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ABSTRACT

In this paper the transpprt corrections of higher order
sre presented. The resultis are applicated on removal systems,
The comparison of the removal diffusion &nd removal Pl
systems besed on the transport equations of higher order
with the NRN method and Spiney’s method is presented.



1.0 Introduction

The angular dependence of the kineti:s esquation biings
a lot of complications inteo valculsticns, 1.a. fnt. %o
economy and the practicability of celeulations.

For neutrons with low energiassg ‘whape vhe anisctv.
of scattering is .ow as well) the gscattering is considever
to be divided into two paris, i.e., isctrapia scattering
and scattering with maximum anisotrepy /3/.

This process gives a transport approximetion of the
kinetic equation the wmain advantage of which counsists in
the possibility to perform the calculetion far ths isctropic
case with effective scatter data.

The papers /1/, /4/ endeavours to present a lcgical
extension on the transport covrrection of higher order,
This demands the application of the SN, DSN and PN methods,
especially for calculations in shielding physiacs, where for
higher energies the anisotropy of scattering increases.

A similar problem occurs also for gamma ray tramsport,
where the anisotropy of scattering is eapecislly high. For
this case with regard to the anisotropy of diffusion is
suitable to observe the classical access depending on the
division of the radiation into the direct passing and
scattered radiation.

The same problem takes place for neutrons using the
removal method with removal cross--sections dependent on
energy. Neutrons are to be diwvided into "scattered” and “non-

=gcattered" parts. The "non-scattered” part of neutrons
includes the purely non-scattered neutrons and neutrons
scattered directly forward with small scatter angles,

The removal cross-eection characterizes the attenuation
of the original beam., There exist several definitions of



the removal cross-section and several procedures of calculatior
/2/.

In this paper we shall deduce the removal cross-section
on the basis of the transport carrection of higher order.
ihis cross-section will be cohpared with the mastly used
definitions of the removal cross-section, i.e. the Spiney’s
model and the semiempiric NEN method.

2. General Part

2. 1 Formulation of the Pr olem

Let us discusse the Boltzmann kinetic equation for neutron
fields

Avde s se) Qi ﬁ,sy-:f;f‘j,;ﬁ' WP A, E-E) P73 E)+S(FAE)
£ 4
(2.1)
' 'R ... is thne neutron velacity vector before
scatteripg -
v Q «ee 1is the neutron velo®ity vector after
scattierihg
Y7 a,6) cee 1is the differentisl neutron flux, where
545 Y7a,6- Pere)
¢F
Qb(E'E) «ee 1is the nbhitiron flux
SFaE) s+ is the ekternal scurce of neutrons
L(FE) +es 18 the mhprioscopic total cross-section

for neutyon imteractions
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where "g" signifies the g.’thf sort of nuclei, "h" signifies
the h’th type of neutron interaction the comnsequence of
which is the emissien of secondary neutrons.
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is the neutron profit per scatter interaction of the
h?th type with a nucleus of the g?’th sort, i.e.

Vet = Vpu (€9
b
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Only the interactions (n,n), (n,n’) take place in shielding
physics calculations. Therefore
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;_‘A(f"(q“g‘..g) ..o 18 the differential macroscopic

cross=section
Ph(““' E'—oE) ees i8 the indicatrix of scattering, where
3_ 1 ' .
Iw N
SJE}rJn EA(A“_‘»ELD' 1 . (2.2)

For the next we shall use the following definitions and
formulae:

The Legendrian polynomials

o Jn
P._(&) P(c Sn9-)=2 ol dom "9_';(“’8 -4) y 20,42,

The Legendrian functions

m m m m |
Pn_ ()= R (cosng-) + Sin 'S.__J____ R(cosai\) n=0,4,2,
dcosad™ ’
The spherical harmonic functions

P) - e[ ”"e‘“"'n(cos&)

(ntm)l

m#
P(&) ) /(—;ﬁ """”P(cosng),

The addition theorem
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de RlB () = 2

LN

In tables we can usually find the scatter matrices with
elemonts Gy (E'~F) . Therefore we shall write for each
ngw M Nh"

G(E)P(o, E~E)= G(E-E) Pl.) ,

D(k. E“E) - Z’n ARACEE

AGE zrju.p(&..sas)?,(&o),
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Looking at (2.2) we have
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Let us write:

G(E~E)= GE) P(E~E),
GUE") Plekak~E)=G(E) PE-E) Plek,),

PlkoE~E)- P(E-E) Plks),

o 4 oo A

JJEJJA. P(A,,ELEFJJE E(EL.E)JJ““ ple,) ,_.E'fi_r ’

~4 o
4 -4

/| 4
jJA. F(“‘O) b - = -2-?
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Now we can write: (]

~F\s :
W (7] Aoy EE) ,Z;, Ny (F)Gy,g (E-£) P, (s) -

% Ly o (FE~E )Eh (o) *Z(FA, ESE)

Further we can write:
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whers Fi(des)= Z (n)P (1)

K=-£

It is evident that aa}(f{ E'-g)= 5, (P E'=E)

2.2 Removal Method

CHCIP® COwun CHOUD 0 CI5 KI5 D GB B b oo 8" IS o

Let us divide the differential flux ¢ in (2.1) into
the "non-scattered” part ¢ and the "scatiered" part ¢,

Cedae) - PEaE) PFAE)

cf(l’.ﬂ. E) «oo 18 the flux of those neutrons, which did not

experience any interaction, s{mm their penetration into the
discussed region.

The equation (1) may be rewrftten

37(%4%}4-2(’% +%)t SJE'SJ.&' 7"'(6&,,5'—05}(%4%)’3

o 4
. (2.4)

Let us divide the cqugtlon (2.4) into two equations for

AvP(FAE)+ S(FE)Y(F Q,6)= S(F 3 E) (2.5)

BvRE 5.6+ £56) R 4, ‘-’ ) JJE j.m WP A0 E~E)Y(F SR E )+

oo 4T

+ JJE JJ.Q. W(Fko f~E)Y(FNE

° 47 g (2.6)




2L+ 1
W Ao EE) = Z s (Fese) Ri,) -
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o omaks tne Tollowing assumptions.

Wy £ 17,4 far L>L, (2.8)
ding v D0 Lot ous aske the following as pticn
Wi (FESE)- 1w, (FEE)  for A>L. (2.9)

A>L sy pe written




Now we shall discusss the d —funotion dC&a-1):
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=3 Pa).
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Frar the integral relation -

7 |
73 (.) '%JJ"F (. + j -1 cos "/")‘

follows E,(l)'/l for Kso0,4,2,
Therafore
20+4
C.l = 3 9
oo Y,
+4
Jv(t“(o"l) . ‘Z T ?l(d(o) 9
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Frum abovs follows (with regard to (2.9)):

oo

Z Z 2hd ) (PELE)R @D (@) -

Lal+4 K=-£

LedlPESE) “‘,‘," .

- L+4(FE~.E)Z 2’“ PPy . (2.10)

f=0 K-t
Using (2,7) and (2.10) we may w;rite

(e Y el R @R )
Lo Ke-f
< ¢ 'J’((“o"") (2011_)
t W o (LE-E) 7 ’
where (w'l (FE'“E)= M(FE—'E) W (FESE)
for AsL . (2.12)

F.mther may be written for the equaum (2.5)

f:efjaﬁ"m P, EE)CFEE)+ R ERE) -

JEJJ ze“’&?'(l’l:'—'E)P(ﬂ)B“ TP+ ]4-

E 4T "‘ ke-A

j‘JE M#A(rf E)JJQ. [‘f ‘ﬂ] f(r‘“ 4)

-.-o,

(2:,13)

whare (Hos

Let, us calculate the last integral on the right side of
(2,23), following the definitiemn of the J ~function

« 12 -



© for Ao c4

J (o-1) {

o for clot1 .

Ts fiad out the integrals j/ J—(C‘t -4), LJ *“10(5.'); (e,-4) 5

we £hall use the Fourier serles for d( o~4)

J k1) = Z-%*—‘ P(4.)
L0 |

Ther. we can write

oo st

[ 2]
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(2.14)
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o, Ne sng.. woita the integral IJ&' ‘p(&')ﬁc‘co#)
'S

CoL.aus geometry:

(’a P (e 1) = Z 2024 j,m PP (k)

4; o
_ L+4
'; 2 J’P /JA ‘P(A)[P(&)P(A‘H
K <] o -4
+2 ): e P (IB) () cos w( Y- -
éo0 ad I-O
27 Prae) (2.16)

Jamacx: Daciaag the calculation of the intpgrals
*ui» following relations had been used:
27

Ho(ﬁ) . ??ﬁ)' 1, fJ"I"cos K(Y-¥Y) <0 -

Noon owe shell writes
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Tne kinetic equation (2.6) for 9% takes ihe form
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5 y T K=<
Let us add the equations (2.5) and (2.17):

av[P(Eq E)+¢(r"ﬁ,£)] +LCEN QR E)+R(EA )]~

IJE ”“ i;'E )P(Q)Pm(kﬁ' NQ(ERE) Fii'e )+
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£

For the plane geometry the (2.18) takes the form
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jdf‘].w deké ): 204 0z, %6)] Dick) Bk
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A% 4 integration according to Y the equatinng |\ <.1v)
te writtsn as @

“ a"liz [ ‘f (z4,6)+ Rz, “.£)]e £2,€)[ P(z.48)¢ %(Z‘A‘E)]:

l JE j Je Z 2144”_ (z,f"f)[ ‘K(I‘&:E')f f(z‘&‘,fl)]e(&)g(&‘)f

JJE ‘8, (20 Pt Lt )]+ S(2.E),

{(2.20)

Ls* s replace the (ﬂ and % by the Fourier series

Pz, ki€ - Z’ " (2, E9B(«)

n=0

Cnc2,9 zrjda PatEIR) 5
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Reo
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Thae szatter integral in (2.20) takes the form
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La%t 18 put it into (2.20):

“ i[ Paae)e Qe+ E2 AR AE)+ Gz k)]

s
’30

+/JE'/2J[“{Z‘ £e)] P(z,4,E9¢ PlzcE)]+S(2AE). (2,21)

rt(ZE)+ L), z(‘-E)]P(&) +
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The equation (2.21) may be written in the multi-group

f orm

l‘f’(z )+ L)+ 2’(2)[‘/ (1.4)+ Qlz7,4)] -
Z Z 2f;dwt(z)[gp‘(z) ;;«(Z)] B(&) +

A:-‘ 80

Z L+4( )[‘70?1 ‘4‘)*’ ?Lf")] + S?zﬁ“) ’
4.-4 » (2.22)

@i ,,,).j dEP(2, 4 E ) ,

Ths eqaauon (2.22) may be rwmthen as
"“2’7[(’0 (z.4)+ f ld«)] [s%)- 'I«"u‘z’][‘f(z &)+‘7”(zaq]

): ZZIH,M, (2)[‘f (Z)fsol(Z)] (k) +

A‘lg‘

33 [Plare Glrar] e S,

4:34
(2023)

La% a8 divide the last oquption into two egquations for (ﬂ'
and ‘70‘ as previously.

"‘dz X (z «)+[s%0- 2 mlzi] @z Sz, (2.24)

-1 -
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i Z)[%xle*(/c;(zL]P(A) (2,25}
A 20
¢+ st us uge for the previous discussion a different

PP E L o

Ty equation (2.1} Tor plane geometry takes the form

oo 27
Y(z&sﬂ).‘(zf)‘f(z/«[)f,/f/,/'!ﬁ/./&'w-(z& E..E)(p(zfqg),. -
tS(z,4,E). (2.26)
T2 the multigroup form we get.

& Yl fn Pla Z fd‘ﬂ fJ& W 2) P2y + k2.,
Ax4 ° -4 (2 27)

I
P

a8 write

fw'(z &,) = Z 2/5."4,;( )'P(A‘,).

oo £
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) B ofp ) S BB ()eos k()]
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W, (2) =27 /4««. W (z,cks) Blck),
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™ a=atter integral in (2.27) may be written as

. ar 4
i J(J"f’f.lr«‘ Wz lz,a-
¢ (zr f ‘e 214»4 nt pa
AZJ anc) mP(««.)g 04 )P =
A ar
f— }-— }— 2{;‘ 2:;" ‘;'(z )(f ) P(A)fJA‘P(&‘)P(d‘)fJ%
As 421 P p : ar <, o
+zZ4 ((wn B(&) fJA B(A‘)ﬁ&w dYeos x(y-vY] »

+ oo
2844 2
L L 2_ ;'4 :Hw (Z,P(A)zn.*d ng ‘/ (z)-

oo
1 Rzo. N2

# oo
Z Z Lot 0% ) Pl2) B

-3

.4 we shall use the assumptions (2.8) amd (2.9).

¢ oo .
ZZ ”M‘w—’&)‘f(z)P(&)!

oy

i[ IZL: z,f; 'h;a) (Z)?(A)f’g“ ’U’(Z)‘&(z)?(‘g)]
L/ (z)?(c‘c)]

‘2_—;{“ YT «z;’(z) iu(l)]‘l’(zﬂ’(&n "(z)‘f(z‘,l‘)}
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Let us put the final express 1on to (2.27):

Aj’; Pz.4) + £52)P42,)+ ): Z (s )-‘:,4(1)]?’ (2ip:.

As0o fzeo

L P ledrs Sta.
Asq

(2.28;

Farther we gst

« i
7 PUza)e[cha-5 (z,]S”(M) Zm’;m(/ (2,4)+

‘ . AsA
l A-o‘, A-g
215 )- %42)]‘6‘2)73““’*5 z,4) . (2.29)

+

44 Lseo
The eguation (2.29) may be divided as:

d
3z Pl [giz)- & m]‘f(z&) Sz, (2.30)

d < i
A = (p ‘q)+[):“’(z) (Z)](p’(z f‘t) f_' W, (2 )[ (g(z‘&), Cf(z‘,q )]4
¢ L o

+Z 21444‘,.1-(2)[%;(2)4.%:(Z)]B((Q) )

At f=0

(2.31)
Ang g |
whers QJP ‘Z)S &,120 ‘&{}462) ‘l..ﬂuz“n‘L.

So the (2.30) and (2.31) may be written in the form(for
shielding calculations)

L @iz [z"(z)-gfwcz)]iﬂ‘.@ 4)«S¥z.), (2.32)
d i <
dz Ic z&) [zi(z) ZMH(Z)]SO(;A) Z z‘ L“(z)[(f(z‘&)dg(z‘&
" L vy
214
jgg;:lco 4 ALI(Z)I'gpl"Z)1FSP:‘czl]1)(ak),
(2.33)



W2, ko EE) # DRk EE) T pat o5, 1n

waple, -
W e

;.j‘ (.-0‘- 4'.-0‘.

ZA,I(Z,‘ ZA’l‘Z)-zA’L."‘Z) ; A= 0.4,2,-+.Le
I ‘47 the equation (2.29) has the form (2.34):
Lzt us o331 and subtract to (2.23) the expression

Z LM(Z)(P‘:(Z.A) .

Asd

Thaxn we get

S Plawye [£H2)- Z m(z)]‘f (z,4)

ZZL@"—'&* (2)‘5(2)1’(&)4

L=nd I:o
-4 f0g

}:%AZ)[S"(M) Phza9] ¢ Siz.4). (2.34)
Azq

Dividing (2.34) into two eguation for (ﬂ and % we get
{2.32) snd {2.33), where

(z
"’l - Z N (Z) "b} Rl

2.5, Smutlon of‘f Uamg Pﬁ -~ Approximation

EIREIC ik boe €7 T AT Gvenn g -*“-'-_-- = D S &y s

I=t us write equation (2.33) 'in the PN-approximation:

¢  2nes (nf
Teae) ) Bt @ 2)Pa),
i 4
%.:(z)' "[“"‘ ‘Z'(z.&)P..(A), (2.36)
od
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: T
#%z)-£h2)- 54, (2),

o o (f () Btys £ mg; 2nee 7 : ()R-
& L

Z zt : ; e ,(2)+‘£ ,(Z)]P(r«)*

P |

g e ).‘.. s B @)+ @ @R .

Let us multiply the last expression by 7‘2,_(&) and

integrate according to c‘t for 4€(-4,1)
4 “

| Z(ZnM)dz y (z)jJA AP(\"‘)P (t‘t) + Z (Z)Z\Z"* ’)?’ (z jJ&?(&)ﬂ‘(&)’

ne=o
-4

Z Z(zw)}.‘ ,CZ)[SP (z)+SF ,@)] fJAP(A)P (&) +

Az1 fa0
A.-'J. A A
+Z££ LH(Z)Z@MA)[(K,A(Z)" Sf’,,(Z) L&R(A)R(&) .
At4 =9 4 ,
(2.37)
It applies

“B)s AP (e 2P (4



4

Z <2'“" ‘f @) /J& 4B ()P ()" Zn ,i(ZJJfaR.,u«;ﬁ_g

n=0
-4
4

d_pf
,Z(nm;; ¢.@ MRM(A)R(A) }: R ARG /,MP(A)

'l=0
: nseé

Z 501.4( ’)ﬂm RePule) -

2y [meesdo P (2o :.‘— ¢l

nzo

-4

2[ msq d § m d (pé ]
2m+1 ZE(IOc,mM(Z)*m:?()f,M_,(Z) .
Now the aquation (2.37) turns into an infinite system of

ei';}_'flations fOI‘ m= 0, 1, 2, cece o

m+q d P d i . '
g Sf (z)+ =2 (Z)+Z"'*(Z)(@fm(z),

2"1+4 dZ lcgm4a 2m+4 d2z

Z Z I, 1(2)[ (z)+ (z)].:,l~

A=q4 L0

0-4“. f

+4.=4 A LM(Z)[%M(Z’* <, m.( )J (2.38)

Afia» some arrangement the equations (2.38) turn into an

infinite system of equations for n=0,1, 2, «e, :

nts d

d
Tz fm(z)+ ,_,:,,JZSD (2)+£‘* (2)¢%.(2) -

Mm[‘f (z)+$0” (Z)]a’~ *Z& W(z)[%,:(z}'rsgi(z)],

And
2.39)

1‘.4
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o‘v /4 for nsi
L=\ f.r n.)L.

©

T 2= PN - approximation we shall restrain ourselves for =&
ixre* N + 1 equations of (2.39) putting ‘f e~ 0.

.+ L € N (look at (2.8), (2.9)) we get in the

N - approximation

nta o 2 d

— & n a4 a.. . i.-']: é
Zn+a dz c,nu‘z) " Zaradz (g,u-c‘z,*[}:f(z)‘ZA,L+4(Z’]S?,n(Z)=

byt

Z Sl ARGV ANEI] P eI e ﬁif##ﬁim]@

Al"

Es W AT A e )

esy

P (2.40)
n-= 0‘4‘2' --~‘”,' yé,ﬂf"Z’ 20; LSN'

AT 2r apme aﬂrangements we obtain

neq d 4 4.
2n +4 JZ‘FnM )*201.1-4 che -4(2)*

+L£J.(Z) Z/S n.(z)‘f‘" z‘,L,w,(Z)(” J.)]yé (Z) 2

Z::A,.,(z)[ @21 Uit HLEL -l Py
3-4

ZZA,LM(Z)“ J—)[‘ﬂ' n(z) ¢ ‘:(Z)], (2.41)

20.

i
n.zo,4.2,-~.N,' %NM‘Z)";' Ls“)’ J[>n=4a Jz
<

= n
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Sysrams Based on the Transport theory

ICIMIE= LW PCTI L e & T e L A Y st e A

For the removal - P1 system we get from (2.41) for N = 1,
L =1

. g Y
r"‘diz‘(laé(Z,r‘()*[Z&(z) ‘Z:’Z(Z)]‘ﬁ}(z:“‘) =5 Z,&), (2.42)

CP (2)+ [}:4’(2) z,s o(z)]C'D’ (2)- ZZA, ‘Z>[$”,(z)+$" (2)]

Axq
*[XA,,(Z)-ZA,Z(Z)]S%(Z), | (2,43)
4 d ¥
3;—(’0 +[ £z)- z/s 4(2)]? (2)- Zz/, ,(Z)[()& (2)+ P (z)]
*[56,4(2)“2:4,2(2)]%,(2),
(2.44)

whexrs é 1 i

S”,’,(Z)-zrr]JA‘P,(Z,A),

. “11
e 2xfa
,,,(z)-z de &« P(24c4),

-4
Similariy for the removal - diffusion system putting

Q;(2) ~ 0, where Q;(z) is the second Fourier coefficient
of the source-expansion, we get for N == 1, L = O:

o 4.' : $~4
“« 50290 c%2)-5, @] Pz A) Sz,

(2.45)
= ? (Z)+[£?(Z) Z '°‘Z’]$” (2) - ZZA a(Z)[Sﬂ ‘zn(p ]
a.-.’ ' A=q
+[ X4,0(2) - Z,, 4(2)]% () , (2.46)
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1.d_ TR '
3 dz c°+LZ}‘Z)‘£A’4(Z)]‘£:(Z)=O .

To determine tiie sources it i3 advisable to use a i'iner
division of removeli groups. Then we may write:

2. e l !

d w* o o
A (2) 45,0 ()P 24)-S(24), (248
where for the removal-Pi approximation:

c(-’&

zrem(z) Z (Z) - ZA ,2(2 2), (2,49)

(The wave-lirne above 2. ref_ers to the maner of the
veraging ol data. Look at chapter ).

For the removai-diffusion approximation 1s
) J-O‘

o
Zremizl‘ £%2)- EA [(2). (2.50)

Marking Z,,(Z)-["(Z)-Z/‘, (Z)we get for (fc in the Pl -

appreximation
ACE)-1

d_ @t = : T
;—z-fﬂ(zyz’ (k) Z ¢ (Z)Sf,c(zﬁz XA,,(Z)%:(ZP
- A=q oL=q
B L e ‘
"Z [ZA,O(Z) -, 2(2)]99,,(2), (2,51)
ots3(§) ,,
p y .
SR AR CIRS ACIAAES Z_'z,,,(v)se, (2) +
=4
A#)-1 M)
Z Z,H‘ ?) 4‘2)'Z [}:,“(Z) ZAz(z)]sp (z),
ol=1 dl[s‘t’ _ (2052)



where A(#) is the ranking number of tih: group oi the fine
division the uppsr limit cf which i1s the upper limit of the
j*th group. Similarly &(#) 1is the ranking number 3f ths
group of the fine division the lower ilimit of which is the
lower limit of the j?th group.

For 92 in the removel-diffusion approxiimation the foliowing
equations take place

‘,0 (2)+£‘*(Z)$0 (z) - Zi‘;" @ (z)+

A#)-1 P
el--t‘.
dZ‘I ZA O(Z) f’,o‘z) } [ZA ¢(z) ZA “~)‘]%‘o(z),

1 d (¥ ' (né
3z @2z 0.
(2.54)

3. Energy Dependence of Removal Cross-Sections and Manner

of Their Averaging

In the previocus chapter we have found out the removal
cress-gections.,
For the removal diffusion systems we use

Zrem(5)=£(f)-£;5,4(f)’ D)

where Ly, (€)= KEIE E) -2_ N}%”(E)AAA,,(E).
}9‘1

Supposing the isotropy of the inelatic scattering (i.e.
%, 9 ) we can write

An
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zAu(E) ) r“eeff).f«(f‘),
and the expression (1,1} consents with the §piney’s definnteol.
of the remeval cross=3cstion used in the RASH and MAC-RAD
models,

Par the removal - PV svsl-me e have got

ZremiE) - T\E)-5, ,(F). 3.2)

In the following paragraph we shall ecmpare thz expresesion
(3.2 with the semiempiric NRNemethod in which the removal
eross=section is defined as

1

S rem (E)=Z(E )=2W Jdele WL ool En) , {3.3)
-1

Wi e

‘ o fﬂ' "1 <"‘(r
U(4) s
1 fﬂ' (“ )"‘tr

On the basis of the cemparison with experiments it hae
besn reeomusnded |

(045 5, A=A

A, -

Loée £, A>1 ,
where (k, is the cosine cf the scatter angle in the
eceniv ~of-mass aystem. It is important to sbeerve that in
the Nilv-mpethnd is another imporiant arrsngement,

In the 2alutinon of the diffusion equation the diffusion
eneffieient determined with correetians /2/, /3/ is
being nzed :



H - « -i 2- «
£ E-LE)1-&©))-F5, ErFE O, (3o4)

‘Ek’;(fj is the cross=-section for all absorbing reactions
and for those scatier reactions, which coatribute to the
removal of neutrons below the bottom E, of the i’th group,
where the averiging of the diffusion coefficient takes
placse.

To determine the group—cross-sections the averiging is to

be executed using two ways, i.e. for the "non-scattered”

and for the scattered neutrons. For gamma ray these problems
are discussed in /6/, for neutrons this formula is used:

Ed-l
JE X (EIN(E)
£%: B ,
E¢-4
JE N(E) (3.5)
(P

where N(E) is the spectrum of the source.

Similarly for the scatter-matrix with the assumption
y ' we have

4}0',5';& N(E! Ero Bt

g JdE /JE'IA,I(E'-.E)N(E')

ﬁ; ”

Eqs
JiE NG (3.6)
[

where "g" ies the index of the scatter neutzoan~group,
"h* is the index of the removal group.

240"

For neutrons N(E) is the fission spectrum.
Following /7/ we use
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NE) -« &” sin hJFE (3477

where o0 is & normalization constant

o = -
00 "—3'5
e 1

For B4 =and g the followixig values are recommended:

A3 ¢
U 233 1.05 2.3
U 235 1.036 2.29
Pu 239 1.0 2.2
Pu 241 1.0 2.0

With regard to /8/ for U 235 - fission the following values
&re recommended:

/3= 1,013 J=1.932

Watt suggests A=4 ¥ 2 oL=0. k%

For the acattered neutrons to add the influence of the
slowing~down spectrum and its deformation caused by the
resonances /5/ is necessary.
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o smparison of Remeval Metncis.

s LS S PO B et

S MECRL T M CASM.

A detailed comparison of varicus remcval approximaiin s
<i¥an in /2/. We suspect it is necessary to complate
5 o0e: comparisons by some other facts. Furthermore it ia
/. #:hle to compare the praposad foundaticns for the
. cvarement of one-dimensional and two=dimensional remnv=:
~i=+< REM=~DIF and REM-Pl based on the transport correctiuvi..
/11/ with typiecal removal codes RASH, MAC and NRN,

niws main differences may be scearched using the following

A LAY

X T, -

4, Jne determination of the removal cross-section.

The coupling of remcval groups and scattered neutron -

groures,

=3 Ths slowing down model.

13 The division of groups.

o M= mathod of the data averaging (with regard to the

r#sonsnce structure).

T Dhe coneideration of anisotropy of scattering in the
sastiered neutron-groups.

The RASH, MAC and REM-DIF codes use the same definition
¢ 4w removal cross-~section corresponding to the Spiney’s

T
«'lru-v-in.

The anisotropy of ccattering in the scatiered neutron -
<0293 is used only in the ReM-~FPl code. In this code the
enval acatter angle conserving neutrons in the "non -
w.am20ed" beam is picked out by teking the Fourier
wastticient of the imdicatrix for n = 2 into considerations

. =Xore the removal angle is smaller in comparison with
v spiney?s model in which the angle is picked ocut using
vhe Fourier cvefficient of the indiecatrix for n = 1.
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In the above dascrited meithods s Temaw&s JUnsee st
is a function of energy. zn the NBEN msthed 1% wss ua¥visr o -
x5 a quantity independent on er=rgy 'y 8ing sxyperiment s
methods.

In the coupling bstwsen the ramewsl zrocw: mang the
2sitared neutron-—groups fur the RASH and 440 osdsz 1o &
iimitation in the scatter mairices,

Furthermore in the RASH and &AL codec the asutron
conzayrvation law for the transfer of n=aotrons from in2 Domora
graps into the scattered neuatran-grougs 18 noh tulliiled,
- gereral transfer from the remwaval groups inis the scatier

.

¢

negtTon=groups and betweern the scaitared neulvron=-grouse av-
wo% permitied in the RASH and MAC codes. They are permitted
iz the NREN, REM=-DIF and REM=P1 codas.

w= consider the including of the infllusnce of ithe resopan:
ateuetare on the group-=datz aversging ie the most impar?
question. In th2 mean time none ol the usad codss {(i.¢. UDN,
MAC, RASH) includes the influenmce of the rescuances,

This may influence the experimentsal determination
~# the removal angle i1n the NRN node. The codes REM-DIT and
REM~Pl suppose the group-data everaging, influenced by the
resonances /5/. In the NRN code tha diffusion coeftficient
is corrected /3/, /4/.

et us return to the definition of the re..aval oross -
section:

Srem(E)<L(E) - f(E) E4E), (4.1)

where 2;4CE) is the elastie scattering ecrssgs—section,
# ims the fractien of elastic collision which deliberate
deetiering into the directions of the "non-scattered"
neutrons. Following Spiney

4y
<.

L



f-; -4, . (4.2}

[+

Aewcording to the REM-P1 method {= 405 (ise. the third
Fourier coefficient of the indicatrix in the I-system).

Th= NRN method gives the definition:
®,

rem.

/J% 6(E, Y. )sin¥

- , (4.3)
J/&ﬁ%‘gff]ﬁ%) sin Y.
[
wyere 0 (@) is the cross-section for elastic scattering into
pit s0lid angle at a direction ® with the incident neutron
d.rection in the centre of mass system, ® . . is the scatter
sagle ahove whichl a collision is considered to be a removal.
The experiments /2/ have given %,em=<5@repm = 0-6 which
NAN )
gives @, ~53° for materials with A>4  and A,em =045
which gives @:::1263" for hydrogen ( A=1 ).

Therefore it is convenient to compare the quantity £ or
the angle ®rem corresponding to the removal
codes mentioned above. For simpliecity we shall use an
spurosimate expression deliberating the anisotropy in the
cexirsz of mass system /3/

({‘c = O.O?A2/3E <A1 (4.4)

The formule (4.4) gives only a rough approximation useful for
low energies ~~» 100 KeV, Nevertheless it is used for higher
snergies and small A (look at /3/). Therefore we are able to
uae (4.4) for comparison only for small A, so that the
exurassion (4.4) does not lose its mathematical meaning for
energies up to 2 MeV,
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For E in [MeV] is 6(%)- ——-—[4-&3& cos%] (4.5)

4
/JE n.(EJ dete (443 &)
a.nd fﬂll A rem

fdfn /J& (143, 4)

Here n(E) is the fission spectrum, f is the average value
independent on energy. With regard to the linear dependence
of &c on energy it is possible to use the average value of
eaergy of the fission speetrum, i.e. 2 MeV, Therefore

/ dete (44042430 )
rfh‘l.

(4.6)

{MM(A Arcu)

/ dee (1+a4«zA .—Q)

213 (4.7)
= 5| (1-direm)+0.214 (4"t‘l~2;-em)].

Further we have

46— AE o ——_ 2/3 _ (408)
AE)a k= ot 00r A (4- 2

To the expressions above there corresponds in the centre of
mass system the angle

dif 1 ' —
©,. (AE)- arccos{;g[j1+4ﬂ(4+ﬁ-zm) —4]}; (4.9)

where 3. 0,24A2/3

Analogously to paragraph 7 we can write



4

% (AE) 2T JA—(4+3Acf‘<)P[¢°s¥f_(A)]

cos Qﬂ.(f“)‘ AcosY. 4 ) A +4
JA 2Acos¥Y 44 AR+ 2Ack ¢4

’

Al +4 y Ak + 4
Wi (A E) J"‘P(JAthA+4}+2'A‘ dek “‘E(TA‘+2AA+4) )

-4

x .4‘-[5 -3A'- 3(::4)2 én :::]+ 0.15?5AH’E{‘;?+%-[4* A,;l(AZM‘Z)P

LA A’+4[4 A"+4(A‘+4 2)]5

(4,10)

Por A:1 the terms containing logarithm turn to zero and
therefore o

Wy (AE)- £+0.0525E . (4.11)
Por A22
e 1 1
Wy (AE) 3,2 (2i-1)(24i41)(2443) A24

(L) (4,12)
- A+ 1
CeA. E)Z (2i-aN24i+ AN24¢3)(24i + 5) pt<*4 o

Lm0

where

CAE)s 18K, - 1.26 A*7E
The corresponding angle in the centre of mass system is

@:4,,‘(,4,5):: arc COS{Z’%[I'H 4/4(44'/3-/20;)-1]} (4,13)



9/3
where f:0.21A
The following table presents the compaerison of the quantitie -

fian, W1 and 2,  as functions of A for energy E = 2 MeV.

A L 2 10
fuan #3959 .307 «510
s, 723 +522 .16
s .355 175 .08
Aynan 045 0.6 0.6
Ouin’ 63° 53° 53°
Ardf =243 0.27 0.394
@ 104° 74° 20  66° 45°
Kr Pt .45 0.78 0.938
by +63° 51° 40° 20°

In spite of the rough approximation of the angulsr dependence
of scattering (look at 4,4) from the table above is evident
the REM=Pl1 determines the "removal angle" in a good consent
with the experimentally determined angle in the NRN method
-for small A. For larger A the formula (4.4) loses its
mathematical meaning,.



%. Conclusion

The proposed method of determination of tvhe removal cras..
gsection based on the transpor: correction of higher orde:r
enables us to determine the removal eross—section compave®
a:mply. For the REM-P1 system we lLiave got

Zrem(E)=Z(E)'-ZA,2(E).

Furthsr the received scheme for ithe REM-PI system expands tie

- Ay
A

e

3

~
ik

the removal meihod in the way of seliection of the
removel angle as a function of ensrgy and in & better

t
¢y}

zonsideration of anisotropy. Furthermore the selection of ihe
removal angle conserving neutrons in the "non-scattered" bean
12 in good conformity for small 4 (look at paragraph 4.)

1 both the NRN and REli-¥1 approximations.

Receiving a sufficient set of experimental informations
the remcval cress—sections may be later corrected in the
manner of the NRN approximation.

The complication of the calculations in REM-DIF and RIN-T1
approximations is practically the same.

The removal cross-section used in the REM~DIF approximation
determined by using the transport approximation correspcnds
to Spiney’s model

Crem(E)L(E)-E, (E)-E(E)- A (ENT((E),

We suppose that the use of the group cross-section influenced
by resomances is important. Only in this case it is possible
to exe_ute correct comparisons of the removal angle with
experiments,

Ii /11/ the procedure REM-P)l is described. The general
transfera of rneutirons both between the scattered neutron -




Zroups and from the removal groups into the scatiered
neutron-groups are taken intoc consideration. Thersfore thise
procedure is useful for all known removai systems.

A next possible arrangement of the REM-Pl approximation
consists in the consideraticn of transfers of neutrgns
between the removei groups atg this corresponds to the loss
of energy caused by the elastic scattering into sh angie
less than the determined removal angle.

The difficulties in the cslculations of gamma ray
distributions by using the build-up factcrs provoke an idee
to aply the REM-P1 approximation for gamma ray field
problems, too.

Finally it is necessary to be reflected on the matter of
the practicability of the transport cerrections of higher
order, i.e. objectively on the fulfilling of the basic
assumptions (look at 2.8, 2.9).

From ‘the results (paragraph 7) it follows the assumption
2.8 W, >W ,p for p22 is not fulfilled. This fact,
and therefore the applicability of /1/ and /4/, should be
taken into consideration.

The transport corrections may be safely used up to
n=L+4<2. For higher order approximations the detaminatio:
of the scattering crcss-section in the form of a series may
lead to the well hnown difficulties (i.e. for instance in
the SN, DSN and discrete ordinates approximations the
negative values of fluxes may be received),

Further the detailed comparisons of the NRN and REM-P1
approximations for concrete cases are presented,
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T. Enclosure: Detmim}i_on of Fourier Coefficiesnts ot .-

ST W

Scatter Indicatlrix for Isetropic Scattering in Cen cre-
Of -Mass System

From the neutron conservation law we obtain /9/

2M6e (Y, )Sinty dY <260 (Y, ) sinVe JY,

where Y, is the scatter angle in the laboratory system,

'% is the scatter angle in the centre-of-masgs g

Supposing the scattering to be isotropic in the centre-of-muu=a
gystem, we have got

4

Ge’£<1l’c) =Z_Tr Ge’e

Considering
Za=NGe, Zpn-L a5,
A
wh ..
°re Ls,n = 2T [degs¥, £, )P (ces,)

-dq

m deosY, < sin¥ 4, .

Using the expression

Acos Y ¢4

CosVY «
¥ JAZ+2Acos W+ 1

we get
4

AcosY. +4
1
W, (A) = 5 |decos ¥, R ({,11+2Ac;s% +1)
-4




Expressing
[(ni2] [ni2 ]

K “_
P(f) Z (-1) (2n-2K)! 2K Zcﬂ,“f n-2K

ko 2 Kl(n- x)l(n-zx)l e—

[n
P( Ax +4 \ Y-I-Z] o AX +1 \ n-2K (7.1)

/A"J-ZAX +4/ L~ n., \JA2+2AX+4/

we get

[n/2] 4

W (A)=Y Croxf, [_Ax+d \n-2K
"Z“ 2 fdx\/A“-rZAxu)

(T.2)

-A

After the integration and some arrangements we obtain a
general formula for all n =0, 1, 2, eseee:

/2] -2k
n-2x-f'+2 ~re
Wn(A)= ; { .-Z fim 1 ;‘-[ (A+4) (A-1)- (4+1)(A- 3”“ rz]
f""l--lﬁ--i
_ K4 Bk
J;odgf-xuﬂn,x,l--xﬁA (AM} :(A'A) 4@1 :::} (7.3)

‘{—c :440 for n¢o

for n=0

J‘ . 4 “.” r -.‘z'-'-_x+4
l’,’i’-~k+4 0

for P42 _ kg
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/3* . Bakr

kst p_2k-2r+2 y 24,
K+r
/3n.,K,l’ - (-4) (2’1-2‘)! 4
a2n - :
22264 i (n-)ri(n-2k-r) ’
n .
A (-1)7 " (2n-20)]

nz2

n.,K,%--K-NI pan-2K+4 K!(Q-K)T_!(%"K“’)!(%'K"‘)" ’

Let us write the expression Wnh(A) fer several values
of "n" by using the formula (7.3):

u(A)=1,

""Z(A) "3‘2'A" ’

W (A) L[5-2A2 3(,4z 1)
2(A) = [ 3A" - 1"A+4

1;(A)=0,

It is necesas-y to discusse the following questions:

A) The seattering in hydrogen ( A4 ).
B) The limit for A— oo
C) For which values of "n" is J, (A) o.

Let us write
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4
/{+COSV/ .
’bd"('i) ]JCOSVP /2+2c N -—/pr ;*:x

[ /2
En y X+ 4 n-2K

Q,K d/Y /—27*— -
["-/2] B “

n-2k
ey
K=o /, V2
(n/2] 4

2%-.(4.4 JX(X"“‘)
K=0

-1

Finally we get

[nf2] ( ),( )
/u’/(/’): —4 (2'1.’2'(, N o
" %—‘: 2"k (n-K)I(n-2K)(2n-2K+2)

[n[2]
(-1)" 2n-2K)i (2n-2k+4) _ [nmz"""“*z

e— 2T KI(n-K)I(2n-2K+2)] 4= n-2K+2 Bk o0 .

(7.4)

Further

W, {(+0)=lim w,(4)- 1 &m]dxr (J Ax+ 4 )
"\/a?

A-t-l-OO ZAX‘I“
4

4
"—/JXétm, n.( fo 4
4 ATree '/“%47% gdxa(x)-
-1

1

i neo (T145)
= %/JxB(X)E(x) -42d,- d, .<’o'

-q "n#oo

The formulae (7.3) and (7.4) are expressively unstable for
numerical calculations, Therefore to determine the integral
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;. (A) we have used another way which is suitable for
numerical calculations, For 4> {4 1is valid

4 .
_ 41, Ax+ 4
q‘rn(A)‘-z-px,ﬁ(/;\HZAxn) .

-4

Let us use the substitution

- Ax+1
VAT+2Ax + 4

’ S R
x=4--. %‘4,

Kz [ 1oy S Ve

With regard to the limits of the integral we are to take
the root with + @

4 2
xlrey[¥e]
2#2~4+Az
VY- 4+ A2 % .

dX=—AL[ny_+

Let us mark

C=<A-1>0 -for A>1,

Expanding the square root into a series we receive after
some srrangements for A >/2

de-fydy Sl H @) 5(2) () () T
Defining (-4)!/ « 1, (-3)!1 . -1, we cen write



dx =‘—2-'u dy +& - ‘4 ke4 (2K-3)I1 Y 2K
A%dY 42 ) (-4) ek +4)(£) ay -

K=o 2"k
2 ¢
TR ) ¥y
K=o
1 A
P e A 2 = K
n(A)- 4 f""‘ yPly)* 3 Jg_;d, v Ply),
/w'(A)--i[; 2.2 e
“ A_/, ¥t 34
(7.7)

/w;N(A)-o for €<4,2,3, -,

For even M >0 the following is valid:

‘ oo 1
C K =
WnlA) = 75 |dy 1?.(%);“:-%' ¥ ):“JJ# ¥ By,
24 -° “"% <1

ces (26-3)1

4
oLy =(-1) -2KK[ (ZK*")E-{'.‘ )
2K £
¢ ‘Z/%xgz(wr
Y &Y
A 2K(2K-2)---(2K~-2£+2)

B, = Bo,k = (44 1) |
As

1 K 1
J434 R iy ey i) -
24 x=e 24

2
2n+4 ﬂ%"‘ ’
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where

2K(2K-2)-(2K-n+2)
(2K+a)(2K+3)..-(2k4n+1) *

/3:;_,,( *(2n+4

we get

oo
Cc 4 >
-5 1 ety RS s

K=2
2

So we get fer all A>1

I‘A) ‘/ Al Z ("4)'“4 (2x-3)Il 1
K=4

258 (K-2)I(2K+3)(2K+5)~(2K+204) (A \ T

where £24 and (-3)il=-1, -1 - 4 is dsfins=3,

For W5(A) we get directly 29;(A)=4 which may be determined

also from (7.8) taking into ccnsileration
) 4 (ZK'ff)”
(2K+3)(2K"‘5)"'(2K"‘2/£+1) (2},\,,_21,’_4)“
For {=o

(2k+)11
(2K+22+ 11

Then

ol _ _ xet (2K-3)i1 4
Let us write for real o¢

(14X)%e | (X-a)(ot-2) - -(X-K+ 1)
4.2.3... K

x" Ix[<4.
K=o ?
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Therefore

Il
(e )" °Z(' LI , Ixi<4,

| €F.) KK'
Let us put
Xs= 1 =i,
Az_,, Ci
Then
(14x)7 = =2
+ = [
JAZ-4

W (A) = [ A A
"R mo
For A:<4 we get

1
W)+ & [ (F ) /w( zz

1
- Zﬁry_ r}_ﬁ(fy.) = 2]0[’5_ /Pn('y')P, (‘y—).

o

(79)

Following J.M.Ryshik, J.S.Gradstein: "Tables of Series,

Productas and Integrals" we get

F

1 .
2n+4 n=m
1
o 4
F(ntm4s)
(.. ) n ml nem
L 2'14"1.

(n.- m)(n+m+4)[(—)l(
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From that -2 &7 "n" .72 o= 1

1 n-s2 w,

——

’ 2
JXP,‘(X)P'(X)t — (-1) 2 al . (-1)° (n-3)1i
M) 2)[(BN] 2B (Baq)l

1
Wp(4)= 2| x B ()R (x)

R
(=17 (n-3)l

2%(3+1)

o
(1))
(- 4
(X
Iy
e
]
e
b
7]
p|
P
t
g
.
Suar
0
b
44]
P
'1
E
£
T
»
»n
P~
(.v

3
N
’—

Ly
e
-

¥

for n =0, 1, 2, 7, eees; Ld and Tor A =1, 2, 5, 13, 57,
100, 200, The ruwlev of the resulis 13 given in the tavls
T.1l.
The «~um:.pess of th» I=terringtion of the coatier merras
veing & finite Faarier ooviea o0 ez 4,041 pay hi jadz2’
36

IR 4 - 1 ) i~ T &) Y £33 -
‘i H - e 5 [ 49 3 ::' 9 IR ) » 5".1 ? lO\J’ ?‘.)’u a:i'j
2
o

The partizl suns ~f the snettsr indicatriy were found

-

using the Tormuile

We can seo wing lirmitatlon of the Fourisy e<riss of the
gcattcr indirulriy sppears to be stromg for small A I
which the damping «f the v-cilletions iz rery low, for lavse
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5

100

200

C,53303%°

0,133755

T AT

0,013327%

T 0667

0,003333

AR

:y
i el IR A
R NI A S R

.8C4634,7-02

.200287,'=02

S 346 =04

.200003/~04

«500002/~0%

Wa(A)

-.254024,/~003

-.158739/-03

~.992C77/-11

N

2155354,/ =06

.235451/-C8

140244 /12

.233124/-14

,364228/-16



W, (A)

A n
3 10 2 14
T =Q.C0T7T81250Q 0045572015 =,00292G6275 .0020141601

(. =.240642/~05.132674/=06 =,T772445/-08 .4661491/=09

5 =.111791/-08.880026/~11 ~,730595/~13 .628229/-15

10 =.417481/-11.809579/-14 -.165540/-16 .350563/-19

50 =,105369/-16,813528/=21 =-.662271/=-25 .558346/-29

100 <.411414/-19,.793995/=24 =.1£1569,/=28 .340487/-33

200 ~-,160691/-21 ,775271/-27 ~.394382/-32 .207771/-37

&,;(A)”” 4(’21+4(A).0, - 1,2,3,+

N
The partiel sums SN ((Q)g)— 2444
- 2

A20

6; (A) P ()

for Ae=-4,0,1;
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Table 2

Sy(-1)
.500090
-+500001
«124999
-124999
~+« 0625007
« 0625007
«0390618

.0390618

s;N(o)
500000

« 500000

« 734375
- 734375
«683105
+683105
« 706017

«TO60LT

3 (1)

«500000
1.50000
2.12500
2.12500

1.93750

2.03906

2.03906

Sy(-1)
«500000

. 300000

»129886
»129886
«124709
«124709

125020

.125020

Sy (0}
500000
»500000
548707
548707

«54T291
+547291

«547361

547361

5g(1)
«500000
»999999

1.12988

1.12988

1.12471
1.12471

1.12502

1,12502



ooset T
00se21°1
00621°1
00s21°1
00621°1
00621°1
00621°1
003211

(1)¥s

21 19A S
EIAWA £
BeeLyS”
8eLLYS”®
8sELYS®
8sfLYye”
LGELYSG®

LGELYS®

(0)¥s

000521*
oooszt*
00062T*
000621°
100621 *
100621°
666¥21°

666v21°

(1=)Ns

60£10°2
60£TO 2
68€86°1
eote6°1
160202
16020°2
992L6°1
992.6°1

(v¥s

698669
698669 *
r0S569 °
705569 °
LY 0L
LOYTOL®
9.6269°

9L6269°

0)Ne

greoct®

C160€T° -

orITI9t0°-

orTIgTL -

'L0S020*

TL0O%020°

re¥tLe0’~

yrveL20%-

(t-Vs

6T

R4

€1

¢t

11

ot



mgg..

~

S,,{1)

+500000

« 699999

«720115

« 720115

« 19999

«719959

« 720000

- 720000

- T2000C

sN(o)

«500000

» 500000
507543
;507543
«507511
«507511
+507512
«507512

507512

5y (=1)
«500000
» 300001

«320116

«320116

+320000
« 320000
« 320001
« 320001

« 320201

SN(I)
500000
« 600000

« 605007

- 605007

- 605000
- 605000
« 605000
- 605000

- 605000

10

5y (0)

« 500000
- 500000
«501878
.501878
501876
-501876
«501E76
.501&76

-501876

SN(-I)

« 500000

« 400000

-405007

405007

- 405000

405000

< 405000

» 42500(

L0500



0520200
«52020C

-520200

« 50CCA0

- 500000

« 500075
« 500075

- 500075

3y f=1)
500000
.480000
480200
+ 480200

- 480200

SN(i)
500000
510000
+510050
- 510050

«510050

200

100
3,(0)

500000
.5000CC
-500019
500019

«500019

Sy =1}

Sn(l)

+«500000

+505000

«505012

«505012

« 505012

| sN(O)

«500000

.500000

» 500005
« 500005

» 500005

N

« 500000
435000
-49501 3

-495013

+ 495013

Syl=1)
500000
- 490000
490050
490050



A=1

1 \ PICTURE 7.1.
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PICTURE 7.2.

A=1
cos 9L = -1
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PICTURE 73.

A=1
cosQ, =1
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\ PICTURE 7 4.

A=1
cosG = 0
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