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1. INTRODUCTION

A lower bound for the independence number of a graph is a graph invariant [
such that, for every graph G, I(G) < «(G). Similarly, an upper bound for the
independence number is a graph invariant u such that, for every graph G, a(G) <
u(@). Many efficiently computable upper and lower bounds, called a-bounds here,
have been published and these are surveyed in the following section. They can be
used to predict the value of a. Suppose Iy, [, ..., are efficiently computable lower
bounds for the independence number of a graph; then | = max{ly,ls,...,l;} is also
an efficiently computable lower bound for the independence number. Similarly, if
Uy, Usg, - . . , Uy, are efficiently computable upper bounds for the independence number,
then u = min{uy, ug, ..., u,} is also an efficiently computable upper bound for the
independence number. For some graphs G, [(G) = w(G) and, in such cases, it
follows that the independence number a(G) = I[(G) = u(G) can be directly computed
from its bounds. For instance, consider the graph consisting of the cycle C); with a
diagonal. It is known that, for every graph a, < « and, for every graph, a < ay,
where a, is the critical independence number and a; is the fractional independence
number. These bounds are both efficiently computable and, for this graph, equal 2.
Thus the theory implies that o = 2.

New efficiently computable independence number bounds are also of practical in-
terest: they can lead to faster independence number computations. New bounds can
lead to new exact predictions of the independence number of a graph, without any
need for computer search of subsets of vertices or calculating independence num-
bers of subgraphs of the given graph. If it is known that a must lie in the interval
[[,u] then only subsets of sizes in this range must be considered. In some instances
theoretical upper and lower bounds for o can be used to predict the independence
number with no further search (in this case the theory predicts that « lies in an
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interval where [ = u). It is known that the independence of a graph is equal to the
larger of the independence numbers of two proper subgraphs [43]. So computation of
the independence number depends on the computation of the independence number
of two proper subgraphs G; and G5. If the theoretical bounds predict that either of
these has independence number no more than [ then no further computation for that
graph is needed and, if the theoretical bounds imply that one of these graphs has
independence number u then the original graph must have independence number w.

2. «-UPPER BOUNDS

The following bounds are all efficiently computable.

(1)

(2)

(6)

(7)
(8)

a < n — %. This bound is credited to Kwok in [47], but may belong to
“folklore.” Here A is the maximum degree of the graph and e is the number
of edges.

a < po+min{p_,p;} [6]. Here p_, po, p+ denote the number of eigenvalues of
the adjacency matrix of a graph G smaller than, equal to, and greater than
zero respectively. This is the Cvetkovi¢ bound and is very good for many
graphs. For the Petersen graph there are 4 non-positive eigenvalues. Thus,
a < 4. In fact, a = 4 for this graph.

a < L%—i—\/i—l—n?—n—%J [17].

a < ay. Here ay is the fractional independence number of a graph. It is
the sum of the largest weights in [0, 1] that can be assigned to the vertices
of a graph such that the sum of the weights on the vertices of any edge
does not exceed 1. It can be formulated as the optimal value of a linear
program and can, thus, be computed efficiently. The number is not explicitly
defined in [37], but all of these ideas can be found there. Larson has found a
characterization of graphs where these invariants are equal: a graph is Konig-
Egervéry if, and only if, o = ay [28]. Thus it is possible in polynomial-time
to check if these invariants are equal.

a < a [38]. Here a is the annihilation number of a graph. If the degree
sequence of a graph is listed in non-decreasing order d; < dy < ... < d,
then a is the largest index such that the sum of the first a degrees is no more
than the sum of the remaining degrees. Larson and Pepper have found a
polynomial-time characterization of graphs where ao = a [30].

a < n — u [33]. Here p is the matching number of the graph, the largest
number of independent edges. This is an early result of Konig. For bipartite
graphs the Konig-Egervary Theorem states that o = n — pu.

o <n—[21] = (et g

a < n—9. Here ¢ is the minimum degree of the graph. This bound probably
belongs to “folklore”.
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(9) a < © [31, 32, 26]. This is the Lovasz Theta Function bound, perhaps the

most important upper bound in both theory and practice.

(10) @ <min{}>", ., #’% X [(e+y)Tu;)? : y € Y} [35]. Here e is a vector
of all 1’s, u; is an orthonormal eigenvector associated with eigenvalue \;, and
Y ={y: y>0 and (e +y)Tu; =0,Vi=1...k}.

(11) a <n—% — 3 [29]. Here C is the number of cut vertices of the graph.

(12) a < n+ A [2\/n — 1] [1]. This is a conjecture of the AGX graph theory
conjecture-making software.

(13) @ < £[2] (for graphs with at least 3 vertices) [1]. This is a conjecture of the
AGX graph theory conjecture-making software.

(14) o < n— 4 — $ [29], where M is the median degree.
(15) a < mn — %mnk [3], where rank is the rank of any adjacency matrix of the
graph.

3. a-LOWER BOUNDS

The following bounds are all efficiently computable.

(1) o > 335 [44, 15]. Here d is the average degree of the graph. This may be the
oldest non-trivial bound and is a consequence of the celebrated theorem of
Turan.

(2 a>> oy 1+d( ) [4, 45]. This is the Caro-Wei bound. Here d(v) is the degree
of vertex v. Griggs improved this bound for triangle-free graphs not including
odd paths or cycles [14].

(3) o [48]. Here A; is the largest eigenvalue of the graph.

n— n—% -(1+1[2¢e/n]) 2n—%

(4) a > [n_ (1+L2266/nj)—‘ + { ( 1?;—(22/1]) } = [(%/E}iﬂ [17].

(5) a > D [5]. Here D is the average distance between distinct vertices of the
graph. This bound was conjectured by Graffiti [10].

(6) « > R [13]. Here R is the residue of the graph, namely the number of
zeros remaining after termination of repeated application of the Havel-Hakimi
process. This bound was conjectured by Graffiti [10]. Several proofs of this
bound have now been published. [15] illuminates the connection between the
residue of a graph and applications of the greedy heuristic Maxine.

(7) « > r [8, 12]. r is the radius of a graph. This bound was conjectured
by Graffiti [10]. [11] gives a useful characterization of radius-critical graphs
which then led to a characterize those graphs where @ = r bt DelLaVina,
Larson, Pepper and Waller [7].

(8) a > a.. [27]. Here a, is the critical independence number of a graph.

(9) a > L[(2e +n+1) — /(2 + n + 1)2 — 4n?] [19].
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(10) @ > n — 2u. Again i is the matching number of the graph.

(11) > >,y 1+d( Tray (L +maz{0, 555 — X ey 1+d( Tray +) [40]. This is an improve-
rnent of the Caro- W2e1 bound
(12) o = Sy <A+1—Alf>max{<U1+>2,<Ul> sy 134]- Here U = ming,,);>0 g y; and Uy =

ming, ), <o I(ui)il' For 1 < j < n, where u; is the normalized eigenvector

Corresponding to A, (u])Z is the i*"-entry of u;.

(13) « W Z(f:[;(g))gd STREr: [18]. Here CW(G) denotes the value of the
Caro-Wei Bound for a graph G and ¢; = where d; is the degree of vertex
Uz’

(14) o > o> +>\ [49]. Here A; be the maximum eigenvalue of the adjacency ma-

trix and S is given by the sum of the entries of the normalized eigenvector
corresponding to ;.

(15) a > 1 + % [23]. Here C' is the number of cut vertices of the graph. This
bound was conjectured by Graffiti [10].

(16) a > max{e(v) — eh(v)} [10]. Here e(v) is the number of vertices at even
distance from vertex v, and eh(v) is the number of even horizontal edges
with respect to v, that is, the number of edges e where both end-points of e
are at even distance from v. This bound was conjectured by Graffiti. This
is often a very good bound for regular graphs, a class of graphs where other
bounds often fail to predict the independence number. Michelle Grigsby has
many interesting results related to this bound, including a polynomial-time
characterization of those Konig-Egervary graphs where equality holds [16].
The characterization seems to be true for general graphs, but the conjecture
is open.

(17) « > [2y/n] —A [1]. This is a conjecture of the AGX graph theory conjecture-
making software.

(18) a > %t (for graphs with at least 5 vertices) [1]. This is a conjecture of the
AGX graph theory conjecture-making software.

(19) a > CW + ACVXHl) [36], where C'W is the Caro-Wei bound.

> 2n 73 )
(20) a > AREES YOy Ty [20], where d is the average degree

(21) a@ > 7+ £ —1 [30], where r is the radius, and p is the number of pendants.
This is an improvement on the radius lower bound in p > 3.

(22) a > e Y P e [46], where the d;’s are the degrees of the vertices.
This is the Welsh-Powell bound.

(23) a > WM(G/) [42], where the maximum is taken over all subgraphs G’

of the given graph G. This is the Szekeres-Wilf bound.
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4. SPECIAL a-BOUNDS

The following efficiently computable bounds for the independence number only
apply to graphs with special properties. In each case, testing whether a graph has
the specified property is itself efficient.

(1) If a graph is triangle-free and A > 4 then a > 42 [25].

(2) If a graph is regular, then a < % [35], where A\ and Apq, are the
smallest and largest eigenvalues of the graph. The bound is known as the
Hoffman-Lovasz bound.

(3) If a graph is triangle-free then a > CW + CAV‘(/Ij;)" [36], where CW is the
Caro-Wei bound.

(4) If a graph is triangle-free and A < 3 then o > 22 [9, 25, 22, 21].

(5) If the girth of a graph is at least 6 then o > A(gi;i)_"l [24].

(6) If a graph is a connected triangle-free graph and neither an odd cycle nor an

odd path then or < CW + 7275 [14].
k-1

(7) f[lf t]he girth of a graph is 2k 43 (k > 2) then o > 2‘(%)[27@(@) d(v)1)F
41].
(8) If the graph is Ky, -free then v < $(2n +2r — 1 — \/8e + (2r — 1)?) [39].




[1]

13]
[14]
15]
16]
17]
18]
19]
20]

[21]

C. E. LARSON

REFERENCES

Mustapha Aouchiche, Gunnar Brinkmann, and Pierre Hansen. Variable neighborhood search
for extremal graphs. XXI. Conjectures and results about the independence number. Discrete
Appl. Math., 156(13):2530-2542, 2008.

P. Borg. Sharp bounds for the independence number. http://arxiv.org, arXiv:1007.5426v2.
Marco Budinich. Exact bounds on the order of the maximum clique of a graph. Discrete Appl.
Math., 127(3):535-543, 2003.

Y. Caro. New results on the independence number. Technical report, Tel Aviv University, 1979.
F. R. K. Chung. The average distance and the independence number. J. Graph Theory,
12(2):229-235, 1988.

D. M. Cvetkovi¢, M. Doob, and H. Sachs. Spectra of graphs. Johann Ambrosius Barth, Heidel-
berg, third edition, 1995. Theory and applications.

E. DeLaVina, C. E. Larson, R. Pepper, and B. Waller. A characterization of graphs where the
independence number equals the radius. Graphs and Combinatorics, 28(3):315-332, 2012.

P. Erdds, M. Saks, and V. T. S6s. Maximum induced trees in graphs. J. Combin. Theory Ser.
B, 41(1):61-79, 1986.

S. Fajtlowicz. On the size of independent sets in graphs. In Proceedings of the Ninth South-
eastern Conference on Combinatorics, Graph Theory, and Computing (Florida Atlantic Univ.,
Boca Raton, Fla., 1978), Congress. Numer., XXI, pages 269-274, Winnipeg, Man., 1978. Util-
itas Math.

S. Fajtlowicz. Written on the wall: Conjectures of Graffiti. http://math.uh.edu/~siemion,
1986-2004.

S. Fajtlowicz. A characterization of radius-critical graphs. J. Graph Theory, 12(4):529-532,
1988.

S. Fajtlowicz and W. A. Waller. On two conjectures of Graffiti. In Proceedings of the seventeenth
Southeastern international conference on combinatorics, graph theory, and computing (Boca
Raton, Fla., 1986), volume 55, pages 51-56, 1986.

O. Favaron, M. Mahéo, and J.-F. Saclé. On the residue of a graph. J. Graph Theory, 15(1):39—
64, 1991.

Jerrold R. Griggs. Lower bounds on the independence number in terms of the degrees. J.
Combin. Theory Ser. B, 34(1):22-39, 1983.

Jerrold R. Griggs and Daniel J. Kleitman. Independence and the Havel-Hakimi residue. Discrete
Math., 127(1-3):209-212, 1994. Graph theory and applications (Hakone, 1990).

M. Grigsby. A horizontal edges bound for the independence number of a graph. Master’s thesis,
Virginia Commonwealth University, 2011.

Pierre Hansen and Mao Lin Zheng. Sharp bounds on the order, size, and stability number of
graphs. Networks, 23(2):99-102, 1993.

J. Harant and I. Schiermeyer. On the independence number of a graph in terms of order and
size. Discrete Math., 232(1-3):131-138, 2001.

Jochen Harant. A lower bound on the independence number of a graph. Discrete Math., 188(1-
3):239-243, 1998.

Jochen Harant and Dieter Rautenbach. Independence in connected graphs. Discrete Appl.
Math., 159(1):79-86, 2011.

Christopher Carl Heckman. On the tightness of the 1—‘1 independence ratio. Discrete Math.,
308(15):3169-3179, 2008.



[22]

THE INDEPENDENCE NUMBER PROJECT: o-BOUNDS 7

Christopher Carl Heckman and Robin Thomas. A new proof of the independence ratio of
triangle-free cubic graphs. Discrete Math., 233(1-3):233-237, 2001. Graph theory (Prague,
1998).

G. Henry, C. E. Larson, R. Pepper, and D. Sexton. Independence and cut vertices.

Glenn Hopkins and William Staton. Girth and independence ratio. Canad. Math. Bull.,
25(2):179-186, 1982.

Kathryn Fraughnaugh Jones. Independence in graphs with maximum degree four. J. Combin.
Theory Ser. B, 37(3):254-269, 1984.

Donald E. Knuth. The sandwich theorem. FElectron. J. Combin., 1:Article 1, approx. 48 pp.
(electronic), 1994.

C. E. Larson. A note on critical independence reductions. Bull. Inst. Combin. Appl., 51:34—46,
2007.

C. E. Larson. The fractional independence number and Konig-Egervary graphs. STAM Discrete
Mathematics conference talk, Halifax, Canada, June 2012.

C. E. Larson and R. Pepper. Three new bounds on the independence number of a graph.
submitted.

C. E. Larson and R. Pepper. Graphs with equal independence and annihilation numbers.
FElectronic Journal of Combinatorics, 18(1), 2011.

L. Lovéasz. On the shannon capacity of a graph. Information Theory, IEEE Transactions on,
25(1):1-7, 1979.

L. Lovész. Bounding the independence number of a graph. In Bonn Workshop on Combinatorial
Optimization (Bonn, 1980), volume 16 of Ann. Discrete Math., pages 213—-223. North-Holland,
Amsterdam, 1982.

L. Lovasz and M. D. Plummer. Matching theory, volume 121 of North-Holland Mathematics
Studies. North-Holland Publishing Co., Amsterdam, 1986. Annals of Discrete Mathematics,
29.

Mei Lu, Huiqing Liu, and Feng Tian. Laplacian spectral bounds for clique and independence
numbers of graphs. J. Combin. Theory Ser. B, 97(5):726-732, 2007.

Carlos J. Luz. An upper bound on the independence number of a graph computable in
polynomial-time. Oper. Res. Lett., 18(3):139-145, 1995.

Owen Murphy. Lower bounds on the stability number of graphs computed in terms of degrees.
Discrete Math., 90(2):207-211, 1991.

G. L. Nemhauser and L. E. Trotter, Jr. Vertex packings: structural properties and algorithms.
Math. Programming, 8:232-248, 1975.

R. Pepper. On the annihilation number of a graph. Recent Advances in Applied Mathematics
and Computational And Information Sciences, 1:217-220, 2009.

Zdenék Ryjacek and Ingo Schiermeyer. On the independence number in K ,41-free graphs.
Discrete Math., 138(1-3):365-374, 1995. 14th British Combinatorial Conference (Keele, 1993).
Stanley M. Selkow. A probabilistic lower bound on the independence number of graphs. Discrete
Math., 132(1-3):363-365, 1994.

James B. Shearer. The independence number of dense graphs with large odd girth. Electron.
J. Combin., 2:Note 2, approx. 3 pp. (electronic), 1995.

G. Szekeres and Herbert S. Wilf. An inequality for the chromatic number of a graph. J. Com-
binatorial Theory, 4:1-3, 1968.

Robert Endre Tarjan and Anthony E. Trojanowski. Finding a maximum independent set. STAM
J. Comput., 6(3):537-546, 1977.



8 C. E. LARSON

[44] P. Turdn. On the theory of graphs. Colloquium Math., 3:19-30, 1954.

[45] V. K. Wei. A lower bound on the stability number of a simple graph. Bell Lab. Tech. Memor,
pages 81-11217.

[46] D. J. A. Welsh and M. B. Powell. An upper bound for the chromatic number of a graph and
its application to timetabling problems. The Computer Journal, 10(1):85, 1967.

[47) Douglas B. West. Introduction to graph theory. Prentice Hall Inc., Upper Saddle River, NJ,
1996.

[48] H. S. Wilf. The eigenvalues of a graph and its chromatic number. J. London Math. Soc.,
42:330-332, 1967.

[49] Herbert S. Wilf. Spectral bounds for the clique and independence numbers of graphs. J. Com-
bin. Theory Ser. B, 40(1):113-117, 1986.



