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Abstract

While ontology-mediated query answering most often adopts
(unions of) conjunctive queries as the query language, some
recent works have explored the use of counting queries cou-
pled with DL-Lite ontologies. The aim of the present paper
is to extend the study of counting queries to Horn descrip-
tion logics outside the DL-Lite family. Through a combi-
nation of novel techniques, adaptations of existing construc-
tions, and new connections to closed predicates, we achieve
a complete picture of the data and combined complexity of
answering counting conjunctive queries (CCQs) and cardi-
nality queries (a restricted class of CCQs) in ELHZ, and
its various sublogics. Notably, we show that CCQ answer-
ing is 2EXP-complete in combined complexity for ELHT |
and every sublogic that extends £L or DL-Litegf,s. Our study
not only provides the first results for counting queries beyond
DL-Lite, but it also closes some open questions about the
combined complexity of CCQ answering in DL-Lite.

1 Introduction

Ontology-mediated query answering (OMQA) facilitates ac-
cess to data through the use of ontologies, which provide
a convenient vocabulary for query formulation and capture
domain knowledge that can be exploited to obtain more
complete query results. The OMQA approach has been ex-
tensively studied over the past fifteen years (Poggi et al.
2008; Bienvenu and Ortiz 2015; Xiao et al. 2018), leading to
the identification of ontology languages that are well suited
to OMQA due to their attractive computational properties.
Particular attention has been paid to Horn description log-
ics of the DL-Lite and £L families (Calvanese et al. 2007,
Baader, Brandt, and Lutz 2005).

While most work on OMQA considers that the user query
is a conjunctive query (CQ), there has been significant inter-
est in exploring the possibility of adopting more expressive
query languages for OMQA. In particular, several works
have investigated ways of equipping CQs with some form of
counting (Calvanese et al. 2008; Kostylev and Reutter 2015;
Feier, Lutz, and Przybylko 2021). A recent approach, pro-
posed in (Bienvenu, Maniere, and Thomazo 2020) as a gen-
eralization of (Kostylev and Reutter 2015), considers count-
ing conjunctive queries (CCQs) that are syntactically de-
fined like standard CQs except that some variables may be
designated as counting variables. In each model of the

knowledge base, we can count the number of possible as-
signments to the counting variables that make the query an-
swer hold. As the count value may differ between models,
the goal is to identify intervals that provide upper and lower
bounds on the count values across all models.

The problem of answering CCQs is intractable, in both
data and combined complexity, for common DL-Lite di-
alects such as DL-Lite.ye and DL-LiteZ’ére(Kostylev and
Reutter 2015). Recent works have shown that intractabil-
ity arises even for simple forms of CCQs (Calvanese et al.
2020a; Bienvenu, Manicre, and Thomazo 2021). However,
some interesting tractable cases have also been identified,
notably, rooted CCQs (Bienvenu, Maniere, and Thomazo
2020; Calvanese et al. 2020a; Nikolaou et al. 2019) and car-
dinality queries (Bienvenu, Maniére, and Thomazo 2021)
coupled with DL-Lite.e ontologies. Query rewriting tech-
niques have also begun to be explored (Calvanese et al.
2020b). However, despite these advances, we still have only
a partial understanding of CCQ answering in common DL-
Lite dialects, and the precise combined complexity has re-
mained elusive: the current bounds for DL-Lite:Z'f,re are be-
tween coNEXP and coN2EXP (Kostylev and Reutter 2015).
Moreover, to the best of our knowledge, CCQ answering has
not yet been studied for DLs outside the DL-Lite family.

In this paper, we extend the study of CCQ answering to
other well-known Horn description logics, such as ££ and
the more expressive ELHZ, . The techniques used in the
DL-Lite context do not readily transfer to ££ due to the
presence of conjunction, and in any case, our results show
that they do not achieve the optimal combined complexity
even for DL-Lite. We therefore develop a new approach
based upon the observation that there exists a model min-
imizing the count value that consists of an arbitrary struc-
ture Z* containing all assignments for the counting vari-
ables, augmented with structures that are tree-shaped, pro-
vided we ignore edges to and from Z*. Importantly, we can
bound the size of the central component Z*, which enables
us to explore all possible options for Z*. Checking whether
a given Z* can be extended to a model preserving the min-
imum count value can be done by specifying a set of pat-
terns (intuitively representing a pair of adjacent elements),
and testing via local consistency conditions whether they
can be coherently assembled. This latter step takes inspi-
ration from a CQ answering technique for existential rules



Combined complexity

Data complexity

DL-Litepos DL-Litecoe DL-Litelt, DL-Litel\, EL(HL),EL(HI) ELH)T, | ELMHIL)
Concept NL coNP NL coNP* EXP coNEXP coNP
Role NL coNP coNP+ coNP+ EXP coNEXP coNP
CCQ coNEXPT  coNEXPT 2EXP 2EXP 2EXP 2EXP coNP

Figure 1: Complexity results for CCQs and cardinality queries, all bounds are tight. '/ *: previously known upper / lower bound.

(Thomazo et al. 2012), and is also similar in spirit to type-
elimination style procedures, which have been employed for
reasoning with expressive DLs, see e.g. (Rudolph, Krétzsch,
and Hitzler 2012; Eiter et al. 2009).

Using this new approach, we are able to establish a 2EXP
upper bound in combined complexity for ELHZ | . A match-
1ng lower bound, which applies to both ££ and DL- L1tepos,
is obtained by establishing a novel connection between CCQ
answering and OMQA with closed predicates. This yields
2EXP-completeness for a wide range of Horn DLs and
closes the combined complexity gap for CCQ answering
in DL-Lite”, .. We further prove a coNEXP lower bound
for DL-Lite,os, which matches an existing coNEXP up-
per bound, yielding the precise combined complexity for
DL-Litecr. as well. We also explore how to shrink the size
of the models implicitly generated by our procedure, pro-
ducing models with bounded size which we use to show that
CCQ answering is coNP-complete in data complexity for all
logics between £L and ELHTL .

In addition to CCQs, we also investigate the special case
of cardinality queries, which correspond to Boolean atomic
CCQs and allow us to ask for (bounds on) the number of
members of a given concept or role. We obtain a com-
plete picture of data and combined complexity of answer-
ing cardinality queries in £LHZ | and its various sublogics.
While the data complexity is coNP-complete for all con-
sidered logics, the combined complexity ranges from NL or
coNP in DL-Lite logics to EXP or coNEXP for ££ and its
extensions. We achieve these results using a variety of the
techniques: refinements of our approach for general CCQs,
adaptations of existing constructions, and further reductions
involving closed predicates. Figure 1 summarizes the com-
plexity results for both CCQs and cardinality queries.

Paper Organization Section 2 introduces the necessary
preliminaries, in particular, the syntax and semantics of the
considered DLs and the definition of CCQs. Sections 3
and 4 present our complexity results for CCQs and cardi-
nality queries, respectively, and sketch the underlying tech-
niques (an appendix with full proofs can be found in the
long version of this paper, available on arXiv). Section 5
concludes with a discussion of future work.

2 Preliminaries

Knowledge Bases We assume mutually disjoint sets Nc,
NRg, and N, of concept, role, and individual names. A knowl-
edge base (KB) L = (T,.A) consists of an ABox A and a
TBox 7. An ABox is a finite set of concept assertions A(b)
(with A € N¢, b € N)) and role assertions P(a,b) (with

P € Ng, a,b € N|). We denote by Ind(A) the set of individ-
uals occurring in an ABox A.

A TBox is a finite set of axioms. In ELHT,, TBoxes
consist of concept inclusions B; C Ba, posmve role inclu-
sions R1 T Re, and negative role mclustons RimMRy C L,
where the R; are roles drawn from Ni = {P, P~ | P € Ng}
and the B; are (complex) concepts constructed as follows:

B:=L|T|A|B,NBy|3R.B withA € Nc,R e N

Various sublogics of ELHZ, can be obtained by disallow-
ing role inclusions, inverse roles, and/or the bottom con-
struct. For example, ££ is obtained by removing all three
features, while ££Z | corresponds to disallowing role inclu-
sions (retaining inverse roles and ). We shall also consider
some DL-Lite dialects that are fragments of ELHZ, . The
most expressive, DL- L1tecore, allows positive and negative
role inclusions, and restricted forms of concept inclusions:

Dlng DlI_IDQEJ_ D1:A|E|RT

with A € N¢,R € NjE The logics DL- thepos, DL-Litecore,
and DL-Litepqs are obtalned respectively by dropping nega-
tive inclusions, role inclusions, or both features.

We shall use sig(7") (resp. sig(KC)) to denote the signature
of a TBox 7T (resp. KB K), i.e. the set of concept and role
names appearing in 7 (resp. ).

Semantics of KBs An interpretation takes the form Z =
(AT, .1), where AT is a non-empty set (called the domain)
and -7 is the interpretation function that maps each A € N¢
to AT C AT, each P € Ng to P C AT x AZ, and each
a € N to aZ. In this paper, we will make the Standard
Names Assumption by setting aZ = a. Note however that our
results only rely upon the weaker Unique Names Assumption
(UNA), which stipulates that aZ # b? whenever a # b.

The function - naturally extends to roles and complex
concepts: (P*) ={(y,z) | (z,y) € PI} 17 =4, TI
AT, (B; M Bg)t =Bf NBZ and (IP.B)Y = {d | (d 26
PZ e € BT}, Aninclusion G C H is satisfied in Z 1f ¢
HI an assertion A(b) (resp. P(a, b)) is satisfied in Z if b =
AT (resp. (a,b) € PT). An interpretation is a model of a
TBox T (resp. KB K) if it satisfies all axioms in 7T~ (resp.
axioms and assertions in ). A KB is satisfiable if it has at
least one model. An inclusion (resp. assertion) ® is entailed
from T (resp. K), written 7 = ® (resp. K |= ®), if  is
satisfied in every model of T (resp. ).

"We follow e.g. (Bienvenu et al. 2014) by including negative
role inclusions in ELHZ , so that it has DL-Lite’%. as a sublogic.



Example 1. Consider the ABox A, := {A1(a),B(b)} and
the ELHI | TBox T.:

A, C3IRB BLCLIRC BLC BNnBLC L

Our example KB is K. := (7., A.). Figures 2a and 2c
depict models of Ke.

We can view an interpretation Z as a (possibly infinite) set
of assertions A7 = {A(e) | e € AT, A € Nc} U {P(e,€) |
(e,e') € PL,P € Nr}. We say that T is 7T -satisfiable if
T U Az has a model, and it is T -saturated if Az contains
every assertion entailed by (7, Az).

Counting Queries We consider counting queries as de-
fined in (Bienvenu, Manicre, and Thomazo 2020) (which
generalizes the queries considered in (Kostylev and Reut-
ter 2015; Calvanese et al. 2020a)). A counting conjunctive
query (CCQ) takes the form ¢(x) = JyIz ¢ (x,y, z), where
X, ¥, z are tuples of answer; existential, and counting vari-
ables, respectively, and ) is a conjunction of concept and
role atoms with terms from N} Ux Uy Uz. We use terms(q)
for the set of all terms occurring in ¢, and we treat queries as
sets of atoms when convenient. The usual notion of con-
Jjunctive query (CQ) is captured by CCQs without count-
ing variables (i.e. z = ()). A CCQ q is Boolean if x = (.
Concept cardinality queries are Boolean CCQs of the form
3z A(z) (A € N¢), while role cardinality queries have the
form Jz1, 29 R(z1,22) (R € NR).

A match for a CCQ g in an interpretation Z is a homomor-
phism from ¢ into Z, i.e. a function 7 that maps each term
in ¢ to an element of AZ such that 7(t) = ¢ whent € Nj,
7(t) € AT for every A(t) € ¢, and (n(t),7(t')) € PZ for
every P(¢,t') € ¢. If a match 7 maps x to a, then the re-
striction of 7 to z is called a counting match (c-match) of
q(a) in Z. The set of answers to q in Z, denoted ¢, contains
all pairs (a, [m, M]), with m, M € N U {+oco}, such that
the number of distinct c-matches of ¢(a) in Z belongs to the
interval [m, M]. A certain answer to g w.r.t. K is an answer
in every model of K, that is a pair from nz\:zc qt.

As usual, it is sufficient to consider the Boolean
case: (a,[m,M]) is a certain answer to a CCQ ¢(x) iff
(@, [m, M]) is a certain answer to the Boolean CCQ ¢(a)
obtained by replacing x with a. Thus, from now on, we
focus on Boolean CCQs, and work with candidate answers
[m, M] in place of (0, [m, M]).

We further observe that since £ELHZ | cannot restrict the

size of models, the least upper bound M in a certain answer
[m, M] is: 0 if the underlying CQ is unsatisfiable w.r.t. 7T,
1 if ¢ has a match in every model but z = {}; and +oo oth-
erwise. As the first two cases can be readily handled using
existing techniques, we focus on identifying certain answers
of the form [m, +o0).
Example 2. Let ¢. := 3y 3z R(y, z) A C(z) be a Boolean
CCQ. Intervals [0, +o0] and [1, +00] are certain answers to
ge over K.. Interval [4,+00] is not as the models depicted
on Figures 2a and 2¢ contain only 3 matches for q..

To clarify how our notion of certain answer relates to stan-
dard OMQA semantics, we note that a Boolean CQ ¢ is en-
tailed from /C iff [1, +o00] is a certain answer to g over K.

Complexity Given a ELHZ, knowledge base K =
(T, A), aBoolean CCQ ¢, and an integer m > 0 (in binary),
we are interested in the complexity of deciding whether
[m, +00] is a certain answer to ¢ w.r.t. K. We will consider
the two usual complexity measures: combined complexity
which is in terms of the size of the whole input, and data
complexity which is only in terms of the size of A and m
(7T and q are treated as fixed). If O is a TBox, ABox, KB,
or CCQ, then the size of O, denoted |O|, is the number of
occurrences of concept and role names in O.

Normal form As is standard (see e.g. (Bienvenu et al.
2014)), we work with ELHZ, TBoxes in a convenient nor-
mal form, where every concept inclusion has one of the fol-
lowing restricted shapes:

AC 1 TCA
A, C3JR.A,

A MACA
JR.A;, C A,

with A; A1, As € N¢,R € Néc. Through the introduction of
fresh concept names, we can transform in polynomial time
any TBox 7 into a normal-form TBox 7~ that is a model-
conservative extension of 7~ (hence, indistinguishable from
T from the point of view of queries). We therefore assume
w.l.o.g. that all considered TBoxes are in normal form.

Closed Predicates A KB with closed predicates consists
ofaKB (7,.A) and a set ¥ C Nc UNR of closed predicates.
An interpretation Z is a model of (T, A, %) if it is a model
of (7,.A) which interprets the closed predicates according
to A, ie. AT = {a| A(a) € A} forevery A € ¥ N Nc and
PZ = {(a,b) | P(a,b) € A} for every P € ¥ N Ng. Query
entailment is then defined as for classical KBs, but using this
modified notion of model.

3 General Case of CCQs

This section presents our main contributions: a decision pro-
cedure and associated tight complexity bounds for CCQ an-
swering in ELHZ and its sublogics.

To improve readability, we have split the section into sev-
eral parts. Section 3.1 presents a double-exponential-time
decision procedure, whose correctness proof is detailed in
Section 3.2. We explain, in Section 3.3, how to shrink the
size of the models implicitly generated by our procedure,
which we use to show coNP data complexity. Finally, in
Section 3.4, we prove the required lower bounds.

3.1 Decision Procedure

In this subsection, we devise a procedure that computes in
double-exponential time the minimum amount of c-matches,
which immediately yields the following upper bound:

Theorem 1. CCQ answering in ELHTI, is in 2EXP w.rt.
combined complexity.

Let us fix a satisfiable KB X = (7,.4) and a (Boolean)
CCQ ¢. The next lemma provides an upper bound on the
minimal number of c-matches.

Lemma 1. There exists a model of K with less than M :=
(|Ind(A)| + 3|71 27114l c-matches for q.
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Figure 2: Interpretations and pattern tree used along our examples, labels for the only role R have been omitted for readability.

Proof sketch. We can exhibit a model having at most
lInd(A)| + 3|7 2!7! elements. O

It follows that in any model Z having a minimum num-
ber of c-matches, the set A* C AZ of elements appearing
in the image of a c-match has size at most M - |¢|. We can
thus iterate over all such A*, and even over all induced in-
terpretations Z* = Z|a-, in double-exponential time w.r.t.
combined complexity. The core task will then be to deter-
mine, given such a candidate Z*, whether we can extend Z*
into a model of K without introducing new c-matches.

Let us fix our candidate Z* and see how to check for a
suitable extension. The challenging axioms to handle are
those of the form A T JR.B, as they might require us to
introduce new elements. We define the set Q := {R.B |
A C JR.B € T} and call its members (existential) heads.
Importantly, as our correctness proof will establish, it is suf-
ficient to consider extensions of Z* which are obtained by
adding tree-shaped structures of new elements, plus some
edges between the new elements and A" (we may need to
use elements from AZ" as witnesses for existential heads to
avoid new query matches). This property enables us to build
such an extension by piecing together local interpretations
corresponding to the addition of a single edge, using two
distinguished symbols @ and ® as placeholders for fresh el-
ements. We shall call these building blocks patterns, as they
are inspired by a notion of the same name introduced for CQ
answering with existential rules (Thomazo et al. 2012).

Patterns not only consist of a local interpretation, but
also other information needed to ensure that assembled pat-
terns do not violate any TBox axioms or introduce any new
matches. In particular, we shall keep track of (partial) query
matches involving the local elements using the notion of a
coherent specification. Intuitively, such a specification tells
us which matches should be realized in the constructed ex-
tension, and naturally contains at least the matches of sub-
queries of ¢ already realized in the local interpretation.

Definition 1. Let T be an interpretation.
s The specification 9’ induced by T is the set of pairs
(r,m) such thatr C qand 7 : v — T is a (full) match.

* A coherent specification 9 over Z is a set of pairs (r,7)
where r C g and 7 is a partial mapping from terms(r) to
AT such that M contains ML and if (r1, 1), (re, m2) €

Mt with w1 and T4 defined and equal on var(ry) Nvar(rz),

then (11 Urg, m Umy) € M.

To check the compatibility of different specifications, we
will need to be able to restrict them to a subdomain:
Definition 2. The restriction of a specification 9t over an
interpretation T to a domain A C AT, denoted M|a, is the
set of pairs (r, ') such that 7' is the restriction of some T to
7 Y(A) for some (r,m) € M.

Remark 1. Induced specifications and restrictions of coher-
ent specifications are both coherent specifications.

Patterns will contain a further kind of information called
a prediction, defined next. The purpose will be explained in
more detail once we introduce links between patterns, but
roughly it serves to coordinate the successor patterns of a
pattern to avoid violating negative role inclusions.
Definition 3. A prediction is a function next : Q —
AT U Q verifying that: for all R1.B1,R2.By € Q, if
T ERi MRy C L, then next(R1.B1) # next(Ra.Ba).

We now formally define the central notion of pattern, rel-
ative to Z* and a candidate specification 91" over Z*.
Definition 4. A pattern P (w.r.t. Z* and 9N*) is a tuple
(5¢F, gen®, 37 NP nextp) where:

* The frontier and generated domains ftP and gen® are dis-
joints sets of elements from AT" U {©®, ®},
» 3% is a T-saturated and T -satisfiable interpretation with
P *

AT = AT U U gen® and such that jffAI* =T%;

o IMF is a coherent specification of q over ¥ that preserves

¥, that is (?JJTP)mz* = M*;

* nextp is a prediction.

We shall be interested in two types of patterns. The
(unique) initial pattern P* := (0, AT", T* 9*,Id) simply
represents Z* and 91*. All other patterns of interest repre-
sent additions of a pair of adjacent elements, and ftp and
gen® will be singletons (representing these two elements).
Example 3. In our running example, A% := {a,b,~}
(2 maps to only these elements). The initial pattern P
has frontier (), generated terms A%, interpretation T} :=
(Ze)|ax depicted in Figure 3a, and specification M =
(9M<)|a:. Non-initial patterns will be illustrated later.
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Figure 3: Interpretations of patterns from Example 4.

We now define how to combine patterns together, and
first, when it is necessary to combine them.

Definition 5. We say that R.B € § is applicable to e in a
pattern P if e € gen® and there exists A T IR.B € T with

ec A% bute ¢ (3R.B)7.

When a head is applicable to a pattern, we need to find
another pattern that can realize the head. This is formalized
by the following notion of link between patterns, which re-
quires that the two patterns are compatible (Conditions 1, 2,
3), the second pattern realizes the head (Condition 4), and
certain consistency conditions hold (Conditions 5, 6).

Definition 6. Let R.B be an applicable head on ey in a
pattern Py. There is a (R.B, ey)-link from Py to Py if:

1. §t%2 = {e,} and gen® is a singleton, say {es};

2. For all concept name A, we have e; € AT iffer € AT ;
P _ P .

3. smliz*u{h} = smlgz*u{h},

4. e5 € B and for all P € Ng: P77 = PT" U {(e1, e2) |

T':REP}U{(€2,€1)|T':R_ EP}
5. Ifeveres € AT" N1, then 3P U 32 is T-satisfiable.
6. If ez € AT, then e5 = nextp, (R.B).

We denote ]L%;l'il the set of patterns Py such that there is a
(R.B, e1)-link from Py to P,.

Remark 2. Predictions are used in Condition 6 to avoid
problematic situations where two successor patterns merge
back to the same element of AT . Specifically, if we have
a Ry.By-link from Py to Py and a Ry .Bs-link from Py to
Py, with T ': RiMRy C 1, then nextp, (RlBl) 7&
nextp, (Ra.Ba), preventing Py and Ps from using the same
element of AT as generated term (which would violate T).
Condition 5 is similar in spirit, handling the case of the pat-
tern Py using the frontier element of Py as a generated term.

Example 4. We consider patterns PS, ..., P whose inter-
pretations are depicted in Figure 3. Frontier terms are indi-
cated by square-purple and generated terms by circle-green.
Predictions are |d except for nextpe, which maps R.C to 7.
Specifications IMM; are given by: My = MEU{(ar, (y, z) —
(37 ©))7 (OéR, zZ = ©)a (aRa Yy = ©)}r My = mz U
{(Qe7 (yv Z) — (®a 7))7 (aRa (y7 Z) — (®7 7))5 (O‘R7 zZ =
®)} My = My UMs U{(ar, (y,2) = (@,®))}; My =
My \ {(ar,z = @)} My = M5 U {(ar, (y,2) —
(2,@)), (ar, (y,2) = (®,@)), (ar,y — @)}, where ar

denotes R(y, z). Observe that M; may include (partial)
matches which are not present in P{’s interpretation but are
useful for linking patterns, e.g. (qe, (y,2) — (®,7)) in My
enables a (R.C, ®)-link from P§ to P¢ (see Example 5).

We now characterize patterns that cannot be used to sat-
isfy a head without introducing a new c-match.

Definition 7. A pattern P is rejecting if one of the two fol-
lowing conditions holds:

o There exists (q,7) € ME with w(z) N {©,®} # 0;
* There exists an existential head R.B that applies on e in

P such that all patterns P’ € L;‘f are rejecting.

A pattern is accepting if it is not rejecting.

The acceptance of the initial pattern P* is a sufficient con-
dition ensuring Z* extends to a model having no more c-
matches than encoded in 9%, i.e. the pairs (¢,m) € I*
such that 7 is defined for all counting variables.

Lemma 2. [fP* := (0, A*, 7%, 9%* Id) is accepting, then
there exists a model I such that T* C I and if 7 : ¢ —
T is a c-match, then (q,7) € M*. In particular, T® has at
most as many c-matches as those encoded in ™.

Furthermore, the minimum amount of c-matches is
reached among initial patterns due to the following result:

Lemma 3. If Z is a model of IC with m c-matches, then
there exists an accepting initial pattern whose specification
encodes exactly m c-matches.

Before proving Lemmas 2 and 3, let us recap the overall
double-exponential procedure underlying Theorem 1:

Proof of Theorem 1. We consider all possible initial pat-
terns P* with an interpretation domain A* such that
Ind(A) € A* and |A*| < M]q| (recall Lemma 1). Every
such P* is of single-exponential size w.r.t. combined com-
plexity (observe that its specification 991" corresponds to a
subset of 29 x (A* U {1})9, where 1 is a fresh symbol wit-
nessing the use of partial mappings), and thus are double-
exponential in number (up to isomorphism) and can be enu-
merated in double-exponential time. For each such P*, we
construct in double-exponential time the set of all possible
descendant patterns of P* (which are of single-exponential
size, having at most |A*| 4+ 2 elements). We then check
whether each possible pattern (P* or candidate descendant)
is in fact a well-defined pattern, in particular, its interpreta-
tion is 7 -satisfiable and 7 -saturated. These verifications can



be done in double-exponential time, recalling that KB satis-
fiability and instance checking are in EXP for ELHZ | (even
the variant with negative role inclusions, see e.g. (Bienvenu
et al. 2014)). Acceptance of P* is tested (again in determin-
istic exponential time) by repeatedly iterating over the set of
patterns and removing those that are rejecting either due to
their specification, or due to the removal of all patterns that
could provide a link for an applicable head. If P* is found to
be accepting and 9* encodes m c-matches, then Lemma 2
ensures the existence of a model with at most m c-matches.
Conversely, Lemma 3 ensures that we can find the smallest
such m among the accepting initial patterns. O

3.2 Proofs of Lemmas 2 and 3
‘We now prove the central lemmas of the correctness proof.

From Accepting Patterns to Models To prove Lemma 2,
let us suppose we are given an initial pattern P* :=
(@, A*,Z* 9n*, 1d) that is accepting. Our aim is to construct
amodel Z% that extends Z* and is such that (¢, 7) € 99t* for
every c-match 7 : ¢ — €.

We proceed as follows. For each accepting descendant
pattern P (w.r.t. Z* and 91*) and each head R.B applicable
to e in IP, we choose an accepting pattern chEPPfy'eB from ]LH,I?”"E.
Then, starting from P*, we build a tree-shaped set of words,
whose letters consist of an accepting pattern and existential
head, and which witnesses the acceptance of P*.

Definition 8. The pattern tree P is defined as the smallest
set of words such that:

« (P*.0) e P;
o Ifw- (P,h) € P and R.B is applicable to e in P, then
w- (P,h) - (chi’? , R.B) € P.

It remains to ‘glue’ together the interpretations 3% accord-
ing to the structure of P. Since a pattern P may occur more
than once, we create a copy of J% for each node in P of
the form w - (P, ). We do not duplicate however elements
from Z* as they precisely are those we want to reuse. Hence
only the frontier term and the generated term may be dupli-
cated (provided they do not belong to A*). When a node
w - (Py, hy) - (P2, he) is encountered, we merge the frontier
term of P, with the already-introduced copy of the gener-
ated element from P; on which hy is applied (which is the
only element in ftP 2). Therefore, when considering such a
node w - (Py, hy) - (Pa, ha), the only element we might have
to introduce is a copy of the generated term e of Py (unless
e € A*), which we shall simply name w - (P, hy) - (P2, ha).
Formally, the copying and merging of elements is achieved
by the following family of duplicating functions, defined in-
ductively for each w - (P, h) € P.

Aoy A = AT U {w,w - (P, h)}
e ife e AT
e w ife € i \ AT
w- (P,h) ifec gen® \ AT

Note that if e € ft*2 \ AZ", then e € gen” \ AT", hence

Aw-(P1,hn)-(Pa,ha) (€) = Aoy hy) (€) = w - (P1, ).

The desired model Z< can then be defined as follows:

I<> = U /\w.([mh)(jp).
w-(P,h)EP

Example 5. The patterns introduced in Example 4 are suffi-
cient to witness that P}, is accepting. The initial part of P is
depicted in Figure 2b. The resulting TS is depicted in Fig-
ure 2c. Notice how it inherits the tree-shaped structure of
‘Pe up to roles collapsing back in L.

By definition, each A,,.(p ») is @ homomorphism from i
to Z<. Due to Condition 2, the shared element of linked pat-

terns must belong to the same concepts, so concept member-
ship in Z< transfers back to J*:

Lemma 4. Forallw - (P,h) € P, foralle € AY and for
all A € N¢, if Aoy (€) € AZ°, then e € A7

An analogous property fails however for roles, as two pat-
terns P; = chgfe and P, = chéﬁfe may reuse the same ele-

ment from A*, that is, gen™ = gen®> € A*. In that case,

satisfied roles in Z‘QA where A = Ay, (p 1) (Py 1) (3%1) may

not be satisfied in J¥'. Conditions 5 and 6 allow us to show
the following weaker property, sufficient for our purposes:

Lemma 5. For all w- (P,h) € P, d,e € AT and P €
NR: i (Aw.p,0)(d), M-(p,m) (€)) € PZ° then 3° remains
T -satisfiable if we add (d, e) to P7" .

A similar lemma (given in the appendix) allows us to lift
query matches from Z< to patterns, yielding the following:

Proposition 1. Z¢ is a model of K whose c-matches are
included in those encoded in 90*.

From a Model to an Accepting Initial Pattern We now
turn to the proof of Lemma 3. We fix a model Z of K, and
our task is to construct an accepting initial pattern having the
same number of c-matches as 7.

Let A* be the subset of AZ consisting of all individuals
in A and all elements e such that e = m(z) for some 7 :
q — Z and counting variable 2. Set Z* := Zjo« and 9" :=

(m?) |a~- Notice in particular that the number of c-matches
for g encoded in 91* is exactly the number of c-matches for ¢
in Z. We claim that P* := (), A*, Z* 90t*, Id) is accepting.
To prove this, we shall build a set of patterns, whose every
pattern P is not trivially rejecting, i.e. P does not satisfy the
base-case condition of a rejecting pattern, and which is real-
ized in T, meaning that J¥ homomorphically embeds into Z.
Observe that the initial pattern P* satisfies both conditions.
To pursue the construction, given any pattern PP satisfying
the two conditions and a head h applicable to P, we show
how to extract from Z another (Q which satisfies the condi-
tions and which makes h hold for P. Since the number of
patterns is finite, every sequence of patterns constructed in
such a manner either leads to a trivially accepting pattern
(i.e. one with no applicable heads) or loops back to an al-
ready explored pattern satisfying the conditions. It follows
that all patterns in the set are accepting (in particular, P*).
To formalize the construction, we shall introduce a func-
tion 7 associating to each pattern P a homomorphism 3% —



Z. Furthermore, we shall assume that, for every R.A € €,
we have chosen a function succk , that maps every element
e € (GR.A)? to an element ¢’ € AZ such that (e, e’) € RZ
and ¢’ € AT. The construction begins with P*, for which
we set 7(P*) := Idz-_,z. Next we take some already con-
structed pattern Py with its associated function 7(P; ), and
consider a head R.B that is applicable to e; in IP;. Since R.B
applies to e, there must exist A € N¢ such that e € A7
and 7 = A C JR.B. Set e} := 7(P1)(e1). Since
7(P) is a homomorphism and Z is a model of 7, we obtain
e} € (3R.B)T and can set €} := succk (e}). If e}y, € A,
then we set ep := e, otherwise we set es to either © or ®
such that e; # es.

We can now define the new pattern P,. Its frontier is e;
and its generated term is eq. Its interpretation is given by:

co CT" U{er | €, € CT, k =1,2}
P?? = PT U{(e1,e2) | T =RC P}
U{(ez,e1) | T ER™ EP}

Its specification is (97)|a+uger eq} in Which €] (resp. e5)
has been replaced by e; (resp. es). Its prediction maps a
head h to the value of succt (e}) if it is defined, else to h.
Finally, we let 7(IP2) be the function that maps elements of
A* to themselves, e to €] and e to €}. Recalling that 7 is
a model, of K it is then straightforward to verify that Ps is a
well-defined not-trivially-rejecting pattern, satisfying Py €

Lg% . and such that 7(PP) is indeed a homomorphism.

Example 6. In the model 1., depicted in Figure 2a, we
can set succ%{ A,(2) := d (other choices of successors are
unique), and then apply the preceding construction to ob-
tain the accepting patterns from Example 4.

3.3 Obtaining Bounded-Size Optimal Models

To obtain optimal models of bounded size, we start from
the pattern tree P and model Z¢ we constructed from an
accepting initial pattern. It remains to merge elements of
Z° to obtain a model of the required size. To identify similar
elements, we consider their neighbourhoods.

Definition 9. Consider an interpretation I and an element
c € AT, Its n-neighbourhood N'Z-2 (c) w.rt. a subdomain
A C A7 is defined inductively as:

NT2 () = {c}
NZR Q= A7 U {e | RONE () e |

IR € N, (d,e) € R?

Observe that we stop adding successors when we reach A.
To characterize neighbourhoods in Z¢ (w.r.t. domain A*),
we focus on the tree-like structure inherited from P. Recall
that we kept a single pattern for each head R.B applicable to
an element e of a pattern P, namely ch%’eB. We can thus con-
sider the bijection o mapping (P*,0) - (P, h1) - -+ (Pp, fun)
(withn > 1) to ahq . .. h,,, where a is such that ftPl ={a};
we extend o to A* by letting o(e) = e for e € A*. In-
spired by the notion of interleaving used in the DL-Lite set-
ting (Kostylev and Reutter 2015), we define the interlacing
T’ := o(Z°), obtained by renaming elements of Z< using o.

Denote by A° := A* U o (P \P*) the forest-shaped domain
that is to Z’ what P is to Z¢. We define an associated map-
ping f’ : A° — I’ by setting f’ := 0 o f o 0~ ! where f
maps each element of A* to itself and each w - (P, h) € P
t0 Ay (p,1) (€) where gen” = {e}.

The definition of Z’ ensures that every ¢ € AL\ A* be-
longs to o(P \ P*) and thus ¢ = aw for some a € A* and
word w € Q*. The tree-shaped structure of A° ensures that
for all n, there exists a unique prefix r, . of aw such that (i)
[ (rn.e) € NEA7(¢) and (ii) for any d € NF2" (), there
exists a unique word w¢ , such that d = f’ (7 c - wi .).

This leads us to characterize the n-neighbourhood of an
element ¢ € 7’ via the following function Xn,c, Whose do-
main 2, is the set of words over 2 with length < 2n. Notice
that, departing from (Kostylev and Reutter 2015), we keep
track of sets of satisfied concepts, in order to handle con-
junctions of concepts in the left-hand sides of axioms.

Xn,c: Qp = AU 25e(T) U {0}
1) if f’(ry,cw) undefined
w i { f(rn,cw) if f'(rp,cw) € A*
{A €sig(T) | f'(rncw) € AT} otherwise

We can now introduce the equivalence relation we use to
merge elements:

Definition 10. The equivalence relation ~,, on AT s de-
fined as follows: an element e € A* is ~,-equivalent only
to itself: elements c1, cs from AT \ A* are ~,,-equivalent iff
wfml,cl = wfl%cy Xn,e1 = Xn,cq» @0d |Cl| = |02| mod 2‘(]|+3-

We obtain a finite model of the required size by merging
elements with respect to ~/g41.

Theorem 2. The interpretation J := I’/N\qH-l is a model

of K that has at most as many c-matches for q as T®. Its
size is polynomial w.r.t. data complexity, double-exponential
w.r.t. combined complexity, and single-exponential if the size
of the CCQ q is fixed.

Proof sketch. The key to proving that the amount of c-
matches does not increase through the quotient operation is
to exhibit suitable local homomorphisms. Indeed, a match
of ¢ in J maps each connected component C' of ¢ into a

|¢|-neighbourhood /\G‘Z"P(E), where ¢ denotes the equiv-

alence class of ¢ w.r.t. ~4 41 and A* stands for the set
{e | e € A*}. By exhibiting a homomorphism p. :
/\fl‘qj“'A* () — /\/@I’A* (c) such that p, L(A*) C A*, we can
find a match of C in Z’. Such matches for ¢’s connected
components together form a match of the full ¢ in Z’. It is
mostly straightforward to show that 7 is a model, except for
negative role inclusions, where the homomorphisms p. are
needed to move violations of Ry MRy E L in J back into
Z'. The claimed upper bounds are obtained by analyzing
the size of 7 (i.e. counting the equivalence classes in A7),
keeping in mind that due to Lemma 1, we may assume that
|A*] < [Ind(A)| + |g| (|Ind(A)| + 3 |T | 217T)lal. O

From Theorem 2, it follows that there exists a model min-
imizing the amount of c-matches with polynomial size w.r.t.




data complexity. One can therefore non-deterministically
guess this interpretation before verifying it is indeed a model
and comparing its amount of c-matches with the input in-
teger. The two latter steps can be done in (deterministic)
polynomial time w.r.t. data complexity, yielding an upper
bound in data complexity for CCQ answering, matching the
corresponding results in the DL-Lite setting (Kostylev and
Reutter 2015; Bienvenu, Maniere, and Thomazo 2020).

Theorem 3. CCQ answering in ELHL | is in coNP w.rt.
data complexity.

3.4 Matching Lower Bounds
We now provide 2EXP lower bounds for ££ and DL-Lite;”‘

which together with Theorem 1, establish the 2EXP-
completeness of CCQ answering for ELHZ and every
sublogic that extends £L or DL-Lite?fos. The proofs are by
reduction from the problem of answering Boolean union of
conjunctive queries (BUCQs) over KBs with closed predi-

cates, proven 2EXP-hard in (Ngo, Ortiz, and Simkus 2016).

Theorem 4. CCQ answering in EL is 2EXP-hard w.r.t. com-
bined complexity.

Proof sketch. Consider an £E£ KB K = (T, A,%) with
closed predicates and a BUCQ g = \/L:1 qx- Examining the

2EXP-hardness proof from (Ngo, Ortiz, and Simkus 2016),
we may assume that 3 consists only of concept names and
each ¢ is connected and has only variables as terms.

Pick a fresh individual aux not used in .4, and let A’ be ob-
tained from .4 by adding A (aux) for every concept name A
in K and P(aux, aux) for every role name P in K. Consider
the KB K’ = (7, .A’) and the CCQ ¢’ built as the conjunc-
tion of (i) all of the CQs ¢ in ¢ (with all variables treated
as counting variables), (ii) the query ga = Jza A(za) for
each A € ¥, and (iii) the queries ¢y = 327 P (23, aux) and
qp = Jzp P(aux, zp ) for each role name P from K. For
each A € X, let na be the number of individuals a such that
A(a) € A,and set N := [[ 55 (na + 1). To complete the
proof, one can show that N + 1 is a certain answer to ¢’ over
K iff K entails g. O

Theorem 5. CCQ answering in DL—LiteZ)'é is 2EXP-hard

w.r.t. combined complexity.

S

Proof. As the 2EXP-hardness proof for DL-Lite’ . from

core
(Ngo, Ortiz, and Simkus 2016) does not involve negative
inclusions, we can employ the same approach as for €L (the
added aux assertions cannot lead to inconsistency). 0

We thus close the open question of the combined com-
plexity of CCQ answering in DL—LiteZ’ére. Note that our
lower bound applies even to the subclass of CCQs whose
every variable is a counting variable, as considered in
(Kostylev and Reutter 2015; Calvanese et al. 2020a).

The preceding lower bound does not apply to DL-Liteys,
for which coNEXP membership has been shown (Kostylev
and Reutter 2015; Bienvenu, Maniere, and Thomazo 2020).
We pinpoint the exact complexity by giving a matching
lower bound, via a reduction from the exponential grid tiling

problem. Here again the lower bound holds even when re-
stricted to CCQs with only counting variables.

Theorem 6. CCQ answering in DL-Liteyos is cONEXP-hard
w.r.t. combined complexity.

4 Cardinality Queries

In this section, we focus on the restricted class of cardinality
queries, which allow one to count the number of elements
belonging to a given concept or role name.

To reduce the number of cases to be studied, we first no-
tice that role cardinality queries are always harder than con-
cept cardinality queries for the logics we consider.

Theorem 7. Let L be a sublogic of ELHL | that can express
A C 3P.T (A € N¢, P € NR). Then concept cardinality
query answering over L KBs can be polynomially reduced
to role cardinality query answering over L KBs.

Proof. Take a concept cardinality query ga = 32A(z) and a
KB K = (T,.A). We pick a fresh role name P ¢ sig(K), and
consider the role cardinality query gp = 321, 22 P(z1, 22)
and modified TBox 7' := T U{A C 3P.T}.

Any model Z of K can be extended to a model Z’ of
K’ = (T, A) by setting PZ" := {(e,e) | e € AT}. Indeed,
this ensures satisfaction of the additional axiom A T 3P.T.
Moreover, as no new domain elements were introduced, ax-
ioms T C B from 7 remain satisfied, and all other axioms
are not affected since P ¢ sig(T).

Notice that g has exactly as many matches in Z as gp has
in Z', hence an interval [m, 4+00] is a certain answer to ga
over K iff it is a certain answer to gp over K'. [

4.1 Results for £L and its Extensions

The next two results, together with Theorem 7, establish
that cardinality query answering is coNEXP-complete w.r.t.
combined complexity in ELHT, and ELL .

Theorem 8. Role cardinality query answering in ELHI |
is in coNEXP w.r.t. combined complexity.

Proof. Theorem 2 proves that the minimal number of
matches is reached with a model of exponential size. O

Theorem 9. Concept cardinality query answering in ELT |
is coONEXP-hard w.r.t. combined complexity.

Proof sketch. The proof proceeds by reduction from the
complement of the Succinct-3COL problem, known to be
NEXP-complete (Papadimitriou and Yannakakis 1986). [

The coNEXP lower bound relies on KBs that only ad-
mit exponentially large models. For logics admitting
polynomial-sized models, the complexity slightly decreases.

Theorem 10. Let L be a sublogic of ELHI, for which ev-
ery satisfiable KB admits a polynomial-sized model. Then
role cardinality query answering over L KBs is in EXP.

Proof sketch. The key observation is that, for logics with
polysize models and single-atom queries, the optimal num-
ber of matches is bounded polynomially in the size of the
KB. We can thus iterate over all polynomial-sized ABoxes



that could represent the restriction of an optimal model to
the ABox and elements in matches. We test whether such
an ABox extends to a model without new matches by per-
forming a satisfiability check, taking the query role as closed
predicate. This gives a deterministic single-exponential time
procedure, since satisfiability of ELHZ, KBs with closed
predicates is in EXP (Ngo, Ortiz, and Simkus 2016). O

Corollary 1. Role cardinality query answering in ELH | is
in EXP w.r.t. combined complexity.

Proof sketch. We observe that a variant of the compact
canonical model used in the combined approach (Lutz,
Toman, and Wolter 2009), provides a model also for ELH |
KBs with negative role inclusions. 0

Corollary 2. Role cardinality query answering in ELHTL is
in EXP w.r.t. combined complexity.

Proof. Existence of polynomial-sized models is trivial due
to the absence of negative inclusions. For example, extend-
ing A with every possible fact constructed from Ind(.4) and
sig(K) yields a model of K = (T, A). O

We conclude this subsection by providing matching lower
bounds for concept cardinality queries in £L.

Theorem 11. Concept cardinality query answering in EL is
EXP-hard w.r.t. combined complexity.

Proof sketch. The proof is by reduction from the problem of
deciding if an ££ KB with closed predicates is satisfiable,
proven EXP-hard in (Ngo, Ortiz, and Simkus 2016). O

Theorem 12. Concept cardinality query answering in EL is
coNP-hard w.r.t. data complexity.

Proof sketch. We reduce the complement of the graph 3-
colorability problem to answering the cardinality query
3z B(z) w.rt. the TBox 7 containing A T 3R.B and
JR.Cx M 3IE.(3R.Cy) C Bfor k € {1,2,3}. O

4.2 Results for DL-Lite

The data complexity picture being already known from the
literature (Bienvenu, Maniere, and Thomazo 2021), we fo-
cus on combined complexity.

We start by establishing tractabililty for DL-Lite(™) KBs.

pos

Theorem 13. Concept cardinality query answering in
DL-Liteyos is NL-hard w.r.t. combined complexity.

Proof sketch. We proceed by reduction from the
st-connectivity problem, known to be NL-complete
(Immerman 1999). O

Theorem 14. Concept cardinality query answering in
DL-Lite;rf)s is in NL w.r.t. combined complexity.

Proof. Let gqc = 3z C(z) be a concept cardinality query.
Starting from the canonical model Cx of a KB K = (T, .A),
the minimal number of matches can easily be computed.

o If there exists an individual a € Ind(A) such that £
C(a), then we can collapse all anonymous elements onto
one such individual (the choice doesn’t matter), obtaining
a model in which matches are exactly such individuals a,
which is clearly minimal (recall we make the UNA). We
can check whether IC |= C(a) in NL (Artale et al. 2009)

¢ Otherwise, if there exists an anonymous match in Cy,
then we collapse all anonymous elements onto a chosen
ABox individual, obtaining a model with a single match
for qc, which is clearly optimal. Existence of an anony-
mous match can be checked in NL (Artale et al. 2009).

¢ Otherwise, there are no matches in Cx, hence 0 is the min-
imal number of matches.

Notice that we do not need to actually compute the model
corresponding to the optimal number of matches, and we
only need to compare that number to the input integer. [

Theorem 15. Role cardinality query answering in
DL-Litepos is in NL w.r.t. combined complexity.

Proof sketch. The proof relies on the same principle as The-
orem 14, with a more sophisticated case analysis. O

Note that the preceding theorem concerns DL-Liteyos

rather than DL-Lite;‘és, as role cardinality query answering

in DL-Lite’_ is coNP-hard even w.r.t. data complexity.
The introduction of disjointness axioms also leads to in-
tractability, even for concept cardinality queries.

Theorem 16. Concept cardinality query answering in
DL-Litecoe is coNP-hard w.r.t. combined complexity.

Proof. LetG = (V, £) be an undirected graph, and consider

To=J{Acav,av-cciu |J {3vyc-3avy)
veY {vi,v2}€E

It is easily verified that G € 3COL iff [4, +-00] ¢ ¢*¢ for the
KB Kg := (Tg,{A(a)}) and query ¢ = 3z C(2). O

Theorem 17. Role cardinality query answering in
DL-Lite’} _ is in coNP w.r.t. combined complexity.

Proof sketch. One guesses a small counterexample to
[m, +oc] being a certain answer, relying on the existence
of small models, atomicity of the query, and Theorem 3 of
(Ngo, Ortiz, and Simkus 2016). O

5 Outlook

In this paper, we have extended the study of CCQ answer-
ing to Horn DLs outside the DL-Lite family, establishing a
complete picture of the combined and data complexity of
the problems of answering CCQs and cardinality queries in
ELHT, and its various sublogics. Interestingly, the new
techniques we devised also allowed us to close some open
questions concerning the combined complexity of CCQ an-
swering in DL-Lite. Going forward, the main challenge is
to develop practical algorithms. A first direction is to look
for restrictions on the query or ontology that ensure polyno-
mial data complexity for logics of the ££ family. Second, it



would be desirable, for £L but also for DL-Lite, to develop
more refined coNP procedures that are amenable to imple-
mentation using SAT solvers. We believe that our improved
understanding of the structure of optimal models will prove
helpful for both of these research directions.

Acknowledgments

Partially supported by ANR project CQFD (ANR-18-CE23-
0003).

References

Artale, A.; Calvanese, D.; Kontchakov, R.; and Za-
kharyaschev, M. 2009. The DL-Lite family and relations.
Journal of Artificial Intelligence Research (JAIR) 36:1-69.

Baader, F.; Brandt, S.; and Lutz, C. 2005. Pushing the
EL envelope. In Proceedings of the 19th international joint
conference on Artificial intelligence (IJCAI), 364-369.

Bienvenu, M., and Ortiz, M. 2015. Ontology-mediated
query answering with data-tractable description logics. In
Tutorial Lectures of the 11th Reasoning Web International
Summer School (RW), 218-307.

Bienvenu, M.; Calvanese, D.; Ortiz, M.; and Simkus, M.
2014. Nested regular path queries in description logics. In
Proceedings of the 14th International Conference on Prin-
ciples of Knowledge Representation and Reasoning (KR),
218-227.

Bienvenu, M.; Mani¢re, Q.; and Thomazo, M. 2020. An-
swering counting queries over DL-Lite ontologies. In Pro-
ceedings of the 29th International Joint Conference on Arti-
ficial Intelligence (IJCAI), 1608-1614.

Bienvenu, M.; Maniére, Q.; and Thomazo, M. 2021. Car-
dinality queries over DL-Lite ontologies. In Proceedings of
the 30th International Joint Conference on Artificial Intelli-
gence (IJCAI), 1801-1807.

Calvanese, D.; Giacomo, G. D.; Lembo, D.; Lenzerini, M.;
and Rosati, R. 2007. Tractable reasoning and efficient query
answering in description logics: The DL-Lite family. Jour-
nal of Automated Reasoning (JAR) 39(3):385-429.

Calvanese, D.; Kharlamov, E.; Nutt, W.; and Thorne, C.
2008. Aggregate queries over ontologies. In Proceedings
of the 2nd International Workshop on Ontologies and Infor-
mation Systems for the Semantic Web (ONISW), 97-104.

Calvanese, D.; Corman, J.; Lanti, D.; and Razniewski, S.
2020a. Counting query answers over a DL-Lite knowledge
base. In Proceedings of the 29th International Joint Confer-
ence on Artificial Intelligence (IJCAI), 1658—1666.

Calvanese, D.; Corman, J.; Lanti, D.; and Razniewski, S.
2020b. Rewriting count queries over DL-Lite TBoxes with
number restrictions. In Proceedings of the 33rd Interna-
tional Workshop on Description Logics (DL).

Eiter, T.; Lutz, C.; Ortiz, M.; and Simkus, M. 2009. Query
answering in description logics: the knots approach. In Pro-
ceedings of the 16th International Workshop on Logic, Lan-
guage, Information and Computation (WoLLIC), 26-36.
Feier, C.; Lutz, C.; and Przybylko, M. 2021. Answer count-
ing under guarded TGDs. In Proceedings of the 24th Inter-
national Conference on Database Theory (ICDT).
Immerman, N. 1999. Descriptive complexity.

Kostylev, E. V., and Reutter, J. L. 2015. Complexity of
answering counting aggregate queries over DL-Lite. Journal
of Web Semantics (JWS) 94-111.



Lutz, C.; Toman, D.; and Wolter, F. 2009. Conjunctive
query answering in the description logic ££ using a rela-
tional database system. In Proceedings of the 21st Inter-
national Joint Conference on Artificial Intelligence (IJCAI),
2070-2075.

Ngo, N.; Ortiz, M.; and gimkus, M. 2016. Closed pred-
icates in description logics: results on combined complex-
ity. In Proceedings of the 15th International Conference

on Principles of Knowledge Representation and Reasoning
(KR), 237-246.

Nikolaou, C.; Kostylev, E. V.; Konstantinidis, G.; Kaminski,
M.; Grau, B. C.; and Horrocks, I. 2019. Foundations of
ontology-based data access under bag semantics. Journal of
Artificial Intelligence (AlJ) 91 — 132.

Papadimitriou, C. H., and Yannakakis, M. 1986. A note on
succinct representations of graphs. Information and Control
71(3):181-185.

Poggi, A.; Lembo, D.; Calvanese, D.; De Giacomo, G.;
Lenzerini, M.; and Rosati, R. 2008. Linking data to on-
tologies. Journal of Data Semantics (JoDS) 10:133-173.

Rudolph, S.; Krotzsch, M.; and Hitzler, P. 2012.
Type-elimination-based reasoning for the description logic
SHIQb, using decision diagrams and disjunctive datalog.
Logical Methods in Computer Science (LMCS) 8(1).
Thomazo, M.; Baget, J.; Mugnier, M.; and Rudolph, S.
2012. A generic querying algorithm for greedy sets of ex-
istential rules. In Proceedings of the 13th International
Conference on Principles of Knowledge Representation and
Reasoning (KR).

Xiao, G.; Calvanese, D.; Kontchakov, R.; Lembo, D.; Poggi,
A.; Rosati, R.; and Zakharyaschev, M. 2018. Ontology-
based data access: a survey. In Proceedings of the 27th Inter-
national Joint Conference on Artificial Intelligence (IJCAI),
5511-5519.



A Proofs for Section 3 (General Case of CCQs)
A.1 Proofs for Section 3.1 (Decision Procedure)
The notion of canonical model of a KB will be used several times in the proofs, so we start by recalling its definition.

Canonical model. It is well known that every satisfiable ELHZ, KB admits a canonical (or universal) model that embeds
homomorphically into each of its models. We recall how such a model Cx can be constructed (see e.g. (Bienvenu and Ortiz
2015)). The domain AC~ consists of all sequences aR1.M; ... R,.M, (n > 0) such that a € Ind(A), each R; belongs to NE,
each M; is a conjunction of concepts from N¢ U { T} (treated as a set when convenient), and the following conditions hold:

e Ifn>1,then 7 = My C 3R;.M; where My = {A € NcU{T} | K | A(a)} and M; is maximal, as a set of concept
names, for this property.

e Forevery 1 <i<n,7 M, C JRi11.M;;1 and M;, is maximal, as a set of concept names, for this property.
Individual names are interpreted as themselves (a®~ = a), and concept and role names are interpreted as follows:
ACx {a]| KEA@)} U {e- RM|A €M}
P = {(a,b) | K EP(a,b)}U {(e,e-Po.M) | T EPo TP} U {(e-Po.M,e) | T =Py C P~}

Lemma 1. There exists a model of K with less than M := (|[Ind(A)| + 3|T|2/7Hl9l c-matches for q.

Proof. Consider the canonical model Cx: of K. For each element of ACx | we define its size: the size |a] of an individual a is 1,
the size |w - R.M| of a non-individual element w - R.M is |w| + 1. We now equip A®* with the following equivalence relation
~: each individual is only equivalent to itself, while two non-individual elements w; - R;.M; and ws - Ro.Mjy are equivalent
iff R1.M; = R2. M3 and |wy| = |w2| mod 3. Let @ denote the equivalence class of the element v w.r.t ~ and v : d — d the
canonical projection.

We claim that the interpretation M := Ci / ~ with domain A°% / ~ and interpretation of atomic concepts and roles given
by -M := v0-C% is a model. Notice it has the desired amount of elements as each equivalence class is: either a single individual,
or fully characterized by an integer modulo 3, a role from sig(7") and a set of concepts from sig(7).

We consider each of the possible kinds of assertions and axioms occurring in :

A(a). Since Cx is a model, we have a € A<, Therefore, the definition of AM givesa = a € AM.
P(a,b). Since Cx is a model, we have (a, b) € PC<. Therefore, the definition of PM gives (3,b) = (a,b) € PM.
A C 1. Since Cx is a model, we have A< = (). Therefore, the definition of AM gives AM =0,
TCA. Letu € TM = AM_ By definition of AM, there exists ug € AC~ such that 1y = u. Since ug € TC% and Cx is a
model, we have uy € AC<. Therefore the definition of AM gives u = 1y € AM.

A MA; C A Letu € (A; M Ap)M. By definition of A{' and A2, there exist u; € Af’c and up € Ag’C with u; = uy = u. Since
u1 = ugz, elements u; and us satisfy the same concepts: either because they both are the same individual, or because
they end with the same R.M, which fully determines the concepts they satisfy. In particular u; € (A; M Ay)°<. Since
Cx is a model, we have u; € AC~, yielding by definition of A™ that u = u; € AM.,

A; C3JR.A,. Letu € Af’l. By definition of A;™M there exists ug € A% with ug = u. Since Cx is a model, it ensures there exists
vy € A% with (ug,v9) € RE%. By definition of A;™ and RM, the element v := 0 satisfies both v € A,™ and
(u,v) € RM, thatis u € (GR.Ax)M.

JR.A; C A,. Let u € (3R.A;)M, that is there exists v € AM with (u,v) € RM. By definition of A} and RM, there exist
(ug,vp) € R and v, € Af’c such that ug = v and U9 = v; = v. Again, since vy = 07 both vy and v; satisfy the same
concepts, that is in particular ug € (3R.A;)°<. Since Cx is a model, it ensures uy € Ag’c, yielding by definition of A2
that u = ug € AL

P C R. Let (u,v) € PM. By definition of PM, there exists (ug, vy) € PC< such that 4y = u and 0y = v. Since Cx is a model,
it ensures (ug,vo) € RE%, hence (up, 0p) = (u,v) € R by definition of RM.

R; MRy C L. By contradiction, assume one can find (u, v) € (Ry M R2)™. By definition of R and R3, there exists (u1,v;) € RS~
and (ug,vo) € Rg’c such that u; = us = w and 07 = U3 = v.

If either K |= Ry (u1,v1) or K = Ra(ug, v2), then, each individual being alone in its equivalence class, we have u; = ug
and v; = vy. In particular it gives (uy,v1) € (R M Rg)¢<, contradicting Cx being a model.
Otherwise we distinguish the four possible cases:
- V1 = Uy 'Pl.Ml and T |: Pl C Rl.
% Vg = ug - P3.Mg and T |= P2 C Rs. Since 03 = v3 we have P1.M; = Po.Ms. In particular (uq,v1) € R,
which contradicts Cx being a model.



# up = vz -Po.Myand T |= P2 C R, . In particular [v1] = [u1| + 1 mod 3 and |uz| = [v2| +1 mod 3. Recall that
u1 = ug and U1 = Uz, hence |u1| = |uz| mod 3 and |v1| = |v2| mod 3. It yields 0 = 2 mod 3, contradiction.
- U3 = V1 'Pl.Ml andT|=P1 ERl .
% Uy = us - Po.My and T = Py C Ry. Symmetric to the previous case, leading to a contradiction.
# Uy = vg - Po.Mg and T |= Py C Ry . Since u; = ug we have P;.M; = P2.Ms. In particular (uj,v1) € Ro°*<,
which contradicts Cic being a model.

O

A.2 Proofs for Section 3.2 (Proofs of Lemmas 2 and 3)
From Accepting Patterns to Models

Lemmad. Forallw- (P,h) € P, foralle € A and for all A € Nc, if Mp.p,n)(€) € AZ® thene € AY.

Proof. Letw;-(P1,h1) € P be arelevant pattern, e; an element from A" and A a concept name. Assume A, .p, (€1) € AT,
By definition of AT there exists a relevant pattern ws - (P2, he), and an element ey € A7 such that Awy-(Py k) (€1) =
Aws-(Pg,h) (€2). We further refer to this latter equality as (+). We distinguish 5 cases.

1. e; € AT orey € AT,
. e - e P
(%) yields e; = ey. Interpretation le preserves Z*, hence e5 € AT, Interpretation alsl preserves Z*, hence e; € AT

In the remaining cases, we assume ey, es & AT, which ensures P1 # P* and Py # P*. In particular, ftPl, gen’1, fth and
gen®2 are singletons.

2. e; € gen \ AT and ey € gen®2 \ AT,
(x) yields P; = P5. Recall gen®! is a singleton hence e; = eq, which concludes.
3. e; € ftf* \ AT and ey € gen> \ AT,
(%) yields w1 = ws - (Pa, h). In particular ws - (Py, h) - (P, hy) € P, hence Py = ch
obtain e; = ey (Condition 1) and e; satisfies the same concepts in both interpretations (Condition 2) hence e; € AT
4. ey € gen”t \ AT and ey € ft2 \ AT,
Same arguments as for Case 3 but this time with [P, = chﬁ,fl2 er-
5. e €’ \ AT and ey € 2\ AT,
(%) yields the existence of w - (Q, h) such that wy = we = w - (Q,h). In particular w - (Q, k) - (P2, ha) € P, hence
Py = ch&ez. By definition of a link ey satisfies the same concepts in both interpretations (Condition 2) hence ey € A
Similarly, w - (Q, h) - (P1,h1) € P, hence P; = ch&{ez. By definition of a link we obtain e; = ey (Condition 1) and e;

Py e, BY definition of a link we

satisfies the same concepts in both interpretations (Condition 2) hence e; € AT
O

Lemma 5. Forallw-(P,h) € P, d,e € AT andP € NR: f (A1) (@), Aw.(p,m) (€)) € PZ° | then ¥ remains T -satisfiable
if we add (d, e) to P,

Proof. Let wy - (Py,hy) € P and di,e; € A?' two elements. Let P € Ng be a role name. Assume
(Awy- 1,80 (d1)s Ay Py 0y (€1)) € PZ°. By definition of PZ* there exist wy - (Py,hy) € P and (da,e2) € P72 with
Aws-(Pa,ha) (dg) = Ay -(P1,hy) (d1) @and Xy, (P, ho) (€2) = Ay .(py,ny)(€1). We further refer to these two equalities as (x4) and
(*¢). We distinguish 5 main cases.

1. (dy € AT ordy € AT )and (e; € AT orey € ATY). i
(%q) yields di = do and (x.) yields e; = ey. Interpretation 32 preserves Z*, hence (dz,ez) € PZ". Interpretation 3%
preserves Z*, hence (dy,e;) € P It then suffices to recall that 3% is T-satisfiable.
In the remaining cases, we assume that ey, es ¢ AT or dy,ds ¢ AT" which ensures P, # P* and Py # P*. In particular,
ftpl, gen’1, ftP2 and gen™ are singletons. Furthermore, the conditions on roles for a non-initial pattern (Condition 4)
ensures do # eo (recall we assume (dg, e3) € pI ).

2. (dy € AT ordy € AT )and (e1,e0 ¢ AT)
(*4) yields d; = ds, we distinguish 4 remaining subcases.



(@) e; € gen™ and ey € gen®2.
We have Ay,.(p, 1) (e1) = w1 - (P1, k1) and Ay, (p, 1,y (€2) = wa - (P2, h). Hence (%) yields in particular Py = Py.
Recall that gen® is a singleton, so e; = ey. Therefore J¥* already contains the fact P(dy,e;). Recalling that JF1 is
satisfiable concludes this case.

(b) e; € fr'* and ey € gen®=.
We have Ay, ., p,)(€1) = w1 and Ay, (p, 5y)(€2) = wa - (P2, hy). Hence (x.) yields wy = wy - (P, ho). In particular
wsy - (Pg, ha) - (P, h1) € P, therefore Py = chg;ez and e; = es. Notice ey, that is also es, satisfies the same concepts
in J%1 and in J%2 (Lemma 4 applies to ey seen in %1 and e; seen in J%2), and same for d;, that is also ds. Therefore, the
T -satisfiability of 372 ensures that adding fact P(dy, e;) to %t does not violate any negative concept inclusion from 7.
We make a case analysis to show the same is true for negative role inclusions:

* First suppose gen™* = {d;}. Since (dy,e;) € P7 and e; € gen®2, then we must have fe*2 = {d;} (Condition 4).
We can hence apply Condition 5 from the definition of the link given by P; = ch]{,f;@, ensuring that 371 U 372, which
contains 31 and fact P(dy, e1), is T -satisfiable.

o If genPl # {dy}, then there are no roles between d; and e; in 3F1 (Condition 4), hence no negative role inclusion is
violated by adding fact P(dy, e1) in JF1.

() e1 € gen and ey € fr©2.
Same arguments as for Case 2.b but with P, = chﬂif,f 0"
(d) e; € " and ey € fe2.
We have Ay,.(p, n,)(e1) = wy and Ay, (p, ny)(€2) = wa. Hence (x.) yields the existence of w - (Q, h) such that
w1 = wy = w - (Q,h). In particular w - (Q, h) - (P1,hy) € P, hence Py = ch&el. Similarly we obtain Py = ch&fez. As
e1,ex ¢ A*, the pattern Q must be different from P*, hence its generated term is unique, which gives e; = e5. Notice e,
that is also eo, satisfies the same concepts in 3Pt and in %2 (Lemma 4 applies to e; seen in 3F1 and e; seen in J%2), and

same for dy, that is also dy. Therefore, the 7 -satisfiability of 32 ensures adding fact P(dy, eq) in JF1 does not violate any
negative concept inclusion from 7. It remains to treat the case of negative role inclusions. Notice that due to Condition 4

of links, and the facts that (da, e3) € P72 e, ¢ AT, and dy € AT, we must have gen™ = {dy} C AT’ It follows then
from Condition 6 that nextg (h2) = d2. We consider two cases:
o If gen®t = {d;}, we obtain similarly nextg(h1) = d;. Denoting hy := R;.B; and hy := Ry.Ba, we obtain, by
definition of a prediction, that Ry and R4 are non-contradictory. Due to Condition 4 (on the link between Q and Ps), we
have 7 |= Ry C P. Therefore P(dy, e1) is non-contradictory with Ry (d1, e;) and hence with 3% as all roles between d;

and e; in 3! are consequences of Ry (dy, e1) (Condition 4 on the link given by P; = ch&el).
o If genP v # {d, }, then there are no roles between d; and e; (Condition 4), hence no negative role inclusion is violated by
adding fact P(dy, e;) in 3%1.
3. (dy,dy ¢ AT )and (e; € AT orey € AT),
This case is symmetric to Case 2.
4. dl, dz, €1, €2 ¢ AI* .
If (d; € gen™ and dy € gen™) or (e; € gen™ and e € gen®?), then (x4) (resp (%)) yields P; = Py and we are easily done.
Recalling from the note at the end of Case 1 that we may assume that dy # eo, we are left with 4 subcases, each immediately
leading to a contradiction.
(@) dy € gen™ (thus d; € ftpl and ey € fth) and e; € gen®l. (xq) yields w; = ws - (Pa, ko) and (*.) yields wy =
wy - (P1, hy), contradiction.
(b) dy € gen? (thus d; € ftPl and ey € ftpz) and e; € ftPl. (*q) yields wy = wq - (P2, he) and (x.) yields wy = wy,
contradiction.
(c) dy € ftﬂmz (thus ey € gen®?, thus e; € ftpl) and d; € gen®'. (x4) yields wy = wy - (Py,hy) and (x.) yields w; =
wsy - (P2, he), contradiction.
(d) dy € ftIP2 (thus e; € gen®, thus e; € ftPl) and d; € ftpl. (#q) yields wy = wy and (x.) yields wy = wy - (Pa, ha),
contradiction.

O

Lemmas 4 and 5 in hand, it is then a technicality to verify that Z¢ is a model of K.
Lemma 6. Z< is a model of K.

Proof. We consider each possible shape of assertion and axiom in /C:



A(a).

P(a,b).

AC 1.

TLCA.

AL MA, CA.

A; C JR.A,.

JR.A; C As.

RiMRy C L.

Since Z* is a model of A, we have a € AZ". Recall Z* is the interpretation of the initial pattern. Therefore the definition
of AT gives a = Ap. g(a) € AZ”.

Since Z* is a model of A, we have (a,b) € PZ". Recall Z* is the interpretation of the initial pattern. Therefore the
definition of PZ° gives (a,b) = (Ap« g(a), Ap~ g(b)) € Pz’

Let u € AZ°. By definition of AT® | there exist w - (P,h) € P and an element e € A such that e € A% and
Aw.(p,h)(€) = u. Since 3% is T-satisfiable, it yields a contradiction.

Letu € TZ° = AZ°. By definition of AT, we have w - (P,h) € P and an element e € A7 such that Awp n(€) = u.
Since e € T and 3F is T-saturated, it ensures e € A7 . Therefore the definition of AZ* gives u = Aoy (€) € AT,

Letu e Ai M AQIO. By definition of AIO, there exist w- (P, h) € P and an element e € A7 such that Aw-(p,n)(€) = u.

Lemma 4 applied on both concepts A; and As ensures e € Aj I AQJ]P. Since JF is 7 -saturated, it ensures e € AT
Therefore the definition of AZ* gives u = Aoy (€) € Xas

Let u € AT°. By definition of A;~°, there exist w - (P,h) € P and an element e € A7 such thate € A, and
)‘w~(]P’7h) (6) = u.

Ife € ftP, then w cannot be empty (recall the initial pattern has an empty frontier!). Hence we have w = w’ - (Pg, ho)

with e € gen® and Aw'-(Po,ho)(€) = u. Lemma 4 gives e € Aljpo. Therefore we can assume w.l.0.g. that e € gen”, by
considering w instead of w - (P, h).

If R.A, is not applicable to e in P, then this is because there exists €’ € AQJP with (e, e’) € RY. Setv = Aw-(p,)(€).
By definition of RZ* and A,”", we obtain v € AZ® and (u,v) € RZ°.

If R. A is applicable to e in P, then since P is accepting there must exist an accepting pattern IP; € ch]?‘f? In particular
w - (P,h) - (P1,R.Ag) € P. Let € be the generated term of P;. From the definition of a link between patterns, we
have (e,e’) € R7" and 6/06 Agpl. Set v 1= Ay.(p,h).(P1,R.A2)€ - Noticing Xy, p p)(€) = Au.(p,h).(P,,R.A5) (€) and by
definition of RZ® and A,” ", we obtain v € A%<> and (u,v) € RZ°.

Letu € (GR.A;)Z°, that is, there exists v € AZ® with (u,v) € RZ®. By definition of RZ*, there exist w - (P, h) € P
and elements e,¢/ € A7 such that (e,¢’) € R, Aw-p,hy(€) = wand Ay p p)(e’) = v. By Lemma 4 we obtain

P ~P - P .. o . o
e e Alj . Since JF is T -saturated, we have e € Agj . Therefore by definition of AQI we obtain u € AQI .

. Let (u,v) € PZ°. By definition of PZ°, there exist w(P,h) € P and elements ¢,¢’ € A% such that (e,¢/) € P7,

Aw-py(€) = wand Ay.p p)(e’) = v. Since I is T-saturated, we have (e, ¢’) € R™". Therefore by definition of RZ°
we obtain (u,v) € RZ* .

Let (u,v) € Ry T R,Z7. By definition of Rfo, there exist wy - (P1,hy) € P and elements dy,e; € A7 such that
(di,e1) € RY™, Awy.(er.nn)(di) = wand Ay, (g, pyy(e1) = v. Similarly, by definition of RZ°, there exist a pattern

wy - (P2, hy) and elements da, e; € A% such that (da, e2) € R3 %, Aws-(Ba ko) (d2) = wand Ay, . (py 50y (€2) = v. In
particular we ?ave Awr-(P1oha) (A1) = Ny (Ba o) (d2) @and Xy, By k1) (€1) = Ay (Py,hy)(€2). By Lemma 5, we can add
(di,e1) to R3 ' while retaining 7 -satisfiability, contradicting the fact that 7 contains R; MRy C L.

O

It remains to verify that there are no additional c-matches for ¢ in Z<, that is, no more than encoded in 9t*. The inherited
tree-like structure of Z<, along with the specifications having to be preserved between linked patterns, ensures that if a match
7 1 q — I exists, then it is actually already taken into account in the specification of the patterns from P. Therefore, if a
match maps a counting variable z onto an element of shape w - (P, h) in Z, we shall ensure that (¢, z — s), with s either ®
or ®, belongs to MF . This would contradict P being accepting. The exact (stronger) statement is as follows.

Lemma 7. Forallw-(P,h) € P, ifn : r — I is amatch of r C q, then we have (r,7") € MF where ' := (Aw-p,p)) " toma
with A = 77’1(/\w.([p>7h)(A3W)).

Proof. Considering a breadth-first total order < on P, and given W € P, define I‘?V as follows:

I5 = U Aw- @) (37).
w-(B,h) W



We prove by induction on W € P that for all  C g, all matches 7 : r — IVQV and for all w- (P, h) < W, we have (r,7’) € omr
where 7’ 1= ()\w,(p’h))fl o A with A := Wﬁl()\w,(p’h)(Ajp)).

» Assume W = (P*,0), we havel'g, = TI*. Consider r C g and amatch 7 : r — I‘?V. The only w < Wisw = W = (P*,0).
Recalling A\(p~ gy = Id, we have 7’ = 7. Therefore (r, w) belongs to the induced specification of Z*. Since 9* is coherent,
it contains in particular (r, 7’), which concludes the base case.

» Assume W € P with (P*,()) < WV and the statement holds for all wy < W (Induction hypothesis 1). Consider r C ¢ and a
match 7 : 7 — Z5,. Consider w- (P, h) < W. Denote d the distance from W to w- (P, h) in the tree P, that is the number of
links required to move from W to w - (P, h). We prove by induction on d that (r,7") € 9" where 7’ := (A (1)) "' 0 M)A
and with A := 77 (A ey (A7),

— When d = 0, we have W = w - (P, h). Let W’ the predecessor of W w.r.t. <. We partition r into r; the atoms « from r
such that 7 is a match for o in Ay (JF) and 7o the other atoms, which are hence necessarily mapped by 7 into 78,. We
denote by 1 := T|yar(r,) a0d T2 1= T|yar(r,) the corresponding restrictions of 7.

First note that since 9T is coherent, it contains the pair (ry,7;) where 7] := ()\w,(]p’h))—l o (m1)ja1 with Al =
P
(1) 7 M- e,n) (A7),
Letting w = w’ - (Q, h’), we next note that applying the Induction Hypothesis 1 on W’ with w (which is indeed < W)
and ry and 7, gives us (r, m5) € M where 75 = (Ayr (@) ~* © (M2)|a2 With A% := (7r2)’1()\w/,(QJL/)(AjQ)).
Since w’- (Q, #') - (P, h) € P, we can consider P = ch&’e, where e denotes the frontier of P. Condition 3 in the definition
of a link therefore ensures (2, (75) a7 Uge}) € 9. We’d like to form the union of this latter pair with (71, 7).
Consider v € var(ry) N var(ry). Since r; contains only atoms that are mapped on Ay (JF) by 7, the variable v is thus
mapped either to an element of A*, to w or to w - (P, h). The latter is excluded as 2 only contains atoms that are mapped
in %, but w - (P, h) ¢ AT since < is breath-first and W’ < W = w - (P, h). If m(v) € A*, then it is clear that 7]
and (75)|az* uge) are defined and equal on v. Otherwise 7(v) = w, which yields that Aw (e) = w and Ay (e) = w. The
first ensures 77 is defined on v and equal to w, while the second ensures the same for (75 ) a7+ g} As this holds for each
variable in v € var(r1) N var(ry), and that 9" is coherent we have (11 U rg, m) U (15)|az% ugey) € M, which is the
desired pair.

— Assume now the property holds for all w at distance d > 0 from W (Induction Hypothesis 2). Let wy11 < W be exactly
at distance d + 1 from W. In particular, notice that wg41 < W. There exists a link between wy1 and some wg < W at
distance exactly d from . We distinguish two cases:

* wgy1 = wq - (P, h). We exhibit another suitable partition of r. Denote wj_H the elements w’ - (Q, k') € P such that
wqy1 is a prefix of w’ - (Q, ') and w’ - (Q, k') < W. Define 4,1 as the atoms « from r such that 7 is a match for «
in some A, g,y (J%) with w’ - (Q, k') € w, ;. Let rq consists of the remaining atoms, which are hence mapped on

elements that cannot admit wq; as a prefix. Denote by 7441 and 7, the corresponding restrictions of 7.
We first note that W ¢ w(;_l, as it would contradict wy being closer to W than wgy1. Therefore w441 maps r4y in

I‘?V/ and we can apply Induction Hypothesis 1 with wq1, 7q11 and 7441, which provides (rgq1,7), ) € P where
71'21_‘_1 = ()\wd.(ﬂb’h))_l o (7Td+1)‘Ad+1 with Ad+! .= (7Td+1)_1()‘wd~(]P’,h) (Ajp)).

Letting wq = wo - (Pg, ha), we next note that Induction Hypothesis 2 applied on wy, r4 and 7y provides (rq, 7)) € Py
where ) := (Awq.(Puhg)) L © (Ta)|aa With A? = (ﬂd)_l(Awo.(Pd}hd)(Ajwd)). The link between wg 1 and wgy then
ensures that (74, (7})|az* L)) € P where e denotes the frontier term of P.

Consider v € var(ryy1) Nvar(ry). Since 7411 contains only atoms that are mapped on A,.(g,n/)(Q) by 7 for some
w'- (Q,h) € wj,,, the variable v is thus mapped either to an element of A*, to wg or to elements w’ - (Q, k') admitting

wgq+1 as a prefix. But since 74 contains only terms that can not map on elements admitting wq 1 as a prefix, only A* or
wg remain possible. Noticing Ay, (€) = Aw,(e) = wq if ever 7(v) = wq allows to conclude as in the Case d = 0.

* Wq = Wat1 - (Pg, ha). We exhibit another suitable partition of 7. Denote wj the elements w’ - (Q, A') € P such that wy
is a prefix of w’ - (Q, k') and w’ - (Q, h') < W. Define 4 as the atoms « from r such that 7 is a match for « in some
Awr.(@,n)(I®) with w’ - (Q, /') € w]. Let rg41 consists of the remaining atoms, which are hence mapped on elements
that cannot admit wy as a prefix. Denote by 74 and 741 the corresponding restrictions of 7.

We first note that W &€ w;{, as wy is closer to W than wgy. Therefore 7441 maps 7441 in I‘?V, and we can apply

Induction Hypothesis 1 with wqy1, 7441 and w441, which provides (rgq1,7), ;) € MT where Ty 1 = (/\wd,(]p’h))—l o
. _ P

(7Td+]_)|Ad+1 with Ad+1 = (7Td+1) 1(/\wd.(p7h)(Aj ))

We next note that Induction Hypothesis 2 applied on wg, rq and 74 provides (r4, 7)) € Pq where 7, := (Ayy.(Py,ha)) 0



(ma)|aa With A% := (3) ™ Ay (Py,ha) (Ajpd ))- The link between wgy.1 and wy then ensures that (7q, (7g) a7+ Uge}) €
P where e denotes the frontier term of IP;.

Consider v € var(rqy1) M var(rq). Since r4 contains only atoms that are mapped on A,.(g,»)(Q) by 7 for some
w’- (Q, h') € w], the variable v is thus mapped either to an element of A*, to w1 or to elements w’ - (Q, h’) admitting
wy as a prefix. But since 74 contains only terms that can not map on elements admitting wy as a prefix, only A* or wqy1
remain possible. Noticing Ay, , (€) = A, () = way1 if ever m(v) = wq41 allows to conclude as in the previous cases.

O
Proposition 1. Z< is a model of K whose c-matches are included in those encoded in *.

Proof. Modelhood follows directly from Lemma 6, which is based on Lemmas 4 and 5 presented in the paper. The amount of
c-matches is handle by Lemma 7 just above. O

From a Model to an Accepting Initial Pattern We here prove the various claims building an accepting initial pattern from
7. The base case consisting of verifying that P* is non-trivially rejecting is trivial, and Idz«_, 7 is indeed an homomorphism.
We now move to the induction case: assume P; has been obtained by the described procedure and has all the desired
properties (especially those two mentioned just above). Let R.B an existential head that applies on e; in [P;.
We first verify that 7(P2) is an homomorphism:

e Letu € A7, Ifu € AT, then in particular u € A* hence 7(Py)(u) = u € AT" C AZ. Otherwise, u = ey, for k = 1 or
k = 2 with e}, € AZ. In that case, notice 7(P2)(u) = e}, which concludes.

e Let (u,v) € PP, If (u,v) € PT", then in particular u,v € A*, hence (7(P)(u), 7(P2)(v)) = (u,v) € PT" C PZ,
Otherwise, if (u,v) = (e1,e2) with T |= R C P, then notice that (7(P2)(u), 7(P2)(v)) = (€], €5). Since €} is the successor
of ¢} for R.B in Z, and that Z models 7, it yields (¢}, e5) € P which concludes. Otherwise we have (u,v) = (ea, e1) with
T &= R~ C P, then notice that (7(IP3)(u), 7(P2)(v)) = (e}, €]). Since €} is the successor of e} for R.B in Z, and that 7
models 7, it yields (e}, ¢}) € P which concludes.

We now verify that P, as defined in the core paper is indeed a well-defined pattern.
* The frontier e; and the generated term eq of P; are indeed elements from A* U {©®, ®}.

* The interpretation J*2 is clearly T -satisfiable as it embeds homomorphically by 7(Ps) in the model Z being a model of 7. It
is T -saturated since: concepts and roles on Z* are fully-preserved and they come from the model Z. The additional concepts
on e; and ey are also all preserved from those on e} and €. The additional roles between e; and es are all defined as induced
by R(e1, e2) which ensures this edge is also saturated. Finally, it indeed preserves Z* (we can’t have e; and eg in A* at the
same time as it would contradict R.B being applicable on e; = € since e5 = ¢}, is the R.B successor in Z!)

* Restrictions of induced specification are coherent hence 9" is indeed coherent. We verify it preserves I*: (MF2)px 1=
()| AU ()1 ({e) ey} jar = (IF)jan = 9N

» Let R;.B; and Ry.B2 be two heads such that 7 |= Ry M R C L. By definition of nexts, if it maps R1.B; and Ry.Bs to the
same element, it means that the successors of €/ for these two heads in Z are equal, which would contradict Z being a model.

The fact that P5 is not trivially rejecting is trivial as its specification is a restriction of the induced specification of Z, which
doesn’t contain pairs (g, 7) that map 7 outside A* (that is literally the definition of A*!).
We finally verify P, € L2 .

1. We indeed have ft™2 = {e;} and gen®> = {e,} singletons.

2. Py can either be the initial pattern of a built one. In both cases the concepts satisfied on e; in IP; are inherited from those on
e} . Since it is also the case for Py, this condition holds.

3. IP; can either be the initial pattern of a built one. In both cases the specification is the induced specification of Z restricted to
the domain of JF1. We directly have the desired equality as both e; (seen in P; and P3) comes from the same €.

4. This condition matches the definition of JF2.

5. A violation of this condition would imply that ¢ is the successor of e} for an head incompatible with ~ would contradict Z
being a model.

6. Recall we fixed the choice of successor once and for all!



A.3 Proofs for Section 3.3 (Obtaining Bounded-Size Optimal Models)

Theorem 2. The interpretation J := T'/~\4+1 is a model of K that has at most as many c-matches for q as 9. Its size is
polynomial w.r.t. data complexity, double-exponential w.r.t. combined complexity, and single-exponential if the size of the CCQ

q is fixed.
We here focus on proving 7 is indeed a model and contains at most as many c-matches as Z’. Notice the latter point is

equivalent to having at most as many c-matches as Z<, as 7' is simply obtained by a renaming of elements from Z¢. Let us
first formulate two remarks concerning the constructed interpretation 7.

Remark 3. The set of concepts from sig(T) satisfied by ¢ € AT is exactly Xn.c(Ws, ). Therefore, if ¢ ~, ¢, then c and ¢’
satisfy the same concept names.

Remark 4. If c ~,, c, then c ~,, c for any m < n.

We now define homomorphisms p.., mentioned in the proof sketch, inductively on NV, ,;7 AT (¢) with k increasing from 0 to |g|.

Starting from the element ¢ € ./\/57 *2%(%), we can naturally carry it back as p.(¢) = ¢ € ./\/OI “2"(¢). Assume now that we have

defined p,(d) for some d € N'7-2"(¢) and that we are moving further to an element € € M‘Z;A* (¢) along an edge (d,€) in J.
In the case of € ¢ A*, the following lemma produces a candidate p..(€), namely e/, which is to p.(d), namely d’, what € is to d.

Lemma 8. Given two elements d,eé € A7 \ A*, if there exists a role P from N§ such that (d,€) € P7, then there exists a
unique element R.B € Q) such that one of the two following conditions is satisfied:

edge™. le] = |d| +1 mod 2|q| + 3, W10 = wluf;|+1—1,d ‘RBand TERLCP.

Furthermore, for all d' ~y, d, the element ¢’ := d' - R.B belongs to AT and satisfies €' ~j_1 e.
edge™. |d| = |e| +1 mod 2|q| + 3, wﬁz\ﬂ,d =wf,,, ;. RBand TR CP.
Furthermore, for all d' ~y, d, we have €' such that d' = ¢’ - R.B and the prefix ¢’ satisfies €’ ~_1 e.

Proof. Unicity. Notice the two conditions are mutually exclusive: |e| = |d|+1 mod 2|g|+3 and |d| = |e|] +1 mod 2|¢q|+3
would imply 0 = 2 mod 2|g| 4+ 3, which is impossible as 2|g| + 3 > 2. Furthermore, in each case R.B is defined as the last
letter of the word wfq| 41, (Tesp wﬁll +1,4)> Which is unique and does not depends on the choice of e (rESp d) nor on P.
Existence and additional property. From the definition of P7, there exist (do, eg) € PT such that dy = d and €5 = €. Recall
d,e ¢ A*, hence dy,eq ¢ A*. In that case the definition of f’ ensures the only antecedent of dy (resp eg) by f’ is itself.
Therefore the definition of PZ', that is or(PIO ), yields two cases:
* We have g = dp - R.B with 7 |= R C P. It follows thatLeO| = |d0|7+ 1 mod 2|q| +3and wp),, .~ = wﬁ;o|+1—1,do -R.B,
immediately yielding the same properties for d and e as (dy,eg) = (d, €).
Letnow 1 < k < |g| + 1 be an integer and d’ ~, d. Transitivity gives d’ ~ do, and we have in particular X ¢ = Xk,do
and wg:d, = w,f?do. Recall that ey = dj - R.B, hence we have x4, (“’Z?do -R.B) # 0, hence X, (wg:d/ -R.B) # 0, that is
d’ - R.B is well-defined.
Notice it is now sufficient to prove d’ - R.B ~j_1 eg: that is because € = &g, hence transitivity will conclude the proof.
It should be clear that w5 ;= wi,  and |d'-R.B| = |eo| mod 2|q| + 3. Hence we are only left proving that
Xk,eo = Xk,d’ R.B-
First, eg = do - R.B ensures that x4, fully-determines xx—1,¢,. Moreover, xi q¢ fully-determines x;—_1,4.r.B. But since
Xkodo = Xk, and wp’y = ngﬁB, we obtain: Xk, = Xk.d'-R.B» concluding the proof.

* We have dy = ey - R.B with 7 |= R~ C P. It follows that |do| = |eo| + 1 mod 2|g| + 3 and w™ -R.B,

s 2 lal+1,do = Yigl+1-1e0
immediately yielding the same properties for d and e as (dy, €g) = (d, €).
Letnow 1 < k < |¢g| + 1+ 1 be an integer and d’ ~}, d. Transitivity gives d’ ~ dp, and we have in particular wf:d, =
wff)du = R.B (very important to have k > 1 here!). That is d’ ends by R.B, and therefore we can indeed have prefix e’ such
thatd’ = ¢’ - R.B.
The rest of the proof follows the previous Case 1, this time focusing on the proof of ¢/ ~;_1 eg, based on d’ ~y, dp.

O

Notice the “strength” of the equivalence relation ~ between € and p.(€) decreases as we move further in the neighbourhood
of €. However, since we start from p.(¢) := ¢ ~|q4+1 ¢ and explore a |g|-neighbourhood, the index remains at least 1. This is

essential as ~ encodes relations to elements of A* as the next lemma shows. It allows in particular to treat the case of € € A*.

Lemma 9. If (d,€) € R for some e € A*, and if d' ~1 d, then (d',¢) € RT




Proof. Recall that since e € A* we have @ = {e}. The definition of R and further of RZ provide dy, eg € A° such that :
f(do) = d. f'(eg) = e and satisfying (f(do), f'(eo)) € RE from one of the following three cases:

« f'(do), f'(eo) € RT". In particular f’(do) € A*, hence f'(dy) = d = d'. Therefore (d’,e) = (f'(do), f'(e0)) € RE .
e e =dy-PBwith T |= P CR.If f/(do) € A*, then we again have f'(dy) = d = d’ immediately yielding (d’, e) € RZ'.
Otherwise we have Xl,f’(do)(w{’;fi(od)o) -P.B) = f’(eo) = e. Butsince f'(dg) ~1 d ~1 d', we have x1.00 = X1,f(d0)

and w‘li:d, = w{:;fi("d)o). Therefore e = Xl,f’(do)( 1 f (do) -P.B) = x1.0 (wl 'WPB) = f(r1, d/wl '+ P.B). Recalling that
d' = f'(ri,gwd ;). we hence obtain (d’, ) = (f'(r1.awl ), f'(r.owlyPB)) € P C RT.

e dy=eo-PBwith T =P CR™.If f/(dy) € A*, then we again have f'(dy) = d = d’ immediately yielding (d’,e) € RZ'.
Otherwise the 1-root of f/(dy) = dp is eg and wf}d = P.B. We thus have: x1,4/(4,)(€) = f'(e0) = e (where ¢ denotes the
empty word). But since f'(do) ~1 d ~1 d’, we have x1,¢ = X1,f/(do) and w‘f:d, = w‘i ;- Combining the preceding facts, we

obtain (d’,e) = (f'(r1,¢w§ d/) x1,(€)) = (f'(ri,e - P.B), f'(ri,a)) € (P~)T CRT.

O

It remains to free ourselves from the particular choice of d, which is likely not to be the only element of N/ VP(é) connected
to e. Taking a closer look at Lemma 8, we observe that p.(€), that is ¢/, is obtained either by adding a letter to p..(d), that is d’,

or by removing the last letter of p.(d), and that these letters coincide with those in the suffixes of elements d and e. Therefore,
when moving from ¢ to € and ignoring self-cancelling steps, each added letter must appear in the suffix of e and, similarly, each
removed letter must appear in the suffix of c.

The challenge is therefore to quantify the number of additions and removals to build p.(€) directly from ¢ and €. The next
definition captures the relative difference of letters between ¢ and €, encoded in |c| and |e|] mod 2|q| + 3.

Definition 11. Let ¢ € A and n < |q|. The relative depth of € € N7 2" (€) from @ is the integer 65(€) € [—n,n] such that
le] = |e| + 57(*) mod 2|q| +3.

Remark 5. , it is straightforward to see that 6=(€) is well defined. Unicity is ensured by 0z(€) < n < |g|.
A consequence of Lemma 8 is thatfor the smallest n. < |q| such that € € N7 2" () we have 55(€) = n mod 2.

We can now identify how many additions and removals cancelled each other. Indeed, if it takes n steps to reach € from ¢,

with relative difference of § := z(€), then n — || is the length of the self-cancelling path, hence: n;w
n—|5|
2

cancelled additions
and cancelled removals. Therefore, the actual amount of additions is n—Tlél +difd > 0, or "_Twl if § < 0, that is in
both cases ”—*5 Similarly we obtain ”—’5 for the actual amount of removals. The next theorem formalizes all these intuitions:
Pn,c(€) (in non-trivial cases) is obtamed by removing the 5 last letters of ¢ and keeping the "er‘s last letters from the suffix
of e. It is then a technicality to verify these syntactical operatlons on words make sense in the domain of Z'.

Theorem 18. Forall c € AT

;. pn—l,c(é) lfée-/\/;{—’?(é)
pnc(@) : NTA (@) = NP2 (c) e g e ife e A

Tn-sz@ _° we 1oc@ otherwise
2 > —,e

is a homomorphism satisfying pp.(€) ~|q+1-n € and p;, L(A*) C A*.

Proof. Let ¢ € AT". We proceed by induction on n < |q| and prove along a technical statement. Property py, c(€) ~|q|+1—n €

will already ensure wﬁl’”“;ﬁn poo(®) = Wiyl+1-n,e: We reinforce this latter fact as follows. If e € NTA @)\ N4 A% (), then:
pn,c(€) e

w =w n—og(€ *

lal+1- 2D (@) a1 e *)

It is indeed a stronger statement since —n < dz(€) < n leads to 0 < %ﬂa < n,hence |g|+1—n <|q+1— ”_62?@.

Property * therefore provides a more precise information about the suffix of p,, e.

Base case: n = 0. Lete € N(;M* (¢), hence @ = ¢. If ¢ € A*, then pg .c = e = c. Otherwise we have §=(€) = 0, hence
£0,c€ = To,c w&c = c¢. In both cases pg..e = ¢, and it is straightforward that all the desired properties hold. In particular,

agreeing that /- :71,A* (¢) can reasonably be set to (), our technical statement holds.



Induction case. Assume the statement holds for 0 < n — 1 < |q|. Lete € N2 (¢). If e € N A (¢), then the induction
hypothesis applies directly on € and provides (stronger versions of) the desired propertles Otherw1se we have by definition of
neighbourhoods an element d € N A (). not belonging to A* nor to N5 (¢), and arole P € NZ such that (d,2) € P7.

We apply the induction hypothesis on d, which gives p,,_1..(d) = 7, ;_ =@ ~w? since d ¢ A*. We further

n— 1+5 ~(d) .d
distinguish between € € A* and @ ¢ A*, the latter subcase yielding two subcases by applylng Lemma 8 and distinguishing
between Cases edge™and edge™. We have therefore three cases to treat.

€ € A*. We have p, .(¢) = e and the only non-trivial property to prove is that e € NZ 2" (¢). Recall the induction
hypothesis ensures in particular pn—1,c(8) ~1 d. Lemma 9 applies and ensures (pn—1,c(8), e) € PZ', which provides the
desired property.

edge’. Case edgetensures |e| = |d| + 1 mod 2|q| + 3, hence §=(€) = dz(d) + 1, and w¢
Therefore, our element p,, .(€) of interest simplifies as:

_ .d .
lal+1e = Wigl+1-1,d R.B.

pn,c(é) = T"*‘;E(E) e : wi+6§(€) .
j— . €
= rn_<6z;d>+1)7c : wn+<5gf>+1)7e
— _ e
= 7"<n—1>2—65<d>’c ) w;n_n;ag(mﬂje
= T<n,1);5ﬁg) . W1y 15.3@) d R.B
— 2 ?
= pn—l,c(d) ‘R.B,
which is well-defined and satisfies p,, c(€) ~|qj+1-n € from Lemma 8. Recalling that the induction hypothesis gives
pn—1.c(d) € N 7' A (c), it follows that p, .(e) € NZ+A"(c). Furthermore, notice that € and d satisfy all conditions of
our addltional statement. Since in Case edge™we have 7 = R C P, reusing p,, .(€) = pn_1..(d) - R.B immediately yields
(pn—l,c(d)v pn,c(é)) e pr.
Checking that Property * holds is now a technicality, and recall that since d € N ,‘Z,’lA*( Y\ N, ( ), we can apply it to d
by induction hypothesis. We hence have:

prn.c(€) _ pr—1,c(d)
w 1 n=6s(® . = w 1_n=de(® 4 3 R.B
lql+ 5 Pn,c(€) lgl+1— ——=—1,pn—1,c(d)
pn—1,c(d)
= w AT _ -R.B
\q\+1—M—l,pn—1,c(d)
d
= wmt C((fzq)fsg(ﬁ) _-R.B
“I‘Jrl = —1,pn—1,c(d)
= - -R.B
\(1\+1 D23l g g

\q\+1 20O e

edge . Case edge ensures |e| = |d| — 1 mod 2|qg| + 3, hence Jz(¢) = 6z(d) — 1, and wlgi1|+17d = Wiy 41-1,c - R-B. By

induction hypothesis, element pn,lyc(a) =T (n-ns@ 4 W is well-defined. Notice Property * on d (which, again
e

d —
(n—1)+55(d)
eted d

can be applied as d € ./\/';17_?(6) \N, ;7_? (¢)) gives more precise information on the suffix of p,,_1 .(d) than the definition of
(= D0e(d) | < g 41 — (=125 Therefore, w

pn—1.c(d), because n < |g| + 1 leads to (n-152@ 1 is itself a suffix
=t

. n—1,c(d .
d (n_1)_s-ca, » Which equals """ ((")*1)*5*(3) _ . Hence we obtain:
lgl+1——%—<—.d lg|+1——%",pn—1,c(d)
e(d) = Ty s w?
Pn—1.c(d) (=D 3e@ g g Winn V4@ | g
@
Tw/—iae)’d wn+5§<c>+17d
= Tn-6g® a4’ ’wf;,ﬂ;?(g) -R.B
2 ’ —a €
= pne(€)-RB

Lemma 8 now ensures py .(€) ~|q/+1-n € (and could already ensure we can find this suffix of pn.c(d)! However, we had to
check that the formula still works here, in particular that the suffix of p,,_1 .(d) matches long enough the suffix of d) .

Recalling that the induction hypothesis gives p,,_1..(d) € /\/;%LIA (), it follows that p,, .(€) € NZ+2"(¢). Furthermore,
notice that € and d satisfy all conditions of our additional statement. Since in Case edge”we have 7 = R~ C P, reusing
Pn—1.c(d) = pn.(€) - R.B immediately yields (p,,_1..(d), pn.c(€)) € P



Again, we check Property * holds:

wf)n c(e) . RB — wﬂn—l,c(az - _
( ) n—oz(e)
lg|+1-2 2Pn,c(€) lg|+1——"=+1,pn—1,c(d)
— an—LC(d) B
lq|+1— DR 0Dl 4y (@)
— anfl,C(d) B
1 (=1 =85(D) 3
‘qu' p] 7)071,71,0( )
= ‘q‘+17(n—1);5?(3)’d
N - -R.B
\q\+1—#,e

We now verify that p,, .. is a homomorphism.

e Letw € A7 N N7A7(¢). By definition of A7, we have e € AT, Since n < |g| we have Pn,c(W) ~1 e, hence applying
Remark 3 we obtain p,, .(7) € AZ".

s Let (,9) € RI N (NJA" (@) x N7A"(€)). If u € A* or v € A*, then Lemma 9 applies on p,, (%) or on p,, ()
(recall py, (@) ~1 u and p, (V) ~1 v) and gives (p.c(), pn.c(D)) € R7. Otherwise u ¢ A* and v ¢ A*. Let ny,ns be
the minimum integers such that @ € N.72" () and 7 € N:727(c). Since (7,7) € R7, we have n; — ny € {~1,0,1}.
Definitions of éz(@) and 6z(7) lead to |u| |v| = é=(u) 02) mod 2|g| 4+ 3. Lemma 8 gives |u| = [v|£1 mod 2|q| +3.

Recall 6z(u), 05(v) € [—|q|, |q]], hence —2|¢| —1 < dz (u) (5( )F1 < 2|¢|+1. Since 6z(u) —d7(7) F1 =0 mod 2|q|+3
and 2|q| + 1 < 2|q| + 3, we must have dz(u) — dz(7) = £1. Joint to Remark 5, it excludes the case ny — ny = 0. We are

hence left with n; = ny + 1. Applying our additional property with k := max(n1, ;) gives (pp (), pn.c(7)) € RT .

Finally, p;}c(A*) C A* is a straightforward consequence of p,, .(7) ~1 u (and again, recall elements from A* are alone in
their equivalent class!).
O

Let us clarify how Theorem 18 concludes our proof.

Proof of Theorem 2.

Modelhood. We first prove that 7 is indeed a model by considering each possible shape of assertions and axioms:

A(a). Since Z’ is a model, we have a € AT . Therefore, the definition of A7 givesa = a € A7.
P(a,b). Since 7’ is a model, we have (a, b) € PT . Therefore, the definition of P gives (3,b) = (a,b) € P7.
A C L. Since T’ is a model, we have AZ' = (). Therefore, the definition of A7 gives A7 = 0=0.
TCA. Letu € T = A7, By definition of A7, there exists ug € AT’ such that wy = u. Since ugy € TZ" and Z' is a model, it
ensures uy € AZ . Therefore the definition of A7 gives u =g € A7
A MA; C A Letu € (A M Ay)7. By definition of A‘17 and A2‘7, there exists u; € A%/ and uy € A%I with 7 = T3 = u. Remark 3
ensures u; and uso satisfy the same concepts, that is in particular u; € (Aq M AQ)II. Since Z’ is a model, it ensures
uy € AT, yielding by definition of A7 that u = uy € A7
A; C3JR.As. Letu € Ai7- By definition of A1 there exists ug € Alzl with g = u. Since Z’ is a model, it ensures there exists
vy € AxT with (ug,vo) € RT". By definition of A;7 and RY, the element v := 7y satisfies both v € Ay7 and
(u,v) € R, thatis u € (3R.A5)7
JR.A; C Ay, Letu € (GR.A;)7, that is there exists v € AY with (u,v) € RY. By definition of AY and R, there exist (uq, vo) €
RZ and v € A{/ such that g = v and vg = 7 = v. Remark 3 ensures vy and v; satisfy the same concepts, that is in
particular ug € (3R.A;)%". Since 7’ is a model, it ensures uy € A%, yielding by definition of AJ that u = ug € Ay .
P C R. Let (u,v) € P7. By definition of P, there exists (ug,vo) € PZ’ such that g = u and Ty = v. Since Z’ is a model, it
ensures (ug, vo) € RT', hence (7g, Tg) = (u,v) € R by definition of R
R; MRy C L. By contradiction, assume one can find (u,v) € (R; MRg)7. By definition of RY and Ry, there exists (u1,v;) € RF
and (ug,v2) € RZ such that uy = 7z = wand 77 = 73 = v.
If u;,v; € A*, then, each element from A* being alone in its equivalence class, we have u; = ug and v; = vy. In
particular it gives (u1,v1) € (R M RQ)I/, contradicting Z’ being a model.



Otherwise say u; ¢ A* (the case of v; ¢ A* is symmetrical), hence o7 € N 1‘7 P(uT) Theorem 18 gives a homomor-

phism from V2" (u1) to le’A* (u1). But since (u1,v1) € (R1 MR2)7, we obtain a contradiction with Z’ being a
model.

Amount of c-matches. We now prove 7 contains at most as many matches as Z’ by building an injection from matches in
J to matches in Z'. Assume we have a match 7 : ¢ — J. Consider the set of variables v := {v | v € y Uz, m(v) ¢ A*}.
Let C denote the set of connected components of v in g}, (that is the query obtained by keeping only those atoms containing
variables from v ). For each connected component C' € C, chose a reference variable v € C. Since 7 is a homomorphism and

that |C| < |g

, every variable v € C satisfies w(v) € J\/“g"A* (m(ve)). Let de € AT denote your favourite representative for

the class of 7(v¢) (that is do = 7(v¢)). From Theorem 18, we have a homomorphism p¢ : M‘;’E(W(Uc)) — J\/'l(II‘/’A* (do).
Using these p¢, one per C € C, we define:

ixUyUz — AT
pc(m(v)) ifveC,Cel

v e ifr(v) =€ A*

Since each p¢ is a homomorphism (again Theorem 18), we can check the overall 7’ is also a homomorphism:

« Consider A(v) € q. If v € C for some C € C, then p¢ being a homomorphism gives 7' (v) € AZ'. Otherwise 7(v) = ¢ €
A*, but since 7 is a homomorphism we have 7(v) € A7 . Since € = {e} and by definition of A7, it ensures e € AT’ that is
' (v) € AT,

* Consider R(u,v) € g.

— If both 7(u), w(v) ¢ A*, then we can find C' € C such that u,v € C, and then we use pc being a homomorphism.

— If both 7(u), 7(v) € A*, then the definition of R provides (ug,vo) € RE with g = 7(u) € A* and 7y = 7(v) € A*.
Hence Tg = {uo} and Ty = {vo}, which gives (7’ (u), 7' (v)) € RZ'.

- If m(u) ¢ A* and w(v) € A*, then we have 7'(u) = pc(m(u)) for some C' € C. Theorem 18 ensures 7' (u) ~1 (u),
and since 7 is a homomorphism, we also have (7 (u), 7(v)) € RY. Therefore we can apply Lemma 9 and we obtain

(7' (u), 7' (v)) € RT.

In particular, 7’ is a match, hence 7/(z) C A*. Using property p' (A*) C A~ for each C' € C, provided by Theorem 18
along with definition of 7/, we obtain that (z) C A*. Since pa= = |d, we have that the application 7, — 7r|'z is injective.
Therefore 7 contains at most as much matches as Z’ does.

Size of the model. Finally, an equivalence class d is characterized by: |d| mod 2|q| + 3, that is one equivalence class
among 2|q| + 3 possible classes; w‘dql 414> that is a word over an alphabet with at most |7| symbols and a length at most
lq| + 1; and X|q|+1,q- that is a function from words over an alphabet with at most | 7| symbols and length at most 2|q| + 1
to a set with size at most |A*|+2/5€(7)| + 1. Therefore, the amount of possibly different equivalence classes, that is [A7], is
at most (2|g| + 3) x |T91+2 x (JA*| 20T 1 1)‘7_'2‘(””. Recall Lemma 1 allows to assume |A*| < |Ind| + (]Ind(A)| +
3|7 2/71ldl|g|, we have the claimed bounds for the size of 7, which concludes the proof of Theorem 2. O

A4 Proofs for Section 3.4 (Matching Lower Bounds)
Theorem 4. CCQ answering in EL is 2EXP-hard w.r.t. combined complexity.

Proof. To complete the proof sketch, we need to prove the following claim: N + 1 is a certain answer to ¢’ over K’ iff K entails
q.

First assume that N + 1 is certain answer to ¢’ over K’, and consider a model Z of K. Add aux and all the associated facts
from A’ \ A to obtain a model Z' of K'. Observe that Z' must contain at least N matches: the disjuncts g and the queries g;;
and ¢p all have a match sending all variables to aux, and each ga has n matches due to A, plus one more sending 3z to aux.
Since N + 1 is a certain answer, there must exists some additional match for ¢’ in Z’. As Z is a model of I, it interprets each
A e Xas{a]| A(a) € A}, so there are no further matches for ga. Next note that since aux is disconnected from the rest of Z’,
there is no extra match for each qff. The only possibility then is that must be an extra match for one of the g, aside from the
one mapping all variables aux. Since gy, is connected, this extra match is fully contained in A%’ \ {aux}. Hence, Z contains a
match for g;. We may thus conclude that X entails g.



For the other direction, suppose that K entails ¢, and consider a model Z’ of X’. There are at least N trivial matches for ¢’ in
Z'. If there is an extra match for one of the ga or one of the qg, then we are done. Otherwise, removing aux from Z’ yields a
model Z of K. Since ay is the certain answer of ¢ over /C, there must be a match for one of the g, in Z. It yields a new match
for g, in Z’ and concludes. O

Theorem 6. CCQ answering in DL-Liteyos is cONEXP-hard w.r.t. combined complexity.

Proof. The proof is by reduction from the exponential grid tiling problem EXPTIL. We recall that an instance of this problem
consists of a set C of colors, two relations H,V C C x C that give the horizontal and vertical tiling conditions, and a number
n. The task is to decide whether there exists a valid (7, V)-tiling of an 2™ x 2" grid, i.e., a mapping 7 : {0,...,2" — 1} X
{0,...,2" — 1} — C such that (7(i,5),7(i + 1,5)) € H forevery 0 < i < 2" — 1 and (7(¢,5),7(3,5 + 1)) € V for every
0 < j < 2™ — 1. In what follows, we consider an instance (n,C,H, ) of the EXPTIL problem.

To be able to test for the existence of a tiling of a 2™ x 2™ grid, we must start by ensuring we can find such a grid in
each model. Furthermore, we will need to detect horizontal and vertical adjacency in this grid, it is thus appropriate to use
horizontal/vertical coordinates. To ensure a polynomial reduction, we need to use a binary encoding of these coordinates. We
start from an initial element a and use TBox axioms to generate all possible coordinates of the horizontal coordinates:

_ i=1,...
A(@)  ACFRpuo1p IRy, TRy ( b € {01) )

We proceed similarly with the vertical coordinates, until we generate all possible pairs of coordinates:

_ _ 1=1,...n
ARy op EFRvn—1p IRy ETReiry ( bt € {0,1} )
The preceding axioms will generate a binary tree of height 2n in the canonical model, whose leaves represent all possible grid
positions. We use the following axiom to assign a color to each of the points representing a grid position:

Ry, E FHasCol (b€ {0,1})
To help us compare positions, we will include the following TBox axioms:

0<i<j<n-1
3Ry, C JHasBitq; ( be{0,1}
d € {h,v}
and: o
N

To keep track of elements used as color or bits, we also add:

JHasCol™ C Color HHasBit;i C Bit ( Dsisn—1 )

d € {h,v}

This completes our description of the TBox. We will finish our description of the ABox later in the proof, but it will be useful
to know that it will contain an ABox individual c for every color ¢ € C and two ABox individuals (one, zero) to represent bits.
Let us now define the query q. In what follows, we build ¢ step by step, providing several subqueries. For the sake of
readability, we omit subscript/superscripts that would allow to decide which variable occurs in which subquery. The reason is
simple: in what follows, no variable is shared by different subqueries.
To keep track of the colors used in a candidate tiling, we use the following subquery:

Color
0

z

The query gcolor
We also need to detect if other bits than the intended ones (one, zero) are being used to satisfy the right hand sides

JHasBit, ;. For this purpose, we introduce the following subquery:

Gcolor := 3z Color(z)

Bit
)

z
The query ggi

geit := 32 Bit(2)

To detect if the i bit of the coordinate in direction d is one when it should be zero:



Rd,i,O HasBitd,i
@

. 0<i:1<n-1
Qd,ione ‘= dz1dze Rd,i’o(zh 22) A\ }IZ‘LSBltd’i(ZQ7 one) ( T T )

de {hv} 2 % one
The query qq,i,one
And the other way around:
Rd,i,l HaSBitdvi
[}
qd.i := J21329 Rai,1(21, 22) A HasBitg (22, zero) Osisn—1 z. z. zero
d,i,zero - 1922 Indi;1(#<1, <2 d,i{#%2; de {hﬂ)} 1 2

The query qq,; zero
To detect if the j*" bit of the coordinate in direction d isn’t carried from the i'" level to the next

Z1 Z9
Ra,ip
@—@®
o . %
. < <n-1 7
Qd,ib,j = 321 322 321 325 Raiv(21,22) A HasBitq j(21,27) 0= é Z g()_l?; g‘i %
AHasBitg j(22, 25) A Bit7” (2], 25) h Bit#
th.v} e——e
7 2
The query qq,; 5
To detect if the 5" bit of the horizontal coordinate isn’t carried through the i*" vertical level:
Z1 Z9
Rv,ip
@—@®

Gip,j = 321 320 32} 32 Ry ip(21, 22) A HasBity j(21, 2]) 0<i,j<n-—1 Z .

A HasBity, (22, 25) A Bit7 (2], 25) be{0,1} ~ Bt v

@—©0

2 2

The query g; »,;
To detect if part of the model is collapsing on the auxiliary individual:

R

@—

¢aux,R = 32 R(z, aux) (R = Rg,i,b, HasBitq ;, HasCol)

P aux

The query gaux,r
We next discuss the parts of the query that are used to check the tiling conditions. To detect adjacency, we remark that two
grid positions (h1,v1), (he,v2) € {0,...,2" — 1} x {0,...,2™ — 1} are vertically adjacent iff:

* hy = hg, so the binary encodings of h; and hs are the same;

* vy = v1 + 1, so the binary encodings of v5 and v; are the same until, at some point, v ends with 1 - 0F while v; ends with
0-1F,

To detect a violation of the vertical tiling condition (i.e. two vertically adjacent tiles with colors ¢ and ¢’ such that (¢, ¢ ) ¢V
we need n queries, one for each possible position where the bit from the vertical coordinates differ. For each 1 < k& < n,

e
create a subquery ¢V (©€)k defined as follows.
qv’(c’C Pk =3, 32, Jzno. . F2hn—1 2o kg1 - T2 n—1
n—1 n—1
/\ (HasBity;(z, z.4) A HasBity i(2,, 2.0)) A [\ (HasBity i(2, 2.4) A HasBity i(2r, 20.:))
i=0 i=k+1

A HasBity (2, zero) A HasBity k(z,, one) /\ HasBity ;(#, one) A HasBit,, (2, zero))

A HasCol(z, ¢) A HasCol(z,, )



We can similarly define a set of subqueries q""(cvc/)”C that detect violations of the horizontal tiling conditions (see e.g. Figure 4).

H,(c,¢'),2

Figure 4: The query ¢

Finally, we let ¢ be the conjunction of the all of the preceding subqueries.
We can now define the ABox, which introduces individuals for the intended colors and bits and a further individual d that
serves to ensure that all parts of the query can be matched:
A = {Root(a), Bit(zero), Bit(one), Bit” (zero, one), Bit” (one, zero) }
U {Color(c) | ¢ € C}
U {Root(aux), Bit(aux), Color(aux), Bit” (aux, aux), HasCol (aux, aux) }
U {Ra,ip(aux,aux) | d € {h,v},i € {0,...n —1},b € {0,1}}
U {HasBitq i(aux,aux) | d € {h,v},i € {0,...n —1}}

Let p = |C|, and let K be the KB with the preceding TBox and ABox. To complete the proof, it suffices to establish the
following claim:

Claim [3p + 4, +0o0] is a certain answer for ¢ over K <= (n,C,H,V) ¢ EXPTIL.

First observe that there are always at least 3(p + 1) c-matches given by: p + 1 mappings for gcolor (0n each color-individual ¢
and on aux), times 3 mappings for ¢gp;; (on zero, one and aux), times 1 mapping for each other subquery (collapse on aux).

(=) Assume [3p+ 4, +00] is a certain answer, and take some candidate tiling 7 : {0,...2" —1} x{0,...2" =1} = {c|c €
C}. Let Z, be the model of K that is obtained from Cx as follows:

+ A7~ contains all elements from A% except those anonymous elements whose last symbol is HasCol or HasBitg; (i.e.
witnesses for axioms involving FHasCol or FHasBit ;);

* the roles HasCol and HasBit, ; are interpreted as follows:
HasBitgji = {(aux,aux)} U {(awRg,iow’, zero) | awRg; ow’ € AT7} U {(awRg 1w’ 0ne) | awRg; 1w’ € AT}

HasCol%™ := {(aux,aux)} U {(aRhn-1,hy_; - - - Rh,0,ho Rv,n—1,vn_1 - - - Ry,0,v0s T(Rn—1 - - - ho, Up—1 ... U0))
| hpn_1y...ho,Un_1,...09 € {O, 1}}



where by a slight abuse of notation, we use 7(hyp_1...ho,p—1...00) to mean 7(h,v), with h and v the numbers whose
binary encodings are h,,_1 ... hg and v,,_1 . .. vy respectively;

* the remaining roles are interpreted exactly as in Cx.

Recall our assumption that there is an additional c-match 7 for ¢ in Z.. It is easily verified that the additional match can only
result from one of the queries qhv(“‘:/)”g or q“=(cvc/)’k. From the definition of Z, this implies that there are two horizontally (or
vertically) adjacent tiles, which positions are encoded on 7(z;) and 7(z,) by the endpoints of their respective roles HasBitg ;,
whose respective colors ¢ and ¢ violate either H or V. Thus 7 is not an (H, V)-tiling. As this construction holds for any
possible tiling 7, we infer that (n,C,H,V) ¢ EXPTIL.

(<) Assume (n,C,H,V) ¢ EXPTIL, and take some model Z of K. There is a homomorphism f : Cx — Z. If there exists
aw € A°x such that f(aw) = aux, then there exists a new c-match for the subquery ¢.ux r., where R is the last letter of the
shortest prefix w’ of w such that f(aw’) = aux. Otherwise, we define 7 : {0,...,2" — 1} x {0,...2" — 1} — A7 as follows:
T(hn=1..-ho,vn—1...v0) == f(aRhn=1,hn_1 - - Rh,0,hoRv,n=1,0,,_1 - - - Ruw,0,0, HasCol) (again slightly abusing notation by
working with binary encodings of numbers). There are five cases to consider:

o If there exists (hp—1...ho,Un—1...v9) such that 7(hp—_1...ho,vn—1...v9) ¢ {c | ¢ € C}, then this provides a new
c-match of ¢ in Z in which the subquery qcolor is mapped as z — 7(hp—1 ... ho, Up—1 ... 0p).

* Otherwise, suppose there exists an element that is in the range of Bit that is not zero nor one, then this also provides a new
c-match of ¢, in which the subquery ¢g;t is mapped on this element.

* Otherwise, suppose there exists an inconsistent choice of bit, thatis awRg,; ¢ and f(awRg,; oHasBitg ;) = one (respectively:
awRg,;,1 and f(awRd,wHasBith) = zero), then it provides a new c-match for the subquery ¢ ; one (r€sp: qd, i, zero)-

* Otherwise, suppose there exists an non-propagated coordinate, that is awRg;; such that f(awHasBity ) #
f(awRg,; pHasBity 1), then it provides a new c-match either for the subquery gq ; 5 ; or for the subquery ¢; 4 ;.

* Else, since (n,C,H,V) ¢ EXPTIL, there exist two adjacent positions with coordinates p := (hy—1...hg,Up—1...0g)
and p' = (hl,_y...h{,vl,_1...v}) such that (7(p),7(p')) € (C x C) \ D, for D either H or V. Letting k
be the bit from which the encoding of the non-D coordinate differs, we obtain a new c-match for ¢, in which the
subquery ¢P-(7(®) 7))k s satisfied by mapping 2z to f(aRnm_1.5,_, - RiomoRon10,_y -+ Roow) and z, to

aRnn—1n - RuonRon—10 | - ~Rv,0,v6) (or the converse).

1 1

In every case, there is an additional c-match for q. We thus obtain that [p + 1, +00] is a certain answer to ¢ over K.

B Proofs for Section 4 (Cardinality Queries)
B.1 Proofs for Section 4.1 (Results for ££ and its Extensions)
Theorem 9. Concept cardinality query answering in ELL | is cONEXP-hard w.r.t. combined complexity.

Proof. An instance of Succinct-3COL consists of a Boolean circuit C with 2n input gates. The graph G¢ encoded by C has
2™ vertices, identified by binary encodings on n bits. Two vertices v and v, with respective binary encodings u; . .. u, and
V1 ... Up, are adjacent in G iff C returns True when given as input u; . . . u,, on its first n gates and v; . . . v,, on the second half.
The problem of deciding if G¢ is 3-colorable has been proven to be NEXP-complete in (Papadimitriou and Yannakakis 1986).
Let C be an instance of Succinct-3COL, and denote 2n its amount of input gates. We start by generating an exponential tree,
henceforth referred to as the reference tree, to assign a color to each vertex, that is a binary identifier (k ranges from 1 to n):

U1 CTIRAY  AVC U, FRAVCAY

U
@ g CIRAl AICU.  3R-ALCAL

AVYmALC L

At the end of a branch, we ask for a color to be chosen among three provided options. The color can actually be chosen
elsewhere, but at the cost of a new c-match for our query qgoal-
Color(cy)
U, E JdHasCol.Color Color C Goal  Color(cp)
Color(c3)

We now generate all possible pairs of vertex identifiers, starting from the first identifier (k ranges from 1 to n):

Vi1 T3RB)  BYCV, 3IR.BYLCB)

Vo(b
o(b) VieiC3RBL.  BlCV, 3R BLCBL

BIMBLC L



and followed by the second identifier (k ranges from 1 to n):

Wi TIR.CY  CPCW, FR.CYLCCY

V. CW
=% w,,C3RC. ClCw, 3FR-.clccl

CpnciC L

At the end of a branch, we ask for each node to be connected to the two corresponding nodes from the reference tree.

W, C JFstCol.Goal EFstCol_.Bg C Ag HSndCol_.Cﬁ C Ag

U, C Goal U, M Color C L
W, C 3SndCol.Goal ~ JFstCol~.BL C Al 3SndCol~.CLC Al = on oo

Notice axioms U, C Goal and U, M Color T _L act as an incentive to reuse elements from the reference tree, otherwise it
would come at the cost of a new c-match for our query ggoa1. We also note that, at this point, there are always at least 2" + 3
matches in every model given by the three possible colors c;, ¢y, c3 and the 2" instance of U,, which must all be disjoint.
Finally, we import the chosen colors from the reference tree with the following assertions and axioms:

Coly (c1) JFstCol.(IHasCol.Col; ) = Collst 3SndCol.(FHasCol.Col; ) C Coljnd
Colz(co) JFstCol.(IHasCol.Coly) T Colf* 3SndCol.(FHasCol.Coly) C Colgd
Cols(cs) JFstCol.(FHasCol.Coly) C Colft 3SndCol.(FHasCol.Colz) C Colgd

It remains to evaluate the circuit to test adjacency for each pair of vertices identifiers. This is handled by the TBox in the
following fashion. For the first n input gates ngt introduce the axioms:

B) C ISFalSeg]f(st BiC IsTruegist (k=1,...,n)
and for the remaining n input gates g,i”d introduce the axioms:
CpC IsFalsegsna CiC IsTruegena (k=1,...,n).
For each negation gate g with parent gate gy, we introduce the two axioms:
IsFalseg, C IsTrue, IsTrueg, C IsFalse,.
For each conjunctive gate g with parent gates g; and g, introduce the three axioms:

IsFalse,, T IsFalse,
IsTrueg, MIsTrue,, C IsTrue, IsFalseg, C IsFalse,
, C .

For each disjunctive gate g with parent gates g; and g, introduce the three axioms:

IsTrueg, C IsTrueg
IsTrue,, T TsTrue, IsFalseg, MIsFalsey, C IsFalseg.

Finally, to detect monochromatic edges, consider the three axioms where ¢g,,,; denotes the output gate of C:

IsTrue,,,, M Colf®t M Cols™d C Goal
IsTrue,,,, M Col5t M Cols™d C Goal
IsTrue,,,, M Col5t M Cols™d C Goal

To ensure this case indeed creates a new match for ggo1 We make sure that it cannot be an already existing match with the two
negative concept inclusions:
W, M Color C L U, MW, C L

Claim: C ¢ Succinct-3COL iff 2" + 4 is a certain answer for ¢goa) over K.
For readability, we omit the concepts associated with the evaluation of the circuit when considering elements of Cx.

(=). Assume C ¢ Succinct-3COL and consider a model Z of K. There exists an homomorphism from the canonical model
of KC to this Z, say we choose one such f : Cx — Z.

If any of the f(a...R.{Uy, Goal, A}* ... A2»}HasCol.{Color, Goal}) ¢ {c1,c2,c3}, then it provides a new c-match for
GGoal and we are done.

Otherwise, denote by 7 the coloring induced by the reference tree in Z, defined by setting 7(ag...an—1) :=
f(a...R{Uy, Goal, AT, ... A2 }HasCol.{Color, Goal}). Since C ¢ Succinct-3COL and 7 only uses the 3 colors c3, ¢
and c3, there must exists a monochromatic edge {u, v}. Denote by by, ..., b,—1 the identifier of u, by co, ..., ¢,—1 the iden-
tifier of v, and by k the number of the shared color c. Since u and v are adjacent, the concept IsTrueg, . is satisfied on the

element e := f(b...R{W,, B> . . Bb» C$ ... Co}of T.



If the element f(b...R.{W,, B}, ... Bb» C$' ... C&}FstCol.{U,, Goal, AP, ... AP»}) (notice the first vertex identi-
fier is converted into an identifier in the reference tree) is not equal to the corresponding element from the reference tree, that is
f(a...R.{U,, Goal, AP .. AP=1), then it yields a new c-match and we are done.

Otherwise, axiom FFstCol.(3HasCol.Coly) C Colfft ensures Cft holds on e. Similarly, we obtain that either
fb.. . RAW,, B ... Bb» €S, ... C}SndCol.{U,, Goal, A", ..., AS}) yields a new c-match and we are done or that
(52 holds on e. In the latter case, axiom IsTrueg,,, M Coli®® M Cols2d C Goal triggers a new match on e.

In all cases, we exhibit an additional c-match, which proves 2™ + 4 is a certain answer for ggoa) over K.

(«<=). Assume C € Succinct-3COL and pick a 3-coloring 7 of the underlying graph of C, using as colors c;, ¢, and c3. From
the canonical model of K, identify each element a...R.{U,, Goal, A7*,... A2»}HasCol.{Color, Goal} with the individual
T(ag ... ap-1).

Also identify each element b...R.{W,,B}" ... B C$' ... C&}FstCol.{U,, Goal, A}* ... AP»} with the element
a...R.{U,, Goal, Alfl, oAb}

Similarly, identify each element b...R.{W,, B, ... Bk C$* ... C%}SndCol.{U,, Goal, AS*,... A%} with the ele-
ment a...R.{Uy,, Goal, AT*,.. A"}

Saturate the obtained interpretation to obtain a model Z, of KC. Because 7 is a 3-coloring, there is no monochromatic edge,
hence it can be verified that Z has exactly the 2" + 3 original c-matches. This provides a model of K with less than 2™ + 4

c-matches for ggoal, ensuring 2™ + 4 is not a certain answer for ggoa1 over .
O

Theorem 10. Let L be a sublogic of ELHI, for which every satisfiable KB admits a polynomial-sized model. Then role
cardinality query answering over L KBs is in EXP.

Proof. Let L be a sublogic of £LHZ, for which every satisfiable KB admits a polynomial-sized model. Then proceeding
similarly to Lemma 1, we can exhibit a polynomial p such that for every satisfiable KB K = (7, .A) and cardinality query g,
there exists a model of C having at most p(|/C|) matches to q.

With this in mind, let us fix a satisfiable KB K = (T, .A) and a role cardinality query ggoal = 321, 22Goal(z1, 22), and let
ni = p(|K]|). Consider a set of individual names D C N, of size 2nx + |Ind(.A)| and containing Ind(A). For each subset
S C D x D, we check whether the following KB with closed predicates is satisfiable (note that Goal is the only a closed
predicate):

Ks := (T,{Goal}, AU {Goal(a,b) | (a,b) € S})
If such a KB is satisfiable with Goal a closed predicate, it provides a model of K with precisely |S| matches. Conversely, if
there exists a model Z of I with n < mny matches, there exists a subset S C D x D such that g is satisfiable: pick .S as the
pairs (p(a), p(b)) € Goal”, where ¢ is an injection from the subset of AZ appearing in matches of ggoa1 to D which is the
identity on Ind(A).

By Theorem 7 of (Ngo, Ortiz, and Simkus 2016), this check can be performed in exponential time in g, which is of
polynomial size w.r.t. K. Moreover, we consider exponentially many Kg ., hence enumerating them and checking all of them
takes single-exponential time, which concludes the proof. O

Corollary 1. Role cardinality query answering in ELH | is in EXP w.r.t. combined complexity.

Proof. Let K be a satisfiable £E£H ; KB, which we may suppose w.l.0.g. to be in normal form, and consider the following inter-
pretation Z (a variation on the one defined in (Lutz, Toman, and Wolter 2009) for ELH Ldr without negative role inclusions):

AT* =Ind(A)U{zrp |ACIRBEcTand T £ BC 1}
ATE —{a | K |= A2)} U{ons | T BC A}
PIx ={(a,b) | K = P(a,b)} U{(a,zr) | K =3R.B(a),T =R C P}U
{(zR,.B1+TR..B,) | T EB1 C FR2.B2, T E R C P}
Note that |AZx| < |K[, so we only need to show that Zi is a model of K. It is not hard to see that Zy- satisfies ABox assertions of

A and all concept axioms and positive role inclusions from 7. Suppose that 7 contains a negative role inclusion Ty M Ty C L
and there is a pair (u,v) € T1%% N Ty™*. We cannot have u,v € Ind(A), since this would imply that K is unsatisfiable. If
(u,v) = (a,zr.B), then K |= dR.B(a), 7T = R C Ty, and T |= R C T9, which again means K is unsatisfiable. Finally
suppose that we have (u,v) = (xr, B, TR,.B,).- Then T =By C 3R2.Bs, T =T = R2 E Ty, and T = Ry C T,. But that
would mean that 7 |= B; C L, contradicting the definition of AZx . We thus conclude that Z is indeed a model of K. O

Theorem 11. Concept cardinality query answering in EL is EXP-hard w.r.t. combined complexity.



Proof. The proof proceeds by reduction from the problem of deciding if an ££ KB with closed predicates is satisfiable, known
to be EXP-hard from (Ngo, Ortiz, and Simkus 2016). As noticed by the authors in the conclusion of (Ngo, Ortiz, and Simkus
2016), we point out that their reduction (Propositions 4 and 5) produces a KB (7, %, A) such that the set of closed predicates
3 only contains concept names. Therefore, we assume w.l.o.g. that our starting KB K := (7, 3, A) also satisfies this property.
We also assume that 7 is in normal form where every concept inclusion has one of the following restricted shapes:

TCA AMNBCC AC3JRB  IJRACB  withA B,CeNc,R € Ng.

We will need to consider two fresh new concept names Goal and Aux, a fresh new role name Ry for each closed concept
name B € ¥, and a fresh individual aux. The concept Goal will be our query predicate and aims to capture excessive uses of
the closed predicates.

To capture such uses on non-individual elements, we consider the axiom B C Goal for each B € Y. Therefore, we also
consider the assertion Goal(a) for each a such that there exists B(a) € .A with B € X. To prevent such an assertion Goal(a) to
“hide” the use of a by a closed concept B such that B(a) ¢ A, we introduce the axiom 3JRp.B C Goal for each B € ¥ and the
assertion Rp(aux, a) for each a € Ind(.A) and each B € ¥ such that B(a) ¢ A.

Adding such a new individual aux may cause axioms with shape T T A from 7 to trigger on aux and mess around. To
prevent this, we replace each axiom T C A from 7 by AuxT C A, we also add the axiom A C Auxt for each A € sig(T)
and the assertion Aux~(a) for each a € Ind(A).

To summarize, we built 77 and A’ as:

T =(T\{TCA|TCAeT)

U{AuxtTCA|TCAeT} A =AU {Aux(a) | a € Ind(A
U {AC Auxt | A €5sig(T)} and U {Rp(aux,a) | B(a) ¢ A,B € X}
U {B C Goal | B € X} U {Goal(a) | B(a) € 4,B € ¥}

U {3Rp.B C Goal | B € &}

Set n := [{Goal(a) | B(a) € A, B € ¥} the amount of ABox matches for ¢goa in (77,.4"). We now claim:
(T, %, A) is satisfiable iff n + 1 is not a certain answer for ggoa) over (77,.4").

(=): Assume (7, X, .A) is satisfiable and let Z be one of its model. We build an interpretation Z’ of (77, .A") with domain
AT .= AT U {aux} as follows:

AT = AT (A €5sig(T))
GoalZ := {Goal(a) |B(a) € A,Be X}
AuxT "= AT
PT = PT (P € sig(T))
Rp? := {Rg(aux,a)|B(a) ¢ A Bc %}

Clearly, 7’ has exactly n matches for ggoa1. We verify it is a model of (77,.A"), concluding this part of the proof as Z’ is a
counter-model for n+ 1. All axioms from 7 are trivially satisfied as interpretations of concept and roles names from sig(7) are
preserved (recall those with shape T C A have been removed!). Assertions in A’ are also trivially satisfied, either by definition
We check the other axioms in case:
Auxt £ A (T C A € 7). Using Z being a model of T, we obtain: AuxtZ = AT = TZ C AT = AT,
A T Auxt (A € sig(T)). Trivial: AT = AT C AT = Auxr? .
BLC Goal (B €Y). Lete € BY. We have B € & C sig(7), hence by definition ¢ € BZ. Since B € X and Z is a model of K, it
follows that B(e) € A. Hence, by definition: e € Goal® .
JRp.B C Goal (B € X). Lete € (IRg.B)T. We hence have an individual a € BZ such that B(a) ¢ A (from the definition of Re?).
From the definition of BI/, we obtain a € BZ, which implies, as 7 is a model of /C, that B(a) € .A. Contradiction, hence
(FRp.B)T" = () and the axiom is trivially satisfied.

(«<): Assume n + 1 is not a certain answer, that is we have a counter-model Z (in which matches are exactly the n ABox

matches). Consider the interpretation Z’ obtained by restricting Z to the domain AT = (Auxt)Z.
Axioms from A are clearly satisfied in Z’ as A C A’. We verify that axioms from 7 also hold:

T C A. In particular Auxt C A € 7”. From Z being a model of 77, we have Aux+Z C AZ. Therefore AZ = AuxtZ NAZ =
AT, which yields: T = Auxtt C AT = AT,
ANBLC C. Inparticular AN B C C € 7. Using Z’ being a model of 77, we obtain: (ANB)Z" = AZNBZNAT C CTnAT = CT',



JR.A C B. In particular 3R.A C B € 7. First notice that (3R.A)Z" C (FR.A)Z since RZ C RT and AT C AZ. Using 7' being
amodel of 77, we now obtain: (JR.A)Z" C (3R.A)T N AT C BTN AL =BZ.

A C 3R.B. In particular both A C 3R.B and B C Auxt are in 7. Let e € AT In particular, e € AZ. Since 7 is a model of 77,
we have some (e, e’) € RT with ¢/ € BZ. Still from Z being a model of 77, we also have ¢’ € AuxtZ, and therefore

be AT Hence (e,¢') € RZN AT and ¢ € BZ N AT, yielding e € (3R.B)%'.

We now verify that no closed concept has been violated, which will conclude the proof. Let e € BZ for some closed concept
B € X. In particular we have both B C Goal and 3Rg.B C Goal in 7”. By definition of BZ" and from Z being a model of 7,
we obtain ¢ € BZ C Goal”.

From Z being a counter-model for n 4 1, we know that Goal” = {Goal(a) | B(a) € A, B € ¥}. In particular aux ¢ Goal.
But since Z is a model of 7, it ensures that aux ¢ (IRp.B)Z. Recall we have R (aux, b) € A’ for all individuals b such that

B(b) ¢ A, and therefore b ¢ B for such individuals. Necessarily, it gives B(e) € A.
O

Theorem 12. Concept cardinality query answering in EL is coNP-hard w.r.t. data complexity.

Proof. We reduce the complement of the graph 3-colorability problem to answering the ££ OMQ (g, 7)), with ¢ = 3z B(z)
and 7 containing A C JR.B and 3R.Cy M IE.(FR.Cx) C B for k € {1, 2, 3}.
Let G = (V, €) be an undirected graph, and consider now the ABox given by:

A:={A(v) |v eV} U{E(vi,v) [{v1,02} € €} U {Ci(c1), Ca(c2), Cs(cs), B(er), B(cz), B(es)}
Set L = (T, .A). Observe that there are 3 ABox matches: ¢y, cp, c3. We claim:
[4, +00] is a certain answer of g w.r.t. K & G ¢ 3COL

(<). Assume G ¢ 3COL. Let Z be a model of K and f : Cx — Z a homomorphism. We are interested in the image
of elements v - R.B, with v € V, whose existence in A< is ensured by axiom A C JR.B. If there exists v € V such
that f(v - R.B) ¢ {c1,c2,c3}, then f(v - R.B) provides a new match. Otherwise, define the colouring induced by Z as
pz(v) = f(v-R.B) € {c1,ca,c3}. Since G ¢ 3COL, there exists an edge {v1,v2} € £ with both vertices having the same
colour ¢y for some k € {1,2,3}. For the corresponding individuals v; and v, the axiom JR.Cy M 3E.(3R.Cy) C B triggers
and provides two new matches: vy and v,. In all cases [4, +00] is a certain answer of ¢ w.r.t. K.

(=). Assume G € 3COL. Consider a 3-colouring p : V — {c1,c2,c3}. Consider the interpretation Z,, obtained from
K in which we add facts R(v, p(v)) for each v € V, complying with the axiom A C JR.B. By definition of p, there is no
monochromatic edge, which ensures the three other axioms don’t trigger on individuals v. This interpretation Z, is hence a
model. It only has 3 matches, hence [4, +00] is not a certain of ¢ w.r.t. KC. O

B.2 Proofs for Section 4.2 (Results for DL-Lite)
Theorem 13. Concept cardinality query answering in DL-Liteyos is NL-hard w.r.t. combined complexity.

Proof. Let G = (V, &) be an oriented graph and s, ¢ two vertices from V. For each vertex v € V), we introduce a concept name
V. Consider the KB given by A := {S(a)} and T := {V1 C V3 | (v1,v2) € £}. We are interested in the concept cardinality
query g := 3z T(2).

It is now straightforward that 1 is a certain answer to ¢t over (7 ,.A) iff ¢ is reachable from s in G. O

Theorem 15. Role cardinality query answering in DL-Lite,os is in NL w.r.t. combined complexity.

Proof. Consider the role cardinality query 3z1, 2P (21, 22), and define the sets D}~ = {a | aP € A°<} and Dyc = {a | aP~ €
ACx} of positive and negative demanding individuals. We assume w.l.o.g. that |[Di| < |Dx|. Letp : D — Dy be an
injection.
We partition the generated roles (i.e., the roles such that there is wT € ACx) in four categories:
. TE3IT " C3Pand 7 EIT CIP-
2. TEIT-CIPand T £ 3IT- C 3P~
3. TEIT " CIPand 7T EIT- C 3P
4. THEIT-CIPand T £ 3IT- C 3P~
The roles in the first three cases are called demanding, and we need to consider which P-edges can be used for them.

We use the term non-paired critical individual to designate an individual belonging to D,Jg U Dy but not to the domain of p.
We then define what constitutes a solution to a demanding role:



* A solution to a case-1 demanding role is either a non-paired critical individual, or an individual a such that A, 7 = JzP(a, x)
and A, 7 | 3zP(z, a).

* A solution to a case-2 demanding role is either a non-paired critical individual, or an individual a such that A, 7 = 3zP(a, z).

* A solution to a case-3 demanding role is either a non-paired critical individual, or an individual a such that A, 7 = J2P(x, a).

If a demanding role T has a solution, we let sol(T') be (an arbitrarily chosen) solution.
If all demanding roles have a solution, then the optimal number of matches is n4 + max(|Dy|,|Dxc|), as witnessed by the
model f(Cx), which is the image of Cx. under the following partial function f:

* f@) =a

* f(aP) = p(a);

e f(aP~) = p~!(a) if defined, a otherwise;

e f(wT) =sol(T) if T is neither P nor P~ and is demanding;

e f(wT) = wT if wT contains no occurrence of P nor of P~ and T is not demanding.

Note that f is not defined on elements from C with shape awTPw’ or awTP~w’, where w is a possibly-empty word that
contains neither P nor P~ and w’ is a possibly-empty word. In the case of awTPw’ (the case of awTP~w’ is similar), notice
that awT is sent to an element sol(T), such that = Jx P(sol(T), x) by definition of a solution. Therefore the images of
elements awTPw’ don’t need to be specified to ensure modelhood, as the corresponding facts are already consequences of the
P-edge (a, b) (if there exists b such that (sol(T), b) € A) or of the P-edge (a, f(aP)) (if no such b exists).

It can therefore be verified that f(Cx) is a model having exactly n4 + max(|Dx:|, | Dy |) matches.

If there is at least one demanding role that does not have a solution, then the optimal number of matches is m 4 +
max(| D, |Dx|) + 1, as witnessed by the following model (which we describe by an ABox):

AU{AQ@) | AT EA}
U{P(a,p(a)) | a € D}}
U{R(a,*) |R #P AaR € A°<}
U{R(*,%) | R € Nk} U{A(x) | A € N¢}

The above interpretation is indeed a model, because all elements are paired and disjointness is not expressible in DL-Litepqs.
Moreover, its number of matches is m 4 +max(|D;-|, |Dic|) + 1. This is optimal as there are at least m 4 + |D;:| matches in any
model and that there exists T a demanding role having no solution. Indeed, if T is in cases 2 or 3, there cannot be any P-edge
in the ABox nor paired elements (as it would provide a solution for T), and 1 is thus the optimal as any model contains at least
1 match given by the image of the pair (wT, wTP) from the canonical model (T in case 2) or of the pair (wT,wTP ™) (in case
3). Otherwise T belongs to case 1, still without a solution, which means that no individual has both an ingoing and outgoing
P. Therefore, in any model, at least one of the image of the pairs (wT, wTP) and (wT,wTP~) (both exist in the canonical
model, for the same w!) provides an additional match.

Note that each condition can be checked in non-deterministic logarithmic space. The number of optimal matches is thus also
computable within the same bound, as the comparison with the input integer. This shows that role cardinality answering lies in
NL. O

Theorem 17. Role cardinality query answering in DL—LiteZ'ére is in coNP w.r.t. combined complexity.

Proof. Let gp be a role cardinality query. As DL-Liter,re knowledge bases admits model of polynomial size in combined
complexity, and that the query is atomic, there are at most polynomially many guaranteed matches. To check if [m, +oc] is a
certain answer we do the following:

* if m is too big with respect to the polynomial bound, we reject

* otherwise, we guess an instance A’ containing A and additionnal matches (up to m) for gp. One then check whether
(A", T,{P}) is a satisfiable knowledge base with closed predicate. According to the proof of Theorem 3 of (Ngo, Ortiz,
and Simkus 2016), if it is the case, it has a model of polynomial size. We guess it, and this provides a counterexample to
[m, +00] being a certain answer.

O
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Figure 5: Concept cardinality answering: worst-case data complexity. Proofs of the upper - lower bounds are indicated.
(2020) refers to (Bienvenu, Mani¢re, and Thomazo 2020) and (2021) to (Bienvenu, Maniere, and Thomazo 2021).
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Figure 6: Role cardinality answering: worst-case data complexity. Proofs of the upper - lower bounds are indicated.
(2020) refers to (Bienvenu, Maniere, and Thomazo 2020) and (2021) to (Bienvenu, Maniere, and Thomazo 2021).
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Figure 7: CCQ cardinality answering: worst-case data complexity. Proofs of the upper - lower bounds are indicated.
(2015) refers to (Kostylev and Reutter 2015) and (2020) to (Bienvenu, Maniere, and Thomazo 2020).
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Figure 8: Concept cardinality answering: worst-case combined complexity. Proofs of the upper - lower bounds are indicated.
(2021) refers to (Bienvenu, Maniere, and Thomazo 2021).
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Figure 9: Role cardinality answering: worst-case combined complexity. Proofs of the upper - lower bounds are indicated.
(2021) refers to (Bienvenu, Maniere, and Thomazo 2021).
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Figure 10: CCQ answering: worst-case data complexity. Proofs of the upper - lower bounds are indicated.
(2020) refers to (Bienvenu, Maniere, and Thomazo 2020).
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