (VDRL)) [V (ILIBINTE -+ Y311 ).
(4.25)

Obviously, from (4.22) and (4.23), we can check that the bound in Remark 3.2 is always
tighter than the (4.25).

THEOREM 4.4. With the same assumptions as in Theorem 4.1, we have

: 2 -1
aVIF<@+v2) ) inf (1463, K (VD)

(st (L) V) g I+ v 1Y Bl

: —1

+ (2 + \/E) Dn1+:rel£)m+n (K (VDm+n))

x ([|diag ((LunLT) V) INIE + [[VH], (ILIZINIE + 1Y 112]8217) ) -
(4.26)
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Proof. Applying the symbols *sut’, *diag” and ’slt’, low (VN (LJysn LT) VT +
Vo (LIninL") NTV=T) can be rewritten as

low (VN (LIl ) VT4V (LI n LYY NTVT) 4.27)
=V ™'Ndiag ((LsaL") V) 4 low (VN sut (L") V)

81 (V! (LealT) ) NTVT ). (4.28)

Substituting (4.27) into (4.15) and then pre-multiplying it by D;;4+,, € D, and using
V= Dm+n‘7, we have

VAV Jin
=V~ !Ndiag ((LJpn+nL")V"T)

+low (VIN sut ((LdmsnL") V) 4 Dy (st (V! (L LT) ) NTVT) Dmin>
+low (f/lzv (LImsnL") NTVT) —low (f/lM (rr™) MTVT)
—low (V‘IM YOV T+ Dy (VM (YY" v-1TD,, in)

—low (V_IAVJme (AV)TV_T> . (4.29)

Hence, we get the bound (4.26) by applying the Frobenius norm to (4.29) and utilizing
(2.5),(2.6), (4.14), and (4.19).

Moving forward, we will show that the bound (3.21) is tighter than (4.26). By
using (3.18), we get

10wt <H VT8V (rin @ D) (i © Do) Ko ( WV Lnl T 0 V1)

+ (V' @V LluaL")) H) RT..

:H (Jmta @ VDL, Rigw ( (VN LIninl") @ Dy V1)

- (V‘1®Dm+nV‘1(LJm+nLT))H> XT.|l by 2.12)

—1
< ||VDm+n||2 Hlveg(l)?))ﬁZZI

xlow ( (V_l (LJernLT) ®Dm+nv_1)

+ (V' @ DpinV " (LhsnL")) n) RE . Ivec(X) (4.30)

2
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We assume X is a lower triangular matrix. Obviously, we only take the lower triangular

part of X. As a result of using (2.2), (2.3), and (2.9), we get

Nlow < (V_l (LJernLT) ®Dm+nv_1)

max
[[tvee(X)||,=1
+ (V' @DV (LImsal")) H) R e Rivee vee(X)
2
= max N iow (V_l (ij+nLT) & Dzn+nV_1)
[Itvee(X)|,=1
+ (V' @DV (L)) H) Rivec(X)|| by (2.3)
2
= max N iow (V_l (ij+nLT) & Dzn+nV_1)
[Itvee(X)|,=1
+ (V' @DpinV " (LIsnl")) H) vec(It(X))|| by (2.2)
2
= max Ry ( (V' (LIinL") @ DV ")
[Itvee(X)|,=1
+ (V' @DV (LIsnl")) H) vec(X)
2
=  max X ow VEC (DmHLV_lX (V_l (LJm+nLT))T
[ltvee(X)|2=1
DV (Ll DXV | by 29)
= max | vec <low (Dm+nV‘1X (V! (Ll ™))"
[Itvee(X)|,=1
+Dm+nV_1(LJm+nLT)XTV_T>) by (2.2)
2
=  max vec <low (Dm+nV_1X (sut (v! (Ll,n+nLT))T
[ltvee(X)|,=1

+ D <s1t (V1 (LIpinL")) + diag (V! (LamsnL") )T>

+diag (V" (LimsaL™)) )XTV—T>)
For any lower triangular matrix K, we have

low(K) +low (k') =K.

2

Therefore, if we set K = Dy V™' X diag ((LJmial”) V™T), then
DyinV ™' X diag (LImsnl") V)

(4.31)

—tow (DyaV ™' X diag (V! (Ll "))+ Dyrnding (V7" (LnlT)) XTVT)
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which together with (4.31) and (4.30) implies

1Qcr |, < HVD’"JF"H2 Hlveg(l)?))ﬁz=1

vec (D,WVIX diag ((LIminL")V7T)
+low (Dm+nV1X (sut (V=" (L")

+ Dy (slt (V= (LwsnL)) )XTV )) H

< HVD max HDm-‘rnV 1X dlag ((LJWH‘"L ) V_T) HF

m+nH2

VD s,

+ Dy ( slt (V™! (LInial")) )XTVT)

With the help of (2.5), we get

low (Dm+nV‘1X (sut (V=" (Lmsal))")

F

HQLT||2 <K (V m+n) dlag ((LJ””F”LT) VﬁT)

2

+ max low(Dm+nV_1X(sut((LJm+nLT)V_T)))

[X]F=1

m-+n

T
+Dypin ( low (Dm+,,v1X(sut((LJm+nLT)VT))> D!

F
<k (VD,,.,) | diag (LI L") V™)

+,/1+Cl%m+anD_l

m+nH2

2

max
[X[F=1

(Dm+nv—1x(sut<<um+nLT>v—T>>)

F

<k (VD,,1,) | diag (LImsnL") V™)

+ \/ 1 + CI%,,,+,, (VDm+n)

This result together with the fact k (VDm +n) 1 and (4.23) illustrates that the bound
(3.21) is significantly smaller than (4.26). [

2

(4.32)

(sut(Lopn LNV T)

2

REMARK 4.5. By neglecting the high-order terms, we can derive a first-order
multiplicative bound from (4.26):

avie<, it (156, (vDs) (I (et ) V) N

[V, Iy I3l )

+ inf  (k(VD,L,)) (||diag ((LImsnL") V)|, INIIF) . (433)

Dm+n EDern



ANALYSIS FOR THE CHOLESKY BLOCK DOWNDATING PROBLEM 549

From (4.32) and (4.23), it is easy to check that the bound in Remark 3.4 is tighter than
(4.33), when W =1, + N is assumed to be a lower triangular matrix.

5. Numerical results

In this section, we provide three numerical examples to illustrate the results de-
rived in Sections 3—4. We use an algorithm from [ 1] to obtain the generalized Cholesky
factors L and V in (1.3). All numerical experiments are performed by using Matlab
2018a.

EXAMPLE 5.1. In first example, we compare the strong and weak multiplicative
perturbation bounds. Let A = [q;j| = P, +I,, € R™™ where P, = [p;j] is the Pas-
cal matrix, (i.e.,p1; = pit = 1,pij = pi(j—1) + P(i-1);)» B = [bij] = 0.7 [max(i, j)] €
R™™ and C = (¢;j) € R"" is the Lehmar matrix, (i.e.,c;j =i/j for j > i), Jun =
diag (I;, —1,) and ¥ = PAPT, where P € R("#")*(m1) jg an orthogonal matrix taken
from the QR factorization, A = diag(d.d,...,d) € R"*(m1) with d = 0.02. From

[11], the scaled matrix D,,,, is denoted as follows: suppose {; = m+" SR 1 Gi=

\/ m*" 1f \/Zm+" .ng {1 otherwise &= {1, for i:2,...,m+n, F=(fij)=
VT,

Table 1: Results for various values of n, m and k
wmk | 5510 10,1020 13,12,25 18,12,30  20,20,40 _ 40,10,50

MOmmll, | 41503 13.0342 263812  39.3403 52.5054 87.4032
flopl, | 0011385 0.014349 0039375 0497504 2567943 9.750072
1 32.9031  190.1043  530.2156 6.5214e+02  2.5475e+03  5.6403e+03
" 0.014312  0.015310  0.016385 0.018066  0.015910  0.019883
lorll, | 01832 02072 03702  0.5361 1.0945 1.7304
floyl, | 0014291 0.021533 0.028610 0.169868  3.543310 13.918751
"2 0.4732  3.1903 9.0704  39.1204 67.0123 124.2617
” 0.011736  0.014821  0.015570 0.016765  0.015092  0.019160
lQwrll, | 20145  3.1026 3.5017 3.7102 3.9143 4.9813
flogl, | 0015054 0.019183  0.029361 0.182677  0.577617  3.769436
13 8.0537 217241  33.2653  59.4293 83.3427 162.3076

Iy, 0.015381 0.017907 0.017463  0.015684 0.018650 0.019702
[IRv ||, 11.3821 264376  51.0436 132.3054 174.3076 294.2643
NRry|, | 0016202 0.015268 0.022487  0.014396 0.015743 0.017608

Y14 23.0543  146.0354 397.0548 3.4256e+02  7.5473e+02  3.7354e+03

Iy 0.014631 0.017183  0.016836  0.016179 0.015437 0.019326

IRyl, | 02537 03741 0.7451 1.5803 3.5071 4.9644
lgy, | 0015494 0.015406 0.013707 0.016474  0.014801  0.015409
s 04322 13605 68065  31.7402 59.4223 95.7733

Tys 0.014988 0.015179  0.014046  0.019076 0.016228 0.019694

Moreover, in Table 1, we denote

=1+, (VOLL) LBV v = /1463 k (vDLL) IYIE V],
13 = (VL) (|ding (Lhwon) V) 415 G S (LT VTY).
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via =K (VDRL) ILIB[V7H,, vis = x (VD) VIRV,

and 1) denote the time cost in seconds for computing the bounds (3.15), (3.21), (4.8),
(4.206).

From Table 1, we can see that the strong rigorous multiplicative perturbation
bounds (3.15) and (3.22), the rows marked by [|Qum|l,, [|1Qr |5, [|1Qez 2, IRV, |ILII3
and ||[Ry|,||Y |3 are always tighter than the weak rigorous multiplicative perturbation
bounds (4.8) and (4.26), the rows marked by y11, 12,713,714 and ¥;s. In addition, we
can also observe that it is indeed more expensive to estimate the bounds (3.15) and
(3.22); compare the rows marked by 1y, , ty,,» ty5» ty, and ty,;.

EXAMPLE 5.2. The test matrix K| and K, are set to be

7070 70 3 3 2.4957 —0.9922 0.9008 —1.0195—0.3655

7090100 7 9 —0.9922 2.4957 —0.9922 0.9008 —1.0195
Ky = 70100200 13 17 |, K =] 0.9008 —0.9922 2.4957 —0.9922 0.9008 |,

3 7 13 -20-56 —1.0195 0.9008 —0.9922—-2.4957 0.9922

3 9 17 -56-80 —0.3655—1.0195 0.9008 0.9922 —2.4957

here ¥ = 1t [0.240 —0.899 0.899 1.560 —2.390]" and J3., = diag (Is, ~I1).

Table 2: Results for various values of 1

Test
o matrices i 1% H3 Ha Us He
1QLmll, K 1.2903 1.2903 1.2903 1.2904 1.2904 1.2904
K> 1.5214 1.5214 1.5214 1.5215 1.5215 1.5215
71 K 1.2643¢+02 1.2643e+02 1.2872e+02 1.7642e+02 1.7642¢+02 1.7642e+02
K> 1.4453¢+02 1.4453e+02 1.4467e+02 1.9362e+02 1.9362¢+02 1.9362e+02
HQyH2 K 2.2632 2.2580 2.2531 0.0232 3.3227e-04 4.2827e-06
K> 2.5214 2.5112 2.5034 0.3204 5.3097e-04 7.3437¢-06
Y12 K 3.9126 3.9042 2.9959 1.4420 4.8028e-02  4.7028e-04
K> 5.8632 5.8436 5.6209 1.8062 9.9201e-02 8.7403¢-03
Qcrll, K 1.1357 1.1357 1.1357 1.1357 1.1357 1.1357
K> 1.4792 1.4792 1.4792 1.4792 1.4792 1.4792
Y13 K 76.1082 76.3042 76.6201 77.3321 77.4508 77.6902
K> 84.1376 84.4201 84.4853 85.0675 85.3065 85.3457
[|Rv ||, K 7.3214e+01 7.3214e+01 7.5326e+01 7.5422e+01 7.6402¢+01 7.6402e+01
K> 9.3053e+01 9.3053e+01 9.4467e+01 9.4761e+01 9.9502e+01 9.9502e+01
Y14 K 1.1643¢+02 1.1643e+02 1.1872e+02 1.6642e+02 1.6642¢+02 1.6642e+02
K> 1.3453e+02 1.3453e+02 1.3467e+02 1.8362¢+02 1.8362¢+02 1.8362e+02
IRy ||, K 0.7861 0.7835 0.6328 0.3116 1.2092e-03  1.0453¢-05
K 0.9861 0.9835 0.8328 0.5116 1.1654e-02  1.1921e-04
Y15 K 3.6126 3.6042 2.9059 1.0420 3.2028e-02  3.2028e-04
K> 5.5632 5.5436 5.3209 1.2062 5.9201e-02 5.7403e-03

Table 2 provides the numerical results for various values of u’s, as follows:

up; = 1.004015006005433e — 2, up = 1.003021021209640e — 2,
us =9.036225416303058e — 3, wy=wme—1, uUs=use—3, Usc= uze—>5.
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From Table 2, we can find that the strong multiplicative perturbation bounds (3.15)
and (3.21) are always less than the weak multiplicative perturbation bounds (4.8) and
(4.26), where ¥11,Y12,Y13,714 and y;5 are given in the previous example. Furthermore,
Tables 1 and 2 show that when the multiplicative perturbation matrix W = I, + N
is set to be a lower triangular matrix, the strong and weak multiplicative perturbation
bounds for the GCBD problem are smaller than the corresponding ones when the matrix
W = I,4+,+ N is set to be a general matrix.

EXAMPLE 5.3. Let

—e—e—e¢—¢ 1 0
—e —e —e —e —e 1
—e —e —e —e —e¢ —¢

10000 00

1 000 00

—e—e 1 0 0 00O
L=|-c—e—e1 0 00 diag(1,5,52,53,54,55,56),

0

0

1_

[ 0.240 ]|
—0.899
0.899

Y = u 1.360 N J4+3 = diag (14, —13)7

—2.190
1.560

| 2301 |

where ¢ = 0.98 and § = /1 —e2. From [11, 12], we have the following strong and
weak additive rigorous perturbation bounds respectively:

G16 = Rivee (Ippin ®V) Riow (V' @V L) 1T+ (VLI @V ),

Gy = Rivee (Jply ®V) Rigw (V'@ VIY I+ (v irev)),

Hy = Riyee (/1 @V) Rigw (VI V),

Grr = (Rivee (Jufn @ V) Riow (V' @V L) T+ (V7 LI @ V) Riee

and

= T G (VD) [V, B =15 G (VDRL) V'Y
Bis =K (VD,.,) (Hdiag (Vo) + Vit EB,v 1 (VL) H2> ’

Bra =K (VDyia) [V,

27

In this example, we compare the additive and multiplicative rigorous perturbation
bounds for different values of u’s, which are given above. From Table 3, we can clearly
observe that the strong and weak multiplicative bounds ||Qrumll,. ||Or|l5, Q7|5 .
|Rv|l,,and Y11, Y12, Y13, Y14 are tighter than the strong and weak additive perturbation
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Table 3: Comparison of additive and multiplicative rigorous perturbation bounds

@ M1 H2 M3 M4 Ms Mo
|Omll,| 22997  2.2996 2.2983 2.2981 2.2981 2.2981
1GLall, 12.6871 12.6871 12.6871 12.6871 12.6871 12.6871
|Oyll, | 21.4490  21.0468 9.0424 0.0592 5.4072e-06 5.9131e-10
|Gyl | 43.2302  43.6391 26.3015 1.8391 6.3261e-02  7.2604e-03
lOrll» 1.3628  1.3628 1.3628 1.3628 1.3628 1.3628
|Gerll, | 25943  2.5943 2.5943 2.5943 2.5943 2.5943

IRy, | 46.3491 463491 483607 483607  57.5203  57.7287
[Hy|l, | 89.6343 89.6343 927343 929807  98.8408  98.8626
Y1 |8.0674e402 8.2665¢+02 8.5674e+02 8.5832e+02 8.7609¢+02 8.9612¢+02
Bii | 1.4553e+03 1.4597¢+03 1.6138¢+03 1.6234e+03 1.9721e+03 1.9860e+03
"2 465435  45.6645  19.4237  1.1456 1.2537¢-03  1.2537¢-06
Bz | 1.4806e+03 14540403 686.5176 443787  0.4431 0.1434
"3 350578 350380 350104  17.1122 171307  17.1307
Bis | 1063003 1043310  47.1390  37.2814  37.1612  37.1612
Via | 53607402 5.3607e+02 5.4241e+02 5.4241e+02 5.7437¢+02 5.8327¢+02
Bia | 1.2062e+03 1.2062e+03 1.2938e+03 1.2938e+03 1.6072e+03 1.6849¢+03

bounds ||Grglly, |Gy, |Gerll,, [Hvl,, and Bii, Bi2, Biz. Bia respectively. The
multiplicative perturbation bounds are useful to estimate the tighter bounds since the
matrix is significantly ill-conditioned.
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